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Chapter 1

The Mountain Pass
Theorem

1. Function Spaces

We recall the definition and some properties of some function spaces.

Definition 1.1. Let Q2 ¢ RY, Q open. We denote by C°(Q2) the set of all
C° real valued function with compact support in 2. We will also assume
that the reader is familiar with the Sobolev Spaces H'(€2), H}(Q2). We recall
that, for N > 3 and 2* = 2N/(N — 2), the space

DY(RY) = {ue L (RY) | Vue L*(RY) }

with scalar product and norm

1/2
Vu - Vo, </ ]Vu\2>
RN RN

is a Hilbert space. We also let Dé’2(Q) be the closure of C°(€2) in DL2(RY).
It follows that H(Q)) C Dé’2(§2). Poincaré inequality (see theorem
below) implies that HE(Q) = Dy>(Q) if || < +o0.

Theorem 1.2 (Sobolev imbedding theorem). The following imbeddings are
continuous:

(1.1) HYRN) c LP(RY), 2<p<oo, N=1,2,
(1.2) H'(RY) c LP(RY), 2<p<2*, N >3,
(1.3) DLYYRY) ¢ L2 (RY), 2<p<2*, N>3.

OJI



4 1. The Mountain Pass Theorem

In particular we have the following:

S:inf{/ \vuP’ueDlvz(RN),/ u2*:1}>0.
RN RN

Theorem 1.3 (Rellich theorem). If || < 400 the imbeddings
HY}(Q) C LP(Q), 1<p<oo, N=1,2,
H(Q) C LP(Q), 1<p<2" N>3,
are compact.

Theorem 1.4 (Poincaré inequality). Assume |Q| < +o00. Then

4 (@) = /Q\vuy? ue (), /Qu2 =1} >0

2. Differentiability

Let us recall some notion in differential calculus in Banach spaces (see [1l,
12, 13]).

Definition 2.1. Let f: U — R, U open in the Banach space V. We say
that f is Gateaux-differentiable at zop € U if there exist g € V' (the dual of
V') such that for all h € V

(2.1) iy £ @0+ th) — f(wo) — (g, h)
t—0 t

=0.

We also say that f is Frechet-differentiable at x( if there exist g € V'

such that
f(@o +h) — flzo) — (g, h)
im
Infj—0 17l
If f is Gateaux or Frechet-differentiable at xo we write df (z¢) = g. If f
is Frechet-differentiable at all points € U, and the map = — df(x) is
continuous, we write f € C1(U).

=0

Clearly Frechet-differentiability implies Gateaux-differentiability.

If f is Gateaux differentiable at z¢ and df (xg) = 0 we say that xg is a
critical point or stationary point and that ¢ = f(xg) is a critical value.

If V is a Hilbert space and f is Gateaux differentiable at xg, we define
the gradient Vf(xg) € V of f as the element such that

(VF(zo) | h) = (df (z0),h)  for all h e V.

Proposition 2.2. f € CY(U) if f is Gateauz-differentiable in U and x +—
df (z) is continuous.

Definition 2.3. Let Q ¢ RY. We say that g: Q xR satisfy the Carathéodory
condition if



2. Differentiability )

e For all s € R the function = — g(z, s) is measurable;

e for almost all z € Q2 the function s — g(s, ) is continuos.

Proposition 2.4. If g: O x R — R satisfies the Carathéodory condition,
then x — g(xz,u(x)) is measurable for all measurable u:  — R.

Proof. It is clear if u is a simple, measurable function. The general case
follows taking a sequence u,, of simple, measurable functions which converge
to u almost everywhere. ]

Proposition 2.5. Let g satisfy the Carathéodory condition and, for some
p,q > 1 and a(x) € LY(Q),

l9(s,2)| < ala) + c|sP/9.
Then the Nemitskii operator
g LP(Q) = LU(Q)  (gpu)(z) = g(z, u(z))
18 continuous.
Proof. From |g(z,u(x))|? < |a(z)4clu(z)[P/1)? < 297 |a(z)[94+29 " cju(z)|P €
LY(Q) we deduce that g(x,u(z)) € LI(Q). Take u,, — u in LP($). There is

a subsequence u,, and a function g € LP(2) such that, almost everywhere,
Un, (x) converges to u(z) and |up, (z)| < g(x) (see, for example [3], [13]).

Then g(z,up, (z)) — g(z,u(x)) almost everywhere and, since
192,y (2)) — gz, u(@)) |7 < 2(Ja(2)] + cg(x)?/1)7 € L)
the result follows by dominated convergence. U

Proposition 2.6. Let 1 < p < oo and Q C RN, Assume g: Q x R — R
satisfy the Carathéodory condition and

(2.2) 9(z, s)| < a(z) + ¢|s[P/

for some a € LY(Q) and 1 =+ + ~. Let

bl
Gz, s) = /Osg(x,t) At (x,5) € QxR
Then the functionals 1: LP(Q) — R defined as
vw) = | Glo.u@)da.
is of class CY(LP(Q),R) and

(@), 0) = | gl u@)() de
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Proof. We have to show that (2.1)) holds. For all v € LP(Q2), for all z €
and for all ¢ € [—1,1] by the mean value theorem there is A € (0,1) such
that

G(z,u(z) + tv(z)) — G(z,u(z)) = g(z,u(z) + Mov(z))tv(x).
Since
lg9(z, u(@) + Mo(@))|[to(2)] < (a(@) + clu(z) + Mo(@)[P/9) |o(2)]
< (a(@) + e(ju(@)] + [v(@)])P/9) ()|
and
(a(@) + c(|u(@)] + [v(x)]P/4)
< 21 (a(z)? + 2P~ Lelu(z) P + 2p_1c]v(x)\p) c L'(Q)
we have, by Holder’s inequality, that
lg(z, u(x) + Ato(z))|[to(z)]
<297 N a(2)? + 22 efu(x) P + 2P eju(z) P) [u(z)]. € L1(Q)
From dominated convergence we then have

Gz, u(z) + to(z)) — Gz, u(x)) T, u)v
/Q —/Qg( )

t

lim
t—0

and the Gateaux-differentiability follows.

