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1. STABLE INVARIANT MANIFOLD

In these lectures we will study stable invariant manifolds for semilinear parabolic
equation. For simplicity we consider one concret example of such similinear equa-
tion: Ginzburg-Landau equation. But for better understanding we firstly introduce
the notion of invariant subspace in the simplest case of linear parabolic equation.

1.1. Invariant subspaces for a linear parabolic equation. Let G C R™, be a
bounded domain with C'*°-boundary dG. We consider a linear parabolic equation

Ov(t,x) —vAv(t,z) —ov(t,z) =0, z€G,t>0 (1.1)

with boundary and initial conditions
v(t,-)|zeoc =0, (1.2)
v(t, x)|t=0 = vo(z), = €Gq, (1.3)

where v = 9v/0t, v > 0 is a parameter, —A = 9?/dz? + - - - + 82 /022 is Laplace
operator vo(x) € H?(G) N H}(G) are given functions. Recall that H*(G) is the
Sobolev space of functions belonging to La(G) together with all their derivaties up
to the order k. The norm of this space is defined as follows:

ol = 3 [ Do) (1.4
o<k @

where o = (a1,...,0y) with a;,j = 1,...,n are integer, nonegative numbers,
la| = a1 + -+ ay, and D%(z) = dl*lu(2) /02" ... Ox8. Recall also that

H;(G) = {u(z) € H'(G) : ulpc = 0}
Let
{ex(x), Ax}, M <A <o < — o0 ask — o0 (1.5)
be the eigenfunctions and the eigenvalues of the spectral problem

—vAe —e(z) = Xe(z), x € G el0G = 0. (1.6)
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We assume the parameter v is small enough and such that eigenvalues Ay of the
spectral problem (1.6) satisfy the condition:

AL < SAN <O < AN S-S g (1.7)
We introduce the subspaces
Ve =Vi(G)=le1,...,en], Vo=V_(G)=ent1,ent2---], (1.8)

In other words subspace V. is generated of eigenfunctions possessing negative eigen-
values and V_ is generated of eigenfunctions with positive eigenvalues. There-
fore the solutions e ***ey(z) of the equation (1.1) tend to infinity as ¢ — oo for
k=1,...,N, and tend to zero as t — oo for k > N. Besides, solving problem
(1.1)- (1.3) by Fourier method one can see that if initial condition vy belongs to
V. (or V_) then solution v(¢,x) of (1.1)- (1.3) for each t > 0 belongs to V, (or,
respectively, to V_). That is why V_ is called stable invariant subspace for problem
(1.1)- (1.3) and V4 is called unsatable invariant subspace for the same problem.

1.2. Ginzburg-Landau equation. Let G C R",n = 1,23 be a bounded domain
with C'*°-boundary 0G. We consider Ginzburg-Landau equation

ow(t,z) — vAv(t,x) —v(t,z) +v*(t,2) = f(z), z€G,t>0 (1.9)
with boundary and initial conditions
v(t,)|zeac = 0, (1.10)
v(t, x)|t=0 = vo(x), z€G, (1.11)
where v > 0, f(z) € La(G),vo(x) € H?(G) N H (G) are given functions.
As a phase space of the dynamical system generated by (1.9), (1.10) we take the
functional space
V =V(G) = H}G) N H}(G) (1.12)
Let v(z) € V be a steady-state solution of (1.9), (1.10), i.e. a solution of the
problem
—vAb(t,x) —0(t,z) +0°(t, ) = f(z), z€G, Vlog =0 (1.13)
To study the structure of the dynamical system (1.9), (1.10) in a neighborhood of
v(x) we make the change of unknown functions in (1.9), (1.10):
v(t, z) = 0(z) + y(t, ) (1.14)
After substitution (1.14) into (1.9)—(1.11) and taking into account (1.13) we get:
Oy(t,x) — vAy(t,z) — q(x)y(t,z) + B(z,y(t,z)) =0, z€G,t>0 (1.15)

y(t,-)|zeoc =0, (1.16)
y(t, )|t=0 = yo(x) = vo(x) — v(xz), z € G, (1.17)
where
q(z) = 30%(x) — 1, B(z,y) = y* — 30(x)y? (1.18)
Similarly to previous subsection let
{ex(x), \p}, A< A< <A — o0 ask — oo (1.19)

be the eigenfunctions and the eigenvalues of the spectral problem

Ae = —vAe(z) + q(z)e(z) = de(x), x € G €]0G = 0. (1.20)
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We assume that eigenvalues \;, of the spectral problem (1.20) satisfy the condition:

AL < SAN <O < AN < < g (1.21)
Therefore the solutions e~*+fey () of the linear equation
dy
— 4+ Ay =0 1.22
5 Y (1.22)
tend to infinity as ¢ — oo for k =1,..., N, and tend to zero as t — oo for k > N.
Similarly to (1.8)we introduce the subspaces
Vi =Vi(G)=le1,...;en], Vo=V_(G)=ent1,eNt2---], (1.23)
of unstable and stable modes for equation (1.22). The following relation is true:
Vi(G)+V_(G) =V(G) (1.24)

1.3. Stable invariant manifold. It is well-known, that for each yg € V there
exists a unique solution y(t,z) € C(0,7;V(G)) of problem (1.15)-(1.18), where
T > 0 is arbitrary fixed number. We denote by S(t,yo) the solution operator of the
boundary value problem (1.15)-(1.18):

S(t,y0) = y(t,-) (1.25)

where y(t, ) is the solution of (1.15)-(1.18).
Recall now some commonly used definitions of stable invariant manifold (see,
for instance, Chapter V in [1]) adopted for our case. The origin of the phase space

V, ie. the function y(x) = 0, is, evidently, a steady-state solution of problem
(1.10)-(1.12).

Definition 1.1. The set M_ C H defined in a neighborhood of the origin is called
the stable invariant manifold if for each yo € M_ the solution S(t,yo) is well-defined
and belongs to M_ for each t > 0, and

1St vo)llv <ce™™ as t— o0 (1.26)
where 0 <7 < An41.

The stable invariant manifold can be defined as a graph in the phase space
V =V, & V_ by the formula

M- ={y-+F(y-), y- € O(V_)} (1.27)
where O(V_) is a neighborhood of the origin in the subspace V_, and
F:0V.)—-V4 (1.28)

is a certain map satisfying

IE@)vy/ly-lve — 0 as [ly—flv. — 0. (1.29)

So, in order to construct the invariant manifold M_ we have to calculate the
map (1.28), (1.29).

Remark 1.1. Compareing Definition 1.1 with definition of stable invariant sub-
space from Subsection 1.1 we see that when we add nonlinear term to equation,
the stable invariant subspace transformes in an neighborhood of origin to stable
invariant manifold.

Analogously it is possible to define a instable invariant manifold that is analog
of unstable invariant subspace from Subsection 1.1. We will not do it.
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2. STABILIZATION PROBLEM

Stable invariant manifolds play important role in the theory of stabilization of
quasilinear parabolic equations and Navier-Stokes system. That is why they are so
interesting for us. Below we explain how they are applied in stabilization theory.

2.1. Formulation of stabilization problem. Let Q& C R",n = 1,2,3 be a
bounded domainwith C*° boundary 0f) that consists of two closed disjoint compo-
nents I'g, I':
0N =TqUT, LN =0 (2.1)
We consider the following problem for Ginzburg-Landau equation:
drw(t,z) — vAw(t,z) —w(t,z) +wi(t,z) = g(x), =€ Qt>0 (2.2)

w(t’ ')‘$€FO =0, w(t7 ')|I'€F = u(tv l‘/) (23)
w(t, z)|t=0 = wo(x), x €, (2.4)
where v > 0 is a parameter, g(x) € La(G),wo(z) € H*(G),wo|r, = 0 are given

functions, w, u are unknown functions, and u is a control.
Suppose that a steady-state solution w(z) € V' of problem (2.2)—(2.4) is given:

—vAD(z) — ©(x) + @ (z) = g(x), z€Q, B|p, =0, (2.5)
and
[w(x) = wo()[|m2(e) < € (2.6)
where € > 0 is sufficiently small. We suppose also that w is unstable steady-state
solution.
The stabilization problem for (2.2)—(2.4) is formulated as follows: find a control

u(t,z'),2’ € T',t > 0 such that the solution w(t,x) of boundary value problem
(2.2)-(2.4) with chosen u(t,x’) satisfies the inequality:

lw(t,-) — 12;||Hz(9) <ce % ast>0, (2.7)
for certain o > 0.

