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Model:

Let {Y,,} be a discrete time stochastic process on (), F, ), Y, € R

Yn — fn(e) + ;s RS Rp) p <0
fn<9> — E@(ﬁz‘fn—ﬁ < EQ(UTL’F7L—1> — O/ sup E9<7772L|Fn—1> < 0.9

{Y,} and {f,.(6)} are observed except ¢, § unknown, § € © open set
gonditional Least Squares Estimator of 6:

0, = arg mingee Sy(6), Su(0) = 3251 (Yi — f1(0))

Why this estimator ?:

1. £u(0) " By(Y,| Fomy) = argmingir, eas. Bo((Yo — £)2|F0)

2. depends only on the first two moments
— robustness, easy to compute, equivalent to the MLE if n,, is normally distributed

Strong consistency: lim, 8, <= §, = accuracy

~

Asymptotic distribution: lim, ®,(6,, — 6,) exists in distribution —> test, confidence interval
Examples: ¢, = /n, , = vm»
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Examples of Y,, = f,(6) +n,

= f(x1,...,x4|0), 71, .., x4 deterministic covariates: classical regression

Example: f,(0) =m +vn~, 0 = (m,v,a), a >0
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f(xnay .oy Tndld), na, ..., vnq deterministic vector of 0 and 1: ANOVA

f(Xy, ..., X4|0), X1, .., X, stochastic covariates: stochastic regression

kh

f
f

(
(
(Y,_1,..., Y, _4]0): autoregressive processes, threshold models,. . .
(Yo-1, oo, Yord, M—1, ..., N—q|0): ARMA processes

(Y,

1 - Yooa, Eny Eq, ...|0): autoregressive processes with random environment



7. Discrete time branching processes:

e Bienaymé-Galton-Watson process:
Nn—l

Nn = Z Xn,ia {Xn,i}z' 1i.d. (m, 02>
1=1
Np—1
N, = mN,_| + Z(an —m)
1=1

Yo = NN =m0 4, me= 1 (X — m)|[ Vo) ™2
1=1
e Size-dependent branching processes (Klebaner, 1984,...)
N, _
N, = szm, { X} ii.d.(mg(N, 1), 0* (N, 1)), 111{[nm9(N) —m, o?(N)=0(N"),B<1
1=1
Y, = NN, G2 = my(N, )N 4,

e Regenerative branching processes (Bulgarian Academy of Sciences, Sofia (Yaneyv,...)),
bisexual branching processes (Extremadura team, Spain (Molina,...)),
branching processes with random environment (Steklov Institute, Moscou (Vatutin, Dyakonova)



8. Multivariate stochastic regression models Z; € R? with E(Z,|F,_1) = f.(0)

0, = argrerélélSn(Q)

n

Sn(0) = Z(Zk: — fu(0)2 (2 — f1(9))

k=1
= (Z— f0) UN U (2 — fil0))
k=1
= STINPUTNZe— RO U 2~ £1(9))
k=1
d n

- ZZ (YVij — Eo(Yi | Fir))’, Vi = /\_1/2U Lz

j=1 k=1



Consistency: state of the art I
Model: Y} :Afk(e) +

Estimator: 6, = argmingeo Sp(6), Sp(0) = S0, (Vi — fu(6))?

Results depend on the linearity (direct proofs) or nonlinearity of f,,(0) in ¢
and if f,(.) is deterministic with {n,} independent, or stochastic with {7, } martingale differences

Crucial quantity:
n p

DL0,0) = S () — £ O g _ gy ST Wi — 0) = S0, - 6)°

k=1 k=1 j=1

Identifiability

a.s.

VO£ 0O # (L0} > ¥ £0,1mD,(0,0) F 0

_nt n
VHEEEE i X { S WY > 0
k=1



Model: Y} :Afk(e) + ny
Estimator: 6, = argmingeg S,(6), Sn(0) => 1 (Yi — fx(0))?
Identifiability criterion: D,,(0,0") = >"7_(fx(0) — fx(0"))*

References

1. Jennrich (1969): nonlinear deterministic f,,(0), {n,}, i.i.d..

Assume: V0 # ¢, lim, D,(0,0)n~t = D(0,0") and D(0,0") =0 <= 0 = 0
(strong identifiability with rate n independent of the parameter).

