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Yj_, T NTRoDucTION f

ThE “SPhcE OF BRS STATES  H4AS
BEEN A CENTRAL CoONCEPT (N SUSY
CAUGE THEORY £ STRING THEORY FoR
ALMOST 30 YEARS,

ToDAY T'LL FocUS ON RECENT

PROGRESY IN UNDERSTANDING PHENCMEN)
ASSOLIATED TO MARGINAL STARILITY,

4 INTRODUCTION

2. WALL- CROSSING FORMULAE :

3 PHYSICAL DER/VATION
Ll DE-D2-DO SYSTEM

5 DYDZDO SYSTEH: MODULAR GEN, FUNCTIOAS

[
£ RoUTE 70 oSV: ENTRoPY EniGmA €

[
DECENERACY DICHOTOMY
Tl KoNTSEVICH— SoIBELMAEN FORMULA

I OPEN PROBLEMS



(1 ,
A . DEFINING THE SPACC oF BPS STATES'

NN

FOR DEFIMNITENESS, WE FocuS oN
THEORIES WITH d=4, W=2 SYSY /N
(AsYMPTOTIC ) MINKOWSKk | SPACE Tly

UILRERT SPACKE oF ONE- PARTICLE &wsg/
K, 1S A REY. oF THE d=th, W=l ALCERR,

A
Z + CENTRAL CHARGE GPERATIR

A\

;%65(53 = S,-J-CQF'“Z‘:PP -t—é,-d-C,,Y_‘ 2,

B

d

DEcoMPose ¢ = @D Hgz_,
ze C



LEMMA . E =2\ oN H

PRooF: N = 2 =

( Qs @J(é} - &J(sz(s?r 1 GUC“/E

THIS (S A €D SUSY ALGERRLA CQA'
TCQA, Qs | = Tz ™M
WiTh F+iP=2Z. BUT

M= E?— P jz% > 5=

DeEN %Rm IS THE SUBSPACE GR

. WHERE E=|z2Z].




NOW - SPECIALIZE To TYPEIL
STRING THEORY oN M, x X
® M, 1S NeNoMPACT => T DEFNE

THE [JLILBERT SFPACE AS A REROF W=2

/
NE MUST SPECIFY RBoUNIARY CONDS
FoR THE MASSLESS F/ELDS:

(3[“")#) v ) >'= Ezoo 6\/’%

%E + |=PARTCLE HILBERT SPACE
> "DEPENDS oN ZFwo

@ GENERALIZED MAXWELL THEoRY =
ZL{E IS GRADED BY ELECTRIC/MAGNETIC

8Q

CHARGE SECTORS:

- I
%$ - CPB %§oo

Nw

M e (TwisTed) k-THeoeY (X )



K-THE0RY TO COHOMOLOGY

PUYS|CISTS USUALLY W6RK
W lTH CeoVYoMoLoGY

£ e K°(X) — ch(ENA < He(vx,&)

D-BRANES ARE SOURCES:

D Dy D2 Do
P Q 9,



<" (X] [Torsion = LATTZCE A

Ch(E) A = CoRRESPONPING
LaTTIcE (N H (6®)

A HAS A B SYMPLECIC FoRM

< 5, ) 52> = InAex —w

& &,
SNCE -y N

N TERMS GF cofomolocy
/ /
LT, T =J-pq+Pd-ar +q.7°

PENSICALLY ¢ DIRAC—CHWINGE R —ZWANZ-

DUALITY (NVT. PRoducT oF
ELECTRIC AND MAGNETIC
CHARGES,




NowW WE 7PuT THESE THINGS TOGETHER

ConsipeR TLA STRINGS WITH
4. X = STATIC, CoMPACT, CY 3 -FoLD
2  FLAT B-FiED: Be HY(X R)
3. FLAT MRR FIELDS

— W=2, d=4 SucrA

® LACH ‘fo; S 4 REPOF WN=2

& CENTRAL CHARGCE ]Z = ZCF‘)EM)K

So, WE STUDY THE BPS STECTRM

%E:PS = @ %F

EM)BRS
Tek® (x) ,r

FINITE DIMENSION AL



B. DEPENDENCE oN MoDUL|
~— T, T T S NN

r’
c
"THE GSPACES %EM,BPS ARE

LOCALLY CONSTANT RBuUT NOT GLosALT
CONSTANT AS FUNCTIONS oF = o

MoDULI SPACE M 'S A PRODUCT :

LINP ERMULTIPLETS x VECTORMUILTELETS

[ cPix TR, ¢, RR FiEy|  [COMPLEXIFIED lcAnLed]
WE WORKk AT A GENERIC HYPERMULTIPLET,

RECENT PROGRESS HAS BECN
CONCERNED WITH THE DEPENDENCE
ON VECTO,QMULT/PLETS> /N 77//5‘7‘4/_/3

[t= '/3+1'J'7_

o THE JTuMPINE LocUus IS REAL
CODIMENSIoN OMNE |




DERINE AN INDEX
Q(riz,)=-12Tr @G>

© X
3PS

( C, oOMPARE A .SEN'S TALK: HE BAD
C™H BELICITY SUPERTRACE. )

