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RVB working well  in Chemistry:  RVB in benzene molecule and its
dimer, C2, water…

Computational advantages (even when it corresponds to Hartree
Fock+Jastrow):
QMC molecular dynamics with ~100 Hydrogen
Solids, Silicon, Hydrogen 

RVB new physics in Model Hamiltonians:
superconductivity in t-J model
non conventional spin-liquids, J1-J2,…

Realistic Hamiltonian Coulomb, Born-Opp. 

Outline
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Cuprates
Phase diagram: temperature 

vs. doping
quasi-2D structure
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Anderson’s  variational wavefunction for spin models
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From RVB insulator to superconductivity

The presence of holes (empty sites) allows 
charge (super-) current and superconductivity
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T. Maier  et al. PRL 2005 2D Hubbard model

Tc about 0.02 t    ~ 100 K,  just  HTc!!!

cTat  0/1litysusceptibi wave-d =→= dd PP

%10  4/ == δtU
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The  mean field(+Jastrow)   of the t-J model:
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The Cooper pairing in an insulator:
2D   Hubbard model N=#electrons=#sites

E. Plehanov F. Becca and S.S. PRB’05
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Essential ingredient of RVB theory: 
there may be pairing even in the insulator.

By means of correlation (by a strong Jastrow) 
a metal can be turned in an insulator (Mott).

The 2D antiferromagnetic Hubbard model is 
a Mott (strong Jastrow) paired (BCS>0) insulator. 

Htc (with or without antiferro)  is also 
a consequence of RVB i.e. correlation alone
(no phonons,  no band effects) push up Tc.
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The variational approach as the simplest tool
to detect this new physics induced by correlation
At finite U/t (the physical case) we found that
the long range Jastrow is needed for the RVB
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A new state is obtained after optimization of 
J and BCS toghether, e.g. without J BCS HF
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Linus Pauling: the concept of resonance is old
6 6Benzene    C H

+

z  valence electrons occupy the 2p  orbital
then strong correlation   Heisenberg model→ ≈
6

2 2
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In the old formulation RVB was  expensive

1) Use of non orthogonal configurations
2) The number of VB grows exponentially
with  the number of atoms 

The molecular orbital approach won…but

Now (after Htc) we have a better tool
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For QMC on a given electron  configuration:

{ }1 2 3 1 2 3, ,   , ,x r r r r r r↑ ↑ ↑ ↓ ↓ ↓=

The wave  function should  be computed:
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How to compute  <x|RVB>= J(x)<x |AGP>?

With a single determinant  N/2 x N/2, N=# el.
even when RVB  = many Slater Determinants

7
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Consider the  Heisenberg in 6 sites 1D ring
(a model for Benzene the 1el/2pz orbital)
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In the thermodynamic limit the accuracy 
of the RVB in 1D Heisenberg model 

is one part over 10^4!!!

Celebrated Coupled Cluster 5% off 
Bishop et al. (PRB’91) 

There are good reasons to start with this  
RVB-Variational approach for chemistry
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And the wave function for a realistic  system?
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Basis set expansion of an atomic orbital
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Wf for a molecular system

More general than Hartree-Fock, the most important correlation is included for free

namely  with a single determinant

With appropriate                        all cusp conditions OK  )( and )( 21 ruru

In this way the atomic orbitals are smooth  (no cusp)
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How to get a Slater Determinant from the AGP?
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More than one Determinant:  Berillium atom
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see Lab on Monday
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Quite generally AGP works for open shells with
degenerate or almost degenerate orbitals.



Advanced school  in quantum Monte Carlo in physics and chemistry
January-2007          Diffusion Monte Carlo methods with non-local potentials  (Sorella) 27

Ground state  Energy (Hartree) reference

4 Det+J  (many body) -14.66662(1)  Huang et al.  

AGP+J  -14.66504(4) Our best VMC 

FN  4-Det +J (many 
body) 

-14.66723(1)  Huang et al. 

FN  AGP+J   -14.66726(1)  Our best DMC 
 

Comparison with previous works 

Exp.  -14.66736 Hartree
DMC+HF -14.6 Wrong

M. Casula and SS JCP ‘03

The Berillium atom
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DMC on the lowest energy JAGP wf.

Old technique non variational (often unstable)
with nonlocal pseudopotential

New (M.Casula C.Filippi and S.S.) PRL05

LatticeRegularizedDiffusionMonteCarlo
Very stable variational upper bounds
of the  pseudo Hamiltonian energy.

Pseudopotentials and DMC
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Pfaffian generalization 
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From one particle orbitals to general  
antisymmetrized pairing  functions

N
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Correlation energy 

From Bajidic, Mitas,..,and Schmidt, PRL 2006 vol. 96, 130201

DMC correlation energies of atoms and dimers
Pairing functions: more accurate and systematic than HF

The improvement of PF nodes on RVB nodes marginal

RVB
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Size consistency and energy dispersion in C2
a singlet made up of two triplet
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Aromatic compounds

• Their importance comes from our life

• Hartree-Fock and DFT do not work…

1) Test the pairing character of the bond

4
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Binding energy of aromatic molecules  

59.24(11)eV59.06(2)eV

6.34(14)eV6.291(7)eV

Estimated
from Exp.

Within 
RVB+LRDMC

Molecule

2C

66HC

7
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0.169(6)eV0.205(9)eV

0.142(18)eV0.218(7)eV

0.552(6)eV0.824(11)eV

Within LRDMCWithin VMCMolecule

2C

66HC

C

Pairing energy:  best HF+J - best RVB
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Application to solids and large systems
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Example electron gas

quantity physical amatrix Density  i.e. ,
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Very simple to use symmetries, 
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Using the AGP to represent the LDA wf

0 2 4 6 8 10 12 14
-103

-102

-101

-100

-99

-98
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Metal-Insulator transition in Silicon

15 20 25
-107.0

-106.5

-106.0

-105.5

 VMC
full J+HF

P transition~17.2Gpa

    64 Si  Γ-point
+LDA k-average
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 Diamond

This is the first J+HF optimization in solids
The plane wave basis ~10^6

Our localized gaussian basis ~10^3
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1 LRDMC run = 20h x 64  on sp5 ~  (VMC +opt )

Binding  (kcal/mol:

CC=           1.6
This work  0.5(3)

1

Fully size consistent after optimization !!!
|E(C12H12)-2E(C6H6)|<0.1mH       for R=12

6 7 8 9 10 11 12 13
-5

0

5

10
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Main problem for large systems:  # parameters  scales

with # electrons square

We optimized  all parameters  for ~60 iterations with  1Kcal/Mol~=Eσ

Using  the recent Hessian method : S.S. PRB ‘05, C. Umrigar PRL’05, 
C. Umrigar , J. Toulouse, C, Filippi, S.S. and R. Henning PRL ’07 

Benzene dimer optimization: a challenge
3

7380----3s2pJastrow

26162s 1p6s6pDet(AGP)

#Lambda ContractedBasis GWF

72+1

336

# Z

Shifted Parallel NO   simmetry
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Compared with CCSD(T)
(2.8kcal/mol) the binding 
is sizably weaker 

Kcal/Mol 1.6(2)  sexperiment with agree resultsOur 
kcal/Mol 0.4~contr  al vibration thegConsiderin
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Basis dependence of Coupled Cluster  CCSD(T)
(the best available post HF method) 

Ref.                   Parallel             Displaced 
2000 C.P.L.          1.02                      =     
2001 J.C.P.           1.21                     2.01
2002 J.C.P.             =                        2.59 
2006 J.C.P A         1.81                     2.78

Exp. 1987: 2.4 (+0.4) (-0.8); 1991:  1.6(+0.2)(-0.2)

Binding energy  Kcal/Mol for benzene dimer
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Basis dependence of  VMC(optimized)-LRDMC 
(LRDMC improves by ~10 the correlation energy) 

CCSD(T)  + polarization ‘’d’’,JCP’89
-63mH in O QMC two orders of magn. better !

