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Evolutionary dynamics of escape: a

motivating example

Figure 1: Electron micrograph of avian flu viruses.



Placed in to a new host, a virus can adjust to a hostile environment
via a sequence of mutations on say L particular nucleotide sites




Escape events: via a sequence of mutations the avian flu virus escapes
extinction causing an onset of Human Avian Influenza

Human Avian Influenza A (H5N1) Cases by Onset Date and Country
{as of 16 May 2007)
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Questions:

e introduce a simple stochastic model of virus reproduction and

mutation

e assuming mutations are rare find the asymptotics of the escape
probability for a population of viruses stemming from a single

wild-type virus

e describe a stochastic process of virus reproduction and mutation

given an escape event has occurred

lwasa et al suggested using a branching process model:
particles reproduce asexually and independently

small population sizes, competition among particles can be ignored



2 Multitype (Galton-Watson model

The network of 0-1 sequences of length L. = 4, where the edges
represent single point mutations of probability © < 1

(0,0,1,1)
wildtype (0,1,1,1)&4—(0,1,0,1) 5 (0,0,0,1) escape
) (1,0,1,1){ />(0,1,1,0) <> (0,0,1,0) }
(1,1,1,1) (0,0,0,0)
(1,1,0,1) E5(1,0,0,1) ¢ /¥(0,1,0,0)
(1,1,1,0088-(1,0,1,0) 445 (1,0,0,0)
(1,1,0,0)

Type 4 Type 3 Type 2 Type 1 Type 0



Let all the sequences with 7 ones have the same reproduction law
probability of having k offspring p; (k)
fitness as the mean offspring number m; = > .~ | kp; (k)

Subcritical reproduction for all sequences except the escape one

O<mq,....mp <1< mg< oo

A multitype Galton-Watson model with L + 1 types
time is measured in generations
particle’s type ¢ = the number of ones in the sequence

offspring’s type can differ due to mutation at one or several sites



The reproduction law with mutation

k ko
P (ko, ... k1) = pi(k) (q%)) o (q&‘)
ko,..., kg,

where kK = kg + ...+ ky, and

q%b) = P;(the given offspring becomes of type j).

Clearly,

g =1, =0

AU
4 ~ ()u 7.
j

and for j <1



3 The two type case

Consider a GW process with two types of particles labelled by 0 and 1
e type 1 is the subcritical wild-type with m; <1
e type 0 is the escape type with mg > 1.

Both backward and forward mutations are allowed, but our
asymptotical analysis confirms, that given mutations are rear, we can
neglect the backward mutations.

Moreover, the escape event can (and will) be treated as birth of at
least one virus of the escape type.

In this case the restriction mgy > 1 can be dropped.



We will allow for the mutation probability per birth

¢\t = pall (k)

to depend on the offspring number k. We will assume uniform
convergence to a bounded function

) (k) — aro(k), p— 0.

Assertion 1. If the constant

big = Z kp1(k)aio(k

s strictly positive, then the probability of escape has asymptotics

(u) 1
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Assertion 2. Conditioned on escape, the GW process with types 0
and 1 stemming from a single particle of type 1

Is asymptotically discribed by a decomposable GW process with types
10 and 11 stemming from a single 10 particle.

Type 10 particles form the stem lineage (stopping on the mutation
event) and type 11 particles form the side (no mutation) lineages
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Remark 1. In the network model case q(“) ~ 1, so that Q(“) %

and PlO(Vll = ]C) = kpl—(k)

mi

Remark 2. The size-biased reproduction law p(k) = ka(k)

characterizes the stem lineage in a subcritical reproduction conditioned

on non-extinction.
Two sampling designs to find the family size distribution
prospective p(k): pick a mother and count her children

retrospective p(k): pick a daughter and count her and her sisters

(V][oV

p(0) = p(1) =p(2) =p(3) = 1, m =

p(0) =0,p(1) = £,5(2) = 2,5(3) =

(@] [JV)



4 A forward mutation model

Suppose we can distinguish between L + 1 types of particles, labelled

0,...,L with mean offspring numbers
O0<mq,....,mp <1, 0 <mg < 00.
Type ¢ particles can only produce particles of the types O, ...,71,

whatever is i € [0, L].