® T ECHUNICAL POINT:
ﬂ
;%fm,m - %;’HM © H (k)
~——

/2 1\7?@- 2(e) +(3) ou
.S]?\'vx NFE

C

Q( T-l/ %oo) = (‘J)

T M t4)

HENCELIRTH FocUs oN JEfCF,'-éoo)

e kEY PoINT: L2 CHANGES AQROSS
WALLS 6F MARGINAL STHABILITY



C. UOH‘Y DO WE < ARE ¢

‘-/—

[PHVSICS MoTIvATION |

1. THE MAIN MOoTIVATION ok LECENT
WORK 1S THE PROGRAM, INITATED BT

STROMIN CER—\Va£4 (1895) OF ALCOUNTING.
FIR BH ENTRoPY 14 MICROSTATE CoUNTING.
THAET Gosac IS STl NoT~ FULLY
ACCOMPLISHETD.

| WE DONT £NOW BPS DEGCENERACT
FOR CERTAIN ANATVRAL CHARGE REGIMES,
6k EXAMPLE:

L ™ — Al A —> >

2 0SSV CoONTECTVRE:

RELATION BETWEEN

QM) € GQW/DT )GV INVARAWR

—> NONPTVE ToPOLOGICAL STRING ¢



e

5 MATH ™MoTl \/A—'HON>

-] PuvsicaL smatY  ofF BPS STATES 13

RELATED To MATH. STABILITY (N THE
BZOUNDED DERIVED CATEGORY 0F COHE REAMT
SHEAVES oN A CT KoNTSEVICH DOUGLAT,
BRIDGELAND, THOMAS PANDHARIPANDE _. ..

PHYSICS =>  PREDICTIONS / CoNSTRAINTS W
WHAT WE EXPEcCT SHoULD BE TRUE.

2 MANY [NTERESTWG CONNECTIONS TO
AUTD MORPHIC £DAMS AND ANALYTIC

NUMBEL THERY ; SomE RELATIONS
™o ARITHMETIC Vs,

3. THERE ARE SEvVeral oTHER
MORE SPECULATIVE ATPPLICATIONS, EG
BPS ALGEBRAS : GENERAL|ZING NAKATIMAS

WoRK AND SUGGESTED BY TYPEIL/HET DUALITY

SHouULD BE CLoSeLlY KRELATED,



2 WALL- CROSSING FORMULAE: STATEMENT

N=2, d=t Adgebro. =>

e MODULI OF vAcua W
o LATTICE oF ELEcTRIC/MAGNETIC CHARGES N

—_
® CenTrAL chegeE: Z: A xWM —> C

WALLS \/\/H‘EZE %BPS MLGH‘T J_UMP

Ms(n n) = {-l:( =z(r,t)=2A2Z(n,t), Xé"@.}

CECOTN, INTRILIGATOR NVAFA ; SEHZEM:‘I WITTEN !
A BOUNPSTATE O6F PARTICLES wWITH CHARGCES

T‘\7F’.L CAN DECAY

m /MS@J m)

c-—-—é—*

WE WANT TO SAY How MANY STATES DEAY




PRIMITIVE WALL-CROSSING FORMULA :

A HAS SYMPLECTIC ForM <y

L ET ] —<ﬂ;z>

{/MS(T‘,)FJ
1} I\MCZZ* >OJ L
/[
L ——
| T <o

T, PRIMITVE ,'llms GENERIC =

L2

II‘L
A Q = (" ) | L l €1 (P‘ )'I:M,)Q (Pz ,'tms7



SEM|—PRIMITIVE WALL- CROSS/INE FORMULA

TN ADD\TIoN To T+, BOUNDITATES
Wk CAN ALSO FoRM N T +N,T7 TRouNdSTATES

MS(M ) = MS(N,W, NJ;) N, NgZ,

CONSIDER Ni=i;, N 2|

N
LNz
% AK/P—A‘T-'-N?_’:_

CLAM: THIS 1S A Z,~GRADED FOCK S PACE

Rre) O T < (J‘r, o )& Hr JcM.,)

Y—
GRADED SPACE oF OSCILLATIRS

TN PARTIcULAR:

)+ % wWN a2 ( T’l+N/"’,_>
<
- S'Z(P') H (\ _ Q_’)<T'!,I<P,_>u.k>\ Fl;kq>\51(krz

—




3 PHYSICAL DERIVATION 0F WCF

A, SUPERGRAVTY TOOLS

‘D-BRANES ARE OBTEcCTS /N A CATE GORY

TN T\(P'E_'E‘A/c\(, THE SURCATEGGRY OF
SUSY BRANES IS PROBABLY THE BouNDED
DERIVED CATEGORY OF CoHERENT SHEAVES,

BUT WE WANT To DESCRIBE THE
(PavYsicaLLY) STABLE ORJIECTS.
AT WEAK STRING CouPLING AND J— o0

J A RBEAUTIFUL DEScRIPTION oF
STARLE BPS STATES US/NG SUGRA

LN THE SEMICLASSICAL LIMIT

be Hyy ~——

RPS SOLUTION 0
SUGRA EQUATIONS

X SUPERGRAVITY AlLLowS ONE 7D
IDENTIFY MANY ”STABLE oga'EcT:s”

THANKS Tp THE ATTRACTIR MECHANISH,



SPHERICAL SYMMETRY

—> T AT MoST ONE 3BPS
SOLUTIO6N ofF SUGRA.

T TT7 EXISTS .

ScALAR FIELDS £ = t(r‘)) AND

EVOLUTION FROM r=%® + =0
APPROACHES AN ATTRACTIVE

~ Fixed PoivT t (M):
My

RADIAL
MOT‘IOI\/TO
RoRIZ0ON

110 E7/




ATTRACTYR FLOW = GRADIENT FLow FOR

Qog | Z(rt) |5
Z = < Ty w)
J<Lew,w* >’

KT, 'y =J-pperd-asqr
W = PERIOD VECTHIZ

IN  LARCE RADIULS APPROXLMATION :

—_—

T QBHD"




BASIC TRICHOTOMY

1 -2:*(]“7 € _Tnterier (\/\(7\.)
ond ZCT;5LM)) +0

/

“RECULAR ATTRACTOR Po/NT

2. = NOINEMRTY SUBVAR./ET‘/C_V;/Z
Z(r,+) =0
2. tx(") € o ﬂ

(4.) T SrPHericaLLY STMMETRIC BPS
BLACK HOLES IN Hgp (Mit) PR ALL L

(2.) Hep(r:t)=¢ IN AN OPEN

REG/ION oF THE ZERO LOCUS,
%epj MICHT BE NONEMPTY FURTIHER AWAY

(3.) CANNOT USE SUGRA TD ESTABLISH
EX\STENCE : MUST VSE MICROSCoPIC
N RGUMENTS,



B SPLIT ATIRACTOR FLOWS

TF Z(¢)=0 HAS SOLUTIINS IN THE

INTERIGR OF FoDuLl SPACE THEN USE:

DENEE'S RULE: H(M4) + o=
5 A SPLT ATTRACTOR FLOW (S.4.F)

S.AF: A PIECEW\SE ATTRACTOR FLOW)

ToINED ALONG WALLS sk M.S.
CoNSERVING CHARGE AT 'T‘H-E

VERTIQCS) TERMINATING ON R.A.P ‘s .




- ILF SUCH ATTRACTIR. FLow TREES
EX(ST WE CAN CONSTRUCT A

CORRESPONDING SOLUTION OF SUGRA.

o SPACETIME PITURE :

(X2/12)
3 ’
TR —_—
L) (xl | Ffl )
L [ ]

(Ror)

—
o NEAL EACH PoNT X TRHE SoluTion

[ COkS LIKE THE SINGLE—-CENTERED
SOLVUTION ! "BLACK-HOLE MOLECULES”

» XJ ,PJ')



MULTI CENTERED SoLUTIONS:

G ENERAL ’%?3 CQUATIONS

Ki) ds* = _62U<d£+®>z L SV aRt

U= U(-;z)) ?éﬂl’g

(2.) CHOOSE A HARMONCMAP
e R —s HE (X R)

Ho= 2 s + Mo

FREEEH

( 26" Tu( €% ) = —H(R)| =

(Q.) t&?) Com?1£+QQ7 -fo e ol ;

U’) Q— W = S<H (;)>



(3)  %,d® = <dH, H>

= INTEGRARILITY CoNDITIoN :

\ﬁ <— <INy .
ZJ C = A1 c—-m )
‘ = —_— = - Z rr.
XX ) o
J¥! N

SUGRA SoluTion EXISTS <=

e R3:
£(R) e Myy €
Tce:-ww: SQ—H??)) =0

(A VERY NoNTRIVIAL ConDrtionN

TU CHECK ... >



SPLIT ATTRACTIR CONTECTURE (DEA/EE)

( CL.) (COMPON'EIJTS SF MobPUL| DF) MUL.TLCEN'TEKED

SolvTIioNS ARE IN Lles ] CoRRESPONDENCE
wiTer SAF's.