Carbon pseudo atom
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Water molecule

L. Spanu, F. Sterpone, S.S. and L. Guidoni, APS’08
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Phase Diagram of Hydrogen
LogT
[K]
4 

3
2

Electron Proton Plasma

Electron
Proton
Liquid

Molecular
Liquid

Molecular Solid Proton Solid

Clustered liquid

1         2        3 LogP[GPa]
Superconductivity?
Ashcroft Nature 2004
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Indications of an anomalous melting line 
S.A. Bonev, ..,G. Galli Nature 2004

Another quantum T=0 liquid phase? 
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Energy per H at  high-pressure (Hartree) 

Simple test case:  solid-metal (bcc)                31.1=sr
length bond  2Hrs ≈

18(b) C. Pierleoni at al. PRA 2002
(a)

2 Gaussians per protons (Det)                  
1 Gaussian   per proton (Jastrow)

Comparison with previous works
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Thermodynamic limit is difficult
QMC Gamma point or Integration BC (TABC)?

Simple Hexagonal c/a=0.6  rs=1.31

100 200 300 400 500
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0 100 200 300 400
-0.55

-0.50

-0.45

Simple Hexagonal rs=1.31

 

 

E
ne

rg
y 

(H
)

# H

 Γ
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 Γ+LDA-k-corr

At fixed # H, we  simply add the contribution
LDA(k-averaged)-LDA(     ) to QMC(     ) Γ Γ
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Forces  can be computed efficiently with VMC
we use Caffarell et al. JCP 2000
Optimization of the electronic VMC parameters:

1s Gaussian for Geminal and Jastrow
~200  parameters for 16 H 

We use Hessian, much progress done in QMC:
C.Umrigar & C. Filippi PRL (2005), S.S. PRB (2005) , 

C. Umrigar et al (also SS) PRL, (2007)

At each step we move ions with MD and 
VMC parameters (with Hessian), ab initio

The basic steps for moving atoms
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New ab-initio Molecular-dynamics with QMC

Proton Classical

Internal energy 
decreases at 1300K!!!

With RVB wf
QMC possible for 
~100 atoms
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-0.515(1)-0.512(1)-0.5083LIQUID
(360K) 

-0.514(1)-0.511(1)-0.5127Simple
Hexagonal

-0.504(1)-0.502(1)-0.5079BCC

DMCVMCLDAPhase

At the end of this simple analysis
(repeated for all phases):

Liquid competes with the most  stable solid  
Quantum correction and entropy further favors the liquid
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Wigner-Kirkpatrick perturbation theory in
to the internal energy   

Simple Hexagonal  0.034(3) H/proton

Liquid             0.016(2) H/proton

Consistent with direct evaluation at T=0, Natoli ‘93

)(log ZU β−∂=
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Snap-shot of the protons at the last iteration

5
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Pairing energy:  best HF+J - best RVB

Proton/10energy  pairingely Unfortunat -4 H<=

Difficult to estimate by QMC, too small stat. error

We do not expect that the liquid phase may 
be a superconductor driven only by correlation.
It may be a Mott insulator (strong Jastrow+HF)
If SC  the mechanism proposed by Aschcroft,
i.e. induced by el-phonon is more likely.
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Conclusion
• RVB wave function considerably improves the HF+J in several cases,

not only in lattice models (e.g. Berillium).
• Also the HF+J wavefunction is more physically represented by a  particular 

case of the RVB (J+AGP) wave function.
• More effective simulations can be done by means of this approach (see 

Lab):  effective optimization of HF molecular orbitals in solids.
• Molecular dynamics is possible within the variational approach fully 

consistent with forces.
• Very simple to distinguish a Mott insulator or a superconductor from  a band 

insulator or a metal: just by computing  the resonance energy.

We have a new tool for understanding physics!!!

TurboRVB see Lab. next week
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The    local approach:
no sign problem for bosons; for fermions
exponential decay

The auxiliary field approach :
Exponential instability but much weaker.
But sign problem for bosons with repulsion
difficult to use correlated wavefunctions.

Models without frustration   in a given basis:
e.g. Quantum dimer model on triangular lattice  

)](exp[ BosonFermion EEt −−
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The list
Bosons   with repulsion or attraction (t<0)

Hubbard model at half filling                          HST 

Negative U Hubbard model  no magnetic field   =

2D Kondo model at half filling (or depleted)      =

t-V model for V=2t   half filling                   Meron

Several quantum dimer models                   (bosons)
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Almost all models where sign problem is solved
There exists a ‘’smart’’ basis where:

ba   if    0, ≠<baH

The matrix elements        have to be computable baH ,

The ground state writes as: ∑ >=
a

p(a)aap 0       with)(0ψ

{ }  lorthonormay necessarilnot  a basis the
hermitiany necessarilnot   ,baH

Thus the ground state is non trivial provided 
the basis is non trivial

Merons ?
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Different approach,  down-top define  a state:

0   )(            

 that such       find and    )(

=∑ bH

Ha

b

eff

a,b

a,b
ψ

ψ

Then we ask whether             is physically  acceptable
(this may depend on the taste…)

eff
baH ,

This is a P- (not even NP) problem, as long as 
ts,...determinan s,  Pfaffian:computable is   )(aψ

Can we explore all physical effects with computable states?

See e.g.  B. Laughlin  (Gossamer superconductivity)
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Motivations
DFT fails in describing transition elements compounds
geophysical interest:
• Fe2SiO4 Fayalite
biophysical interest:
• cellular respiration (bond between molecular oxygen and hemoglobin) 
• catalysis reactions (N2 + 3H2 ⇔ 2NH3: metal center clusters nitrogenase)

dealing with real systems in which the 
correlation plays a crucial role
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4Fe-4S cluster in Nitrogenase

Stereodiagrams form Biochemistry, 40(3), 651, 2001 P.Strop
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Fe-4S cluster in Ferrodoxin
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Targets

TOOL
DFT: single particle approach, correlation energy functional obtained in an 
approximate way
⇒ QMC: many body wave function approach, poor efficiency

AIM
• look for Monte Carlo algorithms that can deal with atoms 
beyond the first row (all electrons)
• find a “good” trial wave function able to get correlation and 
to treat molecular bonds: no sign problem within VMC ,
We just want to be more accurate and reliable  than DFT.
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Answer :
(M.  Capello F.Becca, M. Fabrizio and S.S. PRL’06, PRB in press

Fourier space                               Real space

-log(R)v(R)          KK    K/q~   v3D

-log(R)v(R)          KK    K/q~   v2D

Const|R|-)       v(R                    1/q ~   v1

R                                    0q        
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The metal-insulator  with a long-range-Jastrow

Boson Hubbard model one boson/site VMC~Exact
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30
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Correlation energy in atoms