To prove that 1 is Frechet-differentiable, let us show that u — g(x, u(z))
is continuous from LP(Q2) to L4(Q2). This is a simple consequence of propo-
sition

O

Remark 2.7. It is possible to prove that 1 is of class C? in LP with p >
2 when g(z,s) is differentiable with respect to s and gs(z,s) satisfies the
Carathéodory condition and the growth condition

l9s(2, 5)| < a(z) + bls["~*

for some a € LP/®*=2) and b > 0. v is not C? in L? unless g(z, s) is linear in
s.

A direct consequence of Sobolev imbedding [T.2] is

Corollary 2.8. Let 1 <p<2*if N>3 (1<p<+4oo if N=1,2). Then
¥ € CH(Hy (Q);R).
If N >3 and p = 2*, then 1 € Cl(D(l]’Q(Q);R).
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3. Minimization

Let us recall some results on minimization.

Theorem 3.1. Let V be a Hausdorff topological space, and f: V — R U
{+o0} be such that

(BC) for all « € R the set K :{UEV‘f(u)goz}
is compact (or sequentially compact).
Then

(a) B =infy f > —o0;

(b) Exists xg € V' such that f(x¢) = 3.

Remark 3.2. Let us note that

(1) (BC) implies that f is lower semi-continuous (sequentially lower
semi-continuous).

(2) the conclusion of theorem [3.1]hold if f is lower semi-continuous (se-
quentially lower semi-continuous) and K, is compact (sequentially
compact) for some a € R.

In case we are dealing with functionals defined in a Banach space, the
following consequence of [3.1] is useful

Theorem 3.3. Let V be a reflexive Banach space, and let X be a weakly
closed subset of V. Let f: X — RU {400} be such that

(1) f is coercive, that is f(u,) — 400 whenever u, € X, ||uy|| — +00;

(2) f is sequentially weakly lower semicontinuous, that is u, € X,
up, — u implies f(u) < liminf, o f(uy).

Then

(a) B=infx f > —o0;

(b) Ezists xg € X such that f(xo) = .

Whenever f is differentiable, local minima are critical points of f. Indeed

Theorem 3.4. Let V' be a Banach space, and assume

(1) xg is a local minimum for f;

(2) f is Gateaux differentiable in xg.
Then df (zo) = 0.

In the assumptions of theorem every minimizing sequence converges.
The following theorem, and the related corollary, shows that it is possible to
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find minimizing sequences with additional properties (and also gives infor-
mation about minimizing sequences of bounded, non-coercive functionals).

Theorem 3.5 (Ekeland’s Variational Principle, see, for example, [12]). Let
f: M — RU{+o0}, where M is a complete metric space, and assume

(1) f is lower semicontinuous;

(2) f is bounded from below: § =infy f > —o0;

(3) f # +o0.
Then for all €, 6 > 0 and for all w € M such that f(u) < 3+ € there exist
v € M such that

(a) f(0) < F(u);

(b) dist(u,v) <4;

(¢) f(v) < f(w)+ 5 dist(v,w) for allw e M, w # v.

A rather direct consequence of the above theorem is

Theorem 3.6. Let V be a Banach space, f € CY(V), B = infy f > —oc.
Then there exist a sequence u, € V such that

(a) f(un) — B;

(b) df (uy) — 0 in V.

as n — +o0.

We will see later, in section || that sequences satisfying @ and (]ED of
theorem [3.6] play an important role in critical point theory.

4. The Palais-Smale condition

Definition 4.1. Let V be a Banach space, f € C1(V). We say that u, € V
is a Palais-Smale sequence at level 3 (shortly a (PS)s sequence), if

(1) f(un) — [
(2) df (un) — 0.

We say that f satisfies the (PS)g condition if every (PS)g sequence has
a converging subsequence.

We say that f satisfies the (PS) condition if it satisfies the (PS)g condi-
tion for all g € R.

Remark 4.2. If V is a finite dimensional space, (PS)s follows from bound-
edness of (PS)g sequences. In particular (PS) follows from coerciveness.
More in general, (PS) follows (always in the finite dimensional case) from
coerciveness of x — f(z) + ||df (x)].
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If f(z) = Zgjzl aijziti+ SN bix;+c, then f satisfies (PS) if A = [a;j]
is an invertible matrix.

For the infinite dimensional case, will be useful the following result:
Theorem 4.3. Let f € CY(V), V Banach, be such that

(1) Any (PS)s sequence is bounded;
(2) ForallueV
df (u) = Lu + K (u)
where L s an invertible linear operator and K is a compact opera-

tor.

Then f satisfies (PS)ga.

Proof. Take a (PS)g sequence. Then it is bounded by and Lu, +
K(u,) = df (un) — 0. Let y, = K(uy). By Yn, — ¥ in V'. We deduce
that

Uny, = Lil(df(unk) - ynk) - _Lily

From (PS) we deduce, in particular

Proposition 4.4. Let f € CY(V), V Banach. Assume that f satisfies
(PS)g. Then

(a) Kg={ueV| f(u) =0 anddf(u) =0} is compact;

(b) If Kz = 0 then exists § > 0 such that ||df (w)|| > 0 for all u such
that | f(u) — B] < 0.

(c) For all neighborhoods U of K g there exists § > 0 such that

Kg C Ngs:={uweV||fu)—p] <é and ||df(u)]| <0} CU.

Proof. un € Kp is clearly a (PS)g sequence. Hence it has a con-
verging subsequence.

(]ED Assume, by contradiction, that there exists u, such that f(u,) — (3
and df (u,) — 0. Then u, is a (PS)g sequence which then converges
to a critical point u at level 3.

Assume, by contradiction, that there exists u, ¢ U such that
f(un) — B and df(u,) — 0. By (PS)g u, converges (up to a
subsequence), to a critical point in K, contradiction.

O

Recalling Ekeland’s variational principle we get that
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Theorem 4.5. Suppose f € CY(V), V' Banach, f € CY(V), g = infy f >
—o0. If (PS)g holds, then the infimum is achieved.

Remark 4.6. Actually it can be shown (see [5]) that any differentiable
function bounded below which satisfies (PS) is coercive.

5. The deformation lemma

Definition 5.1. Let f € C*(V). We let V = {ueV|df(u)#0}. Wesay
that a map
v:V -V

is a pseudo-gradient vector field for f if

(1) v is lipschitz-continuous;

(2) Nlv(u)ll < 2ldf (uw)];

(3) {df (w),v(u)) = [ldf (w)]]*.
Remark 5.2. If V = H is an Hilbert space and V f(u) is the gradient of
f, we have that %V f(u) is a continuous pseudo-gradient vector field. The
pseudo-gradient vector field is a something that “looks like” a gradient vector

field in case V f(u) does not exists (is the case of the Banach space case) or
is not regular enough.

