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1 The flavour structure of the Standard Model

We start from the Lagrangian describing electroweak interactions of Standard
Model (SM) fermions:

‘Cint = _\9/25 (

where g1 o denote the SU(2),, and U(1)y gauge couplings respectively, y is
the electroweak mixing angle and the currents involving quarks are given by:
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where gi") = 1/2 2/3 sin® QW, = —2/3sin? Oy, g\ = —1/241/3sin® Oy,
gg) = 1/3sin’ Oy, the electric Charge is given by e = gy cosfy = g sin by,
and
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Let us now consider Yukawa interactions:
—Ly = Y;?Q/Llﬁlu/]%] + Y;?QILin/Rj + H.c., (4)

where
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These interactions break the U(3)g, ® U(3)4, ® U(3),, flavour symmetries
of the SM gauge Lagrangian. Once the neutral component of the Higgs field
gets a vacuum expectation value (h°) = v/y/2, breaking the electroweak
symmetry, the Yukawa interactions generate masses for quarks:

— L = MU U + My, ;+ H.c. (6)

To go to the mass eigenstate basis for quarks, we must diagonalize the com-
plex matrices m* and m?. This can be done via a bi-unitary transformation.
Indeed, the Hermitian matrix m“m*’ can be diagonalized with a unitary
matrix U"L:

Ukt U = m** = diag(m2, m2,m?). (7)



In the same way, we obtain

Utk i UF = m* = diag(m?, m?,m?). (8)

Finally, we have
T :
UteipU"" = m" = diag(my, me, my), 9)
Udmdyie = md = diag(mg, ms, my) .
We thus write
L = WULULR U RU Ry, + d, U Uit UR Uk d),
= ﬂLm“uR—i—dLmddR, (10)
i i
where up g = U"-Ru p and dp g = UdL’Rd’LR. We now rewrite the interac-

tions with gauge bosons in terms of mass eigenstates. The rotation matrices
cancel in neutral currents:

2 2
T = SUUMAPU g + Suapl e U g (11)
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g(Lu)ﬂLU“TLW“U“LuL + gg)ﬂRU“EV“U“RuR
+g§:d)CZLUdTL’yMUdeL + gg)JRUdjw“UdeR

= g + g% ary ug + g dpyrdy + g8 dry"dg .
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The absence of tree-level Flavour Changing Neutral Currents (FCNC) is
a fundamental property of the SM. It is interesting to note that it is an
accidental symmetry, i.e. a property of renormalizable interactions due to
the field content and gauge structure of the SM. Indeed, extensions of the
SM generally do not preserve this accidental symmetry, since with additional
fields it is generally possible to write down FCNC vertices involving new
particles. Even within the SM, as we shall see in detail in the following, the
symmetry is broken by non-renormalizable interactions generated at the loop
level by the exchange of SM particles.
Turning to charged currents, we obtain
T = a Uy U dy, = ap Vardy, | (12)
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where we have introduced the Cabibbo-Kobayashi-Maskawa (CKM) matrix
V=Umy . (13)

Let us now discuss the CP invariance of the SM Lagrangian in the weak
eigenstate basis. The gauge part can be shown to be invariant under CP
transformations. Let us then concentrate on the Yukawa interactions in
eq. (4). The action of CP on fermionic fields is given by:

Y =0t P =T O, (14)

where the matrix C' has the property CT = C~! = —C. We then obtain for
example

YiQHdp; — YiQuOy H Oy = ~YQuH dp; = Yiidp, H'QY,
(15)
where in the last step we have taken into account the anticommutative nature
of the quark fields. Comparing the result above with the Hermitean conjugate
of Ly, we see that Yukawa interactions are CP invariant if and only if ij’d are