• Correlation increases with the atomic number
• It is bigger when two electrons are in the same orbital 

see J. C. Slater, RMP 35(3), 484(1963)
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VMC approach
Optimized trial wave function TΨ

JDT  =Ψ
Slater part ⇒ correct antisymmetry for a given spin configuration
Jastrow part ⇒ two body correlation (electron-electron)

Expectation value of the hamiltonian

)(
)(

)(
2

2

RE
RdR

R
dRE L

T

T∫
∫ Ψ

Ψ
=

Distribution sampled through a Markov chain defined by the 
Metropolis algorithm∫ Ψ

Ψ
2

2

)(

)(

RdR

R

T

T

)(REL
Local energy: electron-electron and nucleus-electron cusp 
conditions to avoid its divergence (due to the Coulomb potential)
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Double zeta orbitals
Parameterization Slater
double zeta radial orbital * real representation of spherical harmonics
(see Clementi and Roetti, Atomic data and nuclear data tables, 1974)

( ) lm
n rZarZar Ω+−+−  ... )exp(  )exp( 2211

Nucleus-electron cusp condition ⇒ 0l   mom.angular for    
21
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Electron-electron cusp condition ⇒ satisfied for up-up, not for up-down to avoid               
the spin contamination
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Why the Jastrow is so useful for  correlations?  
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The variational wavefunction with  the optimal 
Jastrow factor,  is  constrained by (1) to fulfill  (2)
and provide accurate N(q). 
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Sampling the wave function

Iron 5d HF
(Clementi)

Z1 Z2

1s 27.03 19.01

2s 13.52 10.13

3s 5.22 3.48

4s 1.93 1.08

different characteristic scale lengths
⇓

large energy fluctuations
critical slowing down

Sampling driven by the acceptance-rejection procedure of the attempted move

δ+=′
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

Ψ
′Ψ

= ii
T

T RR
R
Rp                    1 ,

)(
)(min

2

Possible improvements: mapping of the space or      depend on 
1 ,            

 1
 1)( ∝∝

+
+

=′ βα
β
α Z

r
rrrr

δ R



Advanced school  in quantum Monte Carlo in physics and chemistry
January-2007          Diffusion Monte Carlo methods with non-local potentials  (Sorella) 75

Energy  minimization

kkk
TT

TT
k HHOOH

H
f α

αα
αα

α ∂∂−−=
ΨΨ

ΨΨ
∂∂−=

)()(
)()(

:forces dGeneralize

k

)( log          :operator  physicala xO
Tk
αΨ∂=

kα

To each variational parameter  kα

X=   configuration with given  positions and spins

These can be computed by standard VMC



Advanced school  in quantum Monte Carlo in physics and chemistry
January-2007          Diffusion Monte Carlo methods with non-local potentials  (Sorella) 76

Then e.g. the steepest descent is possible:

0

:     Hence-     
2 ≤∆−=∂∂=

∂∂=∆=

∑∑
k

k
k

kk

kkkk

ftEE

Eftf

αδαδ

αδα

      allfor    0    mequilibriuAt kfk =

Then the Euler equation of minimum energy
can be always reached  for many iterations

and        small enough

Even when H depends  on atomic positions:
Structural optimization & finite temperature! 

t∆
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Improving the steepest descent 
Standard (Stochastic) reconfiguration SS PRL’98
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)( log          :operator  physicala xO
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To each variational parameter kα
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How the parameters converge? 

Be ~20 variational parameters alltoghether
~1 hour run  single pc
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Why stochastic ?

given is     (bin)  iteration (SR)descent stepeest  eachfor  Thus

   )E-( 

:dynamica Langevinfollow  We
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The first (SR) movie on methane CH4 molecule
(thanks to L. Guidoni 2004) 

QMC noisy forces
Finite temperature 

19

Forces   can 
be computed in O(      )

Many atoms (10-100)
possible in near future  

3N
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The generalized Langevin dynamics
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Discretization of the Langevin dynamics
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The 16 H case with PBC, MD with friction

21

RVB liquid phase possible at high pressure 
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For instance the most delocalized orbital 4s
the convergence is too slow
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low energy differences ~0.1eV  accessible !!!
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Continuing without core… 2h   run 10 param

For instance the most delocalized orbital 4s
the convergence is too slow
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(a.u.) 0R 3.82(20)4.1 (1)3.721?

?Type 

299.7285(18)468?

Exp.RVBDFTHFMethod

)cm( -1
0ω

u∆7 −∑g
9 −∑g

9

A benchmark correlated dimer
2Fe

It is possible to explain  the 
photoemission spectrum in the anion         
Leopold JPC (1988)

−
2Fe

22
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DFT  occupation molecular orbitals

23
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higher  eV 0.7  is   
  wfour RVB Within

7
u∆

−∑u
8

24

Explains the         exp.−
2Fe

Confirmed also by recent CI, Hubner JPC’02

The right  occupation is due to correlation
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Iron dimer (II)

9
g
−Σ

LRDMC equilibrium distance: 4.08(5)
(Indirect) experimental value: ~ 3.8 
Harmonic frequency: 284 (24) cm-1

Experimental value: ~ 300 (15) cm-1
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Iron

Ground state (D5) Energy (Ryd) references 

HF -2524.8864 Clementi and Roetti, Atomic data 
 and nuclear data table, 1974 

HF+J -2526.254(7)   

HF+J (3-body) -2526.675(7) Our best VMC 

CSD -2526.0578 C. W. Bauschlicher, J. Chem. 
Phys. 86 (10), 5591 (1987) 

GFMC FN -2526.98(2)  

Data without relativistic corrections 

CPU time (pentium IV, serial code)
VMC 250   hours  to compute the iron energy with 10-3 Ryd of error
FN 4000 hours to get 10-3 Ryd of error  
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Optimization is important Jastrow+Slater
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 VMC with Jastrow
 Hartree-Fock

The 3d orbitals crucially depend 
upon Jastrow correlation factor
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AGP wave function

•Earliest works with AGP in quantum chemistry:                   
Hurley et all, Proc. R. Soc. London, Ser. A 220, 446 (1953)
•60’s first numerical calculations (Be, C6H6, ...)
•Extension to polarized systems (GAGP), Li with 87,7% of correlation energy: 
H. A. Kurtz and all, Int. J. Quant. Chem. Symp. 16, 605 (1982)
•Latest work (application to diatomic molecules):                
V. A. Rassolov, J. Chem. Phys. 117, 5978 (2002)

Antisymmetrized Geminal Product 
(N particle component of a BCS state, pair correlated system)

),(                                      det

0S 0,Lsinglet          )()(),(
1

↓↑

↓↑

=
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Φ==Ψ

===Φ ∑

jiijij

jli
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l
llji

rrAA
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AGP + J (QMC) ⇒ faster convergence with the Jastrow
main advantage: beyond the HF nodes computing only one 
determinant (exact for two particles interacting system)
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Results for HF+J (no 3-body)

• Lack of correlation energy for Be, B, C
•The gain decreases when Z increases 

⇒ Jastrow factor too simple
⇒ One Slater determinant is not enough?                          