Theorem 5.3. Let f € CY(V), V Banach. Then there exists a pseudo-
gradient vector field.

Proof. Fix u € V. Since df(u) # 0, there exist @w(u) € V such that
|w(u)]| =1 and )
(df (u), w(w)) > Slldf (W)l
Let w(u) = 3||df (u)||@(u). Then
()]l = &ldf ()| < 2df (w)
(df (u), w(u)) > ||df ()|

Since f € C*(V), for any given u € V there exist a neighborhood U, of u
such that, for all v € U,

(5.1) o)l < 2lldf (o)l (df (v), w(u)) > [|df (v)]*.

{Uu} ey is an open cover of the metric (and hence paracompact) space V.
Then there exist a locally finite refinement {Vi}aea of {Uu}, oy, that is
(1) {ViYaea is an open cover of V;

(2) for all @« € A we have V,, C U,,, for some u, € V.

(3) for a given o € A, V,, NV # () only for finitely many § € A.
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Define on V, the Lipschitz continuous functions
pa(v) = dist(v, V' \ V)
and
W(v) = Pa(v)w(uq)
acA ZﬂGA pﬁ(”)

Remark that the above series is actually a finite sum. It is clearly Lips-
chitz continuous and, using the convexity of the norm, the linearity of df (u)
together with (5.1)) the result follows. O

We now state and prove a rather general version of the deformation
lemma.

Theorem 5.4 (Deformation Lemma). Let f € CY(V) and assume (PS)s
holds.

Then for all € > 0 and for all U neighborhood of Kg there exist € > 0
andn € C(V x R; V) such that

(a) n(u,0) =u for all u;

is a homeomorphism).

Proof. The idea is to construct n as the solution of the Cauchy problem
7 = f'(n), n(0) = w. But in order to do this we will need to use the
pseudo-gradient vector field (which is Lipschitz-continuous) and to truncate
it.
Given € and U, take p, § > 0 such that (see of Proposition
KgCNg’gCUpCngCU

where
U, = {u eV ‘ dist(u, Kg) < p}.
We also take p, § < 1.
We first define two cutoff functions in order to achieve (]ED and .

We let x: V. — R be a Lipschitz-continuous function such that 0 <
xX(u) <1, x(u) =0if u € N2, x(u) = 1if u & Ngg.
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We then define ¢: R — R be a Lipschitz-continuous function such that
0<¢(s) <1,¢(s) =0if |s— 3] > min{e 3}, ¢(s) = 1if [s— 3] < min{§, 2}

Finally we let £(s) = min{1, \?ll} We will need this to get a bounded
vector field.

Let v: V — V be a pseudo-gradient vector field for f. Define

() = [ X @EERhew) uev
0 if df (u) =0
Then e: V' — V is a Lipschitz-continuous vector field (remark that x = 0
near the critical points having value in [ — d, 3 + ] while ¢ = 0 close to

the other critical points). We also have that |e(u)|| < 2. Hence the Cauchy
problem

% = e(n)
ot
52) {nw) m

has a solution defined for all ¢ € R, continuous in ¢t and u. Then @ and
follow.

The definition of the cutoff functions y and ¢ immediately give (]ED and

@.
To prove @, it is enough to compute
D it w)) = (dF (), 20y
a? VI W) = A4 By
— (df (). e(n))
= oIy ar ). o)
< —xma( el pareny <o
Wenowtakee>()suchthate<%,e<g,e<6%‘o.
We assume
(5.3) flu) <B+e
(5.4) n(u,t) ¢ Ngs vt € [0,1]

and claim that in such a case f(n(u,1)) < 8 —e. We can, by (d)), assume
f(n(u,t)) > B —eforall t € [0,1]. Then it is clear that
x(n(t,u)) =1 Vviel0,1]

o(f(n(t,u)) =1  Vtelo,1]
ldf (n(t,u))| >0  Vtel0,1]
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and

%f(n(u,t)) < —&(lldf (m)IDlldf (m)* < —o°

so that
Fn(u,1)) < flu) =0* < f—e
by the assumptions on e.

We can now prove (€. Assume u € fFT\ U, f(n(u,1)) > 8 —e. We
show that n(u,t) ¢ N for all t € [0,1]. Then (g) will follow from the claim
above.

If exists ¢ € [0, 1] such that n(u,t) € Nggs, then dist(u,n(u,t)) > p and
we find an interval [0,¢;] C [0, 7] such that, for all ¢ € [0, 1]
f—e<fln(ut)) <f+e
n(u,t) & Np.s
lu—n(u, t1)]| > p.
Then

t1
p< lu=nut)] < [ fetw] <2t
0
that is, t; > §. As before, we get

52
Fln(u,t) < fu) = 18> < B+ e - B
and our choice of € shows that f(n(u,t1)) < 3 —e.

The proof of @ is similar. Assume u € 57 n(u,1) ¢ f87¢. Then, by
(€), w € U. We want to show that n(u,1) € U. Assume not. If n(u,t) ¢ Ng;s
for all ¢t € [0, 1] we can use the claim to prove that f(n(u,1)) < g —e. So for
some t; € [0,1] n(u,t1) € Ngs. But then ||n(u,t:) — n(u,1)|| > p and one
can proceed as in proving @ U

6. The Mountain Pass Theorem

Theorem 6.1. Suppose f € C1(V), V Banach space. Assume
(1) f(0) =0;
(2) Exist T > 0 such that f(u) >« >0 for all ||u|| = r;
(3) Ezist u € V such that ||u|| > r and f(u) <0.

Then, setting
r={yec(o.1;v)|y0) =0, (1) =a}

and

:= inf t
6, ;gptren[%f(% )
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we have that B > o > 0, there exist a (PS)g sequence and, if (PS)g holds,
B is a critical level for f.

Proof. The original proof of the theorem can be found in [2].
One immediately checks that 3 > maxjj, =, f(u) > a > 0.

Let us assume (PS)g holds, and let us show that it is a critical level.
By contradiction, assume Kg = (). Take € = 8, U = () and find, using the
deformation lemma [5.4} € > 0 and a deformation 7.