(b) FoR A FIxeD (+4,7) THERE ARE
A FINITE NUMBER OF SAFE's

@ UseriL BecAusE checkivg SHE)S> o
IS DIFEFIcULT

® Hpps 'S PARTITIONED BY SPLIT
ATTRACTOR FLOWS

® = SOME INTERESTING 6PEN

PROBLEMS Here . ...
¥ QUANTUM MIXING BETWEEN DIFFERENT AFTRECS

X USEFUL EXI\STENCE CRITER/N FoR
SCALING SOLUTIONS,



C. DERIVATION OF PRIMITWE WCF:

CoONSIDER BOUNDSTATE oF TWO
PRIMITIVE CHARGES:

—)
R ‘12_
@ vd

|Z,+2Z, e

R= <7 N>
Lm (ZI_Z-Z)&

e Note: < N )Pz>::m QZ-:E.?Z) o = O

® NOTE THAT BY CHANGING T
WE CAN MAKE Im(z*z_z)/;""

vy
WHILE  [Z+2,[, #o

TLLVSTRATES THE kKEY POINT
OF MARGINAL STARILITY:



Mg(n)n_>. "}:GMVM( %é@-r}
2,

— "{'—m CHANGE Bc's

~ ._EL
VY | ® r=o =

NO T+l BounD N Rjz — o0
//577“/- E.xrszs RN

//”F /////

TF Z(rjt) HAS 4 28RO THEN
THERE |S NO BOUNDSTATE of TYPE M+T,
(N THE BLUE REGION,

o
/ ~
e / )%—7 ATTRACT R
_

( n ) FlLow

///// ®///



M ACROSCOPIC ARGUMENT FOR WCF:

gn oy AE el
":.‘
. t5e
;4:' MSQG,S‘L)
. Cms
R I}
& - @ @ >
ELECTROMAGNETIC FIELD OF TwWo DYONJ
HAS SP/N:
(\( p>\ _ ) %wo.rd'um
Covrrechon
LocaLITY = FoR 77)/; PRIMITIVE

STATES LoST FRom FH€ (Mite) ARE

(Ta) & ([ itws) @ [ 40s)



M CROSCoP I ARGUMENT FoRk wWck:

WHEN 4V =arg 22_/2l — O, TOPEL
LIGHT Dok BY A QUIVER GAUGE THET

d=l N+ d=|
M <— K

A

TRANSLATION TO SUPERGRAVITY:
STABILITY PATA ‘-(’\3',—’!9')
N—N. = Lz
GENERICALLY N4 =0 e N_=0,

SUPPESE n_ =0

550 M= P
V<0 WM o= A

px = HF (€™ )

S'P"V\CS-) ~ L.e’]c&Le_'JLE-



QUIVER QUANTUM MEcHANICS

O+l SUSY QED WITH
2 v (A, %))

e M (8, W) cmaree £ 1

R MoPuL|l oF STpLE
SMALLIXY | = HIGGS BRANCH = QUIVER REPS

LAKGEI<;<’>\ => |INTEGRATE OUT ;51 =

DENEF Vet ANz
QQ A 2_'_(,34_ = -)

? \gf
‘/Zé Aty

Qh-n—ﬁ BPS .smss oF s Llp-n--1)

Ny H166S BR. c DL, | M- MGES 2R,
BPS STATES — 0 BPS STATES



D DERIVATION OF SEMI- PRIMITIVE WCF
HALO STATES

R e S I
SurPose < T, D> £0,

. = . .
d -Ad ‘_‘_2_ 3\6> o )0:21-_."\[
ARE ALL MUTUALLY (ocal
LNTEGRABILITY CONDITIINS SAY
~ (HERE -
J=a < - _l> -2 IM<ZQ§ ) &)
X._
X =%, |Z(™) |

-——> ALl l)(j——?‘)i' ARE € Gva L

N
\

| % |'<—L__ r—.

® J7 |
\ n
\ |

N\

-

-
-

CRosS MS T’,/P-L) : L-JrAl__o RADIVS ~ D0



THE PARTICLES |N THE HALO
G ENERATE A Fock SPAcCE WITH

( Tr' kr;_) 63((*«1 )Jch:) CREATI ON
’ SPERATIRS oF
CHARG-E K'l';

ALL WALLS W( r Nf;) COINCIDE =)
CROSSINGC A WALL WE (OSE ENT/RE
Fock SPAceg:

Qmy + 2_ A (reranr) o

N> |

= QU TT (1§ @iw ) P

k>o



L[. DLCD2DO SYSTEM

AN  IMPORTANT AND VSEFUL EXAMPLE

IS THE SYSTEM O6F 1 DE BRANE
LURAPPING X, BOUND TD D2 ¢ PO

BRANES IN X.