Then lim,, 6, = 0,

Example: f,(m,v) =m+vn™, 0 =(m,v), a >0

Form =m/, D,(0,0") = (v — 1) > "1 k7 = O(n' 1901y + In(n)1120-1}),
forv =1/, D,(0,0") = (m —m')*’n = condition not checked

2. Lai, Robbins and Wei (1978, 1979): linear deterministic f,(6) = W, {n,}n 1.i.d.

O = 3 5oy VEWEWR W],

lim,, §,, 2 0, <= lim, Amin > p_ WiWl = oo (strong identifiability: lim,, D,,(6,0) = oo, 0 # 0')
Necessary and sufficient condition!!!!

Example: f,(m,v)=m+vn=, 0 =(m,v),a >0
D,(6,0") > O(n'**1194<13 + In(n)1,-13) = condition checked for 2o < 1



Identifiability criterion: D,,(0,0) = S0 (fi(0) — fr(0))?

4. Wu (1981): nonlinear deterministic case, {7, }, i.i.d.
Assume Y\ # 6,, 3 a ball B()\)'
a. V0 # 0,, lim, D,(0,6,) = oo (strong identifiability)

b. T, [0 supge s (fil8) — Fil62))21 2 finfge gy S0 (fil8) — fil6,)?) S 00, ¢> 0
(rate of identifiability)

. 5UDgy o auenon [Fr(01) = Fr(0a)[[[100 — o] 71 < My(B(N)) (Lipschitz)
Then lim,, Qn 0,

Example: f,(m,v)=m+vn=, 0 =(m,v),a >0
The numerator in condition b is O(n179/2) while the denominator is O(n'=2*1(5,.1y + In(n)1{90-1})
—> condition b checked for 2a: < 1



5. Lai and Wei (1982): linear stochastic case f,,(0) = 6'W,

Assume

a. limy, A\pin{>_1_, WiW!} = oo (strong identifiability)

b. limy, In(Anar{ Dy WiWIDP Dnin {1, WiW[}] 7t = 0, for some p > 1 (rate of identifiability)
Then lim, 6§, = 6,

Remark: b is checked for p = 1, and is hardly stronger than a, for p > 1

Example: f,,(m,v)=m+vn = (m,v)(1,n ), a>0,0 = (m,v)

/\mm{ZZ:1 Wlei} — Zzzl k= O(n1_2a1{2a<1} + 1n(n)1{2a:1}), )‘max{zzzl Wlei} =n
e 2a < 1 <= strong identifiability of (m, v)
e 2a < 1 = b is checked
e 2a = 1 = b is not checked (lim,(Inn)"~! = oo, for p > 1)

Example: N, = S X0, { X} id.d. with mg(N) = m+vN=, m > 1, a > 0, 62(N) = O(N?),
0= (m,v)

o200+ <1+ strong |dent|f|ability of (m,v) on the nonextinction set

e 2a + 3 =1 = b not checked (lim,[ln m"1=]Pn=1 = oo, for p > 1)
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Identifiability criterion: D,,(6,6") = > (fx(0) — fx(6))?
6. Lai (1994): nonlinear stochastic case, complex conditions

7. Skouras (2000): nonlinear stochastic case.
Assume VA # 6,, 3aball B(A\) and r €]1,2[:

a. lim,, infyc gy Do (6, 6,) = oo (strong identifiability)

b. 3gi(.) and h(.): V81, 6y in B(A), |fu(61) — fu(62)] < h(|61 — Ol[)gu(A). lim, 0 hly) = 0 (Lipschitz)
¢ 2 m1 SUPgep(y (fu(0) — fi(0,))* = O([infoepn) Du(0, 0,)]) (rate)

()
d. [Y2h—1 geM][infge gy Du(60,0)] 71 = O(1) (rate)
— lim,, gn 0,

Remark: d not checked for some transient phenomena:

Example: f,(0) =m +0n"% a >0, D,(0,,0) = (0, — 0)*> 1_ k>, gr(\) =k~

2a < 1 = a checked. But d not checked since, for o > 0, lim,,[> ,_, k][> _ k2! = 00
Lai and Wei condition checked for 2a < 1
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Example: N, = 31 X, with mg(N) = m + vN=, a > 0, m > 1, 0*(N) = O(N?), § = (m, v)
— £,(0) = mN 2y N et/

Then g,(\) = N2 infoe g Da(6,,0) = O, NP0

a checked for 2o + 3 < 1, d checked for 2a + 3 < (1 + 8)/2, ¢ checked for 2o + 3 < (1 + f3)/2
— Lai and Wei (2a + 3 < 1) better than Skouras here when 5 < 1