Take v € T' such that max,cp 1 f(7(t)) < B+ e Let 3(t) = n(y(t), 1).
Using the properties of the flow n (in particular point of theorem
implies that (0,1) = 0 and n(a, 1) = @) we see immediately that 5 € I'. But
then point (€) of theorem [5.4] implies that max f(5(t)) < 8—e, contradiction
which proves that 3 is a critical level.

Suppose now that there is no (PS)g sequence. Then (PS)s holds; from
what we have seen § should then be a critical level. But this implies that a
(PS)s sequence exist. Contradiction. O

Remark 6.2. It is easy to see that in the Mountain Pass theorem one can
replace the class I' of paths with the class

r={~yec(o,1],B) |0 =0, f(x(1)) <0}

The same proof given here allows us to prove a “general” minimax the-
orem (already stated in a similar form in [9]).

Theorem 6.3. Suppose f € CY(V) and that (PS) holds. Assume T is a
class of subsets of V' such that

(1) B =infgersup,ca f(u) € R;

(2) for all A € T and for all maps n € C(V xR;R) satisfying, for some

€, , @, , @ and of the deformation lemma we have
that n(A,1) e T.

Then 3 is a critical level for f.



Chapter 2

Applications to elliptic
equations

1. Application I: superlinear elliptic equations

In this section we will apply some of the above abstract results to study the
boundary value problem

(BVP) {—Au +u=g(x,u) €N

u=0 x € 0.

Here Q C RY (n > 3 for simplicity) is an open set. If 2 is not bounded, the
boundary condition must be understood as u € H} ().

We will assume

(gl) g € CYRN x R;R), g(z,0) = %(x,O) =0 for all z €
(g2) cl|s|p_1 < |g(z,s)| < 02\3\7’_1 for some p € (2,2%], 2* = 2n_.

n—27
(g3) Exist p > 2 such that 0 < pG(z,s) < g(z,s)s for all z € Q and
s # 0, where G(z,s) = [§ g(x, ) dt.

The above assumptions are satisfied if g(x, s) = |s[P~2s. We also remark
that the theory which follows can be applied (with minor changes) also if g
satisfies (gl), g(x,s) = 0 for all s <0 and (g2) and (g3) hold for all s > 0,
in particular if g(z,s) = (s*)P~ L.

Let us remark that one can take much weaker assumptions, in particular
if Q is bounded. See, for example [12, Theorem 8.5, pp. 128] and the
reference in this book, or [2, 10]. For the case Q = RV, see, for example,
[11]. Here we just want to indicate how the abstract results can be applied.

15



16 2. Applications to elliptic equations

Let H = H{(2) with norm [ul| = [[|Vu[* + w?] dz and scalar product
(u,v) = [o[VuVv 4 uwv] dz and define, for all u € H,

f(u):;/Q[|Vu|2+u2] da:—/QG(:L",u) do = ;||u||2—/QG(:n,u) da.

Since u +— ||u||? is differentiable, it follows from corollary that f is
differentiable in H}(f2), more precisely that f € C1(H}()).

Lemma 1.1. f satisfies the geometric assumptions of the Mountain Pass
Theorem [6.1), that is

(a) Exists p > 0 such that f(u) > a >0 for all ||u|| = p;
(b) For allu 20 f(Ai) — —oc0 as A — +oo.

Proof. (@) From G(z,u) < Z|ulP we deduce that

/ﬂ%wéi/WKCMW

Hence
flw =5l - [ G

1 1
Slhull? = CllulP 2 £ ul?

v

for ||ul| = p small.

(o) Remark that (g3) implies that g(z,u) > 0 if u > 0, and hence, for
u > 0,

G(z,u) = / g(z,8)ds > cl/ lulP~! = CuP = C|ul?.
0 0
Similarly one gets G(x,u) > Clu|P for all u. Hence, for all u # 0
)\2
f(Aa) < ?HTLH - APC/|uyP — —00.
U

In order to apply the Mountain Pass theorem we have to study (PS)
sequences.

Lemma 1.2. Palais Smale sequences are bounded.
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Proof. Take u,, € H such that f(u,) — 3, df (un) — 0. Then

n 1
g1 2l > ) - S aren). o)

11 ) / 1

e _— — ’I,Ln — Gx,Un _79 x,un un

(5= )l = [ [GGasm) = = gl ]

11 )

>(Z_ =

> (5 =) lual

and the boundedness of (PS) sequences follow. O

We can now prove that (PS) holds whenever || < +oo.

Lemma 1.3. Suppose |Q| < 400 and p € (2,2%). Then (PS) holds.

Proof. The lemma will follow from lemma [I.2] and Theorem [£.3] Indeed,
let us remark that the gradient V f(u) € H} () is defined by

(@), ) = (V) |v) = (u]v) = [ glaupe
Q
Hence Vf(u) = u — K(u), where K: H}(Q) — H}(Q) is defined by

<K@M@—A¢amu

Let us show that K is compact. Assume that u,, € H} () is bounded and fix
p € [2,2%). By Rellich theorem [1.3] there exists a subsequence (still denoted
Uy ), such that u, — uin LP(), u,(z) — u(x) a.e. and such that |u,(z)P <
h(x) € L'(Q). It is then a consequence of Lebesgue dominated convergence,
together with the growth conditions on g, that g(z,u,(z)) — g(z,u(z)) in
L1(Q), % + % = 1. This implies that

1K (un) — K (u))|| = ”Shlgl(K(un) — K(u) [un —u)

< llg(z, un) = g(z, w)llgllvll, — 0,

showing that K is a compact operator. O

Putting all together, we have proved:
Theorem 1.4. Suppose g satisfies (g1-8) with p € (2,2*) in an open set
QCcRY, 9] < 4oo.

Then (BVP)) has a nontrivial solution.

Proof. The theorem follows from an application of the Mountain Pass the-
orem which can be applied thanks to the lemmas and The
solution is not trivial since we know that the MP level 8 > 0 is critical,

while f(0) = 0. O
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A particular case of the above theorem is the following:
Theorem 1.5. Suppose || < 400 and 2 < p < 2*. Then the problem
—Au+ Au = |ulP~%u
(MP) u > 0,
u € HE Q)
has a (nontrivial) solution if and only if A > —X1(£2).