Notice that this forward mutation model prohibits the reverse
mutations for the sake of simplicity.

As the asymptotic analysis of the two type case shows, a more general
model with reversed mutations should lead to the same asymptotic
behavior.



As in the two type case the forward mutation probabilities (j < i)

gt = a0l (k)
may depend on the offspring number k. We will assume uniform
convergences to bounded functions

az(-f)(k) — aij(k), p— 0.

Let the constants
O

bij = Y kpi(k)ai; (k)

k=1
be positive for all j < 1.



Define a matrix A = [Aij]éjzo by

1 0 0 0 0
. 0 0 0 0
—my
A = '
sz bil bz’,i—l O O
1—m; 1—m; 1—m;
bro br1 br, i—1 br, br -1
| 1—mL 1—mL 1—mL 1—mL 1—mL

In the network case due to (1) on page 8

=)= ()




Assertion 3. The probability of escape Q(“) ~ u'yi, where

X1 = Ao
X2 = A+ A2ix:
X3 = Aso+ As1x1 + As2xe

In terms of the matrix powers A" = [A(n)] i j—0 We can write

Af
1—1

> > A ... Aj.

k=0 0=70<71<72<...<J <1

Xi



Put xo = 1 and define a probability distribution on y =0,...,72 — 1 by

X;
Bij = —=Ajj

1

Assertion 4. Conditioned on escape, the limit process is described by
a decomposable 2L-type GW process

PiO(ViO — 1) — m; / il
Pio(vio =0) =1 —m; / h / "
Pi V; :1%&' =0 :Bz " " "
O( J0 ’ 0 ) J iOZmJ'iO m-iOZ j04n'j0
P’iO(Vil = ]{’yzo == O) — kp,';j—(zk) (2 v (1'mi)Bij J
N kpi(k)aij; (k)
(
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5 The time to escape

The asymptotically viable path of mutations is described by a Markov

chain {Y(n)},>0 with the transition matrix
D = [Dyl;] Dij = (1 —m;)Bij + milgi—jy.

i,j=0

For application purposes, it is important to study the waiting time W,
to produce the escape type 0 starting from type ¢, that is the waiting
time until absorption at state O

P(W; <n)=P(Y(n)=0Y(0) =1).

W, is a sum of a random number of indep geometric random variables.



The Chapman-Kolmogorov equation yields a recursion for the
probability P;(n) = P(W; = n)

Turning to the expected waiting time M; =Y " nP;(n) we derive

B By + B +...+ B
1—m7; 1 1—mj

M;

1 (A AR
- Y
1 — ™m; =1 Xz(l — mj)

since the matrix powers A" and B" are connected by Bi(;’) = %A,E?)



Observe that the last formula is a weighted sum of the individual

waiting times E(T;) = .——. The corresponding weight
J

| » A, A(J) —|—A(.i._j)A(.j)
Gy ey - A AP
Xi Ajg
= P(Y(n) =7 for some n)
gives the probability that the chain Y (n) visits the state j before it is
absorbed at 0.

In the case of "neutral mutation” with m; =m, j=1,...,L we get

1 A A=
ML<L Lot F .
1—m XL




Finally, we describe a case where there is a simple formula for the
coefficients x;. Suppose that a;;(k) = a;(k) is the same for all
daughter types 7 given the mother type 2. Then with simplified
notation b;; = ¢; we obtain

C; C;—1 C1
'l:: 1 o o o 1 .
X 1—777,@( +1—mi1> ( +1—m1>

In this case we can also compute

P(Y(n) = j for some n) = o
C; — My

and the expected total time to escape becomes

1 ! C
M; = + J .
L 1—mL ;(1+cj—mj)(1—mj)



In particular, if a;;(k) =1, then ¢; = m, and

and

P(Y (n) = j for some n) = m.
In this special case the number of intermediate types has a binomial
distribution Bin(L — 1, m) and

_ 1+ (L—1)m

M
L 1 —m
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