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Rayleigh-Bénard convection

Aspect-ratio-one container
∆

tT

T
b

−
T

b
t

T

L

=

Tm : control temperature

Pm : control pressure

Prandtl number

Pr =
νm

κm

Rayleigh number

Ra =
βm g L3 ∆

νm κm
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Oberbeck-Boussinesq (OB) approximation

Aspect-ratio-one container
∆

tT

T
b

−
T

b
t

T

L

=

Tm : control temperature

Pm : control pressure

OB approximation:
constant properties

ηm = η(Tm, Pm)

Λm = Λ(Tm, Pm)

βm = β(Tm, Pm)

cP,m = cP (Tm, Pm)
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Non-Oberbeck-Boussinesq (NOB) scenario

NOB scenario:
η(T, ρ), Λ(T, ρ), β(T, ρ), cP (T, ρ).

Gas
Ethane

 0
 0.05

 0.1
 0.15

 0.2
 0.25

 0.3
 0.35

 0.4
 0.45 1

 1.05

 1.1

 1.15

 1.2

 1.25

 1.3

 1

 1.05

 1.1

 1.15

 1.2

 1.25

Λ / Λm

(T - Tt) / ∆

ρ / ρm

Λ / Λm
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Oberbeck-Boussinesq (OB) symmetry

OB approximation:
η, Λ, β, cP are constants.

Boundary-layers

OB

Tm=cT

λ

λ

UOB

U

λb = λt

Temperature drops

∆

mT

Tb

Tt

T

0 L
z

λ

λ

∆
2

2

∆b = ∆t
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Non-Oberbeck-Boussinesq (NOB) asymmetry

NOB scenario:
η(T, ρ), Λ(T, ρ), β(T, ρ), cP (T, ρ).

Boundary-layers

NOB

Tm>cT

λ

λ

b

t

UNOB

U

λb 6= λt

Temperature drops

b

λt

b

mT

Tc

Tb

Tt

T

0 L
z

∆

∆ t

λ

∆b 6= ∆t
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Non-Oberbeck-Boussinesq (NOB) asymmetry

Constant fluid-properties Variable fluid-properties

OB

Tm=cT

λ

λ

UOB

U

NOB

Tm>cT

λ

λ

b

t

UNOB

U
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Non-Oberbeck-Boussinesq (NOB) asymmetry

Constant fluid-properties Variable fluid-properties

OB

Tm=cT

λ

λ

UOB

U

NOB

Tm>cT

λ

λ

b

t

UNOB

U

Does boundary-layer theory
describe NOB effects on Tc?
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Non-Oberbeck-Boussinesq (NOB) asymmetry

0 20

∆ [K]

-1

0

1

T
c -

 T
m

 [K
]

Water

Ethane

Tc > Tm in water

Tc < Tm in gaseous ethane

0 20

∆  [K]

0.9

1

1.1

1.2

χ

Water

Ethane

∆b < ∆t in water

∆b > ∆t in gaseous ethane
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Boundary-Layer Theory

2D boundary-layers

b

Tm<cT

Uc

Uc

λ t

λ

λb,t: thermal-BL

Compressibility effects:

ρ = ρ(T, Pm)

Density BL!

Variable properties:

■ η(T, ρ): shear viscosity

■ Λ(T, ρ): thermal conductivity

■ β(T, ρ): thermal expansivity

■ cP (T, ρ): specific heat
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Viscous boundary-layer

z

x

cU

viscous boundary−layer

Continuity:

∂

∂x
{ρux} +

∂

∂z
{ρuz} = 0,

Momentum:

ρ

{

ux

∂ux

∂x
+ uz

∂ux

∂z

}

=
∂

∂z

{

η
∂ux

∂z

}

Boundary conditions:

ux(x, 0) = 0, uz(x, 0) = 0, ux(x,∞) = Uc.
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Thermal boundary-layer

z

x

T

Tb,t

c

thermal boundary−layer

Temperature equation:

ux

∂T

∂x
+uz

∂T

∂z
+

γ − 1

β

{

∂ux

∂x
+

∂uz

∂z

}

=
γ

ρ cP

∂

∂z

{

Λ
∂T

∂z

}

Boundary conditions:

T (x,∞) = Tc,

T (x, 0) = Tb,t,

Λb

∂T

∂z

∣

∣

∣

∣

b

= Λt

∂T

∂z

∣

∣

∣

∣

t

.
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Boundary-layer equations: summary

∂

∂x
{ρux} +

∂

∂z
{ρuz} = 0,

ρ

{

ux

∂ux

∂x
+ uz

∂ux

∂z

}

=
∂

∂z

{

η
∂ux

∂z

}

ux

∂T

∂x
+uz

∂T

∂z
+

γ − 1

β

{

∂ux

∂x
+

∂uz

∂z

}

=
γ

ρ cP

∂

∂z

{

Λ
∂T

∂z

}

Boundary conditions:

ux(x, 0) = 0, uz(x, 0) = 0, ux(x,∞) = Uc.

T (x, 0) = Tb,t, Λb

∂T

∂z

∣

∣

∣

∣

b

= Λt

∂T

∂z

∣

∣

∣

∣

t

, T (x,∞) = Tc.
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Stream-function

■ Continuity:

∂

∂x
{ρ̃ux} +

∂

∂z
{ρ̃uz} = 0,

where
ρ̃ =

ρ

ρm

.

■ Stream function:

ρ̃ ux =
∂Ψ

∂z
,

ρ̃ uz = −
∂Ψ

∂x
.
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Similarity variable

■ Similarity variable:

z̃ ≡
z

`c(x)
, where `c(x) ≡

√

x νm

Uc

.

■ Dimensionless stream-function:

Ψ̃(z̃) =
Ψ(x, z)

`c Uc

.

■ Velocity components:

ux = Uc

Ψ̃ ′

ρ̃
,

uz =
νm

2`c

{

z̃
Ψ̃ ′

ρ̃
−

Ψ̃

ρ̃

}

.
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Viscosity gradient

Viscous contributions in the momentum equation:

∂

∂z

{

η
∂ux

∂z

}

= η
∂2ux

∂z2
+

∂η

∂z

∂ux

∂z

η-gradient in dimensionless form:

η̃ ′ =
∂η̃

∂Θ̃
Θ̃ ′ +

∂η̃

∂ρ̃
ρ̃ ′

where

Θ̃(z̃) =
T (x, z) − Tt

∆

ρ̃(z̃) =
ρ(x, z)

ρm
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Viscous boundary-layer

Extended Prandtl-Blasius equation:

η̃Ψ̃ ′′′ + A1 Ψ̃ ′′ + A2 Ψ̃ ′ = 0

where

A1 =

{

1

2
Ψ̃ + η̃ ′ − 2

ρ̃ ′

ρ̃
η̃

}

A2 =

{

−
1

2

ρ̃ ′

ρ̃
Ψ̃ +

[

2

(

ρ̃ ′

ρ̃

)2

−
ρ̃ ′′

ρ̃

]

η̃ −
ρ̃ ′

ρ̃
η̃ ′

}

Boundary conditions:

Ψ̃(0) = 0, Ψ̃ ′(0) = 0, Ψ̃ ′(∞) = ρ̃c.
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Density boundary-layer

Slope of the density profile:

ρ̃ ′ = −ρ̃ β̃ Θ̃ ′

Curvature of the density profile:

ρ̃ ′′ = −ρ̃ β̃ Θ̃ ′′ − ρ̃ β̃ ′ Θ̃ ′ + ρ̃ (β̃ Θ̃ ′)2.

Boundary conditions:

ρ̃(0) = ρ̃b,t,

ρ̃ ′(0) = −ρ̃b,t β̃b,t Θ̃ ′

b,t,

ρ̃(∞) = ρ̃c.
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Thermal boundary-layer

Λ̃ Θ̃ ′′ +

{

1

2
c̃P Pr Ψ̃ + Λ̃ ′

}

Θ̃ ′ = 0.

