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|T hree Types of Response (Functions) I

B E E

<A>T/\ /\ <A>T¥ [i)=1f)
VS T

dynamical susceptibility relaxation function dynamical correlation
function
X(z) P (z) S(z)
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| Regimes of Dynamic Processesl

A W(t) = A f(t)
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|Sy||abus I

® von Neumann's Equation
X(z) @ Dynamical Susceptibility

® Spectral Functions

® Symmetries

® Mori Product

® Liouville Operator
$(z) @ Relaxation Function

® Sum Rules and Moments

. . . Literature:
S(z) @ Dynamical Correlation Function
o ] o D. Forster, "Hydrodynamic Fluctuations,
® D|Ss|pat|on and Passwlty Broken Symmetry and Correlation

Functions”, Addison-Wesley, 1990
® Fluctuation-Dissipation Theorem

E. Fick, G. Sauermann,
“The quantum statistics of dynamic

e PFOJeCtIOH Techn ique processes”, Springer, 1990
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Dynamics of the Statistical Operator: von Neumann's Equation*®

@ External perturbation ® Switching ,on" adiabatically from -oo

A=H+W(t) W(t--w)=0  ,off
= [pg(—»),H|=0 equilib.

® von Neumann's EQM = ppl—o)=pg(—o)= :126
for statistical operator

pg(t)=—i[H, pg(t)] * Schrodinger
® Linear regime |W||<|/H||
AH(t):eiF'tA(t)e_'Ht t
b (t)=pg(0) * Heisenberg pp(t)=p—1 | [Wp(t), pldt
+ 2)



® External perturbation

coordinates 1;orces

W(t)=-2_, A, fi<t>

K

\
coordinates,
momenta, axes,
various ops., ...

® Dynamical susceptibility

o0

S(AL()Y=2, | X, (t1)f (t)dt’

— o0

Linear Response

Dynamical Susceptibility

® Linear response of A" to force f (t)

SOAL)=Tr A* (1) (pp(t)—pp(—0))]

t
SCAL(t)=—1 | Tr{AL()[Wp(t),pl)dt

t
s(AL)=12, | (ALt A p(t)]),f,
‘forget' D

(t)dt’

‘forget’ p

(t)=x, (t—t',0)=X  (t—t)

uv

X
u

(Gt =ie(t—t) (A

+
u

(), A, ()] =io(t-t) x" (tt)
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|Spectra| FunctionsI

® Spectral function " ® Fouriertrafo of linear response

X(1):=2i0(1)x"(t) (AL (w)=2, X1 (@)f,(w)

® Laplace trafo ® Adiabatic susceptibility

S0 W—Z TT B ,/
o 0 iwt .
J"dtx"(t)_wd%z?):dt2ix"(t)e'2t 6<A (t=0)) =

—ZV XIN w

= X(z) T

X (t)e O ldt'f,

II o;,g
":
<

® Retarded / Advanced adiabatic or
isolated
XRIA(U)=x (u=i0") = romnt
isothermal y

T;O Cwldw oy jx(u) = X*(u) + ix"(u)
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+_
@® shorthand AH— Aﬂ

® complex conjugation:
X", (@) ==X ()
® commutator:

X”uv<

if: A=A =A"=A

— Xreal & odd in w

® parity under t-reversal
mA(t)m =Pt A(—t); Pl=+1

" - t t ) .
X w(w)— P,P.X F”_/( w)

| Symmetries I

check complex conjugation

X", (w) =

*

(] dte I Ann, A, =
J dteeti(aL.A, ()=

- J dte et A1), A )=

v
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| Mori ProductI

® Mori's scalar product

B — R
(AJA)=[ (AA*(T)AA )dT AA=A—(A)
0

_ TH -tH . . :
A (t)=e""A e imaginary time TR

1) bilinear v/

2) Positive semidefinite

S 1 , —BE_ K <(E -E)
(AlA)=[ (A" (r)A)ydT =2 Y [IIAIm)Pe " [e ™ Tdr>0 =0 A=0
0 I,m 0
%E| e_BEm
_ o0
3) cc-conjugation E.—E

B
(AA) =] (ATA (—T)dT=(A |A )
0

® isothermal susceptibility
(see tutorial)
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® Linear operator on AH

LA (H)=[H,A (1]
A, (t)=iLA (1)

_ Lt
A, (t)=e A,

® Liouville is hermitean
(A|LB)=(B|LA) =(LA|B)

B
[dT(A™(r)LB)=
0

(e™MA*e™™M[H,B])...
..(e™MH,A"e"™MB)...