8. Jacob, Lalam, and Yanev N. (2005): allows transient phenomena but needs some identifia-
bility rate.
Conclusion

Linear deterministic (or stochastic with p = 1) model:
lim, 6, = 0, <= V§ > 0, lim, infgegg(go) D, (6,,0) = 00

Nonlinear stochastic model:
lim, 6, = 6, <= strong identifiability, various rates of identifiability, smoothness (Lipschitz)
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Jacob (2007) submitted

Model: Y, = £,.(0,) + 1, E(na|Fo1) = 0, sup, E(n?|Fn1) < o0

Estimator: 0, = arg mingeg S,(6), S.(0) = > 7_ (Vi — fx(6))? 6 € © open set in R?
Identifiability criterion: D,,(6,,6) = > __(fx(0,) — fx(6))?

Proposition. Assume that there exists €), with P(Q),,) > 0 such that on €,
a. Vo > 0, lim, infye B(0,) D,(6,,0) = oo (strong identifiability)

a.s.

b. Yk, V01,05 1 |fi(01) — fr(62)] < h(||6h — 62]|) gr, Where g is Fi_i-measurable, lim, o h(z) = 0
(Lipschitz)

Then lim, 6, “2 6, on Q.
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Estimator @\n = arg mingeo S,(6), S,(0)=> 1 (Vi — f1(0))
Identifiability criterion: D,,(6,,0) = S_1_,(fr(0,) — f1(0))?

Proof
1. Use Wu's lemma (1981):
For all § > 0, lim, infge s, (S0(0) — 50(6,) "> 0 = lim, 8, " 0,
2. Use Wu’s decomposition (1981) based on
Vi—fil0) = (Ye— ful0)) + (fe(0,) — f(0))

nota:tz'on - +dk<90) 9)

— S,(0) — S(0,) = Dy(0,,0)[1+2

ZZzl dek(em 6)]
D,(6,,0)

. di.(0,,0
— inf S,(0)—S.(6,) > inf D,(6,,60)[l—2 sup ,Zk:mk 5(0o,0)
9635(90) 9€B§(90> 9€B§<90) _Dn((go7 9)

|

3. Prove that limy, supye pe(p,) | 2251 i (0o, 6)[Dn(0o, )]~ = 0 (main result)
(use the properties of the submartingale sup,c z(y,) | > medi(0,, 0)[ Dy (6,, 0)] 1|, Hall and Heyde, 1
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Consistency in a model with a negligible nuisance part
Yo=fu0,v)+n,, ful0,v)= fT(Ll)( 0) + f,§2>(9, v), v = {1, }: nuisance parameter, v € R?, ¢ < o
Estimator: QWL = arg mingeg Sy, (0), Sy (0) =S 1 (Vi — fu(0, )2

Notations

DV (0,,0) = S0 110 (00) — O, D (o, 0100) = X4 [ (B0 vo) — 17 (B0 v)]2.

Proposition. Assume that there exists ), with P({2,) > 0 such that on ),
a. vk, fr(0,v)is Lipschitz in 6
b. for all § > 0, lim,, infye ey, DM(8,,0) X o (strong identifiability)

3. Tim, D3 (v, ]00) [infge pe(a,) Dy (8, )] =
Then lim, 6, “ 6, on Q...
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Asymptotic distribution I

Ap: V6 >0,lim inf (fe(6,) — fr(0)* =2 o0

n eeBg(eo) —1
Ofr,,  Ofi Ofr, ., Ofk

A lim sup H@Qi (6,) 2%, (Qn)][aei (6p) 2, 00)] ' =10

n: Hn—>90 k<n
Ofr,, Ofu 0° f

fcO

. 1; -1 L.S 2
Az-h?gn[k:l 59 (Do) 507 (00)] 1, 5] =0, lim,, inf 1[(‘39@_5}9[(9)} I

- 0% Ofc ~ Ofe i . as
As 1
3 - lmnzgp;gk‘aelae( )H[ 8(9( )aet(QO)] [l,]” < 0

Particular case: f,(0) = 0'W, = Al, A,y,, A; checked
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Proposition. Assume the existence of {2, C €, P(§2,) > 0 and such that on Q:

1. aaejgél (h) exists and is Lipschitz

2. Ay, Ay, Ay are checked, and there exists V,,:

. Ofe,, Of ., qix=_ Ofi
hgn\l!n[k:l 50 (90)80?5(90)] ;nk Y (6,) exists in distribution
Then on
~0f,,  Of; —~  Ofi

. -~ d . -1
h};n (0, — Op) = h?‘.;n Wy 90 (05) BYL (0,)] Z nkm(%)
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lim W, Gﬁ afk 1ZW ) exists in distribution ?

