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Outline

e Diffusion Monte Carlo (DMC) methods: the algorithm on a lattice
— Non local pseudopotentials and locality approximation
— Lattice regularized Hamiltonians
e Variational theorem for Lattice regularized Hamiltonians
e Lattice regularized Diffusion Monte Carlo
e Application to some realistic systems
— Iron dimer
- Benzene dimer
- From Silicon atom to bulk Silicon
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The algorithm on a lattice

e.g. for thelD Heisenberdd =J>' S §,

X)=|tiitrirtiL)

The matrixelement are givenanc canbe compute

e.g.H,, =(X|H|x)=J /2 for X # x(spin-flip)

A guidinc functionis given(canbe computed
~ Y (x) such thatly (x)| >0
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Thelocalenergy. e (x) = > &g (X)H ., (s (X)
isdecomposeihto: e (x) =H, ,.+V " (x) -V (x)

VE) =t W (X)H o, 96 (%)

X'|£5, >0

0 (diagonalslonotmatter) x' = x
' < . p /
8Os (X)H s (X)] X # X

Casd (nosignproblems,., <0) V' (x)=0
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Samplin¢the probabiliy :
M) Dy (x| e e ) - ¢ (e Yy (x)

Markov chain: walker (x,,w,)= w,|X,)
1) t=0: X, =|%,) W,=1
2) t. =Min(=Inz/V (x,),T-t)
3) Wi, =W, exp[-tre (x)]

if t+t, <7

I) fOr X' g Xt px',xt =—H x’,xth(X')/wG(Xt)/V_(Xt)
i) Choosex,,, =x"withprob.p,, (O P, =1
i) t=t+t;
gotostep2

else

Wehavedone!!
endif
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Casdl (signproblemsomes,, >0) V" (x) Z0

Reminds
Thelocalenergy. e, (x) = > ¢s(X)H ., [¢/5(X)

isdecomposednto:e (x) =H , +V 7 (x) -V (x)

V (X) * ZwG(X)Hx x/l//G(X) +Z¢/G(X)H;x/¢le(x)

X ‘+s >0

(0 (diagonalslonotmatter) x' = x
Sx' X =9 I I
| LSgn[wG(X )H x'fwa(X)] X # X
H® =H + @+ )0
O,,=0, V (X)—H,

y=0H “'* = 0andwecanapply thesamel

< \ > Advanced school in quantum Monte Carlo in physics and chemistry

—s22% ) January-2007 Diffusion Monte Carlo methods with non-local potentials (Sorella) 6
SISSA-



Samplin¢ the probabiliy :
M) D (x| e™ " We) » ¢ (e (%)

Markov chain: walker (x,,w,)= w,|X,)
1) t=0: X, =|X,) W, =1
2) t, =Min(=Inz/(V " (x,)+W " (x,)), T —t)
3) Wy, =W, exp[-tre (x)]
if t+t, <7
. , “HLL ML ,
)for X' # X Py y, :V—(Xt)+W+(Xt)¢/G(X)/wG(Xt)>0
i) Choosex,, =x"withprob.p,, O P, =)

i) t=t+t;

gotostep2
else
Wehavedoné!!
endif
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TheoperatorO canbesmall:

Indeed<¢’e ‘O‘ X> = (X)V 7 (X) = Zl/le (X)H, =0

X'|£8, >0

W H en) _ Wen [H Wen) (W |H " Ws) _ (Ws|H|ws) _

S By, = = < = E

<(/jG ‘(/jFN > <wFN ‘wFN > <‘/jG “//G> <l/JG ‘(/JG> ~ Mme

O isnonnegativalefinite, PRB'91.. blackboargroof,then:

e = Wen [Alde) _ e [HT — A Oy )  Wen [H T W) _ )
<¢FN ‘wFN> <¢FN ‘wFN> <¢FN ‘wFN>

Bua() = 2, M(x)e (x)
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Why H® =H + 1+ y)O?