(see D.Bressanini et al., JCP 97(12), 9200 (1992))
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molecule, 34 variational parameters and R2Li
Use of the warp algorithm (Filippi-Umrigar) for force

R
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The same can be done starting from below
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A typical parameter  (from 34)
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Systematic control of the thermal bias

In the limit of infinite bin length the
Euler conditions are satisfied exactly.

even for the remaining 34 parameters
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The stochastic approach is in general superior
for high enough statistical accuracy calculations

Suppose  a statistical  accuracy 10 times better 
is required on the Li-Li   bond length

by QMC 100 times longer run
1) The thermal bias can be reduced by 10

by increasing the bin length by 10
2) The statistical fluctuations by further

increasing the number of iterations by 10
after  equilibration  

Then the equilibration time is 10 times less important!
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Setting the kinetic parameters

Ne, a=0.1

7356
4704 3773 3315

3019

2810 2654
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Fixed nodes results

• Exact energy for closed shells atoms
• Relevant part of correlation missing for Be, B and C 

⇒ nodes have to be improved



Advanced school  in quantum Monte Carlo in physics and chemistry
January-2007          Diffusion Monte Carlo methods with non-local potentials  (Sorella) 105

Results for AGP + J (VMC)
Improvement for Be, B, C (Mg, Al, Si) adding a 2p (3p) 
component to the geminal



Advanced school  in quantum Monte Carlo in physics and chemistry
January-2007          Diffusion Monte Carlo methods with non-local potentials  (Sorella) 106

Results for AGP + J (VMC)
Improvement for Be, B, C (Mg, Al, Si) adding a 2p (3p) 
component to the geminal
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Be is exact within the error bars, the other atoms treated by AGP require 
further orbitals on the geminal to get the exact energy.
The AGP+J wave function improves significantly the nodal structure.

Results for AGP + J (GFMC)
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But for Be dimer ….does not work (basis small?)
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Benzene radical cation
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Benzene molecule

Jastrow+AGP changes the nodes!
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Size consistency:
for large distance the wavefunction factorizes

  d...).p,(s,index  orbidal atomicindex     atomic 

 orbitals atomic  )(      where)( )( ,,,

==

= ∫ ++

 ja

RRRdR ajajja ϕψϕψ σσ

0
2/

,,
,,,

,
,

N

kbja
bakj

kj
baAGP ⎥

⎦

⎤
⎢
⎣

⎡
= +

↓
+

↑∑ ψψλ

[ ]    and  Pauli todue   0     where jk,
b,a

kj,
ba,

2
, λλψ σ ==+

ja

tdeterminanSlater a  is     0  

: termeach      of expansion  theIn

,,,,
+

↓
+

↑
+

↓
+

↑ dmlcbkja
l,m
c,d

j,k
a,b λλ

AGP

ψψψψ
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For           molecule we obtain at large a,b distance: 2H

[ ]

recovered. isy consistenc size Thus
  0only    when

0 

singlet    the     to    London-Heitler

 fromsmoothly  go can We 
 

ba,

,,1,,1,,1,,1

a,abb,ba,

≠

+=

===
+

↓
+

↑
+

↓
+

↑

λ

ψψψψ

λλλλ

asbsbsasAGP

What happens for large number (>2) of   H?  
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In the expansion of the geminal we get Slater det. as:

0 ,,,,,,
+

↓
+

↑
+

↓
+

↑ cbbacbba ψψψψλλ

i.e.  no matter how we choose the matrix
we have Slater determinants with  large 
Coulomb energy,  no size consistency.

ba ,λ

That’s why we need the Jastrow term:
AGP+J is easily size consistent as the ‘’bad’’

Slater determinants are suppressed by J. 
This is the RVB   wavefunction with 1 Det. !!!
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Conclusions and Perspectives 

Final goal:
simulation of complex correlated electron systems

by Monte Carlo calculation  and beyond DFT 

-exploiting the RVB=BCS+J for molecular calculations
M. Casula and S. Sorella JCP ’01
M. Casula C. Attaccalite and S.S. JCP  ‘04  
The Iron dimer a successful test case relevant for biophysics                 

-Possible stable low-temperature high-pressure  liquid phase for hydrogen

-d-wave superconductivity in strongly correlated models 

26
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Lattice GFMC 

Green function:

Lattice hamiltonian: ∑∑ ++−= +
ji

jiij
ai

iai nnVchcctH
,,

†

2
1.).(

)(
)()( ,,, x

xHG
T

T
xxxxxx Ψ

′Ψ
−Λ= ′′′ δ ⇒ importance sampling

Markov chain x’

x

transition probability

)(
,

,

,
, xe

G
G

G
p

L

xx

x
xx

xx
xx −Λ

== ′

′
′

′
′ ∑

weight ))((1 xeww L
ii −Λ=+

Transition probability well defined? NO, for the fermionic sign problem
⇒ FN approximation

(see D.M.Ceperley et al. PRB 51, 13039 (1995))
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From continuous to lattice

Kinetic term

)ˆ()(             )( 
2

ˆ
2

1
2 axxTaO

a
ITT

TTa

d

i i

aa
a

ii +Ψ=Ψ+
−+

=∆→∆ ∑
=

−

hopping term t→1/a2

Potential term
For a faster convergence  a 0  ⇒ regularisation Potential energy

)(
)(
)()( , xE

x
xHGxe L

T

T

x
xxL =

Ψ
Ψ

== ∑
′
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⎟⎟
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⎞
⎜⎜
⎝

⎛
Ψ

∆Ψ
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Ψ∆
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Separation of core and valence dynamics for heavier atoms 
and molecules  ⇒ two hopping terms in the kinetic part

)()()1()()( 2aOxpxpx ba +Ψ∆−+Ψ∆≈∆Ψ

p can depend on the distance from the nucleus
0)(    and    1)0(    , if =∞=< ppba

Moreover, if b is not a multiple of a, the random walk can 
sample all over the space! 

Our choice: 2 1
1)(

r
rp

γ+
=

From lattice to pseudo lattice (dense continuum)
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Comparison with the ‘’best’’ DMC 
(Umrigar,Nightingale,Runge ’93)

)(  aτ∆

electrons all atom   C
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Non local pseudo possible!!!

1) No localization approximation employed
2) Still variational upper bound theorem holds

exactly as in the lattice fixed node
3) It works also without Jastrow optimization
4) The fixed node energy depends only on the 
nodal  structure and  weakly on the amplitudes

For heavy atoms Z>20  it is impossible to avoid them
(see L.Mitas PRB 49(6), 4411 (1994))
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The disease of the localization approximation
core) ( electrons    withpseudoatom   24C
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Why is that?

−
+

Nodal surface

non local move

By neglecting the allowed non local moves the 
localization approximation infinitely negative 
attractive potential close to the nodal surface. 
It  works only for very good trial function.

+
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Standard DMC and lattice GFMC

dependence on N for the atomic problem
DMC GFMC

Determinant N2 N2

Decorrelation N N

Diffusion Z2τ ≈ 1 ⇒  N2 Za ≈ 1 ⇒  N2

Total N5 N5

but using two different hops

acceptance rate for off-diagonal moves
2

2

1 N
a

∝

2
core2

1 N
a

∝

extrapolation properties
DMC GFMC

Trotter approximation For each a
well defined effective H

τ extrapolation a extrapolation

τ1/2 behaviour a2 behaviour
(it can be smoother)
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Setting the kinetic parameters

Ne, a=0.1

7356
4704 3773 3315

3019

2810 2654
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Targets

AIM
• look for Monte Carlo algorithms that can deal with atoms 
beyond the first row (all electrons)
• find a “good” trial wave function able to get correlation and 
to treat molecular bonds

The pseudo-lattice approach can improve the efficiency?
Possible  use of pseudopotentials within fully   variational
DMC calculations even for heavier atoms? 
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1%DMC+AGP+J

6.5%AGP+J

14%HF+J

38%HF

Accuracy in the total energy (~76Ry) of   C
as compared with the ionization energy 11.26eV

For poor accuracy also the HF is enough
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1) For given  energy accuracy  per ion a  simple 
algorithm (N^3)  is enough: no (sign) problem

2) For correlation functions we need  an 
accuracy ~1/N (below the gap) unfortunately

3) I do not see any hope for this, so far any 
improvement (like DMC) reduces the 
energy accuracy by a factor at most.    