® 2 ¢
H el @\J\HQH' = r_.__. (?Q)E,CQ)%°>

D6 D4 Dz Do
CONSIDER: f’(ﬁ,n) = = (1, c,—f3, n)
p= PO(c) o c X  HOLoMIRPHIC CURVE
C HARGE OF WE DUAL GF—)A—A/ IDEAL SHEAF:
C/L\ﬁ \)ﬁ = [— (> + nd V

CONSIDER RBIND/NEC THESE
T D2do PARTICLLES WITH C HARGE:

C\?: <O,O)"ﬁh, nh)



72L0T MARGINAL STARILITY CuRvE

Z(renit) = XZ2(5+) e R,

< T w>
<w, w*>

ZQ", t) —

SUGRA REGIME: () = —

+= B+iJ

=

T_(g.t-n = ')(—(&k-'t—-ﬂn> [ 9\€-TR+




THEST WALLS EXTEND T 060 TN

THE < AKRLER CoNE!

Eek

O

t =

SET




ConsIDER. THE HAL® BOUNDSTATES
WITH CENTRAL PARTICLE THgEn) AS
WE TNCREASE THE L[B-FIELD

R=x?P % INCREASES

LUALOS oF D2do PARTICLES (©,0,Bnn ) |
APPEAR ¢ DIS APPEAR.

FOR X>0

ALL Mi<o STATES HAVEDECAYED.

AS X—+@ WE MoVE /INTe THE STABRLE
REGION FoR ALl r’lh>o) AND EVER

[ 7
LARGER AToms" BECOME STABLE

GENERAL PICTURE: BOWR MODEL

..’.--'\‘ \

’ P \ \
, 4 ’ _'- " ' | \
4 P L R
I ' 'f’ !.‘/\(“"—\-\_/ P( Fl”)
[} ‘||| \ ,
Ve ) SRR
' ‘\\ o I" !
- « e ! g, ]
-e? f

S

D2D6 RS ,

N -t - ° p / /



o WALLS Look DIFFERENT
WH“E'/\/ [';h.:

_ 43 Q
= 14—%‘,&\/ £ = : ?
_—

LY - —
M M é %
SET -[:-;()<+:/)'P = ZER0 (&) e
STABLE




T NTRODUCE GENERATING FUNCT ION

Zo (wvik) =2 U ) VA

Déprpo
h, (g

SEM|-PRIMITIVE. WALL-CROSSING FIRMULA:

CONTRIBUTION oF FOCK SPA CE GENERATED
BY T = -t n,odV CROSSING INTO

STARLE REGION'

n thl nOk
z — <1—(—‘4) " V(gk> f Z"DG'DZDO

De¢pw o

Sz(—[!h-\-m,[\o___ ZQ_‘)Q-MJ'J..MR N;:mr{

YY\“I MR—

)
— h(%
[
SPIN 2ER0 GV W\fA-RIA-NT“ ((lmé0>

4



EXAMPLE: DEDO

Zpepo) = Z SL Clﬁ,dv:{:) uZ°




SIMILARLY, WALL- CROSSINGS FoRr
—T-H"E FULL ZDGDZ-'DC) AS ¥X— X

RUILD UP AN |NE/NITE PRCDUCT

SIMILAR To THE INEINITE
ProDUCT FORM OF Zo-(u,v)

ON THE OTHER HAND, AN ARGUMENT

FR OM M—WE@R L‘J [_-'D fdksmﬁ\/erﬁ.\'mde,\/wpmj 'DeM'F, Hueu—l
[ MPLIES ¢



CORE
REGION

o STATES IN CORE REGION ARE
Com\PL|iCATED RBOUNDSTATES

o PRODUCT OF WALL-CROSSINGS =

',r'.-_o ©
Z | - _l—r' o k K
o U V) [$>o,k>o<L —w v@) ~

e LIMIT FOR x—)+0Q ;

/ /[, r=0 I \~S> 0O
Z.DT(u.V) = ZD-;- (u,v) Zb-,:- i (wwv)
L—Y—_—‘ k_/w—_a

HALO S CoRE S
[,F>0 -2 P‘*Q(ZP‘Z) r
’ =7 ' r-2-| 1) L n
Zw- (V) (no,rk-?u L_C <\ - (-u) v(l> f

rSo0



5. THE DY-D2-DO SYSTEM: MODULARITY
Nol CoNSIDER "P°=c>

- P+ C>14—%.o¢\/

REGULAR ATTRACTOR POINT:

) . l “\

2 IN kKAHLER CoNE £ ga <O
|

(DABC?C> QaQy

THESE ARE BLAWK HOLES:
HORIZoN AREA = U4 S(F)=41T/Z*(P)]Z

SN = A5 xe

K AHLER
XP):i= P2+c, P Do ToR PE cCone

EXPECT! %Q(P}‘E)N S™)
EoR TLARGE T AND "LARGE" Tmt



A, RoUGH MICROSCPIC DESCRIPFTION

PR LARGE T: SINGLE DY WRAPS Zé/'P}

X (P) =7>3+c2,? — EULER CHARACTER OF =
X

FLux Fe H°(7z) iz
AND N Db /5 e

COMPUTE INDUCED RR CHARGES:

D2 Q = (12\*(F>

A X(P)

Do: Cz_°= 20 + %(F')Z— N

2
SusY= N=o0, F=o = (F7 ) =0 =>

/\ -éLA

7s

X
1o>mu.x - Z,_l__-



W (BEN) := Moduul oF SUtH DY's

Hitb¥(Z) s WA(PEN)

\
ToUGHLYT! \{/

\%4

p A S {Zel?l/:eH“kZ)}
Swmooth

//
MODULI OF STARLE 6BJIECTS &

IN THE DERIVED CATEGILY
WITh SPECIEIED CHERN CLASSES

C/A.E\/T = E+Q+<g° @

= U M (pen)
Y

/
s.t.
®

‘/



R “LNDEX OF RPS STATES

“Q(F>N:: |V SZ(F) EHU') /

T 00
A(EN )= (- AMX{MCPFW )
QM. = FNITE SUM oF d (EN)

SURPRISE: WHEN h'& >\ THERE
ARE SPLITTINGS (@ 00

P:'- 'P+Q4—%°AV

(P eqin) i)

WiTk: G F > -G P
= EVEN THE LEADNG ORPER

ENTROPY IR CHAMBER DEPENDENT
e, ANDRIYASH + G. M, |



e FOR = 'P-f-QA—T.,O!V;

€ RAHLER CONE, =\ DISTINGUISHED

CHAMRER :

k—-ﬂ)%

LQCF)N._: liwa Q2(T;B+42P)

CLAM: LIMIT EXISTS % 1S
RB— INDEPENDEN T

( FINITENESS oF ATTRARTIR F-'LOUOTREES>

HENCERRTH WORK N THIS
CHAMBER.




C. MOoDULARITY
T ¢ "f/(_ if" C = Z*Z<HZ<><)C)>
Z(<,T,C) =

Z a!(wl-,N>eXFX(-lm"c%,—2wf€%_(;+)z_2m.F(C+;‘)}
F,N
SuSY PARNTION FUNCTION OF P3 (NSTANTON

U~—-DUALITY =>

Z(TTC) /S A TACIBI FoRM =>

ZC'C,:C_.,Q> = Z H)k('c.) @)&/L(T,%)C>
e LX/1 — N
SIEGEL - NARAIN

L= g (Hx2) « Hizz),

SELF- DVA L

Jel IS ALWAYS IN H'"(Z) =

A(Fra,N) =d(Fwv) V2&el



’ ).]hm 1S A VECTIR —VALUED NEARLY HOLO.

M oDULAR FoRM OF WEIGHT W =—1|— L\__;_@‘)

AND MULTIPLIER SYSTEM MY DuaL
TO AT oF ®, L

o W<O => H/A '3 DETERMINED BY
TS PoLAR TERMS,

SUPPRESS u-TNDEX FOR SIMPLICTY:

H(’C) _ Z QO_,)DO e—ZTrf'zo"C

PoLAR NONPOL AR



D, MACROSWPIC POLAR STATES

L+ M= (O,P,G' %o) = P-l-&"“iodV

TS PoLaR: o©O< %o <( %o)mx

THEN 2z (r+) RAS A ZERD,

TNDEE T _ =TT A '
PSIM = T gexe)
So NO S/NGLE-CENTERED SoLUTION

BUT H(x) HAS wW<o =, SOME
POLAR PEGENERAUES ARE NON ZEROQ

=> THESE MUST RE REALIZED AS
SPLIT ATTRACTIR STATES.



S IMPLE EXAMPLE

PuRE DY : T= P—!-C()c,d\/

A A AX(P)
W /TH ?o: ? :(gb)”wx = ?L.{—

FE/IND ONLY ONE SPLITT/NG
,—‘—_-_ P—i— %’OO(V:.?T‘)LT?Z

S C(x)) Sz Co(X)
— + 2 ) — z
e (l - (S (l—l— 24

1 DE WiIT™ FLUX = 81 176 W/ £ Sz,
S\—Sz =P
+t o0
™ n
S S




MOREOVER — Vou CAN (oMPUTE THE
POLAR DEGENERALT !

t o

SI SZ

-

UM te) = (=1 T SAMIQAN) =) (T

T = <R,y = B, 07

| A

T NDEED =THE COoRRECT ANSWER FOR
X (Movuet oF Pure by ) =x(17| )



DE SCRIBING THE SPLIT ATTRACTHR

- o X
FLOWS FoOR O< Qo < —

]S MUl MOoRE CoMPLICATED...

LN GENERAL, PoLAL STATES CAN

BE VERY CoMPLIcATED SPLIT

AT TRACTOR S, REALIZED IN MANY
DIFFERENT WAYS ...