-1
fory=" H® =H (thephysicabne)

for all y, thegroundstateenergyE,,, (y) of H*'

2
IS monotonichMA(y) > 0and (:onvexd Eth(y) <0
dy d°y

fory=0 H® hasnosign problem
its groundstatey, " isuniqueandy " (X))@ (X) >0

1 Advanced school in quantum Monte Carlo in physics and chemistry
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Pure energy estimate

For the ground staf  H " = H + (L+ ))O

dEI\/IA(y) > O

dy
E.y(¥)=<H > andE,,(y)=<H® >

Hellmann-Feynman theoren» < >=

E,=E. () =<H% —(@1+))O>=E,,.()) - 1+) dE . (¥)

dy
E.(y=0) is the best bound with no sign problem
dE d°E
dy d°y
Advanced school in quantum Monte Carlo in physics and chemistry 10
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1D J1-J2 (toy) modell2 sites

R <. — -0.3821 ——— ————r

2E, ,(y=0)-E, ,(y=1) | }

QMC possible I

E (V)

-0.3823}

ol
-1.0 -0.5 0.0 05 1.0
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1D J1-J2 (toy) modell2 sites

Wrong nodes

QMC possible

Advanced school in quantum Monte Carlo in physics and chemistry
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All this approach can be generalized and extended
to Hamiltonian defined in the continuous space

All wehaveuseds thatfor
thenumberof matrix elements

(X

But x canbelongto thecontinUOU$pace}

H x> canbeevaluated,e.isfinite

We call this type of Hamiltonian:
Lattice Regularized Hamiltonian (LRH)

Important remark, for LRH the algorithm is ergodic >
The simulation is not restricted to the nodal pocket
1y #0,y=0 (theusualapproachjs special.

Advanced school in guantum Monte Carlo in physics and chemistry
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Can we ‘lattice regularize” the physical Hamiltonian?
2
h
2m

Namely to find a parameter ‘'a’”’ such that:

H* - H fora- 0 H® isaLRH Oa>0

H A+V

Motivations:
e The exact Green function can be sampled for LRH hamiltonians:

no approximations, no particular care to have finite variance algorithms.
e For > () everything is rigorous 100%.
e For J = O the simulation may be restricted to one nodal pocket and we
need the tilling theorem, when it applies.
e No restriction to non local operators appearing in H, LRH are always

non local by definition.

Advanced school in quantum Monte Carlo in physics and chemistry
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Pseudopotentials

. For heavy atoms pseudopotentials are to re

duce the computational time

d Usually they are

In QMC angular momentum projection is calculated

by using a quadrature rule for the integration

S. Fahy, X. W. Wang and Steven G. Louie, PRB 42, 3503 (1990)
Il Discretization of the projection->

Lattice regularized Hamiltonian term
(X' Ve[ X) =V
X is given and x'is on afinite mesh around the
pseudo atom R suchthat |F/ -R|=|7-R|
for k =1,...., p (e.g.p = 6is already good for C, Si,...)

Advanced school in quantum Monte Carlo in physics and chemistry 15
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The pseudo potential acts on single particle wavefunctions
with a reference centered on the pseudoatom we have:

VP = Vloc(r) + ZV !
Vig(r,n) =v' (O] di' Y Y @Y, o (Mg (r, /)

=4T’1jdﬁ'|3| (A Y (r,n") D—Z B (n iy )¢ (r.n)

rin

Advanced school in quantum Monte Carlo in physics and chemistry
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Locality approximation

Locality approximation in DMC
Mitas et al. J. Chem. Phys. 95, 3467 (1991)

Effective Hamiltonian HY containing the localized potential:
P
ZVX’,wa (X')
VH(x) ==X
Ys(X)

the mixed estimate is not variational since

(Wo [H|WR) _ (Wru[H[WR)

LA GS f LA
AT (T R

® in general it will depend on the shape of W

(locality is exact only if W, is exact)

Advanced school in quantum Monte Carlo in physics and chemistry
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Locality approximation drawbacks

enon variational results:
The energy may be good but we do not

really know if it corresponds to a good
wavefunction close to the ground state.

edependence
on the guiding wave function

esimulations less stable
when pseudo are included divergencies
appear in the localized potential

Advanced school in quantum Monte Carlo in physics and chemistry
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But what about the Laplacian?

=\ Advanced school in quantum Monte Carlo in physics and chemistry
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Lattice regularization

Kinetic term: discretization of the laplacian

Laplacian with finite differences in the 1D case:

d_z2 £ (x) = f(x+a)+ f();—a)—Zf (X)
0)4 a

+0(a’)

General d dimensional case:

4. T, +T_, -2l
A-p, =) 22— +0(a’)

a 2
=1 ]

where TéLPT (Y) — LPT (Y + él) are translation operators.

hopping term t-1/a2 where a is the discretization mesh

Advanced school in quantum Monte Carlo in physics and chemistry
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L attice discretization with two meshes

Double mesh for the discretized laplacian

AW(x)= pA,W(x)+(@A- p)A,WP(x)+0O(a%a")
N—— O ———
a finest mesh, a’ largest

p is a function which sets the relative weight of the two meshes.
It can depend on the distance from the nucleus:
if a<a’, p(0)=1 and p(«)=0
1
1+ yr?
Separation of core and valence dynamics for heavy nuclei
by means of two hopping terms in the kinetic part