4) The realistic hope is the effective Hamiltonian
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A short review of  fixed node approximation

2

( )
2
hH V x
m

= − ∆ +

1) It works in configuration space x: electrons and spins given 

2) Given any wave function          an Hamiltonian  is found ( )G xψ

| |
   0  choice: ( )  ( )

|G G G
x H

H H H V x V x
x

ψ
ψ δ δ

ψ
= = + ⇒ = −

3) An effective hamiltonian is studied  ‘’closer’’ to H:

             ( )   with constraint x | 0eff
G GH H V xδ ψ= − >

Note: exact for bosons and in the classical limit 0h →
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Effective Hamiltonian  on a lattice

, ,

, ,

,

Given    Hamiltonian    and    guiding  ,   0 ( ) and :

         if x x   and  ( ) / ( ) 0
+ ( )=    -    if x x   and  ( ) / ( ) 0

       (1 )  

G G G

x x G x x G
eff

G x x G x x G

sf
x x

any H any H

H x H x
H H V x H x H x

H V

ψ ψ

ψ ψ
δ γ ψ ψ

γ

′ ′

′ ′

=

′ ′≠ ≤

′ ′= ≠ >

+ +

easy

,
0

( )   if  x x  

where:  ( ) ( ) / ( )

for 0 the ground state of    has the same signs of  ( )

0   for  best energy  fixed node Hamil

sf
G x x G

eff
G

x x  &  ψ (x )H /ψ (x)G Gx ,x

x

V x x H x

H x

ψ ψ

γ ψ

γ

′
′ ′≠ >′

⎧
⎪
⎨
⎪ ′=⎩

′=

≥

=

∑sign - flip     

  tonian  

1   effH Hγ = − =

From D. ten Haaf et al. PRB’95, L. Capriotti & SS PRB’00
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‘’Philosophy’’ of the approach

Assume there are physical Hamiltonian that describe  
a phase  and are therefore stable away from critical points:

H H Vδ→ +
The phase  remains stable  for physical perturbation  Vδ

With lattice fixed node we can simulate  H with several         : Vδ

If           is stable than we can say that         may represent
a ground state of some stable hamiltonian (not necessarily H)  

Gψ Gψ

For practical purposes           is taken by minimizing the energy of H Gψ
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Ground state Properties
of  stable HamiltoniansSolution of model Hamiltonians

Properties of ‘’reasonable’’
wave functions 

? ? ?

? ? ?

? ? ?

? ? ? ? ? ?

? ? ?
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Effective hamiltonian approach for
strongly correlated lattice models           

Outline of the lecture:

⎩
⎨
⎧ >•

•
•
•

42for      model   J-   teffective
0.2~J/tfor ctivity supercondu wave-d

 :model J- t then toApplicatio

ationReconfigur  Stochasticby    Lanczos   dGeneralize 
ionapproximat  node  fixed    the:approach  nal  variatio  theBeyond  

ion extrapolat    varianceand  algorithm  Lanczos  The  

   
 
 

CuOLa

 
2000 B Rev. Phys.  Capriotti L. &  Sorella S.

'98 PRL  Sorella S.
'98 B. Rev. Phys.  Sorella S. & Calandra M.

References

 2001  B Rev. Phys. Sorella S.

Kerkrade  24/2-1/3-2002
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The Lanczos algorithm in QMC:
From lattice model  to continuous models?

)
4
1 ( ..  jijiji nnSSJchPccPtH −++−= ∑ +

σσ

↑↓

P             Strong correlation 

O
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Lanczos with QMC on lattice models (L sites):
p+1

For p>1 Lanczos steps   #operation /MC ~ L

Always polynomial at fixed p.
Probably  improvement  to p! # operations

The question is how much computer effort is 
required for prescribed accuracy at given L.
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0.0 0.5 1.0 1.5 2.0 2.5

-1.17

-1.16

-1.15

Exact

4 holes 26 sites J/t=1

 

 

E
ne

rg
y 

pe
r 

sit
e 

<H2>-<H>2 

 Variational
 Fixed node
 Stochastic Reconf.

Variational energy for various QMC vs.  variance by 
VMC wavefunction with p=0,1,2 Lanczos iterations

The improvement in energy for both fixed node and 
present method (best) is irrelevant as far as energy ….
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On a 6x6 (not possible exactly) SR convergence is evident for p=2

2 4 62 4 6

-0.005

0.000

0.005

0.010 From ∆BCS-->0

 

 

From optimal ∆BCS

 p=2   p=3 VMC  p=1

 

 

Manhattan Distance=|x|+|y|
SR p=3  pairing   consistent within  3% (error bars)
FN+2LS   ============             20% 
VMC + 2LS    =========            70%   
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Lanczos method for continuous models?

Unfortunately for the first Lanczos step:

TT

TT

HH
HHH

Ψ++Ψ
Ψ++Ψ

)1)(1(
)1()1(

αα
αα

0      and 3
T →⇒+∞→ΨΨ αH

Only a statistical  method known with
Caffarel & Ceperley … or 

‘’backflow wavefunctions’’ (poor scaling)

tHe ∆−
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Projected BCS wave function on triangular lattice

GP-BCS BCSP= : projected BCS state

: ground state of BCS Hamiltonian
/ 2

† †
, ,BCS 0

L

k kk
k

f C C
↑ − ↓

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
∑

( ) ( ) ( )2 2/    k k k kk kf ε µ ε µµ⎡ ⎤= ∆ − + − + ∆ ∝ ∆⎢ ⎥⎣
→

⎦
−∞

( )

( )

† †
BCS , , , ,

,, ,

† † † †
, , , ,

1

h.c.

       h.c.

r r r r
rr r

L

r r l r r l
r l

l

H t C C C C

C C C C

σ σ σ σ
σσ

µ
′

↑ + ↓ ↓ + ↑
=

= − + −

⎡ ⎤
+ − +∆⎢ ⎥

⎣ ⎦

∑ ∑

∑ ∑

( )
/ 2

† † † †
, , , ,BCS 0

L

r r r r
r

l l l
l

C C C C
↑ + ↓ ↓ + ↑

⎡ ⎤
∝ −⎢ ⎥

⎦
∆

⎣
∑ ∑
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Marshall sign rule (W.Marshall, Proc.R.Soc.London 
Ser. A 232,48 (1955))