— (‘99 0@7‘
Deterministic regression
n 0 0
Choose V,, = [>_)_, %(Qo)a_g;(go)]lﬂ

. -~ d ;. n 0 0 0
= lim,, V,,(0, — 0,) = lim,,| k=1 %(9 )a]gj]f( o)™ 1z Zk 1Mk~ s (90)
Use a classical CLT for martingale triangular arrays
Proposition(Dacunha-Castelle and Duflo, 1993)
Let M be a multidimensional martingale triangular array. Assume
a. lim, < M >"£T
b. V€ > 0, lim, 2221 E(HM]? — M/?_1||21||Mg—Mg_1||2£|fk—1> L 0 (Lindeberg)

Then lim, M" £ N(0,~)

M =[S0y S (6,) 55 (0,)) 1/22 m(,)
< M >n= [0 e(0,)205(0,)] 7 Sh_ var (2| Fi1) 2k (0,)25(6,)
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Stochastic regression
Assume lim,, af”( o)/t = Wi, W; random or nonrandom

Choose W, = [371_; axaf] (321, (6, 5(6,)

. -~ d q. n _ n 0
= lim,, W, (0, — 6,) = lim,, [} agaj] /2 2 k=1 M a@kw )
Use a classical CLT for martingale triangular arrays if W deterministic, or if W random, use a
generalized CLT for martingale arrays (van Zanten, 2000), or CLT for random sums (branching
processes) (Billingsley, 1968, , Rahimov, 1995, 20087?)



6T

limy, W, (6, — O0) < i, W [Y 5y S(00) 505 (0)) 1 Sy ek (60) 2
Proof. Taylor's expansion at first order:

95, ~ 5, %S ~ ~ %S 0S

- n) — Y — - 0 — *n n \Ijn n :_an—n *n = 0)9

2 B0) = 0= Z0) + 57 (0r) B = 60) = a6, — ) = =0 [t (0.0)] = (6,)
Derivatives of S,

10S,,, . < 8fk:

589 (80) _ _an
1 629, a i a fk & fk - O fr
2900000 = ae( ) ggr Z UpTrra ;(ﬁf(@o) ~ J10n)) g Oen)

_ —~ fk 0 fk —~Ofp,, \Ofk .
3fk: O [
[k: wem)w(emn

— 54(9,,) may be replaced by 237 %k(9,)20k(9,) under A, A, Ay
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Ay limyg, gy SUDg<y |55 (00) T (0] 55 (00) % (B0)) = — 1] 2 0 (uniform continuity) = not always

checked

Example: N, = Zfi“{l X with mp(N) =1+ 6%
— fn<0) — (1 + Hln(Nn—l))Nn_ 1 gﬁ — Nn—l 1n<Nn_1)91H<Nn—1>_1 — llmnen—>90 Sup]ggn[en/eo]ln(]vk_l) :‘?

If A; is not checked, use the Taylor's expansion at second order of a5”(9 ) at
Define Ay, As:

Ok Ofk 1 s —~, Pfi —~Ofi, ) Ofk 0 1y g as
A4 ) hgn[k:1 0(9 ((90) 89t (90)] [l7 ] O hmn Helf ;[89”9]861 (6)] [ 89 ((90) 8915 ((90)] [l7]] = X
. ) = afk: afk -1 8351” a.s.
As sgphmnsgp\l[ T (60) 57 (60)] | aeaetael(e) oo =0
0°S,, a fi afk 0’ fi afk N 0%f ., Ofi
56,00,00," Z 56,00, Z 56,00, " 20, * 2= 30,08, " o0,
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Proposition. Assume that there exists 2, C 2, P({) > 0 and such that, on Q.:
2 3 . .
1. 2 (g,) and a@%—éffael(e) are Lipschitz

00,00,
2. Ay, i42, Ay, As and the existence of V,, such that
| O0fr . Ofi, i~ Of
lim W, .
im [k:l g (00) =7 (00)] ;nk =5 (00) exists in distribution
Then
. ~ d ;. ~0fi, . Ofc, ) ax~_ Ofi
lim 0,,(6,, — 6y) :117?1@n[k:1 g (00) =27 (00)] ;nk%wg) on Q.
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Example: Polymerase Chain Reaction (PCR) I

Technology of amplification of a population of DNA fragments through successive replication
cycles in vitro

Goal: estimation of IV, (initial population size) from the amplified populations {N,,}

Applications: gene expression (biotechnology), virus quantification (medicine), GMO detection
(food industry, environment),. ..