R UT TN THE LIMIT P— > WE CAN

SAY SOMETHING



EXTREME PoLAR STATES

POLAR _ Zmig P —2miT
H(=) = |T,|e M+ 0\e™

k j/ — \ - I /|
T TREME TOLAR T BARELY POLAR

EP.S CNJECURE: = € <| So THAT

A ax

D — 9D e SN

/. YAOLX

Do

Dol AR STATES SPLIT AS DD§ + [HALOS :

'&— - N —’- -
/ — \ P - - N
/ ,F’_-.\\ N \ ~ \
/ ’ \ \ \ / ,."'\\ \ \
[ ’ \ \
o @ \’ N W (
L ! k p— I
\ \FD_G_,-' / | \ D8 /|
\\h __/ / \ \ ~ L / ,
S~ - / N - - -d/ /
-



6 ROUTE TO THE OSV CoNJECRE

A. BY THC WCFE THE (EXTReE)
POLAR DEGENERACIES GO LI/kKE

VA (Dé—DZ—IN) X Q( D6 —’DZ—D0>

B RBRUT BRPS /NVARANTS oF

THE D¢-D2-Do SYSTEM ARE

RELATED TO GROMOV- WITTEN
INVARIANTS COUNTING WSKLDFHEET

INSTBNTINSG IN X



SO, BY THE WCF TOGETHER

WITH RESULTS oON  Zocpane

THE EXTREME POHLAR

DEGENERACIES ARE RELATED

| Zs |

SUCCE STING A RELATION LIKE
THE O0Sv CoNITECTURE

Q_(P)m = y&% /Z+Dr<j+ap f)lle’hﬁ;‘

e { STRONG ARGUMENTS FoR [%D[>> P3

®© = POTENTIAL (OUNTEREXAMPLES FOR
A / (
9, < P* . TENTRoPY EMicHA'



TN THE CHARGE REGIME
-2,
341?"’ \)F < (1)

‘THE DERIVATION IN DENEF-MOGRE
BREAKS DOWN ,

@ BARECLY POLAR DEGENERACIES
BECME LARGE

@ CORRECTIONS TO THE cCARDY
FORMULA BECoME LARGE,

THERE IS A GGoD PRYSICAL
REASON THE DERIVATION BREAKS
‘PoWN , ..



E NTROPY ENIGMA

Now cHoosE 9, <o, P AMPLE So
r:(ngg&

HAS A REGULAR ATTRACTOR PO/NT

NEVERTHELESS| WE CAN CHOOSE

Qo) Qa So THAT 3 A TWO-CENTERED
SoluTioN WITH [~= T7+T5

r?='<r-;il_1>) Q)‘;_?;) T-?Z--:(_PJL?—’P)—&)J?:zc)

tw o

£gn)

i) t,0)

—

BOTH SowTioNS Exis T



S CoMPARE ENTRoPIES

S(m)  vs. ST +S(T)

TN FACT

= FAMILY oF CHARCES

AT = MoP0,9,)- o> rz,\

A A
F <\f‘ = P >\ Q fa) E:(—YJ l? _)\ZQ )lga)
SCALING OF ENTROPIES:
SOGF) = X s(m)

RUT |

S(M) = ()~ QR 1

= MAW IMPLICATIONS FoR PHYSICS & MATHEMTICS

P—

e




SOME T ECHNI CAL DETAILS

7 CONSTRUWT A FAMILY OF 2-CENTERED

T? CAN BE 1-cenNTERED RBRH's or
CAN THEMSELVES RE Pol AR

L ATTRACTIR FORMALISM HAS A

SCALING SYMMETRY UNDER
—T'; (?0/ 2) &, ?5) =(Pi AZ) AZQ; >\3?e>
ST r) = ¥ sir)

3. APPLY T T LT



RECENTLY, TDERIER ET AL,

SHOWED THAT IF WE SPLIT
THE D2-DO CHARGE ASYMMUETRRALY
BETWEEN THE TWOo CENTERS
THEN THE CoEFFICTENT OF THE
N> GROUWTH CAN BE (NCREASED:

TOMINATES

@ e

BUT ReTH CONTRIBUTIONS SCALE
Like X



DEGENERACY DICHOTOMY

* WE HAVE FouND CONTRIBUTIONS
To S2(AM) GRowNG LIKE e N

,\'3

- I F INDEED Q20T ~ e
THEN WEAk CoLPLING OSV |s wRo/\J‘G}

SINCE osV = M), N eM

« BvT SROMw 1S AN [NDEX
T T 1S PosSSIRLE T HAT

3 2
Ztek ~ ek

[

S2007) oo

e WE ARGUE THAT TS s UNLIKELY,
BUT T \S NoT EXCLUDED



SUPPOSE THAT THERE ARE
W MAGICAL CANCELLATIONR ¥ AND

A

QC}‘P)M ~J €_>\
s THIS RAISES THE QUESTION
QF oQ.'m‘HQ”;JC) VS, Q(P,‘+)

o PHYSICALLY : THE DIMENSIN IS RELEVAVT

e BUT ALL TESTS OF THE STREMINGER—

VAEA PROGRAM USE THE INDEX
(WA\TH ONE EXCEPTION),

o I T IS § TO SUPPOSE THAT /N

THE EXACT THEORY, NoNPTVE
STRINGY EFFECTS GIVE!

