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Arithmetic Operators

Digital CMOS Design
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Adders

Adding two natural numbers

a0a1a2a3a4a5a6a7

Let consider two natural numbers a and b
coded on 8 bits using Natural Binary Code

b0b1b2b3b4b5b6b7

s0

c1c2

s1s2s3s4s5s6s7

c3c4c5c6c7
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Adders

At each stage, I need to sum 3 single bit numbers ai bi ci

ai

bi

cici+1

si

The carry out of the stage i is the input carry of the next stage

si and ci+1 are Boolean 
functions of ai bi ci

Adding two natural numbers
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00 01 11 10

0

1

ai bi

ci ci+1

Adders

0

1

1 0

0 1 0

1

00 01 11 10

0

1

ai bi

ci si

0

0

0 1

1 1 1

0

si = ai⊕ bi ⊕ ci ci+1 = ai.bi + ai.ci + bi.ci

Adding two natural numbers
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ci+1

Adders

si = ai⊕ bi ⊕ ci ci+1 = ai.bi + ai.ci + bi.ci

ci
bi
ai

si

ci+1 = ai.bi + (ai+bi) . ci

bi
ai

ci

biai

Adding two natural numbers
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ci+1

Adders

ci
bi
ai

si

bi
ai

ci

biai

ci+1 = ai.bi + (ai⊕bi) . ci

Adding two natural numbers
si = ai⊕ bi ⊕ ci ci+1 = ai.bi + ai.ci + bi.ci

ci+1 = ai.bi + (ai+bi) . ci
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ci+1

Adders

ci
bi
ai

si

bi
ai

ci

biai

Adding two natural numbers

The circuit generating si and ci+1 is called a Full Adder (FA)
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Adders

ai

bi

cici+1

si

Adding two natural numbers
a0a1a2a3a4a5a6a7

b0b1b2b3b4b5b6b7

FAcarry

s0s1s2s3s4s5s6s7
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Adders

Adding two natural numbers

Sequential Adder

Area ∝ n Delay ∝ n

Timing should be improved

cycles
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Adders

At each stage, I need to sum 3 single bit numbers ai bi ci
The carry out of the stage i is the input carry of the next stage

Adding two natural numbers

Carry Propagate Adder (CPA)

FA

a0b0

c0

s0

FA

a1b1

s1

FA

a6b6

s6

FA

a7b7

s7
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Adders

Adding two natural numbers

Carry Propagate Adder (CPA)

FA

a0b0

c0

s0

FA

a1b1

s1

FA

a6b6

s6

FA

a7b7

s7

Area ∝ n Delay ∝ n

Timing should be improved
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Adders

Adding two natural numbers

Acceleration technics

Adder

a3 to 0b3 to 0

c0

s3 to 0

c4Adder

a7 to 4b7 to 4

s7 to 4

either 0 or 1

0

Adder

a7 to 4b7 to 4

s7 to 4

1

s7 to 4 Carry Select Adder (CSLA)
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Adders

Adding two natural numbers
Carry Select Adder (CSLA)

c0

b0

FA

a0

s0

s3-2

s1

FA

b1 a1b3-2 a3-2a7-4b7-4

s3-2

Area ∝ nlog(3) = n1.585 Delay ∝ log (n)
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Adders

00 01 11 10

0

1

ai bi

ci ci+1

0

0

0 1

1 1 1

0

Adding two natural numbers
Acceleration technics

carry out does not 
depend on carry in

carry out depends 
on carry in

ai bi00 01 11 10

ge
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Adders

Adding two natural numbers
Acceleration technics

ai bi00 01 11 10

ge
ne

ra
tio

n

ab
so

rb
tio

n

pr
op

ag
at

io
n

pr
op

ag
at

io
nGi = ai bi

Pi    = ai ⊕ bi

aibi

GiPi

Pi Gi

ci+1 = Gi + Pi ci
si = Pi ⊕ ci

sici+1

CS ci
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Adders

Adding two natural numbers
Acceleration technics

aibi

GiPi

Pi Gi

sici+1

CS ci

ai+1bi+1

Gi+1Pi+1

Pi Gi

si+1ci+2

CS ci+1
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Adders

Adding two natural numbers
Acceleration technics

Gi = ai bi
Pi    = ai ⊕ bi

Gi+1 = ai+1 bi+1
Pi+1 = ai+1 ⊕ bi+1

aibi

GiPi

Pi Gi

ai+1bi+1

Gi+1Pi+1

Pi Gi

Pi+1, i  = Pi . Pi+1

Gi+1, i = Gi+1 + Gi.Pi+1

Gi+1,iPi+1,i

PG
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Adders

b0

Pi Gi

a0

Pi GiPi GiPi GiPi GiPi GiPi Gi Pi Gi

b1 a1b2 a2b3 a3b4 a4b5 a5b6 a6b7 a7

S S S S S S S S

C C C C C C CC

P GP GP GP G

P GP GP G P G
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Area Delay

Adders

Adding two natural numbers (summary)

