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Generalized linear models

Generalized linear models

Framework for non-Gaussian regression models:
Retain exchangeability assumption
Retain independence assumption

Extensions:
Distribution: exponential family
E(Yi) = pi, var(Y;) = o® V()
Non-linearity:
ni=g(ui), n=Xp

Linear part: n = X3 (specified by a model formula)
Link function: n; = g(u;)
Distributional part: Exponential family

Parameters: regression coefficients 8 and variance o2 > 0.
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Examples

Exponential families : .
Dispersion parameter

Exponential families

Start off with baseline density fy(y) on R

Weighted distribution with density proportional to €% fy(y)
Normalization constant is My(6) = [ €”fy(y) dy
Weighted density is

fo(y) = e”f(y)/M(0)
= e KO f(y)

My (6) is the moment generating function of f,
Ko(0) = log Mp(6) is the cumulant generating function.

Peter McCullagh Exponential families



Examples
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Dispersion parameter

Moments and cumulants

Moment generating function of f is

mi(t) = [ ehy)oy
~ Mo(6+1)

_ / e oly) dy/Mo6) = =

forg € ©

Cumulant generating function of fy is

Kolt) = tog (M0 ) = Ka(0 + 1)~ Ka(®)

= rth cumulant of fy is the rth derivative of K, at 6.
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Exponential families : .
Dispersion parameter

Moments and cumulants

First cumulant: mean-value parameter

u(0) = E(Y;0) = [ yhy(y) dy = Ky(0)
Second cumulant: variance function

o2(0) = var(Y;0) = KJ(0) = V(1)

V(p) = du(6)/do
Convexity: Ky > 0 implies K is convex on ©

Third cumulant: skewness
E((Y — )% 0) = Kg"(6)

Fourth cumulant: kurtosis
E((Y — n)*) — 30*(0) Relevance of cumulants in statistics:

Additivity
Deviations from normality
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Dispersion parameter

Examples |-l

Example I: fo(y) = e V*/2/\/2r

Mo() = [ &”ly)dy = exp(6?/2)
Ko(6) = 6°/2
(y) = €77 Rh(y)=fy—9)
©=R; K(@O)=06°/2; p=6 V(u)=1
Example II: fo(y) = e 1/yl fory =0,1,...
Mo(6) = ) e”e'/yl =exp(e’ —1)
Ko(0) = e’ —1

hly) = &' ey
= exp(—e’)(e’)Y /y! = Poisson(u = &)
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Exponential families . .
Dispersion parameter

Examples -1V

Example Ill: fo(y) = 360(y) + 361(y)
Mo(6) = 3+ 3¢’
Ko(6) = log(1+ &) —log(2)
fiy) = (bo(y)+€81(y))/(1+ €
O=R; pn=€/1+€") V(u)=p(1-p)

Example IV: fo(y) = e Y fory > 0

Mo(0) = /OO e”e Y dy = /e<9—1>y dy =1/(1—6)
0

Ko(0) = —log(1—0) (0<1)

Lly) = e =Y —g)=reV

©=(—00,1), K(#)=—log(1—10),
p=K(0O)=1/(1-0)=1/\ V(u)=K"(0) = p?
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Exponential families . .
Dispersion parameter

Further examples

Example V: Zero-truncated Poisson:

f(y) = 1/y! for y=1,2,...
f(y) = 70yl

e = ) e"/yl =exp(e’) —1

K(0) = log(exp(e”)—1)
K'(0) = exp(e”)/(exp(e”) —1)=)/(1—e")

Commutativity: truncation followed by exponential weighting
versus exponential weighting followed by truncation

Also: Gamma, multinomial, non-central hypergeometric
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Circular data

Example VI: fy(x) = 1/(2x) for |x| = 1 in R2.

y(x) = cos(x): canonical statistic
fo(x) o &”%Nfy(x) = 7% /(27 /o(6))

von Mises-Fisher distribution:

Moment generating function of Y is lp(0)
Cumulant generating function is log Ip(9)

Similar distributions on the sphere...
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Dispersion parameter