Proof. The proof is essentially the same as that of Theorem One has
just to apply the Mountain Pass theorem to the functional
flu) = 1/[\Vu]2 + \u?) dx — 1/(u+)p dx
2 Ja pJa
and notice that 0 is a (strict) local minimum, thanks to the Poincaré in-
equality (L.4)), for all A > —X;(€2). One deduce the existence of a critical
point, which is a solution of the problem

—Au+4du = (ut)PL u € H}(Q).
Multiplying the equation by v~ and integrating in €2 we obtain

0= / (V™ |2 + Nu™|?,
Q

which, by Poincaré inequality, implies u~ = 0 and « > 0. From the strong
maximum principle we finally deduce that u > 0 hence is a solution of
(MP),

To prove that no positive solution exist if A < A(f2), we assume u
is a solution and multiply equation by the eigenfunction ¢; of —A
corresponding to the first eigenvalue A;(€2). Then we have

/¢1u—/¢1up1+AU> —A1 (2 /¢1u

and hence A > —)\1( O

2. Application II: the case {2 unbounded

With the same notations and under the same assumptions of the preceding
section, we know, using the Mountain pass theorem that the functional
f has a (PS)s sequence even when 2 is unbounded. But we do not no, in
general, if such a (PS) sequence (bounded by lemma , has a subsequence
(strongly) convergent to a (non-trivial) critical point of f. In this section
we will analyze more closely the situation, and prove, under some additional
assumption, that a solution exists.

Let us start by showing that
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Lemma 2.1. Suppose u, € H}(Q) is a (PS)g sequence for f. Then it is
bounded. Let w € H be such that

(1) up — u weakly in H;
(2) up — win LY for p € [2,2%), and a.e..
Then w is a critical point for f with f(u) < .

Proof. Take ¢ € C°(Q2). We have that

<#mm@=wm@—/m%wm

Since (un, ¢) — (u, @) by weak convergence and

[ otao [ gtau)s

since the L} = convergence of u, implies that g(z,u,) converges in L . (]% +
% =1). We deduce that

<#w@w4m@—/m@w¢

n—-+4o0o n—-+o0o

= lim ((un, o) — /g(x, un)¢) = lim (df(un),®) =0.
And hence u is a critical point for f by the density of C2° in HE(Q). O

Remark 2.2. The above lemma states that the weak limit of a (PS)g
sequence is a solution. We know that v = 0 is a solution. So, how can we
prove that u is non trivial? In the proof of theorem the solution we
found was non trivial since we found it at the positive MP level § > 0. In
this case, since we only know that w,, — u we cannot deduce that f(u) >0
(the fact that f(v) > 0 for all critical points v is an easy consequence of the
superquadraticity assumption (g3), we will see this later).

In order to continue our analysis, we need a general result about bounded
sequences in H'(RV).

Lemma 2.3 (P.L. Lions [8]). Let u,, € H'(R™) be a sequence such that

() flum| < C;
(2) There ezxist R > 0 such that

limsup sup / [um|*> =0
m—+00 yeRN J Br(y)

Then um — 0 in LYRN) for all g € (2,2%).
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Proof. Recall that, by Sobolev embedding,
—0 0
[ullLa(Br(y) < CHUH}?(BR@))||u||H1(BR(y))a

where 6 = n Then

q
/B I < Ol 5

Let us distinguish two cases:

THE CASE 0q > 2. In this case ¢ > 2+ % and
1-6 0g—2
[ qul < Ol 2 s
Br(y)

0q—2 2 2
< O(sup ol ol iy [, (190 40

Take now y, € RY such that

(1) RY C UpBr(yr);
(2) There exist £ € N such that every point 2 € R" belongs to at most
¢ sets Br(yk).

Then

Lo [

< 0 (sup ol o) Wiy - (9ul? )
L R(Yk

yER
v (1-6)q
< ECHUHH]%N (ysup ||u||L2 (Bay )))

and assumption [2| implies that

/ |t |T — 0.
RN

THE CASE g < 2. Inthiscase2 < q <2+ % = . Let us remark that,
since 0 > 2, ||um || Lany — O (we are in the first case). Let ¢ = A2+(1-X)q.
Then

el oy < ltim1 2 ey | o ahey = O
(]

Remark 2.4. A general way to analyze the behavior of sequences of func-
tions (even measures) bounded in some norm (as it is the case for the (PS)
sequence u,, we found via the MP theorem), has been developed by P.L. Li-
ons. It is called Concentration-compactness methods. See [8], [12] or [13].
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In terms of this theory, the above lemma shows that if the sequence u,, van-
ish in the L? norm, then it converges to 0 strongly in LP, p € (2,2*). We
will now see that this is not possible for (PS) sequences.

Lemma 2.5. Assume Q =R, and let u,, be a (PS)s sequence with 3 > 0.
Then there exists a sequence ym € RN such that the sequence vy,(z) =
U (T — Ym) converges v € HY(RN), v # 0, weakly in H'.

Proof. We know, from lemma that 1, is bounded in H'. Suppose, by
contradiction, that exists R > 0 such that

limsup sup / um|® = 0.
m—+00 yeRN J Br(y)

Then we can apply lemma to deduce that [[um||pe@yy — 0 for all g €
(2,2*). Hence, from (df (um), um) = ||um||* = [zn 9(, Um)um we deduce that

[ 1* < Mdlf () ][t || + Cllumlfp @y = 0-
Hence

1
Flun) = gl = [ Gaun) =0,

contradiction (since 3 > 0) which shows that for all R > 0 exist y,, € RY

such that
/ |um|2 >4 > 0.
BRr(ym)

Let vy () = um(z — Ym). Then ||vp,|| = [Jum| < C and

/ [om|? > 6 > 0.
Br(0)

Since vy, is bounded, it converges to some v € H'(RY), weakly in H' and
strongly in LY. for all p € [2,2*). Then

loc
/ ul? > >0,
Br(0)

showing that v # 0. (]

A rather direct consequence of the this lemma is the following existence
theorem:

Theorem 2.6. Suppose g € C1(RYN x R,R) satisfies (g1-3) with Q = RY,
Assume also

(g4) g(z,s) is periodic in x € RY, that is
g1+ ki, ..o xn + knys) =g(x1, ..., 2n,8) V(ki, ..., kn) € ZN.
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Then the boundary value problem

—Au+u = g(z,u)
u € HY(RY)

has a non trivial solution w.

Proof. We know that there exists u,,, a (PS)g sequence, where (3 is the
Mountain Pass critical level.

The lemma then shows that there exists a sequence ¥, € RY such
that u, (- + ym) converges weakly to a nontrivial function v € H*.