Carry Lookahead (CLA) n log (n) log (n)

Carry Select (CSLA) n log(3) log (n)

Carry Propagate (CPA) n n

More improvements ?

nMagic Adder log (n)Cste
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Adders

Adding two natural numbers

Carry Propagate Adder (CPA)

FA

a0b0

c0

s0

FA

a1b1

s1

FA

a2b2

s2

FA

a3b3

s3

FA

a0b0

c0

s0

FA

a1b1

s1
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Adders

Adding two natural numbers

Carry Propagate Adder (CPA)

FA

a0b0

c0

s0

FA

a1b1

s1

FA

a2b2

s2

FA

a3b3

s3

pipelining
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Adders

Adding two natural numbers

FA

a0b0

c0

s0

FA

a1b1

s1

FA

a2b2

s2

FA

a3b3

s3
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Area Delay

Adders

Adding two natural numbers (summary)

Carry Lookahead (CLA) n log (n) log (n)

Carry Select (CSLA) n log(3) log (n)

Carry Propagate (CPA) n n

Magic Adder Cste (1 cycle)n 2

nMagic Adder Cste

When there is no door to escape break the wall
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Adders

Adding two natural numbersAdding three natural numbers

adder

ab

adder

c

delay
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ci+1

bi

ci

Adding three natural numbers

Adders

si = ai⊕ bi ⊕ ci ci+1 = ai.bi + ai.ci + bi.ci

the expressions are symetrical in regard of a, b and c

ai

si

A full adder creates 2 
numbers from 3

bi ci

ti+1

FA
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Adding three natural numbers

Adders

t1

b0 c0a0

s0

FA

t2

b1 c1a1

s1

FA

t3

b2 c2a2

s2

FA

t4

b3 c3a3

s3

FA

t5

b4 c4a4

s4

FA

Carry Save Adder (CSA)
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Adding three natural numbers

Adders

CSA

ac b

adder

Delay = cste
Area  ∝ n
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Adders

Adding two natural numbersAdding two natural numbers

Changing the representation of numbers

Given a natural number a : a is coded using 2n bits 

a = a0 + a1 Redondante Binary Code

Example : the number 5 can be coded on 4 bits as
0000 + 0101
0001  + 0100
0100  + 0011
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Adders

Adding two natural numbersAdding two natural numbers

Changing the representation of numbers

a = a0  + a1
b = b0 + b1

Adding a and b in Redondante Binary Code is finding c
c = c0 + c1 such as 

c0 + c1 = a0  + a1 + b0 + b1

Adding 4 numbers to generate 2
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Adders

Adding two natural numbersAdding two natural numbers

CSA

a0a1 b0

Delay = cste
Area  ∝ n

b1

CSA

c1 c0
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Outline

Arithmetic Operators

Digital CMOS Design

Adders

Comparators

Shifters

Comparators
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Comparators

Comparing a natural number to a constante

a0a1a2a3a4a5a6a7

Let consider a natural number a coded on 8 
bits using Natural Binary Code

00000000
= ?

0 / 1
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Comparators

Comparing a natural number

Boolean function

Null = 1 if

a7 . a6 . a5 . a4 . a3 . a2 . a1 . a0 = 1

Null = a7 + a6 + a5 + a4 + a3 + a2 + a1 + a0
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Comparators

Comparing a natural number

Implementation
a7
a6
a5
a4

a3
a2

a1
a0
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Comparators

Comparing a natural number

Implementation
a7
a6
a5
a4

a3
a2

a1
a0

Area ∝ n Delay ∝ n
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Comparators

Comparing a natural number

Implementation improvement

a7
a6
a5
a4
a3
a2
a1
a0
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Comparators

Comparing a natural number

Implementation improvement

a7
a6
a5
a4
a3
a2
a1
a0

Area ∝ n Delay ∝ log(n)
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Comparators

Comparing two natural numbers

a0a1a2a3a4a5a6a7

Let consider two natural numbers a and b
coded on 8 bits using Natural Binary Code

b0b1b2b3b4b5b6b7
= ?

0 / 1
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Comparators

Comparing a natural number

Boolean function

Equal = 1 if

(a7 ⊕b7) . … . (a0 ⊕b0) = 1

Equal = (a7 ⊕b7) + … + (a0 ⊕b0)
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Comparators

Comparing a natural number
Implementation

b0
a0 b1

a1b2
a2 b3

a3b4
a4 b5

a5b6
a6 b7

a7