Poly rmaear=a=mes CCih=ain FResactionmn {0 RR)

(ST
T =

7 =
T — =
= —

e~ i ©

-
e,
wr
——
—
—-—
r
—

e, - =
e ., | =

e e e e
S Nl = — B T

"W e peeee w S e n Eeeclen  Dresen S ceeccgy ML

Figure 2: Exponential phase, saturation phase (linear phase, plateau phase)
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Exponential phase

No saturation =—> Bienaymé-Galton-Watson process

(Peccoud and Jacob, 1996, Jacob and Peccoud, 1998)

N, = S X, with P(X,, = 2|N, 1) = p, P(X: = 1| Ny_y) =1 —p
0=m=1+p, fulm) = mNég, g%(m) = erfl

Consistency of m,,

o |f.(my) — fr(ma)| < ||lm1 — mQHN;£21 (linear model = Lipschitz)

® inf e pem,) Dnlmo, m) = (my —m)* Y1 Ny 2%, oo on the nonextinction set O

— lim,, M, = m, on Qu; P(Qs) > 0 for m, > 1

Remark (direct proof). Harris estimator:

D > SOV » S L R >
n n T n
1 Nj— > o, mk n ~(h=1y, k-1
= = — — 0
2 k=1 N1 k=1 > 11 (Ng—1m m

o

a.S. ~ a.s.

Use lim, N,m;" = W and Toeplitz lemma = lim,, m,, = m,



ve

Asymptotic distribution of m,,

n

U, ? :lim W, (m, —m,) < Jim \Iln[z N,_1]™ Z 77;{]\0121
k=1 k=1

lim,, Nym™ = W = U, = > mE 7200 Ny

Write nkN,fl = ZN’“ N Xpi—m,) = vaj{l(Xkﬂ- —My) = Z]Z:Zfl N’f‘l(ijj —m,) = CLT for random
sums

n n Nk—l n N
\Ijn(mn - mo) - \Ijn[z Nn—l]_l Z (Xk,z - mo) - [Z m 1/2 Z Xk:j 0 (1)
k=1 k=1 i=1 k=1 Jj=1
n n n n Zkzl N1
=D m P, = me) = (D my DN T ) D omE T Y (X — my)]
k=1 k=1 k=1 k=1 =1

n

= 1y mb ]2, —m,) L WU, U ~ N(0,5%),U and W independent.
k=1

Remark(direct proof). If we use directly the expression of m,, — m, = (1)
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Exponential and saturation phases

Size-dependent branching process with Schnell and Mendoza model of replication (1997)

Np—1
K
N, = E Xni,  P(X,;=2|N,—1) = ——, K : Michaelis-Menten constant

P<Xn,i - 1’]\/}L—l) =1- P<Xn,i - Q‘Nn—l)

{N,} is a near-critical process, lim, N,n~' " K (Jagers and Klebaner, 2003)
Y, =N, [o(K)=(1+K(K+ N,_1) " )N,_1, lim, var(n,|F._1) = K

Asymptotic properties of K, (Lalam, Jacob and Jagers, 2004)
D,(K, K)=0(n) = lim, K, © K,

hmng—;( = 1 = lim, Vn(K, — K,) L N (0, K) (CLT for martingale triangular arrays or CLT for

random sums)



Generalized Schnell-Mendoza model taking into account a saturation threshold S > N,
(Lalam, Jacob, Jagers, 2004)

K1 esp(-C(Ns, 8™~ 1)
K + NS,n—l 2

P<Xn,z' — 2|Nn—1> - < >7 NS,n—l — Sl{Nn,1<S} + Nn—ll{Nn,lzf

Particular case: C' =0 and S = Ny = Schnell-Mendoza model

» Assume C # 0.

{N,} is a near-critical process, lim, N,n ' < K/2, Y, = N, (or Y,, = N,, w2~

NS’,n—l
B K 1+ exp(—C(Ng, 1571 — 1))
hi0) = L+ (e 2 ¥
KN, _1 KN, 4 eXp(—C'(NS,n_lS_l — 1))
- Nn—l +
3K + Non1) 2K + Nen1)

= explosive + permanent + transient



Lc

Asymptotic properties of 6, § = (K, C, S™)

lim,, D,(6,,0) < oo = no consistency of §n

But write f,(0) = (1 +W)Nn 1+me><p( C(Ng,_1S~1 — 1)) "2t F90) + £2(0)

— lim, K, 2 Ky, lim, /n/4(K, — K) £ N(0, K/2)

nm B 0N

-0 .

