CHAPTER 1

Eigenvalues, eigenvectors, and similarity

1.0 Introduction and notation

11n this and the following chapters, we motivate some key issues discussed in
the chapter with examples of how they arise, either conceptually or in applica-
tion.

Throughout the book, we use (typically without further comment) the no-
tation and terminology introduced in Chapter 0. Readers should consult the
index to find a definition of an unfamiliar term; unfamiliar notation can usu-
ally be identified by using the Notation table that follows the References.

1.0.1 Change of basis and similarity. Every invertible matrix is a change-
of-basis matrix, and every change-of-basis matrix is invertible (0.10). Thus, if
B is a given basis of a vector space V, if T' is a given linear transformation on
V, and if A = [T is the B basis representation of 7, the set of all possible
basis representations of 7" is

{8,I5 8[T)5 515, : Biisabasisof V}
= {S71AS: S € M, (F) is invertible}

This is just the set of all matrices that are similar to the given matrix A. Similar
but not identical matrices are therefore just different basis representations of a
single linear transformation.

One would expect similar matrices to share many important properties—at
least, those properties that are intrinsic to the underlying linear transformation—
and this is an important theme in linear algebra. It is often useful to step back
from a question about a given matrix to a question about some intrinsic prop-
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52 Eigenvalues, eigenvectors, and similarity

erty of the linear transformation of which the matrix is only one of many pos-
sible representations.
The notion of similarity is a key concept in this chapter.

1.0.2 Constrained extrema and eigenvalues. A second key concept in this
chapter is the notion of eigenvector and eigenvalue. Nonzero vectors x such
that Az is a scalar multiple of x play a major role in analyzing the structure of
a matrix or linear transformation, but such vectors arise in the more elemen-
tary context of maximizing (or minimizing) a real symmetric quadratic form
subject to a geometric constraint: For a given real symmetric A € M, (R),

maximize 27 Az, subjectto xz € R", zlzx=1 (1.0.3)

A conventional approach to such a constrained optimization problem is to in-
troduce the Lagrangian L = 2”7 Az — Az” 2. Necessary conditions for an
extremum then are

0=VL=2(Az—Xz)=0

Thus, if a vector z € R” with 72 = 1 (and hence 2 # 0) is an extremum
of 2T Az, it must satisfy the equation Az = Az, and hence Az is a real scalar
multiple of z. Such a pair A, x is called an eigenvalue—eigenvector pair for A.

Problems

1. Use Weierstrass’s Theorem (see Appendix E) to explain why the constrained
extremum problem (1.0.3) has a solution, and conclude that every real symmet-
ric matrix has at least one real eigenvalue. Hint: f(x) = 7 Ax is a continuous
function on the compact set {z € R" : 27z = 1}.

2. Suppose that A € M, (R) is symmetric. Show that max{zT Az : z €
R", 2Tz = 1} is the largest real eigenvalue of A.

1.1 The eigenvalue—eigenvector equation

A matrix A € M, can be thought of as a linear transformation from C" into
C", namely

A:x— Az (1.1.1)
but it is also useful to think of it as an array of numbers. The interplay between

these two concepts of A, and what the array of numbers tells us about the linear
transformation, is a central theme of matrix analysis and a key to applications.
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A fundamental concept in matrix analysis is the set of eigenvalues of a square
complex matrix.

1.1.2 Definition. Let A € M,,. If a scalar A and a nonzero vector x satisfy the
equation

Ax = Az, reC*x#£0,AeC (1.1.3)

then A is called an eigenvalue of A and z is called an eigenvector of A associ-
ated with \. The pair A, z is an eigenvalue—eigenvector pair for A.

The scalar )\ and the vector x in the preceding definition occur inextricably
as a pair. It is a key element of the definition that an eigenvector can never be
the zero vector.

Exercise. Consider the diagonal matrix D = diag(d;, ds,...,d,). Explain
why the standard basis vectors e;, ¢ = 1,...,n, are eigenvectors of D. With
what eigenvalue is each eigenvector e; associated?

The equation (1.1.3) can be rewritten as Az — Az = (A\] — A)z = 0, a
square system of homogeneous linear equations. If this system has a nontrivial
solution, then A is an eigenvalue of A and the matrix A\I — A is singular. Con-
versely, if A € C and if A\ — A is singular, then there is a nonzero vector  such
that (Al — A)x = 0, so Az = Az, that is, \, z is an eigenvalue—eigenvector
pair for A.

1.1.4 Definition. The spectrum of A € M, is the set of all A € C that are
eigenvalues of A; we denote this set by o(A).

For a given A € M,,, we do not know at this point whether o(A) is empty,
or, if it is not, whether it contains finitely or infinitely many complex numbers.