2.2. Method of stabilization. We extend the domain €2 through the part of the
boundary I" upto a bounded domain G :  C G with C*°boundary 0G:

G=QUlUw, QNw=T, wisabounded domain (2.8)

Then we extend steady-state solution @w(z) into v(x), € G with v(x) € H2(G) N
H}(G). Substitute () into left side of (1.13) and get the extension f(z),z € G
of g from (1.13). Now we take equations (1.9),(1.10) as extension of (2.2), (2.3)
without condition w|r = w from Ry X © in Ry x G. To finish extension of (2.2),
(2.3) (without condition w|r = u) from Ry x £ in Ry x G we have to extend initial
condition wo(z),z € Q from (2.4) in G. This extension is the key point of the
stabilization method described here. The following theorem holds:

Theorem 2.1. Let ¢ > 0 from (2.6) is sufficiently small. Then there exists an
operator E defined on the set B-(Q) = {wo € H*(Q), wo|r, = 0, [[wo— ]| gr2(0) < €}
and acting to the stable invariant manifold v+M_ defined near steady-state solution

v(x),r € G where M_ is the set (1.27):
E:B.(Q) — 0+ M_ (2.9)
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This theorem had been proved in [2].
Now we extend initial condition wg from (2.4) by the formula

vo = E(wo), (2.10)

and take this vy as initial condition in (1.12). Since vy € U+ M_, in virtue of Defi-
nition 1.1 of M_ solution v(t, z) of the problem (1.9)—(1.11) satisfies the inequality

v(t,) = 0l p2(q) < ce™ " ast >0, (2.11)

with some o > 0. Define now the solution (w(t, x), u(t,z’)) of stabilization problem
(2.2)—(2.5) by the relation:

(w(t, ), u(t-)) = (v(t, )], v(t,)|r), (2.12)

where v is the solution of (1.9)—(1.11) with initial condition vy constructed in (2.10),
lo, | are restriction operators on € and I' correspondingly.

Definition (2.12) implies that the pair (w(t,z),u(t,z)) satisfies (2.2)-(2.4) and

inequality (2.7) folows from (2.11). So we have proved that the pair (w,u) defined
in (2.12) is the solution of stabilization problem (2.2)-(2.5).

2.3. Stabilization of linear parabolic equation. Let us consider now stabiliza-
tion of linear parabolic equation. In this more simple case it will be easier to explain
the the main steps in the proof of Theorem 2.1.

We consider linear analog of problem (2.1)-(2.4)on the domain € with the bound-
aryE)Q:I‘OUI‘, FOOI‘:(D:

Ow(t,z) —vAw(t,z) —w(t,z) =0, z€Q, t>0 (2.13)
w(ta ')‘mGFo =0, w(ta ')|I’EF - u(tv l’/) (214)
w(t, x)|i=0 = wo(z), =z €Q, (2.15)

where wo(z) € H*(G), wo|r, = 0, and u is a control.

The stabilization problem for (2.13)—(2.15) is formulated as above: find a control
u(t,x’),2’ € T,¢t > 0 such that the solution w(¢,x) of (2.13)-(2.15) with chosen
u(t, x') satisfies the inequality:

w(t, )| g2) < ce”" ast >0, (2.16)

for certain o > 0.

As in the case of Ginzburg-Landau equation we extend the domain 2 through
the part of the boundary I upto a bounded domain G with C*°boundary 0G. Now
we take equations (1.1),(1.2) as extension of (2.13), (2.14) in G. To finish our
extension we have to extend initial condition wg(x),z € Q from (2.15) in initial
condition vy on G by such a way that solution v(¢,z) of boundary value problem
(1.1)—(1.3) tends to zero as t — oo exponentially.