real. In general, Y;?’d are arbitrary complex 3 x 3 matrices, corresponding
to 18 real parameters and 18 complex phases. However, not all of these
parameters are physical. We already noticed that SM gauge interactions
have an U(3)g, @ U(3)a, @ U(3)u,, flavour symmetry. Thus, we can perform
alU(3)g,®U(3)a,®U(3),, transformation on Ly without affecting the gauge
Lagrangian. Since an n X n unitary matrix has n(n — 1)/2 real parameters
(angles) and n(n+1)/2 phases, an U(3)g, ®U(3)4, ® U(3),,, transformation
contains 3 x 3(3—1)/2 =9 angles and 3 x 3(3+1)/2 = 18 phases. However,
one combination of phase transformations corresponds to baryon number
conservation U(1)p which is a property of the whole SM Lagrangian, so it
leaves Yukawa couplings unchanged. We conclude that Yukawa couplings
contain 18 — 9 = 9 real parameters and 18 — (18 — 1) = 1 phase. In the
mass eigenstate basis, these parameters correspond to 6 quark masses and to
3 angles and one phase in the CKM matrix. It is interesting to notice that
for a number of generations smaller than three, all phases can be reabsorbed
so that no CP violation arises in weak interactions. Indeed, the 2008 Nobel
prize was awarded to Kobayashi and Maskawa for introducing three-family
quark mixing to accommodate CP violation in SM weak interactions.

The CKM matrix is thus described by three angles and one phase. The
position of the phase is arbitrary, but of course physical quantities do not
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depend on the phase convention. A measure of CP violation is given by the
Jarlskog determinant
Jcp X Im(‘/;ijl JV};}) y (16>

which is manifestly rephasing invariant.
The PDG advocates the use of the following parameterization for the
CKM matrix:

10 0 Ci13 0 8136_16 C12 S12 0
V = 0 Ca3 S23 0 1 0 —S12 C12 0
0 —S893 Co3 —813€i(s 0 C13 0 0 1
C12C13 $12€13 s13e”
= —S512€23 — 012523813€i(S C12C23 — =‘512823=5’13€i(S S23C13 ) (17)
512823 — 612023313€i5 —C12523 — 512023813€i5 C23C13

where we have used the notation s;; = sin 6;;, ¢;; = cos 0;;. Since experimen-
tally there is a hierarchy between the three angles such that s13 < s93 <
s12 ~ 0.2, it is possible to construct approximate parameterizations of the
CKM matrix, such as the Wolfenstein parameterization and its generaliza-
tions to higher orders. As an example, we can identify

S12 = )\, So93 = A/\2 s 813672’6 = A)\B(p — Z?]) . (18)

Then, an approximate for for the CKM matrix can be obtained expanding

in powers of A the expressions for the cosines of the mixing angles ¢;; =
VT —=5;;.1 At the lowest order we obtain

1—M%/2 A AN (p —in)
- 1—2%/2 AN? : (19)
AN(1 —p—in) —AN? 1

The unitarity of V' implies the presence of triangular relations among
CKM matrix elements. In particular, we have

VudVip | ViaVi

VadV, +VeaViy + ViaViy =0 =1+ + ,
dVub dVeh tdVip ‘/cd C;g ‘/cd‘/cz

(20)

!The three angles 6;; can be chosen to lie in the first quadrant provided that ¢ varies
between 0 and 2.



where the last equality defines the so-called Unitarity Triangle (UT), as given
in Fig. 7?7. It is useful to define the following auxiliary quantities:

a = arg <— ViaViy ) B = arg (— VCdV;’) v = arg (— Vua Jb)
VaaViiy) VidViy )’ VeaViy )
ViaVap ViaVig
R - R, = 21
’ VeaVig | Vv (21

Employing the generalized Wolfenstein parameterization to O(\7), we
obtain

VidViy, = AN(p+i7), (22)
VaVi = —AN
ViV = AN(1—p—in),

so that the apex of the UT has coordinates (p,7), with p = p(1 — A\?/2) and
n=n(l—A\/2).

Nuclear 8 decays and K — 7 semileptonic decays allow us to determine
|Via| and |Vy4|, from which we can extract A = 0.225840.0014. Exclusive and
inclusive semileptonic B decays into charmed final states give us an estimate
of [Vl

(Ve = (39.2 4+ 1.1)1073, (Vi = (41.74+0.7)1073, (23)
while semileptonic charmless B decays give us access to |Vil:
Vel = (35 4 4)107%, V| = (39.94+ 1.5£4.0)107*.  (24)

These measurements allow us to determine the R} side of the UT. Further-
more, we can measure the angle v of the UT exploiting the interference
between b — cus(d) and b — ués(d) transitions in B — DK () decays, up
to a two-fold ambiguity. Experimental data give

v = (78 £12)° U (—102 + 16)°. (25)

Combining all this information gives us a determination of the UT entirely
based on tree-level processes (see Fig. 1):

p = +0.06 £0.08, n==+0.39£0.03. (26)
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Figure 1: Determination of the UT using only tree-level processes.