Boundary conditions:

Θ̃(∞) = Θ̃c, (center temperature),
Θ̃(0) = Θ̃b,t, (plate temperature),

Λ̃b Θ̃ ′

b = Λ̃t

∣

∣

∣
Θ̃ ′

t

∣

∣

∣
. (heat fluxes)
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Summary

η̃Ψ̃ ′′′ + A1 Ψ̃ ′′ + A2 Ψ̃ ′ = 0

Λ̃ Θ̃ ′′ +

{

1

2
c̃P Pr Ψ̃ + Λ̃ ′

}

Θ̃ ′ = 0.

ρ̃ ′ = −ρ̃ β̃ Θ̃ ′

Boundary conditions:

Ψ̃(0) = 0, Ψ̃ ′(0) = 0, Ψ̃ ′(∞) = ρ̃c,

Θ̃(0) = Θ̃b,t, Λ̃b Θ̃ ′

b = Λ̃t

∣

∣

∣
Θ̃ ′

t

∣

∣

∣
. Θ̃(∞) = Θ̃c,

ρ̃(0) = ρ̃b,t, ρ̃ ′(0) = −ρ̃b,t β̃b,t Θ̃ ′

b,t, ρ̃(∞) = ρ̃c.
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Center temperature

...

θc
0 11

2

J  > |J |
b t

J  < |J |
b t

...
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Water: η(T ) and κ(T )

Shear viscosity Thermal diffusivity

-20 0 20

T - Tm [K]

-0.3

0

0.3

η 
/ η

m
  -

  1

-20 0 20

T - Tm [K]

-0.05

0

0.05

κ 
/ κ

m
  -

  1
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Temperature profile

0 1 2 3 4 5

z

1
Θ

Bottom BL
Top BL

~

~

~ Θc

Tm = 40 C and ∆ = 40 C
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Center temperature
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Center temperature
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∆ [K]
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T

c -
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m
 [K

]

Experiments by Ahlers, Brown, and Funfschilling
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Temperature drops across the BLs

∆b = Tb − Tc and ∆t = Tc − Tt

0 20 40

∆ [K]

0

4

8

12

16
∆ b,

t [K
]

∆b: BL theory
∆t: BL theory
∆b: large cell
∆t: large cell
∆b: medium cell
∆t: medium cell
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Ratio of temperature drops

χ = ∆b/∆t

0 20 40

∆  [K]

0.9

1
χ
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Nusselt number

■ Nusselt ratio:

NuNOB

NuOB

=
2λsl

OB

λsl
t + λsl

b

κt∆t + κb∆b

κm∆
.

■ In water experiments at Tm = 40 C and ∆ ≤ 40 C:

λsl
t + λsl

b ≈ 2λsl
OB

■ Thus...

NuNOB

NuOB

≈
κt∆t + κb∆b

κm∆
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Nusselt number

9 10

log10(Ra)

0.99

1

1.01
N

u N
O

B
/N

u O
B BL theory

Experiments
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Phase diagram
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Center temperature
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Tm = 40o C, Pm = 0.920 · P∗
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Temperature drops
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Tm = 40o C, Pm = 0.920 · P∗
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Temperature profile

0 1 2 3 4 5 6

z

1
Θ

Bottom BL
Top BL

~

~ Θc
~

Tm = 40o C, Pm = 0.920 · P∗, ∆ = 15o C
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Temperature gradients across the BLs

0 1 2 3 4 5

z
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| Θ
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Top BL

~

~

Tm = 40o C, Pm = 0.920 · P∗, ∆ = 15o C
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Temperature gradient across the top BL
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Why does Θ̃t
′ decrease?

0 1 2

z

0.15

0.18

Θ
/

∆ = 5 K
∆ = 15 K
∆ = 20 K

~

~

λt
#~

Heat fluxes:

Λ̃t Θ̃ ′

t = Λ̃b Θ̃ ′

b

Θ̃ ′

t =
Λ̃b

Λ̃t

Θ̃ ′

b
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Thermal-conductivity enhancement

Near the critical point, Λ is enhanced.
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Thermal sublayer
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Λ = Λreg + Λsing

Λsing : singular part

Heat balance:
Λ̃ Θ̃ ′ = Q̃ − 〈ũzΘ̃〉
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Thickness of the thermal sublayer
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... Compare our results with

experimental measurements by

Ahlers, Brown, and Funfschilling

(UCSB)...
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