Exercise. 1f x is an eigenvector associated with an eigenvalue A of A, show
that any nonzero scalar multiple of x is an eigenvector of A associated with .

If z is an eigenvector of A € M,, associated with ), it is often convenient
to normalize it, that is, to form the unit vector £ = z/ ||z ||,, which is still an
eigenvector of A associated with A. Normalization does not select a unique
eigenvector associated with \, however: ), e??¢ is an eigenvalue-eigenvector
pair for A forall € R.

Exercise. If Az = \x, observe that AZ = A\Z. Explain why o(A4) = o(A). If
A€ M,(R)and X € o(A), explain why ) € o(A) as well.

Even if they had no other importance, eigenvalues and eigenvectors would
be interesting algebraically: according to (1.1.3), the eigenvectors are just
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those vectors such that multiplication by the matrix A is the same as multi-
plication by the scalar \.

Example. Consider the matrix

7 -2
A= [ L1 } € M, (1.1.4a)

Then 3 € o(A) and [} ] is an associated eigenvector since

1 3 1
sla]=le]=s[:]
Also, 5 € o(A). Find an eigenvector associated with the eigenvalue 5.

Sometimes the structure of a matrix makes an eigenvector easy to perceive,
so the associated eigenvalue can be computed easily.

Exercise. Let J, be the n-by-n matrix whose entries are all equal to 1. Con-
sider the n-vector e whose entries are all equal to 1, and let z;, = e — ney, in
which {ey,...,e,} is the standard basis for C™. For n = 2, show that e and
x1 are linearly independent eigenvectors of .J, and that 2 and 0, respectively,
are the corresponding eigenvalues. For n = 3, show that e, x1, and x5 are
linearly independent eigenvectors of J3 and that 2, 0, and 0, respectively, are
the corresponding eigenvalues. In general, show that e, x4, ..., 2, are lin-
early independent eigenvectors of J,, and that n, 0, . .., 0, respectively, are the
corresponding eigenvalues.

Exercise. Show that 1 and 4 are eigenvalues of the matrix

3 -1 -1
A= -1 3 -1
-1 -1 3

Hint: Use eigenvectors. Write A = 4] — J3 and use the preceding exercise.
Evaluation of a polynomial of degree k
p(t) = arpt® +ap 1 t* P4 b ait +ag, ap #0 (1.1.52)

with real or complex coefficients at a matrix A € M, is well defined since we
may form linear combinations of integral powers of a given square matrix. We
define

p(A)Ea,kAk‘i’ak—lAkil+“.+a1A+a'OI (115b)
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in which we observe the universal convention that A = I. A polynomial
(1.1.5a) of degree k is said to be monic if ay, = 1; since ay, # 0, a,:lp(t) is
always monic. Of course, a monic polynomial cannot be the zero polynomial.

There is an alternative way to represent p(A) that has very important conse-
quences. The Fundamental Theorem of Algebra (Appendix C) ensures that any
monic polynomial (1.1.5a) of degree k£ > 1 can be represented as a product of
exactly k complex or real linear factors:

p(t) = (t—a) - (£ — o) (1.1.5¢)
This representation of p(t) is unique up to permutation of its factors. It tells us
that p(a;) = 0 foreach j =1, ..., k, so that each «; is a root of the equation

p(t) = 0; one also says that each «; is a zero of p(t). Conversely, if 3 is a
complex number such that p(5) = 0, then 5 € {a, ..., ax}, so a polynomial
of degree k£ > 1 has at most k distinct zeroes. In the product (1.1.5¢), some
factors might be repeated, e.g., p(t) = t* + 2t + 1 = (¢t + 1)(t + 1). The
number of times a factor (¢ — «;) is repeated is the multiplicity of o as a zero
of p(t). The factorization (1.1.5¢) gives a factorization of p(A):

p(A)=(A—ail)---(A—ayl) (1.1.5d)
The eigenvalues of p(A) are linked to the eigenvalues of A in a simple way.

1.1.6 Theorem. Let p(¢) be a given polynomial of degree k. If A,z is an
eigenvalue—eigenvector pair of A € M,,, then p()), x is an eigenvalue—eigenvector
pair of p(A). Conversely, if £ > 1 and if 1 is an eigenvalue of p(A), then there

is some eigenvalue A of A such that u = p(\).