The determination of the UT, and thus of the full CKM matrix, using only
tree-level processes is a great experimental achievement. Indeed, New Physics
(NP) contributions to tree-level processes are expected to be either absent
(in all NP models with a discrete simmetry separating SM and NP particles)
or strongly suppressed with respect to the SM. Therefore, the determination
of the UT from tree-level processes can be considered to be valid also beyond
the SM, and it is the starting point to study flavour and CP violation beyond
the SM.

2 Effective Hamiltonian for B — B mixing

We have seen in the previous lecture that the SM has an accidental symmetry
that forbids tree-level FCNC and confines flavour violation to charged current
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Figure 2: SM box diagrams for bd — db transitions.

interactions. However, combining two or more charged current interactions
we can generate FCNC transitions at the loop level. Let us now discuss
two very important properties of FCNC processes in the SM. The first is the
Glashow-Iliopoulos-Maiani (GIM) mechanism that suppresses loop-mediated
FCNC processes. The second is the possibility to write down FCNC ampli-
tudes using an effective Hamiltonian that contains only local operators.

2.1 bd — db transitions in the full theory

As a first example, let us consider the AB = 2 transition amplitude bd — bd.
In the 't-Hooft-Feynman gauge, the relevant diagrams are shown in Fig. 2.
The relevant Feynman rules are reported in Fig. ?7. Let us concentrate first



on diagram 7. We can write it down as follows:
. ig

=7 PL IYVPL

\/_ 1 ]bp _ u] \/_

. . . 2 4
1 g —1 d*p
PV, HPLV;
\/57 L pr _ \/_/y L dud <p2 - M{%/) (27T)4 )

where we have neglected external momenta. Rationalizing propagators we
see that the chiral projectors kill contributions from quark masses in the
numerator. The relevant integral is thus

de’l)d X (27)

J d'p PaDp
- : o
0 = | Gyt (7 = M — 2P — 2 ) (28)
Now,
1 L Mo (29)
pr—mi  pP-m2 o (pP—m2)(p*-m2)’
so that '
i _ Lap— Top
ij o «
_[Oéﬁ - m%z m%j 3 (30)
where
Ii _ / d4p papﬂ _ '%Lﬁ/ d4p p2
o7 @2m)* (p? = M) (P> —my,) 4 ] (2m)* (p* — M§)2(p* — ma,)
4
gaﬁ 2 / d p ]- . 2
== t dep. (31
1 M @) (2 = ME)20E — ) + terms indep. on m;, (31)

Now, using the Feynman parameterization

1 1 =1
wbznﬁdﬂu—xw+xw”“ (32)
we obtain

d* 1

/ (2m)4 (p2 — M3Z)2(p? — my,) (33)
1 d4p T

=2 dzx .

/0 / (2m)4 {(1 —2)(p? — mgz) + 2(p? — ME,)}
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1 d* v
o Sy

Us

_ d p3dp
- 167r4 / x/ 2 37
—mZ (1 — m)}

where in the last step we have performed a Wick rotation to go to Euclidean
spacetime. Writing C' = Mg,z 4+ m?, (1 — x) we have

+1/°°pdp_1/°°dy
2Jo (p+0)?* 4o (y+0C)

(34)

o pddp 1 p?

/0 (p2+0)3__4(p2+0)20
1 1 | 1
dy+C|,

Substituting the result (34) in eq. (33) we are led to

1 /1 d x i /1 d T
— €T = —_—— r—
1672 Jo "~ xMg +m2 (1 —x) 16m2ME Jo x4 xi(1 —x)

1 1 x
=— [ do———— 35
1672 M3, /o Tt o(l—a;)’ (35)

where

x; =m [My . (36)

The integration on z can be carried out as follows:

1 /1 da (x(1 — ;) + ;) — 2

/0 mxi—i—x(l—xi)_l—xi ;i +x(l — ;)

1 T; /ld 1
= — rT————————
l—x 1—x;Jo x+z(1—u1)
1 T; 1
= - . 1 1 —u i
1 x;log x;
= . 37

1

Thus, up to terms independent on quark masses, we have

i goz,ﬁ’ ?
I J 38
0= 16m2” () (38)



with 21
ZT; ;108 T;
0 = Z . 39

Using eq. (30) we finally obtain

ij Jap
with ; ;
Alay,2y) = T2 =T (41)
€Z; X
We now turn to the Dirac structure. From eq. (27) we extract
U Pryayy Prva x vy’ Poy®y" Prug . (42)

