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Basics

Properties of Relative Entropy: H(A, B) = Tr A(log A — log B)
Joint Convexity H(Zj ALY BJ-) < Y H(A;, B))

Cor: Monotone under Partial Trace (MPT) H =H; ® H»
H(Al, Bz) < H(Alz, B]_z) ILW: that’s all folks!

Cor: Monotone under CPT Map  H[®(A), ®(B)] < H(A, B)

(quantum channel)
Special Case of MPT  Ajp — Ajo3, Bio — h ® Aoz
H(A12, A2) < H(A123, A23)

—5(A12)—|—5(A2) < —5(A123)+5(A23) S(A) =—TrAlogA

strong subadditivity (SSA) of quantum entropy



G Homogenous of degree one

G(AA) = AG(A) = G(A) convex & subadditive

convex = subadditive

1G(A+B)=G(iA+1B)<1G(A)+1iG(B)

subadditive = convex

IA

G(xA) + G[(1 — x)B]
= xG(A) +(1-x)G(B)

G[XA +(1- X)B]



Background

Original proof of SSA based on Lieb's result below
WYD skew entropy 1Tr[K,~P][K,v'7P]
for K = K* and ~ a density matrix
Wigner-Yanase introduced for p = % and proved concave in 7.
Dyson suggested p € (0,1) — led to conjecture

Conj: 7+ TrKyPK~y=P — Tr KyK concave

Lieb dropped linear term and proved generalization

(A, B) — Tr K*APKB'~P concave for p € (0,1)

Claim: But advantage to retaining linear term !l



Retaining the linear term

Jo(K, A, B) = TrK*AK — Tr K* APKB!~P]

!
p(1 - p)
Note: well-def for p > 0 and factor (1 — p) changes sign at p =1

Thm: (A, B) — Jp(K, A, B) is convex for p € (0,2)
= TrK*APKB'~P concave for p € (0,1)
= TrA(logA—logB) convex p =1 — extend by cont K =/
= TrK*APKB~P convex for p € (1,2] and p € [-1,0)

will give proof, which is elementary, short, and sweet

TrA=TrB = Jy(K,A B)>0 with equality & A=B

pseudo-metric in same sense as relative entropy H(A, B) gen Klein



Pedestrian modular operator

d x d matrices form Hilbert space with (A, B) = Tr A*B
Def. Left and Right mult as linear operators on this vector space
La(X) = AX and Rg(X) = XB
a) La and Rg commute La[Rg(X)] = AXB = Rg[La(X)]
b) A= A* = Ly, Ra self-adjoint wrt H-S inner prod
For A, B > 0 positive definite
c) La, Ra pos def (X, Ra(X)) =Tr X*XA = Tr XAX* >0
d) (La)™t = Lar, (Re)™ = Rp
e) f(La) = Leay f(RB) = Re(g), €8, L = Lar, Ry = Rap

simple form of deep idea: Araki Apg = LAR,E1 relative modular op



Aside: Functions of operators

For A= UDU* , define f(A)= Uf(D) U*

AM 0 ... 0 f(A1) O 0

0X .. 0 0 f(A) .. ©
AU<: . :)U* f(A)U( ) . ) )U*

0 .. 0 Xy 0 .. 0 ()

equiv. to any reasonable def using power series, integral rep., etc.
also applies to operators, e.g., La acting on My space of matrices
Algj) = ajlds) = Laldj)(dwl = ajlej) (¢l

k=12,...d
e-vals of L, deg

F(A)@j) = ajle;)  F(La)ldj)( okl = f(aj)|ej) (Pl

In particular, Tr Liog @(P) = Tr(log Lg)(P)



Back to J,(K, A, B)

1
gp(x) = { PU=P) (x=xF) p#1 .
x log x p=1

well-defined for x > 0 and p # 0, but p € [%, 2] would suffice
Jo(K,A,B) = TrvVBK* g,(LaRg")(KVB)
(2 (TrK*AK — TrK*APKBP)  p e (0,1) U (1,2)

p(1-p)