olt'vv» E%U—l/"é) = Q(T,‘é>



IF WE GCRANT THIS Ps INT,
AND 1 MOREOVER, THERE ARE

//MA—G-\C.A—L_ CANCELLATIONS' SO THAT
\03 CL (6AP 0,790 ) ~ G

THEN THE SPECTRUM OF

NEAR - RPS STATES TAKES A
REMARKARLE FORM:

2
E-[Z) =0 ~ €>\ Stetey

— | 2
SRlv g~ e shares



7 K ONTSEVICH - SOI BELHAN FoRMULA

THE KS FoRMULA IS A RELATION

BETWEEN C(2L[M3+ts ) ACRSS
MS WALL S WVTH NO RESTRICTION
ON PRIM|TIVITY o0F CONSTITVENTS,

o NO PHYSLCAL DERIVATION YET

EVIDENCE THAT kts Su(rit)'s
|
ARE THE SAME AS PHYSICAL S2(M;4)se

o C AN RECOVER PR/MITIVE wecF~

o CAN RECVER SEM(—PRIMITIVE Wck

NONTRIVIAL CHECKS FoR

Su) S £IBERG - WITTEN W I TH
/\/74 = ¢l2,3 VP ERMULT! PLETS

([_A—ST TWO ARE RESVLTS W/ WU-/G“CJ“”‘“'ZQ



THE KONTSEVICH—-SOIRELMAN FORMULA

FOR TWHE LATTICE A oF CHARGES
| NTRODUCE A L1E ALGERRA ZTAL
W\TH ONE GENERATIR FoR EAcCH

Y& N

XX
[_e Y\ ) ef'z_-x = (—‘) <(L,Y‘L.> e—K\ﬂ’?_

@F—\XED t) Z:/\,-——bﬁx
CHOOSE ANY CONVEX ANGULAR SCTCTBR V

/
’

T > Q—W) INCREASIN G
| Qe"? Z—“Y-) SLEaPé

& - o Q-'-(V) DECREAS ING
[ & (ex[) Z ——"!> ScoPe



AT A Cengic PovT teMS(T, )

Z(T4) I £, 2, —>

T~

o b = O‘rtl -l—kr?_

1

—

(T-'\ ,T'.,_ ’PP\.M\“HVQ 3

TFOR SMALL CONE ANGLE ONLY THE
LIE SUBALGEBRA ZT 20

CONTRIRUTE S !

(ad-bc) T,
[e“‘\' > e, 1 =N L‘”{'L" L% b

"D EFINE:

wr= |/ Y)ql
Q(r, ___ .
T 0D g e
o/, 7 '\



LIE ALCERRA LS LLTERED =>
C AN RESTRICT T6O

L
et [0 00\ = @'z, <0,

., CENTRAL

)

<L ( v Q-<F\+F1.) QE (e )
U 0T UL,

<) L) U
oI SR s

U U = U Ul ]y

") - (M) gz(p)UQ(r') ~Q(F>U—S?(m

= °| | O ho

Ull

T, Q)Y Qn)

PRIMITIVE WC. FoRmuLA |



SU@RY) SEIBERG- WITTEN THERY

W] a/, € R
7 = MONePoLE LS

Y

7 = DYoN £y,

[ o cokFl :ZQ"C-_“J em—a,b—l—d
STRONG t(\,o)7 t(6,1) 2=+ HM

WEAK: (1)) 2= -2 VM
+ (nwnen) 5 Q'1+f,v1) < = +1 HM

STRON (G- Ui o Ve |

WEAK -

(UOJI Uie U—z_ls"""> U;\Z ( T U37.Uz_‘ Ulo)

T QUALITY APPEARS Td BE TRUE |

= NEW \DENTITES FoR Ny = 1,23



X SoME OPEN PRORBLEMS

A..) PHYSICAL DERIVATION oF THE KS FoRHUA

b.) HOW TO COMPUTE POLAR DEGENERACIES
EFFECTIVELY ¢

C—-) RESOLVE THE QUESTION OF THE
ENTROPY ENIGMA: ARE THERE CAMCELLATIONS
BRINGING e —5 e X 7

ol.) TS THERE AN OSV-L/kE RELATION FOR

Q (1 £4r)) 2 Do THESE ngaw
AUTO MoRPI+Y PROPERTIES :