We let g, be the point of ZY closer to Y. Then ||ym|| — Jm < /1. We
claim that wy,(r) = um(x — ¥m) is a (PS) sequence for f which converges
weakly to a nontrivial w € H'. Then the theorem follow from

To prove the claim it is enough to remark that, thanks to the symmetry
assumption (g4), f(um) = f(wp) and ||df (um )| = ||df (wm,)||. To show that
the weak limit of w,, is non trivial, it is enough to remark that

/ w? > / v? >0
Brim(0) Br(0)

for some R > 0 since v is non trivial. O

Remark 2.7. Let us point out that in general we can only prove that
0 < f(w) < B. Indeed a more careful analysis (see for example [6]) shows
that

(a) if u, is a (PS), sequence for f, then a > 0 (in particular f(u) > 0
if u is a nontrivial critical point);
(b) if u, is a (PS), sequence for f, having a weak limit u, then u, —u

is a (PS)a—f(u) sequence;

In particular we cannot say, even if we are able to find a solution, that
the functional satisfies (PS) at level 3.

We now present a situation in which we are able to prove that (§ is a
critical level. We first prove the following lemma.

Lemma 2.8. Assume g satisfies (g1-3) and

L

Then, if I = {~v € C([0,1],E) | v(0) = 0, f(7(1)) < 0} the mountain pass
level

18 non decreasing for u > 0, non increasing for u < 0.

— inf (¢
6 %rérfél[aafﬁf (v(t))
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1s such that

5 < mf{ F(w) ( df (u) = 0, u # o}.

Proof. Take u such that df (u) = 0, u # 0. Consider the line y: R — H*
defined by v(A) = Aou. We have that v € I" if A is large enough and

2
£ = 228 2 - [ e

ST = Ml - [ gt Mo
Since ||ul|? = fg z,u)u, we find that
S0 = [ ot wMiu - gl Maw o

o 2 g({L‘,U) . g(xaA)\Ou) 2
_MO/[ u Mot }“

Since
g(fl?, U) o g(.%', )\/\OU)
U Ao
is nonnegative for Ao € [0, 1], nonpositive for Ao > 1 (from assumption
(g3)), we get that & > 0 for A\g € [0,1], & < 0 for A\ > 1. So we find
that maxy>o f(Aou) = f(u) if w is a critical point. Since the path « is an

element of I', one gets that

B =inf max fy() < Inf  maxfQu) = inf ),

and the lemma follows. O

The following Theorem, due to Brezis and Lieb, allows us to better
describe sequences that do not converge.

Theorem 2.9 (Brezis and Lieb [4]). Let u,, be a sequence of measurable
functions such that, for some 0 < p < 400 and C' >0

(1) um(z) — u(z) almost everywhere;
2) Jolum|P < C.

Then
el @) = () — u@)P = @)l =0

Proof. We will follow the proof in [7]. Let us assume the following inequal-
ities: for all € > 0 there is C¢ € R such that for all a,b € C

(2.2) lla+bP — [b?| < €lb|? + Celal?.

We first remark that, by Fatou lemma, [,|ul? < C.
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Let wm, = u + vy,. It follows that v, — 0 almost everywhere. We claim
that

(2.3) Wm,e = (Hu‘*'vmv)_ [um[? — |U|p‘ _€|Um|p)+

is such that lim,, .o fQ Wm,e = 0. We first remark that
[+ vm [P = Joml? = [ulP| < [lu+ovmlP — [om[P| + |uf?
< €elom |’ + (14 Co)lul?

so that wp, ¢ < (1+ C¢)|ulP. Moreover w,, . — 0 almost everywhere, so that
the claim follows from Lebesgue dominated convergence. Then

Lt oml = lonp ~uP| < [fonp+ [ e
Q Q Q

So we only have to show that [,|vn,| is uniformly bounded. This follows

from
/|Um|p - / U — P < 2P/(|u|p + |um|P) < ortlc
Q Q Q

limsup/ [t 4 v [P = |om|? — |ufP| < €D,
Q

m—-+00

Hence

and the theorem follows.

To prove (2.2) we first remark that the function ¢ — [t|P is convex for
p > 1. Hence

b
fa-t b7 < (Jal + )P = (1 = M) 312 + AP < (1 x) a4 X1
for all 0 < A < 1. Taking A = (14 ¢)~"/®=D we get ([2.2) when p > 1. If
0 < p <1 we have the simple inequality |a + b|P — |b|P < |a|P. O

Remark 2.10. From (2.1)) we deduce that

(2.4) Lt = [+ [ =+ o),

where o(1) — 0 as m — co. We also deduce from (2.4)), that [|up, [P — [|ulP

and u,, — u a.e., imply
/|u — Up|? — 0.

As a consequence of Brezis-Lieb theorem and lemma 2.8, we have:

Theorem 2.11. Suppose g satisfies (g1-5) in Q@ = RYN. Then the Mountain
pass level B is critical.
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Proof. Let us give the proof in the case G(z,s) = |s|P.

We first remark that, whenever (g3) holds, liminf,, 4~ f(wm,) > 0
along any bounded (PS) sequence w,,. Indeed

Flum) = 5lhwnl = [ Gow)

= %<df(wm)awm> + / lg(x,wm)wm - G(m’wm))

9(2
> (’g—1)/§2G($,wm)+;<df(wm),wm>

> (5= 1) [ Clunl? + 5 wm) wm) 2 5(dfwn)w0) = 0.

If f(wmy) — 0, we deduce from above that w,, — 0 in LP and also that
meH2 = 2f(wm) + fQ G(z,wm) — 0.

So we have that w,, — 0 if w,, is a bounded (PS) sequence such that
flum) — 0.

We know that there is a bounded (PS)g (here § is the (MP) level)

sequence whose weak limit u is a non zero critical point for f. We want to
show that f(u) < . Indeed we have from theorem [2.9| that

1 1
F(um) = llu ||2—/|u »

1 1
= 5l =l + Sl + (o — ] 0)

1 1
o [P = =+ o)
P Ja b Ja

= f(u) + fum —u) +o(1)

We can also easily check that u,, —u is a (PS) sequence: taking any
h € C°(Q) we have that

(df (u— up), h) = (Up —ul|h) —/Qg(ac,um—u)h—>0

p

since u,, — u weakly in Hj and strongly in Lo

u) >0 and

Then liminf,, o f(tym —

fw) = fum) = f(um —u) +0o(1) < B +o(1).
Since f(u) > 3 (by lemma [2.8) we get that f(u) = §. O
We now consider a non periodic case.