To do this note that using Fourier method for solution of (1.1)—(1.3) we get:

v(t,z) = Z vope Fleg(x) (2.17)
k=1

where {eg(x)} is basis from eigenfunctions (1.5) and vk is Fourier coefficients of
vo in this basis. Since righ side of (2.17) exponentially tends to zero, it belongs to
V_ for every t > 0, and therefore the relations hold:

vor=0 for r=1,...,N (2.18)

This means that extension of wg in G should belong to V_(G)
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Lemma 2.1. There exists extension operator

E:Ly(Q) — Vo(Q),  ((Bw)la(z) = w(x), (2.19)
such that vo(z) = (Bw)(z) satisfies (2.18).
Proof. We define operator (2.19) by the formula

| wo(z), €
E“’O(‘”)—{ S0) reG\O

where the function z(z) should be defined. In virtue of (2.18) z(x) should satify
the system of equations:

/G\Q er(x)z(z)dr = —/Qek(x)wo(a:)dx, k=1,....,N

(2.20)

We look for z(x) in a form

N
2(w) = 2(j)e ()
j=1
Substitution this equation into previous one gives the system of equations that
determines 2(j) :

N
Zakjé(j):_/ek(x)wo(x)dxv kzlv"'7N7
j=1 @
where coefficients a;;, are determined by relations:

ar; :/ ej(x)ep(x)dx
G\Q
The matrix A =|| ax; || is positive definite. Indeed, if
S ={¢p,k=1,...,N} and ¢(z)= Zgﬁkek(m),
k

then

(12,0) = Y ajugsin = [ lpla)fPda 20,
k.j G\n
If for some ® we have equality here then

o(z) = Zcﬁkek(a:) =0, 2 € G\ Q and therefore o, =0 Vk.

The last assertion is rather deep and is proved in [2]. Thus, det || ax; || # 0 and
therefore corresponding system define uniquely operator (2.19),(2.20) that satisfies
all conditions of Lemma. O

2.4. Some motivations. We see in the Lemma 2.1 proof that since stable in-
variant subspace V_ is defined by N linear equations, construction of extension
operator (2.19) is reduced to solution of N x N-system of linear equaitons. The
main idea used for construction of extension operator (2.9)in the case of Ginzburg-
Landau equation is as follows. In virtue of (1.29) stable invariant manifold M_ in
small neighborhood of steady-state solution @ is close to stable invariant subspace
V_ that corresponds to linearization of Ginzburg-Landau equation at w. That is
why a proper small perturbation of extension operator (2.19),(2.20) gives extension
6



operator(2.9). The construction of such perturbation is the main content of The-
orem 2.1. Note that construction of extension operator from Theorem 2.1 can not
be applied directly in numerical calculations because description of stable invariant
manifold used in Theorem 2.1is too absract.

We have to emphasize that the main reason to develop stabilization theory is to
provide reliable stable algorithms for numerical stabilization ! To construct such
algorithms it is very desirable to have a simple description for infinite-dimensional
invariant manifold M_ allowing to calculate it easily in arbitrary point. Just such
description gives functional-analytic decomposition of M_. In these lectures we
investigate the possibility of such description for M_ in the case of Ginzburg-
Landau equation.

3. PRELIMINARIES

To get functional-analytic decompozition of the map F' that defines stable in-
variant manifold, we have to derive differential equation for F’

3.1. Equation for F'. First of all we recall derivation of well-known equation for
map (1.28) that determines invariant manifold M_. After that we recall definitions
of certain notions that we use later.

First of all we introduce several notations. We rewrite equations (1.15),(1.18)
using definition (1.20) of operator A as follows:

Ay(t) + Ay(t) + B(-,y(t)) = 0 (3.1)
Define the orthoprojectors
P.:V-V, P V-V (3.2)

and introduce notations

Piy=yy, Py=y_, P.S(ty)=95+t1y), P-Styo)=5-(t,y0) (3.3)

Taking into account that the spaces Vi, V_ are invariant with respect to acting of
operator A and using notation (3.3) we can rewrite (3.1) as follows:

Oy+(t) + Ay (t) + Py B(y4 () +y-(t)) =0
Oy (t) + Ay_(t) + P_B(-,y4+(t) +y-(1)) = 0
Let yo € M_. Then by (1.27) it has the form yo = y_ + F(y_). By definition of an
invariant manifold for each t € Ry S(t,y9) € M_ or, what is equivalent
Sty + F(y-)) = F(S-(t,y- + F(y-)))

We differentiate this equation with respect to ¢ and express t-derivatives with help
of equations (3.4). As a result we get:

AS+(t7y* + F(y*)) + P+B('7S(tay* + F(y*)))
=(F'(S_(t,y- + F(y-))), AS_(t,y— + F(y-)) (3.5)
+P—B('?S+(tay— + F(y—)) + S—(tay— + F(y—)))>

(3.4)

1Indeed, the existence theorems for exact controllability problem (see, for instance, [3]) are
stronger than existence rezultes for corresponding stabilization problem. The other point is that
exact controllability problems are ill-posed in the case of parabolic equations and therefore they
can not be solved numerically by adequate way.
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where by (F'(z), h) we denote the value of derivative F’(z) on vector h. Passing to
limit in (1.27) as t — 0 we get the desired equation for F":

AF(y_)+PyB(,y- + F(y-)) = (F'(y-),Ay_ + P_B(-,y- + F(y-)))  (3.6)

3.2. Analytic maps. Let H; be Hilbert spaces with the scalar products (-,-);
and the norms || - ||; where i = 1,2. We denote by (H;)* = H; x --- x H; (k
times) the direct product of k copies of H; and define by Fy : (Hy)* — Hy a k-
linear operator Fy(hy,...,h), i.e. the operator that is linear with respect to each
variable h;,7 =1,...,k. Then

[Exll = sup [Fr(ha, .- ) ||2 (3.7)
[hilli=1,i=1,...k
Restriction of k-linear operator Fy(hi,...,h) to diagonal hy = -+ = hy = h is
called power operator of order k:
Fy(h) = Fx(h,...,h) (3.8)
Using derivatives one can restore k-linear operator Fy(hq, ..., hy) by power operator

Denote by O(H1) a neighbourhood of origin in the space H;. The map

F: C)(l]i) — ]{2 (3.9)
is called analytic if it can be decomposed in the series
F(h)=Fy+ Y Fi(h) (3.10)
k=1
where Fy € Hy and Fy(h) are power operators of order k. Series (2.4) converges if
the numerical series ||Fyll2 + > ey |Fk(h) |2 converges.
Proposition 3.1. Let norms (3.7) of power operator Fy.(h) from (3.10) satisfy
1l < yp~* (3.11)

where v > 0,p > 0 do not depend on k. 2 Then series (3.10) converges for each h
belonging to the ball B,(H,) = {h € Hy : ||h|[1 < p}.

Proof. There exists € > 0 such that ||h|jy < p —e. Then using (3.7), (3.11) we get

IE(R)ll2 < 1Eollz + D IFIRNT <7 ( 5 )¥ < oo
k=1 k=1

O

3.3. Operators from equation for F'. We consider here operators from equation
(3.5).

2For briefness we use for power operator Fy (h) the norm (3.7) although an alternative definition
is possible (see detailes in Chapter 1 of [4])
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3.3.1. Operator A and phase space V. Phase space is defined in (1.12), and operator
A is defined by the following relations (see (1.20),(1.18):

A: Ly(G) — Lo(G), D(A) =V, Av(x) = —vAv(z) + q(x)v(z), Vo e V' (3.12)

Since operator A is symmetric in Ly(G), the set (1.19) of its eigenfunctions {ey}
forms orthogonal basis in La(G). We can assume (have done normalization) that
{er} is orthonormal basis in Ly(G). It is well-known that usual Sobolev H?-norm
in V= H%G)N H(G) is equivalent to the norm

lvl|? = 2:)\§|vj|27 where v; = /GU(:E)ej(x)dx, andv(x) = Zvjej(x) (3.13)
j=1 j=1

Evidently, {e;} forms orthogonal basis in V' with respect to scalar product defined
by norm (3.12). Below we suppose that the phase space V is supplied with the
norm (3.12).