Y

Figure 3: Probability of repllcatlon calculated from a trajectory of N,, + ¢,, simulated with K = 4.00311.10%°, S = 10, C =0 (p = K(K + S)~

line: p(Xy—1) = Xka 1 — 1 (empirical probability of replication). In continuous line: p(X,_1) (estimated probability of replication)

1 = 0.800125). In dashed
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>

1.5¢

1F

O .5¢
5 1.0 15 20 25 30 35 4 O

-0 .5

—1t

Figure 5: Well 21 of data set 1, h = 21, n = 25, i, = 23, Kp . = 0.38055, Sp, = 0.070553, Ch.y = 0.6, Pr.n., = 0.843599 (generalized model)
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Generalized Schnell-Mendoza model with a non negligible transient part

P(X,; =2|N,1) = ( K L+ 5 Vg 0, N 51 N, 41

ni — n—1) — ’ , a0 > U, n—1 — - n— _
.- . N, a.5. K K 1—|—SO‘N§g_1

Assume S < oo = near-citical process, lim, =2 =" 3, f,,(0) = [1 + (K+N5 —)(—) N1

Remark. If 8 O «, the order of the nth derivatives increase with n — A, not checked
Example: 0 = «, K is known

SRRy LN ) SISl ) BTN
=1 0((In(n))?) — o0




0€

So assume that « is known and 6 = (K, S¢)

Consistency of QAn

AN

infy Dy (0.0) = O(n'™**Lgac1y + In(n) Lpazry) = limy, 0, = 0,
Asymptotic distribution of 0,
W, = 1[S00 BE(60,) 55 (6,)] with
~0fi,, Of 1 (n Knl-o
P2 = —2(0,)==2(6,)) = =
n O(k:1 88 (‘9 )aet (9 )) 4 ( Knl—a KQ[n1—2a12a<1 4+ 1H(n)12a:1]

Then using CLT for martingale arrays (Dacunha-Castelle and Duflo, 1993),

lim ©,,(8, — 6,) < N(0, (K/2)I), 2a < 1

)



Bienaymé-Galton-Watson regenerative process
(Yanev N., Jacob, Lalam and Yanev N. (2005))

Nn — 1{Nn_17é0} Zf\jl_l Xn,i + 1{Nn_1:0}]n57{“ {Xn,z} ~ (m, 02); {In} ~ (>‘7 b2) given {5TIL}’ m <1
= Yo = Lo NN, 4 L mop Vo = L poymN, 5 L, =y A0 4,

» Goal: estimate (m, \), {N,} and {4} } observed

Figure 6: Example of regenerative process: Influenzia in France since 1989 (http://www.b3e.jussieu.fr/senti/)
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D -1 Npln, 0 N o= 2221 ]k‘(slgl{Nkfl:O}
D Ne-ilye o’ T X 0 =0y
D,(0,,0) = (m, — m)?’D,(m) + (X, — \)>D,(N\)
Dy(m) =33 Nic1lgn, 20y Da(N) = 320 041, -0y
Proposition (Jacob, Lalam and Yanev, 2005)
On {lim,, D,,(\) = 00}, lim, (i, An) = (M0, Ao) @and lim, /72(6,—6,) £ N(0,A), where A is a diagonal
matrix with (o%s;1E(T), v>’E(T)) on the diagonal.

0= (m,\), m,=

T: working period + resting period, s, = A(1 —m)~!

Remark. The independence comes from: 3", %(6,)%(9,) is a diagonal matrix

The asymptotic independence of m,, and )\, is difficult to prove directly using their explicit expres-
sions
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Conclusion I

1. Indirect proofs = use the best LSE even if it has no explicit form = generalize the CLSE in
branching processes

2. Main result: lim,, supy[>_ 5 _; nedi (][> 1_, d2(0)]~F = 0 on {lim, >_}_, d2(0) = oo}
— consistency, asymptotic distribution

3. Strong identifiability (lim,, infyc ey D4 (fr(0) — fu(0))?
condition for consistency

a.s.

= o0) IS a necessary and sufficient

4. The model may contain a stationary part, a transient part and an explosive part

Thank you for your attention!