Our choice: P(r) =

y=2°14

Moreover, if a’is not a multiple of a, the random walk can
sample the space more densely! a'/a :\/ZZ [A+1

) Advanced school in quantum Monte Carlo in physics and chemistry 21
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Two hopping terms

Example: 1D system with 2 electrons (1 up, 1 down) and PBC

a' =2a

a’=\@a

Advanced school in guantum Monte Carlo in physics and chemistry
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Lattice regularized Hamiltonian

Definition of the lattice regularized Hamiltonian

H a :”aAa +Va

» Continuous limit: for a>0, H,>H If N, — 1

» Local energy of H, = local energy of H

=D V(X)) - VE() =V(X) +(Aawe(x) _ALIJG(X)j
W (X) W.(X)

> I7a . rescaling factor of the discretized kinetic energy

Faster convergence in the lattice space a!

M. Casula, C. Filippi, S. Sorella, PRL 95, 100201 (2005)

) Advanced school in quantum Monte Carlo in physics and chemistry
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Convergence for C 7,

-5.41 ——m—————r—————————————

_"SISSA”

LRDMC K=0,(a /a)’=10
O LRDMC PRL

LRDMC K=7.37 (a/a)’=10
5 44F% LRDMCK=3.2 (a/a)’=5

Energy (H)

S. Sorella, M. Casula, D. Rocca, J. Chem. Phys. 127, 014105 (2007)
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The Silicon metal insulator transition

A A A
S
Q 10641 o 64 Si-diamond (Insulator)
= A 64 Si B-tin (metal)
S 2
© —_
L -106.8} 1
> @ o @ —@
Sk
Q
I

0.0 0.1 0.2 0.3
2
a

But it depends on the pseudo and on the # pseudoatoms
e.g. K=2 for a single Silicon pseudoatom (Dolg,Filippi)
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Pure energy estimate even for O non positive

For the ground staef H ' = H + (L+ )07

< Oa’ o dEMA(y)
dy

E.y(¥)=<H > andE,,(y)=<H® >

Hellmann-Feynman theorenr®

E,2E. (y)=<H® -1+ )07 >=E,,.(y) - A+ )) dE A (V)

dy
E.(y=0) is the best bound with no sign problem
dE d°E
dy d°y
Advanced school in quantum Monte Carlo in physics and chemistry 26
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From LRDMC back to the locality approximation

Thelocalenergy. e, (x) = > ¢s(X)H ., [¢/5(X)

isdecomposednto:e (x) =H , +V 7 (x) -V (x)

VE(x) = Z%(X)Hxx/%(x) +Z¢/G(X)H W (X)

X'|£s¢ x>0

(0 (diagonalslonotmatter) x' = x
' < . p f
w7 kggn[wG(X )Hx',wa(X)] X # X

H® =H +(1+))0"
0., =3, V' (X)-H +a(5 Va(x) Ve, X)
y=0a=1- Locality y=a=0- LRDMC

Advanced school in quantum Monte Carlo in physics and chemistry 57
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® a=0
1 a=05
A a=09
-3.756 F
-3.762 |
B 3788 |
fudt :
o -3.759 |
I I
~ 3762 |
a .
= -3.765 |
-
@
E -3.751 |

_"SISSA”

-3.753

2f°)  January-2007

SI pseudoatom

Soft _E—

-3.749 |

VMC energy - FN energy (Hartree)

Advanced school in quantum Monte Carlo in physics and chemistry
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Silicon N=64 diamond V/N (A"3)=19

a E.. /N
0 (LRDMC) | -106.894 +/-0.01
0.5 -106.858+/- 0.015
1 (LOCALITY) -106.831+/- 0.01

Quite generally we expect that for systems
with no rotational symmetry a =

=%\ Advanced school in quantum Monte Carlo in physics and chemistry

E January-2007

“SISSA”
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Scandium

4223d" > 45 3d'*1 excitation energies

eV VMC DMC LRDMC
2 body 1.099(30) | 1.381(15) | 1.441(25)
3 body 1.303(29) | 1.436(22) | 1.478(22)
Experimental value: 1.43 eV
LRDMC: two simulations withy =0 angr=1

_"SISSA”
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Estimating the nodal error

C 6s6p contracted 1s1p (HF)
C 6s6p contracted 2s1p
® C best 6s6p+Jastrow spin+//cusp

" Initérpolation’ >
— Best Variational estimate
T
> 1 LRDMC E=-5.4200(2)
(@)
S
)
-
LLI
5420} 1 Estrapolation -
MD ' ' E= -5.423(1)

-1.0 -0.5 0.0 0.5 1.0

Similar things were done by Koonin PRL’'94 g>0 possib le by QMC g =>-1 by extrap.