= ({ TrKK*Alog A— Tr K*AK log B) p=1

—1(TrK*AK — Tr AKB1K*A) p=2

Ji(l,A,B) =TrA(log A—log B) = H(A, B)



Aside: extend to [—1,0)

not quite symmetric around p = % p—1l—p

s (l—xP) p#£0

pc [_171)
—log x p=

8o(x) = wgrp(w ) = {

Jp(K,B,A) = Ji_p(K*, A, B)

Jo(K, A, B) jointly convex for p € [-1,1)

Jo(1, A, B) = Tr B(log B — log A) = H(B, A)



Integral representations

g”(x):{p(ll—p)(l—x”_l) p#1

X log x p=1

well-def for x € (0, 00) and operator monotone for p € (0, 2], or,
anal cont to upper half of complex plane and UHP +— UHP

= gp(x) has integral rep of form

(x) +/OOX2t—X
X = ax
&p 0 X+t

*rx2 1 1
= ax+ [ - -+ tv(t) dt
0 x+t t x+t

with v(t) > 0



Specific integrals — elementary

-1
/wxp S 0<p<l1 ¢, = Snem
o x+1 sinprw g

allows us to give the following explicit representations

;

et ol e s o

00 [ x2

Joo (G — 1+ <) Tt p=1
g(x) =

p(1 ) [x—i—cp 1f0 xTrttp 2dl’} pe(1,2)

2(=x+x) p=2

Important: For p € (0,2) integrand supported on (0, c0).



Integal representation using L4 and Rg

Recall J,(K,A B) = TrvVBK*g,(LaRg")(KVB)
go(x) = ax + [3° |25 — 1+ | () e
Tr\FK*i(K\/E) = Ter* (KVB)
LAR +tl + tRg
= TrBK*m(KB)

Jp(K,A,B) = TrK*AK—TrKBK*/ v(t) dt
0

ee 1 1
TrK*A———(AK) + TrBK* —————(KB) | t v(t) dt
+/0 [ ' LA+tRB( )+ f LA—I-i‘RB( )] V()

1

Suffices to show (A, B, X) — TrX*m

(X) jointly convex



1
Note: Tr(AX)* L6t tRom (AX) = ATrX* (X)

Lg + tRa
Homo of degree 1 =- suffices to prove subadditivity
Let: M= ()7VA(X) = ()Y3()

TrM*M = (M, M)
= ([O772) = OY2W)] L [O72() = OY2M))
= (X, ()7HX)) = (X A) = (A X) + (A ()(A))

Choose M = (La + tRg) ™ "/*(X) — (La + tRg)'/(A)

TrM*M =
Tr X*(La + tRg)"1(X) — Tr X*A — Tr A*X + Tr A*(La + tRg)(A)



Let M; = (La, + tRp;)~ 12(x;) — (La; + tRs; )/2(A). Then

0 < ZTr/\/I* = ) TrX{(La, + tRg) (X))
J
—Tr (> X.*)/\ —Te A (32, %) + Tr/\*ZJ-(LAj + tRg, )\

1
= Y T X (X)) = TEX*A = Tr A" X — Tr A (La+tRg)A
Z J (La, —i—tRB)( ) = (LattRs)

1
Choose A = m(X) X = ZXJ ZLAJ. =Ly A = La

TrA Y (La; + tRg)A = Tr X L X = TrXA = TrA*X

1 1
0 < Tr X —m—— (X)) — Tr X —— (X
o ; e LAj+tRBj( J) ' Lo+ tRB( )



compare elementary C-S ineq:
|ZVka’2 < Z\Vk|2 Z\Wk|2
k k

k
1/2 —-1/2
Forak>0|etvk:ak/,wk:ak /xk

DIETHED SERD P 7=
K K PR
Rewrite ( Zyk) ( Z Xk) < Z Ykaixk
K K K k

1
>
K
Lieb and Ruskai (1973) proved operator version

.1
Zxk Zxk Ek:xkAkxk

z k

Not suff. for SSA — need Araki rel mod op hidden in L, and Rp.

