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magneEc order  
of Bosons 

Anomalous Hall Effect in Spinor BEC 

Bosonic Dynamical  
Mean‐Field Theory 

Hubener, Snoek and WH,  
arXiv:0902.2212 

M. Taillefumier, E. Dahl, A. Brataas, and WH, arXiv:0901.1969  



Strong correlations 
optical lattice  

      reduce tunneling 

electronic solids: fixed interactions Feshbach resonance 

   enhance interactions 

       strongly correlated system 



Kotliar, Vollhardt,  
Physics Today 57, 53 (‘04)  

   interacEng laWce model  

self‐consistent local problem 

nonperturbaEve approach 

effecEve impurity  fermionic “bath” 

   DMFT uses local DOS as mean field 



Strongly correlated 
Bosons 

Recent experiments 

S. Trotzky et al., Science 319, 295 (2008)  

Superexchange interactions in optical lattices 

   double well, coupled via second order 
  tunnelling process 



Double species Bose-Einstein Condensate 

  superfluid   Rb- K-mixture 

   K reduces visibility of  Rb 

   tunable  Rb-K-scattering length 
   via Feshbach-Resonances 

   precise control of          
    around zero 

Rb only 

Rb with K 

41 87 

J. Catani et al.,  Phys.   
Rev. A 77, 011603 (2008)  

G. Thalhammer et al.,  Phys.   
Rev. Lett. 100, 210402 (2008)  



Theoretical works 

Duan, Demler, Lukin, Phys.  
Rev. Lett. 91, 090402 (2003)  

   Mapping of the two-species Bose Hubbard   
  Model to effective spin Hamiltonian for MI 

   quantum fluctuation correction  
to mean-field:     spin order 

   hysteretic behavior 
   no supersolid 

Altman, Hofstetter, Demler, Lukin 
New Journal of Physics 5, 113 (2003)  



Quantum Monte Carlo simulations 

   Single-component MI-SF  
  phase diagram 

Capogrosso-Sansone, Prokof’ev, Svistunov 
Phys. Rev. B 75, 134302 (2007)  

   two-component phase diagram 
  on 2-D square lattice 
→ supersolid phase 

S.G. Söyler et al., 
 e-print arXiv:0811.0397 



Bosonic DMFT  

Investigation of the multi-species single band Bose Hubbard model: 

  effective impurity action  
  by  cavity method  

   For bosons anomalous cavity    
system expectation values  do   
not vanish. 

Hubener, Snoek and WH, preprint arXiv:0902.2212 

Byczuk and Vollhardt, PRB 77, 235106 (2008)  



   Rescaling all hopping parameters                   and keeping terms  
  up to subleading order 1/z                 effective impurity action: 

   Bethe lattice:   
  product expectation  
  values of different  
  neighbors  decouple. 
   Identification of the expectation 
  values of the cavity system with 
  expectation values on the  
  impurity 



   Second term includes Greens function matrix with normal and  
  anomalous terms: 

   These are 1/z-correction to the mean-field  

   Additional 1/z-correction for mean-field itself: Sites in the cavity 
  system have one  neighbor  less.  We take this in 
  a perturbative way into account: 



same effective action with the following identification:    

self-consistency equations for 
Anderson parameters 

effective  
Anderson-impurity 

Hamiltonian 



Results for a single species in three dimensions  

  Superfluid order parameter  
  reduced compared to  
  mean-field due to  
  quantum fluctuations 

  Mott plateaus larger 
   than in mean-field. 

  finite number fluc- 
   tuations in MI 

Hubener, Snoek and WH, arXiv:0902.2212 



Results for two components  
at unit filling             

   same intra-species interaction and chemical potential,  
   but different hopping 

  two different species 
   with pseudo-spin-½   

  inter-species interaction less 
   than intra-species interaction 



T=0 phase diagrams             

                          ferromagnetic ordering 
                          antiferromagnetic ordering 

   coexistence regions for superfluid and 
   Z-antiferromagnet.  

   high             -ratios support AF-ordering 

   supersolid for 

Hubener, Snoek and WH,  
arXiv:0902.2212 



Finite temperature results 
 for a 87Rb-41K-mixture   

   hopping-ratio fixed  
  but interspecies  
  scattering length  
  tunable 

   all phases except supersolid appear. 

   at finite temperatures:  
    insulating phase without any ordering  

Hubener, Snoek and WH,  
arXiv:0902.2212 





Anomalous Hall Effect in Spinor Condensates 

M. Taillefumier, E. Dahl, A. Brataas, and WH, arXiv:0901.1969  



Anomalous Hall Effect in ferromagnets 



History of AHE 



Intrinsic mechanism for AHE 

Karplus, Luttinger ‘54  



Topological Hall Effect 

   AHE can arise due to non-trivial magnetic structure,  
    e.g. in frustrated ferromagnets (Nd2Mo2O7) 

   most simple model: 
   free particles (e.g. electrons)   

   Zeeman coupling 

    where           simulates magnetic structure 

   neglect spin-orbit coupling 

   Hamiltonian 

P. Bruno et al., PRL 93, 096806 (‘04) 



Why study AHE in spinor BEC 

related: A. Dudarev et al., PRL 92, 153005 (‘04) 



Challenges 



Setup 
M. Taillefumier, E. Dahl, A. Brataas, and WH, arXiv:0901.1969  



Hamiltonian 
M. Taillefumier, E. Dahl, A. Brataas, and WH, arXiv:0901.1969  



Local transformation 

   „rotating frame“: choose spin quantization axis  
    along magnetic field 
    via local rotation 

   effective Hamiltonian 

with spin-dependent gauge field 



Adiabatic approximation 

   spin F parallel to B(r) 

   important parameters: 

precession time along  

BEC group velocity  

   adiabaticity criterion 

Zeeman splitting 



Adiabatic approximation 
M. Taillefumier, E. Dahl, A. Brataas, and WH, arXiv:0901.1969  



Which quantities to measure 

   neutral BEC   
   no voltage, no electric current 

   measure velocity distribution 

   „Hall“ angle 

   theory:  
    classical limit vs.  
    full solution of Gross-Pitaevskii eq. 

M. Taillefumier, E. Dahl, A. Brataas, and WH, arXiv:0901.1969  



Classical limit 



Properties of the gauge field 



Properties of the gauge field 

constant external magnetic field   
abrupt jumps + sign changes of gauge flux 



Gross-Pitaevskii approach 

   F=1 spinor condensate, ferromagnetic  

   square magnetic lattice 

   BEC smaller than unit cell 

   initial conditions : 
    BEC in harmonic trap (T=0) 
    finite velocity v 



Hall angle: Two dynamical regimes 
v = 10
v = 6
v = 3
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(1)   short time:  
      adiabatic approximation valid 

   oscillations of  
    due to sign changes in    

   polar state not affected  
    by magnetic lattice 

   states m=1 and m=-1  
    have opposite Hall angles 

(2)   long time:  
      classical description invalid  
      due to loss of polarization 



Effect of constant external magnetic field 

    classical limit:  
    abrupt variations of Hall angle 

    GP simulations:  
     regular variation, but same  
     qualitative behavior (sign)  

    detection of AHE:  
     small constant magnetic field  
     + magnetic lattice  
      measure velocity 



Conclusion: AHE in Spinor BEC 
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