This can be simplified using a Fierz identity. From the basic Fierz identity

asbys = 5 (PL)aa(Po)ys+ 5 (Pr)as(Pr)ys (13)
43 PL)as i) + 5 (1 Pr)as (P13 + 50 s

we obtain
(PLvatsPr)as = (Prva)s(0sPr)~0ap04s (44)

= (Pota)s (PR (5 (Pr)as( Pr)s + 5 (Pras(Pr)os

1 | o

+5 (V" Pr)as(1uPr)ys + 5 (V" Pr)as(1uPL)ys + g(ff“ )as (O ) as)
1 1,

= (PLUd)ﬁ(@bPR)@(V“PR)aa(%PL)vﬁ = §(UbV“PLUd)(%PR)aBa

Plugging eq. (44) into eq. (42) we obtain

1
5(’(_}b7pPLUd) (VoY Yo PrY Py Prug) (45)

which can be further simplified using

VeV = =27 (46)
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to obtain

—4(1_}b’}/uPLUd) (QW#PLud) . (47)
The Feynman amplitude generated by this diagram is thus
: 4
. ¢ g * * — —
iMT = @4m i,j—zu,c,t V;b‘/idvjbvjdA(xi? ;) (0" Prva) (uyy, Prua)
G2 M2
= 52 Wy Prog) (v, Prua) Y. NidjA(i, 35) (48)
i,J=u,c,t

where Gr/v/2 = ¢%/(8M2,) is the Fermi constant and \; = V;;Via.
Diagram 8 in Fig. 2 is identical to the one we just computed, up to a
Fierz identity ((7"PL)as(1uPr)vs = —(V"Pr)as(VuPL)vs:

G My,
5.2 (U Prua) (v, Prva) Y. ANdjA(zi, x;) . (49)

©,]=u,c,t

iM®) = —

2.2 Introducing the effective Hamiltonian

We notice that these Feynman amplitudes can be written as matrix elements
of an effective Hamiltonian involving a local operator. Let us consider the
following effective interaction:

HAB 2 CBL’}/“dLBL’)/MdL y (50)

built up of a numerical coefficient C', called Wilson coefficient, times a lo-
cal operator of mass dimension six. The Wilson coefficient must then have
dimensions mass~—2. The matrix element of H5P=2 is given by

iMM = —iC(dblbpy"dpbry,dL|bd) (51)
—2iC (uwy" PLvatyy, Prua — " Pruatyy, Prvg) -
Comparing eq. (51) with egs. (48) and (49) we obtain
G4 M3,

472

C+8 — Z/\ NA(xi, ;) . (52)

Proceeding along the same lines we obtam

2 2

o) _ oo — _Grlly Z)\ Nz Al (i, 1) (53)
471'2 7 1YV )

1 G M,

C(1+2)
4 472

Z ANz A, )

12
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with

J'(z;) — J (x;) 1 xlogx

Az, x) = - / J(r) = 54
(o) = SO @)= s s (6

Summing the four contributions we finally obtain

G2 M3 -
i\j
with X

/I(.ﬁﬂi, l’j) = A(]}l, .’ﬂj) — .Qﬁi.ﬁEjA/(J?i, [L’j) + 1331.%]14(1'“ ij) . (56)

The unitarity of the CKM matrix implies that
At A+ A =0 (57)

so that we can replace A\, — —\; — A. to obtain

Z )\i)\jf_l(xl-, z;) = (A + A2 A(Ty, 20) + 22 NA(2e, 7)) + N2 A2, 70,)

4,J
—i—)\f/_l(a:t, xy) — 20 (A + )\t)/_l(a:u, xt) — 2X(Ae + o)A (2, Ze)
= M2So(z4) + A2So(,) + 22\ So (e, 74) (58)
where
So(w) = Alwy, ) + A(wy, 1) — 2A(T0, 24) (59)
So(w.) = Axe,xe) + AlTy, 1) — 2A(34, )

So(we,xe) = Alwe, 1) + ALy, 20) — A2y, 20) — A2y, Tc) -

We note that Sy contains only differences of A functions with different
arguments. Thus, for massless or degenerate quarks no FCNC vertex can
be generated, and the coefficients are suppressed by the GIM mechanism.
Indeed, we have

So(z) =0 x. (60)

Thus, the contribution of light quarks is suppressed by m2 /My, and it
vanishes as M.