More arcane examples

Example VII: fy(x): uniform on symmetric group S,
fo(x) = 1/nt (x € Sp)

statistic: y(x) = #x = No ofcyclesin x
AFXT(N)
Ax) = F(n+\)

_ ey(X)H—K(H)fO(X)
A=¢’ K(0)=logl(e’)+loglr(n+1)—logh(n+ &)

Induced distribution on partitions of [n] (Ewens, 1972)
AFBT (A
fA(B) = W )

Cumulant generating function of #B is K(6)
E(#B) = K'(0), var(#B) = K"(0),...
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Exponential families . .
Dispersion parameter

Convolution and exponential tilting

Y has density f on R;
Y1, ..., Y, independent and identically distributed copies
Sum Y = (Yi +---+ Y,) has density f*”

F(y) = //myf(m---f(yy)dy

oy = | /y ORRIALY
_ // evi— K(H)f(y) v — K(H)f(y)
1'y=y

= VKD / / ) ) ay
_ eﬁy VK(@)f*l/(y _ f*y)e(y)

Peter McCullagh Exponential families




Examples
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Averages

Average has density vf*¥(vy) at y
Exponentially tilted form has density

v (vy) = e"VO=KO) s p 1 (1y)
Can now treat (0, v) as a parameter pair
Y ~ v (v)

p=E(Y) = K'(0),
var(Y) = K"(8) /v = V(1) /v = 02 V(n)

with o2 = 1/v as dispersion parameter
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Maximum likelihood estimation

Maximum likelihood estimation

Model components:
E(Yi) = wis  mi=9(ui) = X8
o? = var(Y;)/V(uj) = 1/v = const

Contribution to the log likelihood from ith component:
li = v(yifi — K(6;))

Ol;

8—91,- = v(yi— K'(0) = v(yi — i)
(9/,' d9,' y/

_ f— 174 ; — ) — =

Ouj i Ml) dp; V(N/)

o Yi —
aﬁr — VXlrg (lu‘l) V( /)

921;
_E(ﬁﬁrﬁlﬂs) - VXirXis(gl(Mi))z/V(ﬂi) = vXirXis Wi

Peter McCullagh Exponential families



Maximum likelihood estimation

Maximum likelihood estimation

Matrix form of derivatives:

ol ,
% = VX WZ
Al X' WX Fisher inf '
—E 07 = v (Fisher information)

Zi=((yi—m)/9(i)); W =diag{g'(1:)?/V(1i)}
Newton-Raphson step from 5(%):

A = 30 L (X'WX) T X' Wz

lterate until convergence (4-8 cycles usually suffices)
Value of 02 = 1/v is immaterial
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Maximum likelihood estimation

Asymptotic distribution theory

Pararpeter estimates:
E(5) =6+ O(n” ")
cov(ﬁ) =0 (X’ WX)~ (1 + O(n—2))
B— B~ N(O,c?(X'WX)~")
under reasonable conditions on X as n — oc.

Estimation of dispersion parameter:
po_ Yi — [
I T N
v V(i)
Y. — //1)2
R? = LY Al
2 A= V(7i)

s° = X?/(n—p)~o°
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Maximum likelihood estimation

Deviance

Setv =1, ¢ =1
Log likelihood at point p:

(;y) = ZYI i) — K(0(ui))

K'(6) = p implies 6(u) = (K')~ (1)
Log likelihood attained by fitted model

I(fi;y) = ZYI i) — K(0(fai))

Largest attainable unconstrained value occurs at i = y
Deviance at p = 2*Deficiency = 2/(ji; y) — 2/(w; y) is positive

For model comparisons with fixed v:
(Deviance reduction) x v = Twice log likelihood increase
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Maximum likelihood estimation

Deviance

Explicit functional forms for the deviance
Gaussian: D(y; y) = >_(yi — wi)°
Poisson(u): 2(y log(y/u) — (¥ — 1)), (¥ = 0)

Binomial(m, 7): 2y log(y/u) +2(m — y)log((m — y)/(m — p)),
p=E(Y)=mn

Exponential/Gamma: —2log(y/u) +2(y — p1)/p, ¥y >0
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