3.3.2. Subspapces Vi and projectors Pr. Subcpasec Vi, V_ of V are defined in
(1.23), and projectors Py are defined in (3.2). Orthogonality of decomposition (1.23)
as well as orthogonality of projectors (3.2) take place with respect to the scalar
product defined by (3.13). It is easy to see that

[1Prll<1, [Pl <1 (3.14)

Kernels ﬁi of operators Py, i.e. distributions on G x G such that

(Piv)(z) = /G P (z, €)0(€)de (3.15)

are defined as follows:

er(z)er(§), (3.16)

] =

N
Pi(x,8) = er(@)er(6), P_(2,6)=d(x—¢) -
k=1

=
Il

1

where §(z — £ is Dirac d-function. Note that integral in (3.16) in the case P_(z, €)

is understood (at each fixed x) as value of distribution é(z — &) — Zszl er(z)er(§)
on the test function v(z). Such notation for values of distributions will be often
used below without additional expleinations.

3.3.3. Analyticity of the map B(-,y). We intend to decompose operator B(-,y)

defined in (1.18) in series (3.7). For this we use that the phase space V is the

algebra, i.e. in this space the operation of multiplcation of functions is well-defined.
Define the operator of multiplcation I'y, as follows:

y:VFk—vV, Dr(v,...,ve)(x) =vi(x) -+ vg(x) (3.17)
where VE =V x --- x V (k times),

Lemma 3.1. Let V = H?(G) N H}(G),G C R",n = 1,2,3. Then operator Ty,
defined in (3.17) is k-linear bounded operator. Moreover, there exists a constatnt
~v > 0 such that for each k

ITe(vr, - oe)llv < A5 Hlowlly - floelly (3.18)
9



Proof. Since norm (3.12) is equivalent to the norm of Sobolev space H 2(@), we can
use H2-norm. Taking into account that embeddings H?(G) C C(G) and H*(G) C
Wi(G) are continious we get:

Jor- valmaiey = (32 [ 10701 (@)uae)) Pdo) 2
la|<2
< lorllmzllvalie + [lorllellvallze + 2llorllw lvallws < llvoillaellvz | e

Using this inequality we obtain (3.17) by induction in & O
It follows from Lemma 3.1 and (1.18) that for y € V
B(z,y(x)) = Is(y, y,y)(x) — 3v(2)l2(y, y) () (3.19)

Therefore operator B is analytic, and relation (3.19) is its decomposition in series
(3.10). The kernels of operators from (3.19) are as follows:

T3(w;61,62,83) = 0(a — &1)0(x — &)d(z — &) (3.20)
30(x)a(2; €1, &) = 30(x)0(x — &1)6(x — &) (3.21)

3.4. Series for operator F'. Let us consider the special case when H; = V_, Hy =
V., with Hilbert spaces V_,V, defined in(1.23). In this case analytic map (3.9),
(3.10) can be rewritten as follows:

F:0(V.)—=Vy, F(y-)=Y Fuy) (3.22)
k=2

It is convinient for us to bound ourselves with the case when Fy = 0, F} = 0
because by (1.29) the map F' defining stable invariant manifold M_ has just this
form. R

Now we define kernels Fj(x;&1, ..., &) of k-linear operator Fi(-;41,...,Yk),y; €
V_,j=1,...,k. Let

V CL(G)cV' (3.23)

where V' is the space dual to V with respect to duality generated by scalar product
in Lo(G). Define

V! ={u(z) e V': /u(m)gp(m)dm =0 VpeVi}=V{ (3.24)
Below we use the following notation:
€k = (€1,...,&), where& eG,j=1,....k (3.25)

The kernel Fy(z;&%), 2 € G,&F € G* = G x -+- x G (k times) is an element of the

k k ~
space VL @ (@ V') where @ V! = V' ®--- @V’ (k times). In other words FJ,(x;&F)
is a distribution on G* with values in V., such that for each y; €V,j=1,...,k
the value

Fel@, v, u) = / Bl E)ya(62) -+ - (€ dEF (3.26)