,
ij i j

i j

H J S S= ⋅∑ 0ijJ ≥
0ijJ ≤

: if i and j on the same sub-lattice
: if i and j on the different sub-lattice

i
i

x m= ∏ : bases ( )†
exp

Z
i

i B
U i s Sπ

∈

⎡ ⎤
= − +⎢ ⎥

⎣ ⎦
∑

†
dig offH U HU H H≡ = +

,

Z Z
dig i jij

i j

H J S S= ⋅∑

( )
,

1
2

off i j i jij
i j

H J S S S S
+ − − +

= − ⋅ + ⋅∑
( )
0 with 0
M

x x
x

f x fΨ = >∑

( )2
1i i i

Z
i i i i

S m s s m

S m m m

⎧ = +⎪
⎨
⎪ =⎩

Ground state of       :  H

( ) ( ) ( )
( )

( ) ( )

†
00 1

N xMM
x

x

i
i B

U f x

N x s m
∈

Ψ = Ψ = −

= +

∑

∑
: Marshall sign rule

k=0 
A1
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Fixed node approximation
(D.F.B.ten Haaf et al., PRB 51, 13039 (‘95))

Effective Hamiltonian with no negative sign problem

( )

eff

sf

                         if  0 and 

                   if  0 and 

+ 1+ ( )    if  

x x x x

x x x x x x

xx

H H x x

H H H x x

H x x x

γ

γ ν

′ ′

′ ′ ′

⎧ ′< ≠
⎪⎪ ′= − > ≠⎨
⎪

′ =⎪⎩

x
( ) ( )G Gx x x xH x H x′ ′′≡ Ψ Ψ

( )G Gx xΨ ≡ Ψ
x xH x H x′ ′≡: spin configurations : matrix elements

: variational (guiding) wave function

A standard Green function MC for effective Hamiltonian

γ : positive constant

( ) ( ) ( )eff eff
init G 0

n
nx G x xϕ →∞⎯⎯⎯→Ψ Φ

eff
0Φ : ground state 

of effHeff eff
x xx x x xG Hδ ′′ ′= Λ −
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Fixed node approximation (II)

1. same phase as 

2. variational state for      better than ( )eff
0 xΦ

( )G xΨ

H

eff eff eff eff
0 0 0H EΦ = Φ

0 0 0H EΦ = Φ

eff eff eff
G G 0 0 0 0H E H EΨ Ψ ≥ ≥ Φ Φ ≥

( )eff
0 xΦ

( )G xΨ
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1D limit (J’=0)
Projected BCS wave function: 
|BCS>: ground state of BCS Hamiltonian

GP-BCS BCSP=

up to 3rd neighbors, 
Ground state properties well described (Gros et.al.)
Low-lying excited states (spinon): †

G ,k BCSkP γ ↑=

( )

( )

†
BCS , ,

, ,

† † † †
, , , ,

1

h.c.

       h.c.

i j
i j

L

l i i l i i l
i l

H t C C

C C C C

σ σ
σ

↑ + ↓ ↓ + ↑
=

= − +

⎡ ⎤
+ ∆ − +⎢ ⎥⎣ ⎦

∑

∑ ∑

l∆ 3l ≤
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Benzene molecule

Jastrow+AGP changes the nodes!
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0 1 2 3 4 5 6 7 8 9 10

-0.01

0.00

0.01

0.02

0.03

242 sites U/t=4

 

 

F(
R

)

R// (1.0)

 βt=8
 Fermi sea (∆BCS->0)

NccccNF iRiRiiR ↓↑+↓+↑ +−= 2
The Cooper problem in an insulator
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0.00 0.05 0.10 0.15 0.20
0.0

0.2

0.4

0.6

0.8
 ∆=0            (metal)
 ∆

AF
=0.1      (band insulator)

 ∆=0.05        (superconductor)
Projected    (RVB insulator)

 

 

Z c  (
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in
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th
)

1/l (side length in a lxl cluster)

Definition of RVB insulator: pairing strenght
∑=

distances all

2/|distance)shortest (| Rc FFZ

Qualitative new physics from strong correlation

1) The anomalous averages F vanish
for all R in all  insulators (no supercond.)

2) The pairing strength is finite in the RVB
state obtained by projecting out doubly 
occupied sites in a BCS wf.
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Recent results on the Hubbard model:
E. Plehanov, F. Becca and  S.S.  cond-mat/0404206

Even in the antiferromagnetic phase
the insulator is highly non trivial (RVB)

Exact results (          ) from auxiliary fields ∞→τ
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A Jastrow long range correlation (GWF+J) can
drive a metallic Fermi sea to a Mott insulator!!
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Projected BCS WF on triangular lattice

(P.Fendley,et al., PRB 
66,214513 (‘02))

,
,

exp( 1/ 2 v  )z z
i j i j BCS

i j
S S P− ∆∑

,vi j

,i j∆2x1!

short-range spin Jastrow factors 
(up to 4-th nearest neighbors)

The wave function is translation invariant  after projection!

: positive
: negative ,i j∆
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Projected BCS WF on triangular lattice

(P.Fendley,et al., PRB 
66,214513 (‘02))

2x1!

The wave function is translation invariant  after projection!

According to Wen (PRB’02) the physical translation can be 
recovered after a gauge transformation:

, ,( 1)     ( , )y
R Rc c R x yσ σ
+ +→ − =

: positive
: negative ,i j∆
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0 , , ,, ,
,

exp( ) 0            i j i j j ii j
i j

P f c c f fψ + +
↑ ↓= =∑

, , , , ,
, ,

, ,

h.c.

           2cos( )
for -
the corresponding  pairing function:
                /

BCS k k k i j i j
k i j

k x

i j i j

H c c c c

k

f

σ σ
σ

ε

ε µ
µ

µ

+ + +
↑ ↑= + ∆ +

= − −
→ ∞

≈ ∆

∑ ∑

The signs of  f are such to cancel the fermion sign 
(the permutation of the pfaffian) and the short range RVB
is obtained, i.e. the spin liquid wf of the QDM!
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Comparison of variational energy (J’/J=1.0)

-0.53563(4)Present (gapped)

-0.53191(9)Neel ordered [1]

-0.52892(4)Long range  RVB with

-0.51219(5)short range  RVB

Variational energy in the       
thermodynamic limit

0µ =

[1] Huse & Elser, PRL 60, 2531 (‘88)
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Property of the wave function

( ) ( ) ( )ie Z ZS S S= +∑ q l

l
q r r liSpin structure factor:

Short-ranged spin 
Jastrow factor is   
not enough to induce 
magnetic ordering  
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Isotropic triangular lattice with J’/J=1.0

Green function Monte Carlo
Spin correlation function:

( ) ( ) ( )i Z Z iC l S r S r lτ= +

Spin liquid state unstable 
toward classical Neel state
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Spin structure factor for J’/J=1.0

max/ 0.351 0.003m m = ±

0.41(2)Stochastic reconfiguration [1]

0.4773(1)Linear spin wave

0.529??FN (Neel) [1]

Order parameter:

Starting from a spin liquid 
a reasonable lower bound

[1] Capriotti, Trumper, SS, PRL 82, 3899 (‘99)

?