Compare proof: ‘Zk vk + twk‘2 >0V t choose t to minimize



Remarkson g #1 —p

p,g>0 p+g<l1 Tr K*APKB1~P concave
Write Tr K*APKBY9 = Tr K*APK(B®)1~P 0<s= rlp <1
B* is op monotone and op concave for s € (0, 1)

(ABy+ (1= X)B2)* > AB§ + (1 — \)B3

Note: f(x) strictly concave and op concave = strict op ineq

TrK*APKBY = TrK*APK[(AB1 + (1 — \)B,)°]' P

Tr K*APK (AB§ + (1 — \)B35)" P

ATr K*APK(B) P + (1 — \)TrK*ASK(B3) P
ATr K*APKBY + (1 — A)Tr K*ASKBj

vV Vv

get equal only for trivial cases, By = B or A =10, 1.



Monotonicity under partial traces

Prove MPT: Recall gen Pauli ops,
Zlen) = 627rin/d|en> Xlen) = |ent1)
D ZIAZ =d Adging > X Agiag X = (Tr A)l
J J

NN XZKAXIZF) = (TrA) I
J k

W, = X/ Z¥ in some ordering n = 1,2, ...d% e.g., n = j+d(k—1)

d% Z(/l Q@ Wy) A (he@ Wo)* =A1® b

n
Discrete version of Uhlmann’s observation that partial trace can be

obtained by integrating over SU(n) using Haar measure.



Jo(Kz, A2, By) = Jp(h ® Ko, d%/l ® Ag, d%h ® By)
= %Jp<K12, Yo n(Wh @ b)Ars(W, @ b)*,>°, (W, ® b)Bio(W, ® /2)*)
1
% ZJp(ll ® Ko, (Wi ® h)A12(Wh @ b)*, (W, @ b)Bia(W, ® kb))
1

IN

= % ZJp(ll ® K2, A12, Bi2) = Jp(h ® K2, A12, Bi2)
1

used Jp(ll ® Ko, A1, 812) wrote Kio = h ® K>
= Jp(h @ Kz, (W ® b)A1a(Wn @ b)*, (Wn ® b)Bio(W, @ h)*)

Ji(1, Az, By) < L (1, A2, Bi2) gives H(Az, Bo) < H(A12, Bi2)

Cor: SSA  H(A23,Az) < H(A123, A13)



“no transparent proof of SSA is known"
p. 645 of Quantum Computation and Quantum Information
Michael A. Nielsen and Isaac L. Chuang (Cambridge Press, 2000)

based on B. Simon's version adapted from Uhlmann (1977) of
“elementary” proof of (A, B) +— Tr K* APKB'~P concave
similar argument in Wehrl Rev. Mod. Phys (1978). BUT

e MBR, “Lieb’s simple proof of concavity ..." quant-ph/0404126
Int. J. Quant Info. 3, 579-590 (2005) Schwarz + max mod

e Ando’s argument described in Carlen’s talk
e Petz — uses Ap in book; elem version in quant-ph/0408130

e Proof here based on Schwarz ineq. using La, Rg really elem.
based on Lesniewski and Ruskai, JMP; and MBR quant-ph/0604206



Equality conditions in J,(K, A, X) convex

e 1 < 1
TrK*A———(AK)v(t)dt < Tr(AK)——(A;K)v(t
| T A < /OZ AR T gy KOO

J

D L L]
j )

+ tRBj

Equal < equal for each term in integ , i.e., M; =0 Vj VvVt

(La, + tRe) ' (X)) = (La+ tRB) N (X) V), V¢t
equality conditions independent of p € (0,2)

X=AK (I+th,5) (K)=(I+th,g) H(K) V), V¢t

X=BK (Dag+t) ' (K)=(Dag+t)H(K) V)Vt



Recall App = LAF\’,;1 > 0 prod of commuting pos def ops

(Dpg +t) N (K)=(Dag+tI)H(K) V), Vi

Apag >0 = (Aag+th)™' anal cont to C\(—o0,0]

can apply Cauchy integral Thm. to get

= G(AAJ'BJ-)(K) = G(AAB)(K) Vj G anal on C\(—O0,0]

allows several useful formulations

= (Aag +tl) and (I + Aj4t) forms equiv.