Theorem 2.12. Assume p € (2,2%), a(z) > 1, a(z) — 1 as |z| — +o0, .
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Then equation

(Pu) {—Au T u = af@)[ul2u

u € HYH(RY)

has a nontrivial solution.

Proof of Theorem [2.12. We consider the functional
1 1
f =y [ (VP = [ ol
2 JrN p JrN

in H'(RY), whose critical points give rise to solutions of (PU)). Remark
that the nonlinearity g(x,s) = a(x)|s|P~! satisfies (g1), (g2), (3), (g5).
We also introduce the functional

folw) =5 [ (V)= [ jup

For fo also (g4) holds and we can apply Theorem to deduce the

existence of a nontrivial critical point 4 € H'(R") at the min-max level

Foel) = e = 01 10 T 010 = g e FolB) = mpgge o0

An easy calculation then shows that

o = (% - 1) (Hu||>2p/p—2.

p ’ﬂ‘p

If a(z) = 1, the above shows that the theorem holds. In case a(x) # 1,
we have the the mountain pass level

B = ;Ielf* max f(y(#) < B

Indeed we have that

11 Jal i
8 < max fro(tm) = (& - 1 ( i ) |
t>0 (2 p) (fQ a(x)w‘p)l/l)

We also know that the Palais-Smale sequences are bounded (lemma ,
that for all Palais-Smale sequences u,, there is a sequence y,, € RY such
that the sequence v, (x) = U (r — ym) converges weakly in H'(RY) to a
nontrivial function v € H'(RY) (lemma [2.5). Moreover also (g5) holds, so
that lemma implies that the MP level is smaller or equal than the least
(nontrivial) critical level.

Assume first that y,, is bounded, so that w,, converges weakly to u # 0.

Since (gh) holds, f(u) > (. Arguing as in the proof of theorem we
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have that

1 1
Flum) = 3 lum =l + 2 ul?
1 p_ 1L P
— = [ a(@)|ul? = = | a(@)|u—unl? + o(1).
P Ja P Ja
We know that wu,, converges weakly to u. We can assume that it also con-

verges strongly in L, and hence

[ a@la=unl? = [ o=l
Q Q

flum) = f(u) + foo(t = um) + o(1).
It can be easily shown that u — u,, is a (PS) sequence for fo,. We also
know that

0(1) < foo(u*um) = f(um) - f(u) +0(1) <p-p< 0(1)'

so that foo(u — up) — 0 and we deduce that v — u,, — 0 and wu, — u
strongly.

so that

If y,, is unbounded and wu,, converges weakly to 0, we can consider
Um () = Up(z — ypm). In this case we deduce that

1
Flum) = 2] m||2—/ a(@ + o)l om?
=2 mu?—/rvmruo

= Mm—MV IWW

—/|v|p—/|v—vmp+o 1

= foo )+foo<v - Um) > Boo,
contradicting the fact that f(un,) — 5 < (-






Chapter 3

A linking theorem

1. The abstract result

In this section we will present a theorem which is a generalization of the
Mountain Pass theorem.

We start by giving some abstract definitions.

Definition 1.1. Let S be a closed subset of a Banach space V, and @ a
submanifold of V. We say that S and 9Q link if

(1) SN oQ = 0:
(2) for all h € C(V;V) such that hjgg = id we have that h(Q) NS #

In practical applications, one needs to know when some particular 9Q
and S link. The following examples shows two such situations.

Proposition 1.2. Let V be a Banach space, V. =V1 & Vs, Vi and V, closed,
dim Vs < 4o00. Let S = Vi, Q = Br(0,Va) = {u € Vo | lul| < R} so that

0Q ={ueVs||ul|=R} (see ﬁgure.
Then S and 0Q link.

Proof. Let w: V — V5 be the projection onto V5, and take h: V — V such
that hjsg = id. Let us show that 0 € w(h(Q)).

We take t € [0, 1], u € V2 and define
hi(u) = tw(h(u)) + (1 — t)u.

We have that h; € C([0,1] x V3, V3) is a homotopy between hg(u) = u and
hi(u) = w(h(u)). We want to apply degree theory. Let us observe that, for

29
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Avl =5

0Q

}R >

Va

Figure 1. a linking

all u € 0Q,
hi(u) = trn(h(u)) + (1 — t)u = tw(u) + (1 — t)u = u.

Hence it is well defined, for all ¢ € [0,1], deg(ht, @,0) and by homotopy
invariance of the degree

deg(mo h,Q,0) = deg(h1,Q,0) = deg(ho, @,0) = deg(id,Q,0) = 1.
Hence m(h(u)) = 0 has a solution u € Q. O

Proposition 1.3. Let V be a Banach space, V =V1 ® Vs, Vi and Vs closed,
dimVa < +o00. Let u € Vi, ||lu]] = 1 and p, Ri, Ry € R be such that
0<p< R, 0<Rs.

Let S={ueVi||ul|l=p}and Q = {su+uy | 0<s < Ry,u €
Va, llugll < Ry }, so that 0Q = {su+ug € Q | s € {0,R1} or [Jug|]| = Ry }
(see ﬁgure@.

Then S and 0Q link.

Proof. Let m: V — V5 be the projection onto V5, and take h: V — V such
that hjgg = id. Let us show that exists u € @ such that h(u) € S, that is
such that 7(h(u)) = 0 and ||h(u)|| = p.

We take ug € Vo, s € R, t € [0,1] and let v = su + ug and

hi(s, ug) = (t([h(w)]| = p) + (L =) (s — p), tw(h(u)) + (1 — t)ug).

Hence hi: R x Vo — R x V5 is a homotopy between ho(u) = (s — p,uz)
and hi(u) = (||h(w)]] — p,7(R(u))). We want to find u € @ such that
hi(u) = (0,0).
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Ry

Vi

Figure 2. another linking

Let us observe that, for all u € 9Q),

he(u) = (t([h(u)]| = p) + (1 = t)(s — p), tmw(h(u)) + (1 — t)u2)
= (t(llull = p) + (L =1)(s — p), tm(u) + (1 — t)us)
= (t([lull = p) + (L = )(s — p), tuz + (1 — t)uz)
= (t([lull = p) + (L =)(s — p), u2)
Since u = su + ug € 0Q and uy = 0 implies s € {0, R2}, we have that
hi(u) # 0 for all t € [0,1]. Hence by the invariance under homotopy of the

degree, we get that deg(hg, @,0) = deg(h1,Q,0) = 1 and the existence of
the required u € @ follows. O

Remark 1.4. Let us note that, if « € V is such that w # 0, then Q =
{x|xe0,1]]}and S={ueV||u|=a},0<a< |, then S and
0Q = {0,u} link.