Exp. ~0.45 (organic) at J’/J=1.8
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( ) q q
q

H J q S S −= ⋅∑

( )4 1,0qQ π=

Find      whereQ ( )
0 

i

J q

q

∂
=

∂

where

( ) ( )sin ,cos ,0S r S Q r Q r= ⋅ ⋅Spin configuration:

( )cos 2 2q J Jπ ′= −
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Spin structure factor for J’/J=0.7

Incommensurate 
peaks at Q*=(q*,0)

No long range order
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“Boundary” of the two spin liquid states
Variational and FN energies 

C / 0.6 0.7J J′ ≈ −
Boundary is at about
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Dimer-dimer correlations for J’/J=0.7

( ) ( ) ( ) ( ) ( ) ( ) ( ) 2z z z z z zD l S S S l S l S S= + ⋅ + + + − +r r x r x r x x r r x

Spin liquid  is stable
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Numerical methods for 2D t-J model

RVB

II) FN (fixed node):   minimize the energy
with the same nodes of |p> Exact for p>>1 

RVBHHp p
p )...1( 1 αα +++=

p Lanczos steps
Minimize the energy  in the Krilov basis:

I) Lanczos: Given a good ansatz
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What about the RVB when  doping ?  

Hole-hole correlation function 
0.000 0.005

-0.785

-0.780

-0.775

-0.770

-0.765

-0.760

-0.755

-0.750

with Jastrow
no Jastrow

Exact

26 sites J/t=0.5 4 holes

En
er

gy
 p

er
 si

te
Variance

 Quadratic fit

1 2 3 4

0.016

0.018

0.020

0.022

0.024

4 holes J/t=0.5 

N
(|R

|)

|R|

 VMC
 VMC with Jastrow
 Two Lanczos steps
 Exact
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lkji

cccc      
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0,,0 ψψPairing ?

i

j l

k
j

lkj

d-wave <0

1 2 3 4

-0.005

0.000

0.005

0.010

0.015

0.020

26 sites 4 holes  J/t=0.5
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Distance

 VMC 
 = +1 LS
 =+ 2 LS
 Extrapolated 
 Exact
 VMC no pairing
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This reduction looks irrelevant

0.00 0.05 0.10 0.15 0.20
0.0

0.2

0.4

0.6

0.8

1.0

δ~16%

 J/t=0.4
 J/t=0.5

 

 

P d(σ
=0

)/P
d(V

M
C

)

1/Side Length

distancelargest  at the 

       2     P 0,,0d ψψ lkji ∆∆= +

S. Sorella et al. PRL 2002
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Superconductivity from strong correlation t-J model

distancelargest  at the 

       2     P 0,,0d ψψ lkji ∆∆= +

But t-J alone overestimate pairing at small    δ

0.1 0.2 0.3 0.4

0.04

0.06

0.08

0.10

0.12

0.14

0.16

0.18

8x8  empty
242  full

J/t = 0.4

 

 

P d

δ

 VMC
 FN+1LS
 FN+2LS
 0 variance

S. Sorella et al. PRL ‘02

9
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The famous
experiment             vs.     ab initio  calculated t-t’-J…

In the right direction...      

V. Anisimov S.S. et al. PRB’02

42 CuOSrLa xx−

0 .0 0 .1 0 .2 0 .3 0 .4 0 .5
0 .0 0

0 .0 5

0 .1 0

0 .1 5

0 .2 0

8 x 8   L D A + U   t-J  m o d e l

 

P d

x

 V M C
 S R  p = 1
 S R  p = 2

From Tranquada et al. PRL ‘97

10
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The variational parameter :
)cos(cosvar yxk kk −∆=∆

increases for x (         ) 0

Thus explaining photoemission pseudogap
(Paramekanti, Randeria, Trivedi, PRL ’01)

doping
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1 10

0.01

0.1
2 Chain Ladder J/t=1  16 holes
  The VMC |Anderson RVB> + Jastrow is ''OK''
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 Exact   (DMRG (m=500)) 
 VMC
 FN
 FN+1LS

0 5 10 15 20
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|  VMC no Jastrow 
 VMC |Anderson RVB> + Jastrow
 Exact (QMC)

Check on low dimensional systems
where ‘’exact’’ solution known
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By QMC, the wavefunction can be sampled 
Just like a Jastrow-Slater determinant, where:

More correlation for free!!!

If we have to use the Jastrow, it is just more 
accurate to use the J+AGP

Natural question, is it enough AGP ? If so:
Everything with little more than GAUSSIAN

occupancy) double (no -r)    v(r,),v( expJastrow
ji

∞=⎥
⎦

⎤
⎢
⎣

⎡
= ∑

<
ji rr
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RVB variational wavefunction for lattice models

0
bondSinglet 

   )(exp

 

,,,,
,

,
+
↓

+
↑

+
↓

+
↑ += ∑ ijji

ji
ji ccccfBCSψ

dispersion electron free the

function gap BCS the iswhere

  

  

22
   

k
k

kkk

k
kf

ε

εε

∆

∆++

∆
=

),( ↓↑∏== i
Pairs

iN rrfAAGPBCSP

General: 

metal (no pairing)   
Band Insulator 

Superconductor  

)( Fkkf εε <Θ=

Fkf εε ~   0 k≠

dispersion particle  Single =kε
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),( ↓↑∏== i
Pairs

iN rrfAAGPBCSP

General: 

metal (no pairing)   
Band Insulator 

Superconductor  

)( Fkkf εε <Θ=

Fkf εε ~   0 k≠

dispersion particle  Single =kε

JAGP = J x AGP RVB    
Fkf εε ~   0 k≠

But insulator

New phase

)),(exp( j
ji

i rrvJ ∑
<

=
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Definition of spin liquid

A spin state with 

no magnetic order (classical trivial)
no broken translation symmetry (less trivial):

no Dimer state
(Read,Sachdev)

is a spin liquid

Neel
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Square lattice with J’/J=0.33

( ) ( ) ( )i Z Z iC l S r S r lτ= +

Stability of the spin liquid 
Spin correlation function:

Spin liquid unstable toward 
AFM long range ordering !!

(A.W.Sandvik, PRL 83, 3069, ‘99)
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Experiments from:
Coldea et al (PRL ’01)

PRB ‘03

J’/J=1/3 
J=0.375meV

“J” between planes ~1K
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κ −

2 2 3(ET) Cu (CN)κ −

Spin Liquid ?

Shimizu et al. PRL ‘03

/ 1.8J J′ ≈/ 0.9J J′ ≈

J=250K !!!
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Methods

0,
,,,∑

=
+

↓
+
↑

ji
jiji CCf

eBCS

Variational quantum Monte Carlo (QMC) method
Projected BCS wave function: 

: GS of BCS Hamiltonian

Resonating valence bond states from PBCS 
QMC with Fixed node appr., (D. ten Haaf et al. PRB’95)
to study the stability of the spin liquid state.

GP-BCS BCSP=

(S. Sorella, PRB 64, ‘01)

potential Chemical          :Notice           

h.c.)(

,

,,
,

,,,
,,

,

µ

σσ
σ

=

+∆+−= +
↓

+
↑

+ ∑∑

ii
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ji
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ji

jiBCS

t
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2D with J’/J=0.33

Gapless excitations
S=1/2 

Fractionalization in 2D!
see e.g. X.G. Wen or M. Fisher

Bogoliubov QP spectrum:

k kξ ε µ= −

2 2
k k kE ξ= + ∆

No particular d-wave or s-wave symmetry due to anisotropy
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Projected BCS WF on triangular lattice

(P.Fendley,et al., PRB 
66,214513 (‘02))

The wave function is translation invariant  after projection!
The physical translation can be recovered after:

, ,( 1)     ( , )y
R Rc c R x yσ σ
+ +→ − =

: positive
: negative ,i j∆

A new description of this spin liquid (i.e. translation invariant)
with a BCS hamiltonian that is generally gapped, as:   

2 spin ½ per unit cell

2x1!
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Projected BCS WF on triangular lattice (II)

WF consisting of

nearest neighbor hoppings

up to 4-th nearest neighbor 
pairing functions (15 independent 
pairing functions in total)

chemical potential   

short-range spin Jastrow factors 
(up to 4-th nearest neighbors)

µ
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0 , , ,, ,
,

exp( ) 0            i j i j j ii j
i j

P f c c f fψ + +
↑ ↓= =∑

, , , , ,
, ,

, ,

h.c.

