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Abstract

We consider resonance problems at an arbitrary eigenvalue of the p�Laplacian�

and prove the existence of weak solutions assuming a standard Landesman�Lazer

condition� We use variational arguments to characterize certain eigenvalues and then

to establish the solvability of the given boundary value problem�

Mathematics Subject Classi�cation� ��J��� ��J�	



� Introduction

Consider the boundary value problem

��pu� �jujp��u� f�x� u� � � in ��

uj�� � ��
���

where �pu �� r � �jrujp��ru�	 � is a bounded domain in RN 	 p � �	 � � R	 and
f � ��R� R is a bounded Caratheodory function
 This problem can be thought of as a
perturbation of the homogeneous eigenvalue problem

��pu� �jujp��u � � in ��

uj�� � ��
���

where we say that � is an eigenvalue of ��p if ��� has a nontrivial solution	 u	 which is
then called an eigenfunction


For the case p � � the spectral properties of ��� are well understood via the Spectral
Theorem for Compact Self�adjoint Linear Operators and the Fredholm Alternative	 and
many variations of ��� have been studied since the pioneering work of Landesman and
Lazer in ���
 In a nutshell these investigations have shown that if � is not an eigenvalue
then we can expect ��� to be solvable with no additional assumptions	 and if � is an
eigenvalue then ��� will be solvable if we assume an appropriate orthogonality condition


For the general case	 p � �	 the spectral properties of ��p are still being established
and much work remains to be done
 It is known that ��p has a smallest eigenvalue	 i
e
 the
principal eigenvalue	 ��	 which is simple and has an associated eigenfunction that is strictly
positive in � �See ����
 Also	 the properties of the next smallest eigenvalue	 �� � ��	
have been investigated in ��	 where it is shown that �� has a variational characterization
analogous to the usual characterization for the case p � �
 Beyond this	 it is known
that ��p has a sequence of so�called variational eigenvalues	 f�ng	 satisfying a standard
minimax characterization	 but it is not known if this represents a complete list of the
eigenvalues
 It is interesting to note that some properties of the linear case do not carry
over to the general case
 For some interesting	 and somewhat surprising	 results regarding
a generalized Fredholm Alternative see ��	 �� and ��


In this paper we prove the following theorem


Theorem � Suppose that there is a function f � Lq���� where q �
p

p� �
� such that

jf�x� t�j � f�x� ��x� t� � ��R� Further� assume that either

�LL��� �

Z
v��

f�v �

Z
v��

f�v � � � v � ker���p � �� n f�g�

or

�LL��� �

Z
v��

f�v �

Z
v��

f�v � � � v � ker���p � �� n f�g�

where f��x� �� lim
t���

f�x� t�� a limit that is assumed to exist for a�e� x � �� Then ��� has

a weak solution�



Notice that if � is not an eigenvalue then the conditions �LL��� are vacuously true�
This improves upon the recent work in ���� which examined resonance around the prin�

cipal eigenvalue� and in ���� which examined resonance problems at arbitrary eigenvalues
for the analogous ODE problem�

The proofs are variational in nature taking advantage of the structure provided by the
variational eigenvalues of �	p and applying a saddle point theorem for linked sets� �See
�
�� for standard details of the variational theory��

� The Variational Formulation of the Problem

Let

J��u� �



p

Z
�

jrujp �
�

p

Z
�

jujp �

Z
�

F �x� u�� �u � W
��p
� ����

where F �x� u� �

Z u

�

f�x� t�dt� It is well known that J� � C��W ��p
� ���� R�� such that

J ���u� � v 

Z
�

jrujp��ru � rv � �

Z
�

jujp��uv �

Z
�

f�x� u�v� �v � W
��p
� ����

and such that weak solutions of �
� correspond to critical points of J��
In order to apply the standard methods of variational theory an important �rst step is to

prove that� given the assumptions in Theorem 
� J� satis�es the Palais�Smale condition� i�e�
if fung � W

��p
� ��� such that fJ��un�g is bounded and J ���un�� � in �W ��p

� ������ then fung
has a subsequence that converges in W

��p
� ���� This requires several preliminary lemmas

which we state without proof� �See ���� Lemma ���� page 
�� for a proof of Lemma 
� below�

Lemmas � and � are straightforward�� In all that follows we use jjujj
W

��p

�
��� �

�Z
�

jrujp
� �

p

�

which is equivalent to the usual W ��p��� norm on W
��p
� ����

Lemma � Let A � W ��p
� ���� �W ��p

� ����� such that

A�u� � v �

Z
�

jrujp��ru � rv�

Then A is continuous� odd� �p � 
��homogeneous and continuously invertible� Moreover�

jjA�u�jj�W ��p

�
�����  jjujjp��

W
��p

�
���

�u � W
��p
� ����

Lemma � Let B � W ��p
� ���� �W ��p

� ����� such that

B�u� � v �

Z
�

jujp��uv�

Then B is continuous� odd� �p� 
��homogeneous and compact�

Lemma � Let C � W ��p
� ���� �W ��p

� ����� such that

C�u� � v �

Z
�

f�x� u�v�

Then C is continuous and compact and jjC�u�jj�W ��p

�
����� � jjf jjLq��� �u � W

��p
� ����



Theorem � If the hypotheses of Theorem � are satis�ed� then J� satis�es the Palais�Smale

condition�

Proof�
Suppose that fung � W

��p
� ��� and c � � such that jJ��un�j � c �n and J ���un� � �

in �W ��p
� ������ First� we argue by contradiction to show that fung is bounded� Suppose

jjunjjW ��p

�
��� � �� Let vn ��

un

jjunjjW ��p

�
���

and assume� without loss of generality� that

vn � v in W
��p
� ���� vn � v in Lp���� and vn � v pointwise a�e� in � � Notice that

J ��un� � A�un� � �B�un� � C�un�� where A�B and C are de	ned in the lemmas above�
Dividing through by jjunjj

p��

W
��p

�
���

and using the �p� 
��homogeneity of A and B we get

J ���un�

jjunjj
p��

W
��p

�
���

� A�vn�� �B�vn� �
C�un�

jjunjj
p��

W
��p

�
���

�

By Lemmas � and  we see that B�vn� � B�v� and
C�un�

jjunjj
p��

W
��p

�
���

� �� Using Lemma 


and the fact that J ���un� � �� we get that vn � A����B�v�� in W
��p
� ���� It is clear that

jjvjj
W

��p

�
��� � 
� Hence vn � v � ker���p � �� n f�g � Now observe that

pJ��un�� J ���un� � un � p

Z
�

F �x� un��

Z
�

f�x� un�un�

so

pJ��un�

jjunjjW ��p

�
���

� J ���un� � vn � p

Z
�

F �x� un�

jjunjjW ��p

�
���

�

Z
�

f�x� un�vn�

By hypothesis� the left hand side of this equation has a limit of �� However� for a�e�
x � fx � v�x� � �g we have un�x���� so

lim
n��

f�x� un�x��vn�x� � f��x�v�x��

and

lim
n��

F �x� un�x��

jjunjjW ��p

�
���

� lim
n��

vn�x�



un�x�

Z un�x�

�

f�x� t� � v�x�f��x��

where the last limit is justi	ed by L�Hospital�s Rule� Similarly� for a�e� x � fx � v�x� � �g
we have

lim
n��

f�x� un�x��vn�x� � f��x�v�x��

and

lim
n��

F �x� un�x��

jjunjjW ��p

�
���

� v�x�f��x��



Further� both integrands are bounded in absolute value by the quantity f jvnj� so they both
have a pointwise limit of � on fx � v�x� � �g� and we are justi�ed in applying Lebesgue�s
Dominated Convergence Theorem to get

� � lim
n��

�
p

Z
�

F �x� un�

jjunjjW ��p

�
���

�

Z
�

f�x� un�vn

�
� �p� ��

�Z
v��

f�v 	

Z
v��

f�v

�
�

which contradicts either �LL��� or �LL��� 
 Hence fung is bounded and standard compact�
ness arguments show that fung contains a convergent subsequence
 Thus the theorem is
proved


Now that the Palais�Smale condition has been veri�ed we can state a deformation
theorem which plays a fundamental role in proving that J� has critical points of saddle
point type
 �See ���� page ��
�

Theorem � Suppose that J� satsi�es the Palais�Smale condition� Let � � R be a regular

value of J� and let � � �� Then there exists � � ��� �� and a continuous one�parameter

family of homeomorphisms� � � W ��p
� ���� ��� ���W

��p
� ���� with the properties

�� ��u� t� � u� if t � � or if jJ��u�� �j � ��

�� J����u� t�� is non�increasing in t for any u � W
��p
� ����

�� If J��u� � � 	 �� then J����u� ��� � � � ��

� The Variational Eigenvalues� f�kgk�N

Consider the even functional

I�u� ��

R
�
jrujpR
�
jujp

�u � W
��p
� ��� n f�g�

and the manifold

S �� fu � W
��p
� ��� � jjujjLp��� � �g�

It is a straight forward task to verify that the eigenvalues and eigenfunctions of ��p cor�
respond to the critical values and critical points of IjS 
 �Observe that IjS�u� � jjujjp

W
��p

�
���

and Ij�
S
�u� � p�A�u� � I�u�B�u��� where we use the notation introduced in the previous

section
� As in the previous section we must �rst check that IjS satis�es the Palais�Smale
condition before standard minimax theorems can be applied


Lemma � IjS satis�es the Palais�Smale condition�

Proof�
Let fung � S and c � � such that jI�un�j � c �n and A�un� � I�un�B�un� � � in

�W ��p
� �����
 It is clear that fung is bounded in W

��p
� ���� so� without loss of generality�

un � u in W
��p
� ��� and un � u in Lp���
 We may also assume that I�un� � I in R




By compactness we see that B�un� � B�u� in �W ��p
� ����� and thus un � A���IB�u�� in

W
��p
� ����

Now we state a deformation theorem for IjS similar to the one stated for J�� Observe
that since S is symmetric about the origin and IjS is even we obtain the additional property
that the deformation preserves symmetry� An interesting technical di�culty arises in the
justi�cation of this theorem� For p � � we know that S is a C��� manifold and a well�known
deformation result can be used to prove the theorem� �See �	
�� page ��� For p � � the
situation is more delicate� but the appropriate theorem can be recovered using Ghoussoub�s
result in �	��� page ��� which only requires S to be a C� manifold� A simple modi�cation
of Ghoussoub�s proof yields the appropriate preservation of symmetry�

Theorem � Let � � R be a regular value of IjS and let � � �� Then there exists � � ��� ��
and a continuous one�parameter family of homeomorphisms� � � S � ��� 	� � S� with the

properties

�� ��u� t� � u� if t � � or if jIjS�u�� �j � ��

�� IjS���u� t�� is non�increasing in t for any u � S�

�� If IjS�u� � � � �� then IjS���u� 	�� � � � ��

�� ���u� t� � ���u� t� for any t � � and any u � S�

For any k � N let Fk �� fA � S � there exists a continuous odd surjection h � Sk�� �
Ag� where Sk�� represents the unit sphere in Rk� Next de�ne

�k �� inf
A�Fk

sup
u�A

I�u��

It is clear that �k is a well�de�ned �nite value� Moreover� a standard argument shows that

Theorem � �k is a critical value of IjS�

Proof�
Suppose that �k is not a critical value� i�e� that it is a regular value� Using � � 	 and

� � �k� let � � ��� 	� and � be the objects guaranteed by the deformation theorem above�
By de�nition there is an A � Fk such that sup

u�A

I�u� � �k � �� But if h � Sk�� � A is a

continuous odd surjection� then so is ��h���� 	� � Sk�� � ��A� 	�� Thus ��A� 	� � Fk such
that sup

u���A���

I�u� � �k � �� which contradicts the de�nition of �k�

We will refer to f�kgk�N as the variational eigenvalues of ��p� It is not known if this
represents a complete list of eigenvalues� Fortunately� even without this knowledge� this
portion of the spectrum provides enough structure for the saddle point arguments of the
next section�

It is important to note that the given characterization of �k is not the same as the usual
Ljusternik�Schnirrelman characterization involving a minimax over sets of genus greater
than k� although it is not hard to argue that they share some important properties� Let



f�kg be the eigenvalues de�ned by the Ljusternik�Schnirrelman characterization� Since Fk

is a subset of the sets of genus k� it follows that �k � �k� Thus �k �� implies �k ���
Moreover� it is clear that �� � ��� and we can argue� as follows� that �� � ��� It is
proved in ���� Proposition �� that �� � inff� � �� 	 � is an eigenvalue of � 
pg� Let u�
be some normalized eigenfunction associated with ��� Then u� must change sign in ��i�e�
u�� �� �� u�� �� � see ����� Set A 	� fsu�� � tu�� 	 s� t � R and jsjpjju�� jjLp � jtjpjju�� jjLp � �g�
Then A belongs to the class F� and for any u from A we have