Equivalent equality conditions

Thm: For fixed K, and A=} A;,B=3".B; TFAE

a) J(K, A, B) =3, Jp(K,Aj, Bj) for all p € (0,2).

b) Jp(K, A, B) = >, Jp(K, Aj, Bj) for some p € (0,2).

c) (Bag +t)H(K)=(Aag+t)"H(K) Vjand Vt>0.

d) ATKB " = ATKB™" 'V jand V t>0.

e) (logA—logAj)K = K(log B —log B;) V j.
In addition when K =/, equiv to

f) There are D; > 0 such that [A;, Dj] = [B;, Dj] =0, and

Aj=AD7'D;, B;j=BD™'D; with D=3, D;

neccessity of (f) uses sufficient subalgebra — developed by Petz
formulation here from Jen¥ova and Petz, CMP, 263, 259-276 (2006).



Equality conditions for SSA

use form  log Ai23 — log A1o — log Axz + log Ao =0
Easy to see Aix3 = A1 ® Axz or Aix ® Az will suffice
If Hy = HQL & HQR then Ajxz = A12L & A2R3 will suffice

Thm: Equality holds in SSA if and only if
Ho=EPHE@HE and A = P AL ® AR

with AL € B(H; @ HE), AR € B(HR @ H3)

Cor: Equality in Tr AD, Ay P < Tr AP, AT, P iff same cond

pe(0,1) < pe(1,2) >



Carlen Lieb Inequalities

Tpoa(K.A) = ﬁ[TrK*A”K)l/P—%TrK*AK]

= inf {Jp(K, A, X) + STrX : X >0}

Bos (DA = Boa() = Gyl (X 4) -1y Al
k k

k

Upa(A) = ey [T (Tra A8,) % — LTriz Ay

All convex for 0 < p < 2. ®(A) is block diag case of W(A;)

conditional entropy \Tl(Ll)(Alz) = S(A;) — S(A12)



A= ZAk ® |ex)(exl = | ¢
P .

K*APK = (3, AY) @ |er) (e

70)

0
0
0
0 0
0 0
Ay 0
®p1(A) = Tpi(K, A)



MPT in Carlen-Lieb

monotonicity: {I}(p71)(./423) < \T/(p71)(./4123)
conditional entropy: @(1,1)(A23) = S(Az) — S(A)
p=1 S(Az) — S(A23) < S(Ag2) — S(A123) SSA

Carlen-Lieb Minkowski:

Trs [Tra(Try A123)P] Yp V1) (As2)

IN

for 1 < p < 2 and reverse ineq > for 0 < p < 1.

p = 1 equality conditions same as for SSA



Equality conditions in Carlen-Lieb

Extend equal conds to all p € (0,2) by Cor to SSA equal conds

Rough idea: Equal in SSA = equal in MPT proof
= equal in convexity for J,(/, A2, h ® Az)

can actually use SSA equal conds to improve this
equal in <T>(,4) convex < equal in Jy(/, A, Tro(A) ® b)

equal in \TJ(Alz) convex < equal in Jy(/, A123, A1 ® h3)
A2z =, (1 @ Wp)Aw(l @ Wp)* ® |en) (e

equal in “new” SSA from \TJ(p71)(A23) < \Tl(pyl)(A123) indep of p



Generalizations of SSA

Uniform treatment led to two distinct generalizations of SSA

pseudo p-metric based on MPT of J,(1, A123, A23)

1- pE (07 1)
Tr Af23A12 P

P Al—p
Tr A%z A, pe(l2)

VA

pseudo p-norm based on MPT of @(A123)

Tra(Trs.Ab;)Y/P Trio(TraAb,,) /P pe(0.1)
pe(L2)

il

IN IV

Compare Renyi —— log Tr AP and Tsallis —1-(1 — Tr AP) entropy
1-p p—1