(d€F = de, ... &) of distribution Fj(x;€F) on test function y(&;) -+ - y(&) is well-

defined. Moreover, if y; € V, at least for one j € {1,...,k} then right hand side

of equality (3.26) equals zero. Moreover, since Fi(-,y1,...,yx) is symmetric with
10



respect to (y1,...,Yx), i-e. Fr( y1,---,yx) = Fk( Yirs- -+, Yj,) for each permuta-
tion (ji1,...,Jk) of (1,...,k), the distribution Fk(x &F) is symmetric with respect

to (fl,...7fk>

Now using relation (3.26) and notation

y-(EF) =y_(&1) - y—(&) (3.27)

we can rewrite the series from (3.22) in the form:
> ~ —_— —_— —
=3 [ Bl e (3.25)
k=2

For each function or distribution K(n,...,n,) defined on G” we determine the
function Un—TK (m,...,nr) which is simmetric with respect to arbitrary permutation
(Mjys - - -, mj,.) of variables (n1,...,n,) by the formula:

1
oK () = > Kmy,..om,) (3.29)
" (Garendn)

where the sum in the r.h.s. of (2.12) performs over all permutations (j1,...,j,) of
the set (1,...,7).

Lemma 3.2. Let K(n1,...,n,) be defined on G". Then
(a) The following equality is true:

ZKT]17"'7T]T h‘( ) 7]7 _Un ZKnh""Th h(nl)h(nT)

for any h(n,) such that the serie in the L.h.s. converges,

(b) For any function G(n1,...,n,) simmetric in its arguments
G")omK (") = o (G ) K (7)) (3.30)
Furthmore
sup owK (7)] < sup | K (7)) (3:31)
" 17

(¢) If all distributions Fy,(x;nF) from (3.28) are symmetric in their arguments

0k then these distributions are defined uniquely by values of analytic func-
tions F(y_) from (3.28).

The proof of this Lemma is evident.

4. FORMAL CONSTRUCTION OF THE MAP F

We look for the map defining stable invariant manifold in the form of a series
(3.28).In this section we find recurrence relations for kernals Fj(z; €%).
11



4.1. Calculation of F,(z;€2). Below using k-linear operators Fy(z;y) = Fy(z;y, .. .

(k times) we omitt sometimes variable x writing Fj(y). After substitution (3.28)
into (3.6) we get taking into account (1.18) that for each y =y_ € V_

=0

[e'e) 3 2
3\ g 2\ . .
+§ qFy | y,...,y, Ay + P_ E (.)Fj(y)y3 J*3v§ (J.>Fj(y)y2 J
q=2 7=0

i=o
(4.1)

Let us equate the terms from (4.1) of the second order with respect to y:
AFy(y,y) — 3P4 (0y*) = 2F»(y, Ay)

Using kernels of bilinear operator Fs(y,y) we can rewrite this relation as follows:

/ [Fa (2 €2)(Ag, + A, )y(€2)) — Ay Fo(a; E2)y(€2))dE% = —3P, (0y?) () (4.2)

where subscript of operator A indicates independent variable of a function to that
this operator A is applied. We will use notation:

k
Ag = A, (4.3)
j=1
Carrying operator A?Z from y(£2) to ﬁg(m,?) and using operator (3.17) in right
side of (4.2) we get:

/(Ag — Ay) Fy(w; €2)y(82)d€? = —3/13+(:v777)5(77)1%(77;572)9(672)057761572 (4.4)

Since y € V_ and subspaces V,,V’ are invariant with respect of operator A, we
obtain from (4.4) the relation determining Fj:

Fu(ai€) = 30z~ A" [ Pelon)iPaln P () (49

Note that operator (Ag — A,)7 ! is well-defined. Moreover, the following assertion
hold:

Lemma 4.1. Operator

(Ag — Ap) ™ :V+®(§> %8 —>V+®((§ V) (4.6)

&
is well-defined and bounded, and for its norm the following estimate holds:

I(Agr — Ao) "M < qo(k + 1) (4.7)

3
with certain constant qo > 0
12
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At last we write down the recurrence relation for the kernel ﬁ(x;?’) that can be
obtained cemilarly to the formula (4.5)

Fa(ai ) = (ge = 40) 85z | [ Pl a0 TP (T E)and?
w/ﬂmmw@<mm )P (& B)dnd (48)
+2 [ Rawip)P wxw<mm<wx<><@@m%«ﬂ