For large systems we choose the simplest LRDMC with 6s6pc2slp y O

Advanced school in quantum Monte Carlo in physics and chemistry
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What the meaning of /7 ?

LRDMC has perfect importance sampling without rejection:

Samplin¢the probabiliy :
M) 0@ (0(x|e™ e ) = [Tdx(]expt-] dte, (x,))

Theintegratian over thgathsx(t),0<t <1 isexact
butcontinuougenerigpathsarereplacedy

piecewiseconstan{in time)pathswith stepsi\x = afor A7 = a”.

By choosings >1 oneisconsideriig thesamepaths

N7 D (x| €™ ) = [[ex(0)] exp(—% [ dte, (x,))

o=\ Advanced school in quantum Monte Carlo in physics and chemistry
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This overcomes the smaller diffusion rate
due to the discretization In time and space

45k
5.0F

Local Energy e  (x(1))

00 05 10 15

=\ Advanced school in quantum Monte Carlo in physics and chemistry
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Diffusion rate in LRDMC
<§2>:D:<[ﬁ,[H,ﬁ] >= el

Buton alattice:

D* =<[R[H*RI>= (2 ¥ (T5 +T,%) )< el

H=X,Y,Z,i

1.00

rl_L_l_ALIJﬂ[iJ\IE] v

0.95 -\ \%

0.90 F \ —o—LRDMC D_/D=1+ 0 (a') 7

: \LRDMC D,/D=1+ 0O (a’)
.85 F .
0.80 F Carbon pseudoatom -
o7s b o~
0.0 0.5 1.0

2
a

D /D
o

Advanced school in quantum Monte Carlo in physics and chemistry
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Energy (Ryd)

Energy (Ryd)

_"SISSA”

Stability

Carbon pseudoatom (He core, SBK pseudo)

off diagonal pseudo

localization approximation ---------
L 1 , I , L

500

1000 1500 2000 2500 3000 3500 4000

Advanced school in quantum Monte Carlo in physics and chemistry
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Stability

nodal surface

— non local move

+

A locality approximation - large and negative attractive potential
close to the nodal surface

(it works for good trial functions / small time steps)

d non local move - jumps the divergence and crosses the node
(the nasty negative contributions in the locality approximation are
good non local matrix elements in the non local DMC scheme)

Advanced school in quantum Monte Carlo in physics and chemistry
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DMC vs LRDMC

extrapolation properties

DMC LRDMC

For each a

Trotter approximation . . .
HP well defined Hamiltonian

Time step 1 extrapolation Lattice space a extrapolation

1 (1?) dependence a? (a*) dependence

\/; =—a ——> same diffusion constant

Efficiency (CPU time to have the same statistical error) [] r‘l(a_z)

Advanced school in quantum Monte Carlo in physics and chemistry
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Non local DMC (Casula '06)

Three steps in the evolution of the walkers: the non local move is
the new one introduced in the non local DMC scheme

Gyye (X > Y,T)  diffusion + drift (with rejection)

Wy (X) = exp{—{K Vo )+ SV ,x)—/\}}

(X - y) =T (y,X) /W, (X) non local move (heat bath)
W (X) = exp{—rZV‘ (y,x)}

— A T(EL(X)-A)  weight with local energy
W(X) —€ (it includes the contribution from both
diffusion and non local move)

Advanced school in quantum Monte Carlo in physics and chemistry
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Error in the discretization

Discretized non local pseudopotential

€

discretization error reduced
by the randomization of the quadrature mesh

Discretized Laplacian

e discretization error reduced
by the introduction of a double mesh

4
v

Advanced school in quantum Monte Carlo in physics and chemistry
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Silicon

Si pseudoatom

-3.7615 | _ + + |
; o :
& + : ®
» -3.7625 | -
o
5 LRDMC @ |
L non local DMC —#—
@ .37635 | standard DMC s-+--de-eer
i )]
L
LLj
-3.7645 | 4 : ; |
- .L H
-3.7655 : : : :
0 0.01 0.02 0.03 0.04 0.05

time step (Hartree™)