We also notice that heavy quarks do not decouple from FCNC processes.
Indeed, in the large x limit we have

So(z) “= 'z, (61)
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so that the top quark plays a dominant role in flavour physics. This non-
decoupling effect can be immediately understood recalling that the would-be
goldstone bosons couple to fermions with a strength proportional to quark
masses.

For By — B, mixing, we have A\, ~ )\, so that we can safely neglect Sy(z.)
and Sp(x., z¢) in eq. (58), leading to

HAB:Q _ G%‘MI%V
eff 477'2

)\?So(.%‘t)BL’}/'udLi)L’y#dL . (62)

We have obtained the result above neglecting external momenta. We now
show that the terms we neglected are suppressed by an additional factor of
q? /M7, where ¢ is the external momentum. To this aim, let us write down
the full expression for [géﬁ:

;o[ dhp Pals
0 = | Gy (P MG ] (63)

and Taylor expand it around ¢ = 0:

10 0

- 7 e 4
294, 90, @) "¢+ 0. (64)

q=0

éﬁ(‘J) = Iiyﬁ +

We have

9 9 1
99, 99, [(p — q)? — M2)?

. . 5#1/ Pubv
‘4<W—Mﬁ+%%w%9'@®

For the sake of simplicity, let us focus on the term proportional to d,, in
eq. (65); similar considerations apply to the other term. We obtain

q=0

) = T~ o gt = T+ a D (66)
wsla) =1 — =5 1s+..=Lzg+—F2c—Ls+...,

g T oMg 7 Mg ox

showing explicitly that the effects of external momenta are suppressed by
powers of ¢/MZ,. ) )

To summarize, we have seen how the transition bd — db is generated at
the loop level in the SM, how the GIM mechanism implies that this amplitude
is proportional to G%mii for light quarks, and how this amplitude can be
written as the matrix element of an effective Hamiltonian containing a local
operator.
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2.3 QCD corrections

Let us now very briefly comment on the inclusion of QCD effects in the
calculation above. Let us consider for example the exchange of a gluon
between external quark lines as in Fig. ??. In the full theory, this diagram
is convergent in the ultraviolet. However, the same diagram in the effective
theory has a logarithmic divergence. Indeed, the W propagator acts as a
regulator of the ultraviolet divergence. Thus, the result in the full theory
contains terms proportional to

M,

ag log me (67)
so that the large log spoils the perturbative expansion. This is due to the
presence of two widely different scales: the weak scale and the hadronic scale.
The effective Hamiltonian and the renormalization group equations give us a
very efficient tool to resum these large logs. Indeed, since the W boson acts
as a regulator of the effective theory, the coefficient of the log is given by the
anomalous dimension v, of the operator Z;L’y“dLBLfyudL, which can be easily
computed using dimensional regularization. Then, large logs are resummed
by computing the Wilson coefficient at a scale M ~ My, and then by evolving
it to the hadronic scale ;1 ~ m; using renormalization group equations. In
the leading logarithmic approximation, we have

o = |22

A ™ o~ e (69

where (3, is the first coefficient of the QCD beta function, and C'is the Wilson
coefficient we computed above.

2.4 Hadronic matrix elements

We have obtained the effective Hamiltonian

ap=  GEME R
He = A So(@e)n(p)bry*drbry,dr (i), (69)

472

where p is the renormalization scale. We have seen that this Hamiltonian
correctly describes the SM bd — db transition amplitude, including the re-
summation of large logs. However, we are ultimately interested in computing

a transition amplitude for B mesons: can we use H53P=2 for this purpose?
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The answer is positive, since the Wilson coefficient C'(11) does not depend
on the choice of the external states. Indeed, the dependence on external
states drops in the matching between the full and the effective theories, since
the two theories only differ in the ultraviolet. All the dependence on external
states is thus encoded in the matrix elements of the effective Hamiltonian.
Therefore, to compute the B; — By transition amplitude, we must compute
the matrix element

(Blbry"drbr,ds (1) B) (70)

This matrix element contains all the low-energy hadronic dynamics, and it
must be computed using non-perturbative methods such as lattice QCD or
QCD sum rules.

It is customary to express the matrix element in eq. (70) in terms of the
Vacuum Insertion Approximation (VIA) result times a B-parameter. We
then have

- - _ 1
(BloLy*dpbryudr(p)|B) = gFémBB(/i) : (71)
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