4.2. Calculation of ﬁq(:c;?q). Let us equate the terms from (4.1) of the order ¢
with respect to y:

qAF,(y, ...y, Ay) — AF,(y) = Py [3y*Fy—2(y) — 60yFy_1(y)

43y Y. P F =30 Y. FuFut+ > FuFn,F,

mi+mo=q—1 mi+ma=q mi+ma+ms=q
(g = DFy1(ys -y, P-(30y%)) = (¢ = 2)Fy—2(y, .. ., y, P- (%))
+ Y mEu(y,. .y, P-(60yF(y)) — Y mFu(y,....y, P-(3y°Fi(y)))

l+m=q l+m=q—1
+ Y mPu(y,....y, P-(30F,FL) — Y. mEn(y....,y, P-(3yF, F,))
l1+la+m=q+1 li+l2+m=q

— Z mFm(yv-”ayvpf(FthFls))
li+l2+l3+m=q+1
(4.9)

Remark 4.1. Note that this formula is true only for ¢ > 7. To get formula for
q = 6 we have to omit the last (12-th) term in righ side of (4.9),in formula for
q = 5 we have to omit in addition 5-th, 7-th, and 11-th terms, for ¢ = 4 we have to
omit in addition 3-rd, 9-th, and 10-th terms, for ¢ = 3 we omit also 1-th,4-th,6-th,
and 8-th terms. At last in formula for ¢ = 2 we resrve in right side of (4.9) the
second term only.

Using kernels of operators F,(y) similarly to bilinear case, we can derive from
(4.9)recurrence relation for kernals Fy (x;£9):

Fy(w;89) = (Agr — A) 7 Sr(Iy + -+ + To) (2:€9) (4.10)

where

T, (€)= 30/"12+<x ) Fy ()T (0 Cy, C) P (T E0)ddCT,  (4.11)

Emﬁzﬁ/ﬂwm@wmwﬂmm (o) P-(CT;E9)dndCe,  (4.12)
=3 Y /hwn o (15 ) Foy (03 ) (CTT) (1 — () P (G E0) 7,

et (4.13)
L@ =-3 Y /ﬂxn (B, (1) By (1)) (C0) P (CT; E0) i,

(4.14)
13



Be X [P 5 B0 ) B ) @) P @
mi+ma+mz=q—1

(4.15)
Ty 8) = 3(g—1) / Fo 1P (3 G2, 8)(3)T (5 Gy 1, Cg) P (CT; E0)dsdCa, (4.16)

Iy (2;€7) = (q—2)/Fq/_2\P—(ﬂﬁ;<‘17‘3, $)Ts(s5 G2, Cg1, Cg) P (C73 €0)dsdCT, (4.17)

R = Y om [06)Fn (r:,)Filss D05 — G- (TN,

e (4.18)
L&) =— > 3m /(ﬁ(az;m%;»)(c 2)Ta(s3 g1, C) P (C7; €9)dsdCe,
e (4.19)

o= 3 s [(FuP (ais ) B (5B 55 G0(6) P (G 7)o,

l1+l2+m=q+1

(4.20)
~In,
= S [P ) B )T — )P (T s,
li+l2+m=q
(4.21)
~I1 . .
m > /F P_(x;5,)(Fy, (53) Fiy (55 ) Fiy (55 ) (C9) P (C; €9)dsdCe.
li+la+l3+m=q+1
(4.22)

Note that these recurrence relations are true for ¢ > 7. To get recurrence relations
for ﬁq(:b;?q) with ¢ = 4,5, 6 one shoud take into account Remark 4.1

Using recurrence relations derived above one can prove that there exists a con-
stants a, b such that for each ¢ > 2 operators F(y) from decomposition (3.22) of
the map F(y) satisfy the bounds.

[l < ab?

These estimates imply imidiately, that the serie (3.22) converges for ||y|lv < 1/b
This result in the case of semilinear parabolic equation has been obtained in [5].
The proof in the case of Ginzburg-Landau equation of spatial dimension 2 and 3
will be pulished in some other place.
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