Advanced school in quantum Monte Carlo in physics and chemistry
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The metal insulator transition within LRDMC

i B-tin
_-106.5} Diamond -
> . - 1
2 64 Si r-point
>
@)

o LRDMC
C-107.0 }
LL

~19.2Gpa

=\ Advanced school in quantum Monte Carlo in physics and chemistry
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Relative efficiency for carbon atom
with SBK pseudopotentials

1 Variance o2

TU—2F  CPUtimeT

Z effective = 4

: Non :
Z'tr;‘e local | LRDMC "Sat;'gg
P DMC P
0.0068 1.0 0.8 0.083
0.0120 15 1.3 0.11
0.0256 3.4 2.0 0.16

LRDMC is slightly less efficient than the non local DMC

) Advanced school in quantum Monte Carlo in physics and chemistry
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Relative efficiency for iron dimer
with Dolg pseudopotentials

Z effective = 16

: Non . 24755 non local DMC +—e—

thr;]s local LRDMC I_S?Dtggg 4755 | CRDMO s !
DMC -247.554 |
0.0008 | 1.0 52 | 0.0284 & 7%

Zz -247.558 | |
0.0015 1.8 7.0 0.0390 -247.56 |
-247.562
0.0039 | 5.2 15.0 | 0.0625 P
0 0.001 0.002 0.003 0.004 0.005

time step

LRDMC is 3-5 times faster than the non local DMC
When stable, the standard DMC is 1.25 faster than the non local DMC

Advanced school in quantum Monte Carlo in physics and chemistry
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LRDMC: summary

e same properties of the non local DMC in terms of stability
and variational upper bound

(also the LRDMC effective Hamiltonian includes

the sign flip term)

e more difficult to implement in the available codes

(LRDMC is based more upon the lattice Green function

Monte Carlo, than the standard Diffusion Monte Carlo)

but it is easier if you have to begin by scratch...

e double mesh in the laplacian can help to decorrelate faster
the electrons (core-valence separation).

e freedom in the kinetic part of the effective Hamiltonian allows
to reduce a lot the lattice space error, and improve the efficiency
(by “fitting” the lattice space dependence for the heaviest
element in the compound).

) Advanced school in quantum Monte Carlo in physics and chemistry
) January-2007 Diffusion Monte Carlo methods with non-local potentials (Sorella)
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lron dimer

ELECTRON BINDING ENERGY (eV)

1.94 |,T4 I 54 A 34 1.14 0.94 0?4 0.54
————

w0 ™
L} T ]

-]
T

!

i

PHOTOELECTRON COUNTS (102)

D...t

Fey™

o,

L ] PHOTOELECTRON SPECTROSCOPY

GS anion: (3d)*(4s)?(4s" ¥ = °%.
GS neutral:(3d )13 (45)2 (45* )1 = 925

.............

080 080 100 120 140 160 | BD 2.00

ELECTRON KINETIC ENERGY (eV) Leopold and Lineberger, J. Chem. Phys. 85, 51(1986)

“\ Advanced school in quantum Monte Carlo in physics and chemistry
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previous NUMERICAL STUDIES on the neutral iron dimer
Q DFT methods: 7A
O more correlated methods (CC, MRCI, DFT+U): 92

d electron affinity very hard to compute

45



Calculation detalls

Dolg pseudopotentials
neon core
spd non local components
scalar relativistic corrections included

Gaussian basis set for JAGP wave function
(8s5p6d)/[2s1pld] contracted for AGP

Total independent parameters: 227

) Advanced school in quantum Monte Carlo in physics and chemistry
) January-2007 Diffusion Monte Carlo methods with non-local potentials (Sorella)
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Potential (Ryd)

Dispersion curves

-494.85 —

LRDMC curves
-494.9

-494 .95

dissociation

-495.05

-495.1 + ; |
Eg i

3 35 4 4.5 5 5.5 6
Distance (a.u.)

Advanced school in quantum Monte Carlo in physics and chemistry
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Neutral ground state

LRDMC gives for neutral dimer

9 —_
Zg

E(’A,)-E(°Z;) =0.52 (10) e\

=\ Advanced school in quantum Monte Carlo in physics and chemistry
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“SISSA”

Neutral ground state

The lack of correlation leads to underestimate the “on-site”
repulsion in the d orbitals, and overestimate the 40 splitting.
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Iron dimer: structural properties
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Iron dimer: photoelectron spectrum
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Benzene dimer
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Conclusions

e The pseudopotentials can be “safely” included in the DMC,
with the possibility to perform accurate simulations for large or
extended systems, in solid state physics or quantum chemistry.
e The fixed node approximation is still the major problem for

this zero temperature technique.
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The LRDMC upper bound theorem
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