           2cos( )
for -
the corresponding  pairing function:
                /

BCS k k k i j i j
k i j

k x

i j i j

H c c c c

k

f

σ σ
σ

ε

ε µ
µ

µ

+ + +
↑ ↑= + ∆ +

= − −
→ ∞

≈ ∆

∑ ∑

The signs of  f are such to cancel the fermion sign 
(the permutation of the pfaffian) and the short range RVB
is obtained, i.e. the spin liquid wave function  of the 
Quantum Dimer Model  with a correlation length  very short.
(Fendley, Sondhi et al. PRB ’02).
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Property of the wave function

( ) ( ) ( )ie Z ZS S S= +∑ q l

l
q r r liSpin structure factor:

Short-ranged spin 
Jastrow factor is   
not enough to induce 
magnetic ordering  

9
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Comparison of FN (GFMC) energy (J’/J=1.0)

FN energy in the       
thermodynamic limit

-0.5458(1)stochastic reconfiguration [1]

-0.54044(5)present

-0.5388090linear spin wave theory

-0.53726(5)Neel ordered [1]

[1] Capriotti, Trumper, SS, PRL 82, 3899 (‘99)
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Isotropic triangular lattice with J’/J=1.0

Green function Monte Carlo
Spin correlation function:

( ) ( ) ( )i Z Z iC l S r S r lτ= +

Spin liquid state unstable 
toward classical Neel state

8

18x18
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Spin structure factor for J’/J=1.0

max/ 0.351 0.003m m = ±

Order parameter:

Starting from a spin liquid :

[1] Capriotti, Trumper, SS, PRL 82, 3899 (‘99)

?

Exp. ~0.45 (organic) at J’/J=1.8

0.41(2)GFMC [1]

0.4773Linear spin wave

Starting from ordered state :

GFMC
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Spin structure factor for J’/J=0.7

Incommensurate 
peaks at Q*=(q*,0)

No long range order

5
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Stability against dimerization
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Summary

Possible spin liquid (SL) state in 2D
Two different SL? 
Gapless vs. gaped?
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Correlation plays a  crucial role:

1) No way to have superconductivity in a model
with repulsive interaction. 

HTc not explained, HeIII,  spin liquid (organic)

We should optimize the RVB wavefunction
in presence of its Jastrow.
QMC only for correcting the HF is meaningless

12

2) No way to obtain insulating behavior with 
a model with 1el/unit cell (Mott Insulator).

This is instead possible with correlated Jastrow
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Why RVB wavefunction should work 
for molecules? 

Van der Waals  forces are included  by Jastrow

In a complex system the molecular orbitals
are often nearly degenerate 
Resonance Valence Bond approach  OK 

13

A molecule has a gap ‘’insulator’’
Why not RVB insulator ?
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Computational complexity now N^4

In QMC for given accuracy (e.g. Kcal/Mol)
Cost=  N^4 ,  as sampling length=M~N.

 N^2dimension linear  has      where    
:solve  tohas One
sfsx =

N^6 ???  

),~(   where  s 
: thatand grad. conj.exploit  can  One !!No!

2NNMMMM == +
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The Beryllium  atom

22 21 ss 22 21 psand                    similar energy

Thus it is better to have 4 Slater determinants 

∑
=

↓↑↓↑↓↑↓↑ ++=
zyx

jpipjsisjsisji rrrrrrrrf
,,

222p222s11 )(  )()(  )( )(  )(),(
µ

µµ
ϕϕλϕϕλϕϕ

Instead with the AGP wavefunction:

Only one 2x2 determinant instead of 4 !!!
(M. Casula & S.S JCP ’03)
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Size consistency (for complete Jastrow)

• A far from B      E = energy , S= spin

BABA EEE +=+

HF) than (more  2/1  and  0
Fock)-Hartree (as                 

, ==
+=

+

+

BABA

BABA

SS
SSS

The wavefunction is always size extensive
for a macroscopic system (join small pieces)

AGP is not size consistent but JAGP in most cases
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)( )()(      general in ,,
,

,
,, rrurrgv jbia

ji

ba
jirr ′−+′= ∑′ φφ

Many variational parameters….

)()),(exp(
, ↓↑∑

<

=
ji rrj

ji
i fDetrrvRVBx

1g and   regiondimer   thein  1)( where

)2)((exp)),(2/1exp(  

),( pairsnuclear   N/2   withgas   thein  ..

,

2

),(
,

,

2

>>≅

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−== ∑ ∑∑

(a,b)r

rgrrvJ

baHge

ba

ba j
jbaji

ji

ii

kk

kk

φ

φ

Gutzwiller projection term !!!

16
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Size consistency with J+BCS (RVB) 

• C  is a triplet             and                with the same spin

yp2xp2

xp2

yp2

A B

[ ]↓↑−↑↓→
2

1

[ ]↓↑−↑↓→
2

1

10

To have a singlet out of two triplet 6 determinants  (no doubly occupied) 
or  use JAGP (all det) and pay something in size consistency
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xp2

yp2

A B

With J+BCS we can have 2 spurious terms such:

or

That can be  substantially eliminated by the Jastrow,  suppressing double-occup.

However:
9
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DMC on the lowest energy JAGP wf.
Old technique non variational (often unstable)
with nonlocal pseudopotential

New (M.Casula C.Filippi and S.S.) PRL05

LatticeRegularizedDiffusionMonteCarlo

Very stable variational upper bounds of the 
pseudo Hamiltonian energy.

Key idea: on a lattice all interactions are nonlocal
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Size consistency with J+BCS (RVB) 

• C  is a triplet             and                with the same spin
yp2xp2

xp2

yp2

A B

To have a singlet out of two triplet 6 determinants  (no doubly occupied) 
or  use JAGP (all det) and pay something in size consistency

[ ]↓↑−↑↓→
2

1

[ ]↓↑−↑↓→
2

1

10
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The challenge of hydrogen-bonded systems...

Weakness of the interaction

Variety of source:
Electrostatic, covalent bond, VdW

All electrons calculation
0.9572 A

HF
B3LYP
VMC-HF
VMC-B3LYP

VMC 1pTVZ
VMC (2s3p)

-76.063
-76.469
-76.327(5)
-76.334(5)

-76.3746(2)
-76.3646(4)

-76.438 h

DMC                   -76.4211(3)

DMC B3LYP       -76.4230(1)
CCSD(T)-R12     -76.4373

Bendel et al. J.Chem.Phys. 125 104302 (2006); W.Ermler J.Chem. Phys. 61,5362(2001);H.Muller et al. Mol.Phys. 92,535 (1997)

052.104=θ

From scratch
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1 2 3 4 5

-1.15

-1.10

-1.05

-1.00

ZPE=0.187(3) eV
R eq.= 1.400(3) a.u.

 

 

En
er

gy
 (H

)

R (a.u.)

 RVB
 Exact (DMC)

Accurate description of the molecule at any R