The following theorem is a generalization of the Mountain Pass Theorem.

Theorem 1.5 (Linking Theorem). Suppose f € C'(V) satisfies the (PS)
condition. Let S C 'V be a closed set and Q C V be a submanifold with
relative boundary 0Q. Suppose

(1) S and 0Q link;
(2) a=inf,es f(u) > sup,ecoq f(u) = .
Let
r={hec,v)|hag=id}.

Then, setting
8 = inf sup f(h(u))

vyel’ ueQ
we have that 3 > «, and B is a critical value for f.
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Proof. It is clear from the assumptions that 3 > «a.

Suppose Kg={u eV |df(u)=0and f(u) =8} =0. Let € = a — ay,
U = (). Then, by theorem there exist € > 0 and a deformation 7. From
the properties of 7, it follows that n(u,t) = u for all t € [0,1] if u € 9Q.
Indeed u € 0Q implies that f(u) < ap=ag— (a0 —ap) < — €

Take h € I" such that

sup f(h(u)) < B+,

ueQ
and let A(u) = n(h(u),1). Then h € T and sup,q f(h(u)) < 8 — €, contra-
diction which proves the theorem. O

2. Application III

In this section we will show how to apply the Linking theorem to study a
problem a semilinear elliptic problem similar to the ones already seen in
sections [Il and 2

Let © be an open and bounded subset of RV, A\ € R, and assume g

satisfies (g1-3). Consider the semilinear elliptic problem

—Au—du=g(z,u) z€Q

u=0 x € 00
Remark 2.1. We will denote by A\; = A1(€Q2) > 0 the smallest eigenvalue of
the linear eigenvalue problem

—Au=Xu x€Q

u=20 x € 0N

(BVP))

(EVP)

and by ¢1(z) > 0 the corresponding eigenfunction, normalized by fQ $? = 1.
Then it holds that

(2.1) /|Vu]2 > /\1/ uw?  Yu € HY(Q).
Q Q

Similarly Ax will denote the k-th eigenvalue of (EVP)), with corresponding
normalized eigenfunction ¢;. Recall that \; < A9 < -+ < A\ — +00.

Let f: H}(Q) — R be defined by
f(u):1/\Vu|2—)\/u2—/(¥(a:,u).
2 Jo 2 Ja Q

where G is defined as in (g3). When working in HE (), Q bounded, we will
take as a norm ||u|| = [,,|Vu|?, which, as a consequence of (2.1, is a norm
equivalent to the usual one. Then our functional can be written as

1 A
flw) =gl =5 [ = [ Glau
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We already know from the results of section [1 that f € C?.

Remark 2.2. If A < A\, one immediately sees that

fz3(1-5) [Ivur - [

and also in this situation v = 0 is a strict local minimum; moreover, since G
is superquadratic, our functional has the Mountain Pass geometry. Since it
can be proved (exactly as in section [1} see also lemma below) that (PS)
holds, the Mountain Pass theorem applies to prove existence of a nontrivial
critical point.

Let us prove that (PS) holds for f regardless of the value of \. (We
remark here that this is true thanks to the rather strong assumptions (gl—

g3). Under less restrictive assumptions (PS) would fail for A\ = A;). Since
the case A < 0 is the one already seen in section |1, we will restrict to A > 0.

Lemma 2.3. Assume (g1-3) hold. Then, for all A >0, (PS) holds.

Proof. Let us show that (PS) sequences are bounded. We have that

(dfan).wn) = luall = A [ 2 = [ (o)
un) = Sl =3 [~ [ G,y

Hence
Flun) = 5 ) ) = [ (390 0n)n = Gl
> (5 -1) /G(m,un)
> Clunly > Clunl
and



34 3. A linking theorem

From the above equations we get that

(5 3 )l < Fum) = ) )+ A(5 = ol

1
< C+ enllun| + C(f (un) — §<df(un),un>)2/p
< C+ enllun| + G;LHunpr

and the boundedness of the sequence {u,} follows.

To prove that (PS) holds we can then use theorem as in lemma
L3l O

We can now prove that the boundary value problem (BVP,|) has a so-
lution for all A € R. Since we have already remarked that a solution exist
whenever A\ < A\; (see remark , we will only study the case A > Aq.

Theorem 2.4. Suppose (g1-3) hold, A\ > A1 and §2 is an open and bounded
subset of RN . Then there exist a nontrivial solution of (BVPy).

Proof. We want to apply theorem taking S and @ as in proposition

Lol

Suppose that Ay, < XA < Ago41, and let Hy = span{¢1,..., ¢}, Hi =
H3 = span{¢g,+1,--- }. Then dim Hy = ko < +o00, H} = H; ® Hy. More-
over

(2.2) /|Vu|2 < Ao /u2 Yu € Hy
(2.3) /|Vu|2 > Aeo+1 /u2 Yu € Hy

It is then immediate to find that for u € Hy, |ju|| = p we have that

Fu) > %(1— Akjﬂ) /uz_c/u|p

1 A
> (1= =) ull? = Cllul = a > 0
2 Ako+1

0

provided p > 0 and small. We let S = {u e Hy | |lul]| =p}.
We also have that

(2.4) flu) < %(Ako ) /u2 _ /G(:c,u) Vu € Ha.

Let us now fix 4 € Hy, u # 0. Take u = su+wuo, s € R, up € Hs. Since such
a u belongs to the finite dimensional space Hs @ Ru, there exist a constant

C > 1 such that
é/u2§/\Vu|2§C/u2.
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As a consequence we have that

flu) == /|Vu|2 /u /G:vu
<(5-3) [we-c fur
<(§-3)-o(f )" -

as ||ul]| — 4o00. It is then clear that, letting, as in proposition Q =
{S@+u2 | 0 <s< Ry, us € Ho, ||u2|| < Ro }, f|3Q < 0 provided R; > p
and Ry are large enough. This is enough to apply theorem and to finish
the proof. O
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