5} ( Technische Universitét
%4 Carolo-Wilhelmina zu Braunschweig

| Liouville Operatorl

® Kubo's identity

(AILB)=([A",B])

B
[ dr(A*(r)LB)=
0

(e""ATLB)=...— (Le""A*B)=
~9_(eT-A"B)=—(A"(B)B)+(A"B)=(|A",B))

® Laplace trafo of dynamical susceptibility

e” ([A](1),A,])dt

(A}, e A ]t

Institut flr Theoretische Physik
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| Relaxation Function I

@ t=0: equlibrium with forces #0 @ Laplace trafo

_B(H_ZVAV fv) f¢uv<t)ei2t:
0

pD<t=O)=pS<t=O)=%e

t>0: switch off forces

d + _ . 2 _
d_t<Al~‘<t)>_ iTr([H, A% (t)]pp(0))=




...by the way

¢"uv(t):%<Au|e_iLtAv> spectral function of relaxation function
db"w(w):n<Au|6(w—L)Av> Fouriertrafo
308, (0) =30, (wti0) = -F(A L _—A)=m(A|s5(w-L)A,)  OK v

beware if LA =0=
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|Sum Rules and Momentsl

® n-th moment of the spectrum ® Typical example: ,f sum-rule®

polarization: d=ex

J"d7wwn+1q)u“v(w): d—wa"XX(w)=<[X,[H,X]]>

T

Jdw o™ (A |s(w-L)A,)=

A Ln+1A . . . 0
Al 2 electrons with renorm. mass m’: H:2p*
m
2.2
dw " _ e h
o w X dd<w) = —
m

n commutators
with H

spectrum of dielectric susceptibility

similar stuff for optical conductivity
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Dynamical Correlation Fuctions

@ Scattering: neutrons, light, ... @ |ntensity from ,golden rule”

|<w)=27”§n e "S)(m|AIPs(w—E,_+E)

L\_L _ 5(@:21_"_7; el“tgt
l_dv:—Af
JJ' 1

L .+ —BE iEt  —iE, _t
"'Ezlm [ el“te g e Ae ™ |m){m|All)dt=

— 0

0

LAY [ eete et Ae Y my (mIAl1 dt=

— 0

) — 0
1) = Im; L A )A)dt

—0

dynamical correlation function
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|Dissipation and Passivityl

~

Hs(t):H—Zu A f (1)

A X

hermitean real

@ Rate of energy change ® Total energy absorbed
dw . W (o) —
—— = Trlps(Fgt)}+ W (o0) =W (=)
dt T d(A,)(t)
Tr{pg(t)Hg(t)} Zu_foofum dt dt =
= -2 (AT, S ] 220, () i0)X,  ()f o) =

o0

D | 82 (—o) wx" () f,(w)

— 00

® Dissipative systems




® note

<B A> :%Tr{e

| Fluctuation-Dissipation Theorem I

“FHBA]

—ape=(efLAB)

where: A(x)=

xHAe—xH

® with 'real' time dependence

(BA(it))=(e"PLAB)

1
21

or

1

21

Ofo e “YBA(it))dt=e#°(5(w+L)AB)

de—38

' ([A(it), B], )dt

=(1+e ) (5(w+L)AB)

=(1+e”

0

ﬁﬂiiémmmm>

® Relation between spectrum of
dynamical suscetibility and
correlation function = relation
between dissipation and fluctuation

Stokes Anti-Stokes
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| Projection Technique I

® Recursion / 'Dyson’ equation

® |sothermal susceptibility

X],,=(A,IA)

® Frequency term
[2x],,=(A,ILA )=([A,AD

@ Memory function

[Z(2)x],,=(LA, Q7

QLQQLAV> o

® Projectors

P=2 A (AIA)T (Al Q=1-P

Quicky:

1) z—L z—LQ(Z I_JFLP)Z—L

1 1 LP1

+
z—-LQ z-LQ z—L

1

1 _
2) (1Al gL A aTay 2(2)=
(A5 A)
3) [1——(<A|LA>+<A|LQ—LQLA>)
1 _
<A|—A>]¢(Z)_E<A|A>



Applications of the Projection Technique ...

... another lecture ...

... and one of the tutorials ...
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