R
�
jruj� � ��� Hence

�� � ��� i�e� they are equal�

� The Case �k � � � �k��

In this section we prove Theorem � for the case �k � � � �k��� Our proof will establish
the existence of a critical value of the functional J� characterized as a minimax over linked

sets� The following discussion should make this characterization more precise�
Let A � Fk be such that sup

u�A

Iu� � m � �k� ��� For any u � A and t � � it is easy to

see that

J�tu� �
tp

p
m� �� � tjjf jjLq����

Now let Ek�� 	� fu � W
��p
� �� 	

Z
�

jrujp � �k��

Z
�

jujpg� and notice that for u � Ek�� we

have

J�u� �
�

p
�k�� � ��jjujjp

Lp��� � jjf jjLq���jjujjLp����

Thus we can let � 	� inf
u�Ek��

J�u� and set T � � such that max
u�A�t�T

J�tu� � � � �� Now let

Bk represent the closed unit ball in Rk and let TA 	� ftu 	 u � A� t � Tg� Consider the
family of mappings

� 	� fh � C�Bk�W
��p
� ��� 	 hjSk�� is an odd map into TAg�

We establish the necessary properties of � in the following lemmas�

Lemma � � is nonempty�

Proof	
By de�nition there exists a surjective continuous odd map h 	 Sk�� � A� De�ne

h 	 Bk �W
��p
� �� by hts� � tThs� for any s � Sk�� and any t � ��� ��� Clearly� h � ��

Lemma � If h � � then hBk�
T
Ek�� �� ��

Proof	
If � � hBk�� then we are done� Otherwise we consider the map

�h 	 Sk � S 	 �hx�� ���� xk��� �

�
� � hx�� ���� xk� if xk�� � �
�� � h�x�� �����xk� if xk�� � �

�



where � represents radial projection onto S in W
��p
� ��� n f�g� It is straight forward to

verify that �h�Sk� � Fk��� Thus I�u� � �k�� for some u � �h�Sk�� i�e� u � Ek��� But
� � h�x� � Ek�� implies h�x� � Ek��� Thus h�Bk�

T
Ek�� �� ��

The discussion above demonstrates that TA and Ek�� are linked in a way that allows
the application of standard minimax theorems� In particular� using an argument by con�
tradiction similar to that in the proof of Theorem 	� we can show that

Theorem �

c 
� inf
h��

sup
x�Bk

J��h�x��

is a critical value of J� with c � ��

Proof

Suppose that c is a regular value of J�� It is clear from previous estimates that c � ��

Using � � c and � � c � �� we can apply Theorem � to get a deformation � and a
corresponding �� Notice that if u � TA then J��u� � � � � � �� so � leaves the set TA
�xed� By de�nition of c there is an h �  such that sup

x�Bk

J��h�x�� � c� �� Consider �h��� 
�

��h���� ��� If x � Sk�� then h�x� � TA and �h�x� � ��h�x�� �� � h�x�� so �hjSk�� � hjSk��
is an odd mapping into TA� Hence �h �  and sup

x�Bk

J���h�x�� � c� �� a contradiction� The

theorem is proved�

� The Case � � �k

Our approach in this section is to �nd a critical point for the functional J�k by taking the
limit of a sequence of critical points for the functionals J�n � where 	n � �k� Our �rst
argument assumes �LL���k �

Lemma � If �LL���k is satis�ed� then there is a 
 � � such that �LL��� is satis�ed for all

	 � ��k � 
� �k � 
��

Proof

If not� then there is a sequence f	ng with 	n � �k� and a corresponding sequence fvng

with vn � ker���p � 	n�
T
S� such that

Z
vn��

f�vn �

Z
vn��

f�vn � � 	n�

Note that IjS�vn� � 	n is bounded and Ij�S�vn� 
 �� so fvng is a Palais�Smale sequence
for IjS and thus� without loss of generality� vn � v in W

��p
� ���

T
S� It follows easily that

v � ker���p � �k�
T
S such that

Z
v��

f�v �

Z
v��

f�v � ��



a contradiction of �LL���k �

For convenience in all that follows we assume that �k�� � �k��� Let f�ng � ��k��� �k�
be an increasing sequence such that �n � �k� By the results in the previous section we
know that J�n has at least one critical point for each n � N � More speci�cally� we can
prove the following�

Lemma � There is a decreasing sequence of critical values� fcng� associated with the func�

tionals J�n�

Proof�
Select A � Fk��� T� � �� Ek and ��� as in the previous section� such that

c� �� inf
h���

sup
x�Bk��

J���h�x��

is a critical value of J�� � To determine c� we can use the same sets A and Ek� but we might
need to choose T� � T� which leads to a corresponding choice of ��� Since T�A � T�A� it
is clear that �� � ��� and thus

inf
h���

sup
x�Bk��

J���h�x�� � inf
h���

sup
x�Bk��

J���h�x�� � c��

On the other hand� any h� � �� can be transformed into an element of �� in the following
way�

h��x� ��

��
�

h��	x� for jxj �
�

�

h��
x

jxj
�
� � 	�jxj �

�

	
�T� for jxj �

�

	

Observe that h��x� � T�A for all jxj � �

�
� and thus J���h��x�� � � � � � c� for all jxj �

�

�
�

where we are using the notation of the previous section� It follows that the maximum is
achieved on fx � jxj � �

�
g� so

sup
x�Bk��

J���h��x�� � sup
jxj� �

�

J���h��x�� � sup
x�Bk��

J���h��x���

Thus

c� � inf
h���

sup
x�Bk��

J���h�x�� � inf
h���

sup
x�Bk��

J���h�x��

Next observe that

J���u� � J���u� �
�

p
��� � ���

Z
�

jujp � J���u� �u � W
��p
� ����

Thus

inf
h���

sup
x�Bk��

J���h�x�� � inf
h���

sup
x�Bk��

J���h�x�� �� c��



and hence c� � c�� Continue by induction to create a decreasing sequence of critical values�

Let fung be the sequence of critical points associated with the critical values fcng� If this
sequence is bounded then it is a simple matter to show that� by passing to a subsequence�
we obtain a critical point of J�k in the limit� Thus it remains to rule out the possibility
that fung is unbounded� We achieve this result using arguments similar to those in the
proof of Theorem ��

Lemma � If jjunjjW ��p
� ��� ��� then

un

jjunjjW ��p
� ���

� v � ker���p � �k� n f�g�

Proof�
Let vn ��

un
jjunjj

W
��p
�

���

� Without loss of generality we have vn � v inW ��p
� �	� and vn � v

in Lp�	�� Also � � J ��n�un� �n� so

� � A�vn�� �nB�vn� 

C�un�

jjunjj
p��

W
��p
� ���

�n�

But B�vn� � B�v�� �n � �k and
C�un�

jjunjj
p��

W
��p
� ���

� �� Hence vn � A����kB�v��� so v �

A����kB�v���

Finally� observe that

pcn � pJ�n�un�� J ��n�un� � un � p

Z
�

F �x� un��

Z
�

f�x� un�un�

However�

lim
n��

�
p

Z
�

F �x� un�

jjunjjW ��p
� ���

�

Z
�

f�x� un�vn

�
�

Z
v��

f�v 


Z
v��

f�v � ��

so lim
n��

pcn

jjunjjW ��p
� ���

� �� which contradicts the fact that fcng is bounded above� Theorem

� is proved subject to the condition �LL���k �

The proof assuming �LL���k is similar in most respects� It is clear that the result of

Lemma � holds for �LL���k as well� Thus we can begin with a sequence f�ng that decreases
to �k and a corresponding sequence of critical values characterized by

cn �� inf
h��n

sup
x�Bk

J�n�h�x���

In this case we can not rely upon the same A � Fk to characterize each n� However� we
observe that the estimate

J�n�u� �
�

p
��k�� � �n�jjujj

p

Lp��� � jjf jjLq���jjujjLp��� �u � Ek��



has a uniform lower bound� and so the sequence fcng is bounded below� If the corresponding
sequence of critical points� fung� is unbounded� then� precisely as in Lemma � and the

comments that follow the lemma� we can use �LL���k to show that lim
n��

pcn

jjunjjW ��p
�

���

� ��

a contradiction� Thus there will be a subsequence of critical points that converges to the
desired solution�
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