Proof: We have
p(A)z = apAfr + a1 AF e+ 4 a1 Az 4 apx,  ag #0

and Afz = AT-1 Az = AT-1 g = NAJ~'z = ... = Mz by repeated appli-
cation of the eigenvalue—eigenvector equation. Thus,

p(A)z = arN’z + -+ agx = (ak)\k + - +ag)z = p(A)x

Conversely, if 4 is an eigenvalue of p(A) then p(A) — ul is singular. Since
p(t) has degree k > 1, the polynomial ¢(¢t) = p(t) — u has degree k > 1
and we can factor it as q(t) = (t — 81) - - - (t — 3,,) for some complex or real
B1s---, B Since p(A) — ul = q(A) = (A—pI)--- (A — B,1) is singular,
some factor A — f3;1 is singular, which means that 3, is an eigenvalue of A.
But 0 = ¢(83;) = p(B;) — . so u = p(3;), as claimed. O
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Exercise. Suppose A € M,,. If 0(A) = {—1,1}, what is 0(A?)? Caution:
The first assertion in Theorem 1.1.6 permits you to identify a point in o (A),
but you must invoke the second assertion in order find out if it is the only point
ino(A).

Exercise. Consider A = [8 (ﬂ What is A2? Show that e; is an eigenvector

of A and of A?, both associated with the eigenvalue A = 0. Show that e,
is an eigenvector of A2 but not of A. Explain why the “converse” part of
Theorem 1.1.6 speaks only about eigenvalues of p(A), not eigenvectors. Show
that A has no eigenvectors other than scalar multiples of e; and explain why

o(A) = {0}.

1.1.7 Observation. A matrix A € M, is singular if and only if 0 € o(A).

Proof: The matrix 4 is singular if and only if Az = 0 for some x # 0. This
happens if and only if Az = Oz for some x # 0, that is, if and only if A = 0 is
an eigenvalue of A. ]

1.1.8 Observation. Let A € M,, and A, u € C be given. Then A € o(A) if
and only if A\ + pn € o (A + ul).

Proof: If A € o(A) there is a nonzero vector = such that Az = Az and
hence (A 4+ pul)x = Az + pr = Az + pz = (A + p)a. Thus, A+ p €
o(A+ pl). Conversely, if A+ 1 € o(A+ p) there is a nonzero vector y such
that Ay + uy = (A+ pl)y = (A + p)y = Ay + py. Thus, Ay = Ay and
A€ a(A). O

We are now prepared to make a very important observation: every complex
matrix has a nonempty spectrum, that is, for each A € M, there is some scalar
A € C and some nonzero z € C" such that Az = Az.

1.1.9 Theorem. Let A € M,, be given. Then A has an eigenvalue. In fact, for
each given nonzero y € C™ there is a polynomial g(¢) of degree at most n — 1
such that g(A)y is an eigenvector of A.

Proof: Let m be the least integer k such that {y, Ay, A%y, ..., A¥y} is linearly
dependent. Then m > 1 since y # 0, and m < n since any n + 1 vectors in
C" are linearly dependent. Let ag,aq,...,a,, be scalars, not all zero, such
that

amAmy-l-amflAm_ly‘i' +alAy+a0y =0 (1110)

If a,, = 0, then (1.1.10) implies that {y, Ay, A%y,..., A™ 1y} is linearly
dependent, contradicting the minimality of m. Thus, a,, # 0 and we may
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consider the polynomial p(t) = t™ + (am—1/am)t™ 1 + - + (a1/am)t +
(ao/am). The identity (1.1.10) ensures that p(A)y = 0, s0 0, y is an eigenvalue—
eigenvector pair for p(A). Theorem 1.1.6 ensures that one of the m zeroes of
p(t) is an eigenvalue of A.

Suppose A is a zero of p(t) that is an eigenvalue of A and factor p(t) =
(t — A)g(t), in which g(t) is a polynomial of degree m — 1. If g(A)y = 0,
the minimality of m would be contradicted again, so g(A)y # 0. But 0 =
p(A)y = (A — XI)(g(A)y), so the nonzero vector g(A)y is an eigenvector of
A associated with the eigenvalue \. |

The preceding argument shows that for a given A € M,, we can find a poly-
nomial of degree at most n such that at least one of its zeroes is an eigenvalue
of A. In the next section, we introduce a polynomial p4 (¢) of degree exactly n
such that each of its zeroes is an eigenvalue of A and each eigenvalue of A is a
zero of p4(t), thatis, p4(A) = 0 ifand only if A € o(A).

Problems

1. Suppose that A € M,, is nonsingular. According to (1.1.7), this is equivalent
to assuming that 0 ¢ o(A). For each A € o(A), show that \™* € o(A~1). If
Az = Az and = # 0, show that A~z = A"z

2. Let A € M,, be given. (a) Show that the sum of the entries in each row of A
is 1 if and only if 1 € o(A) and the vector e = [1,1,...,1]7 is an associated
eigenvector, that is, Ae = e. (b) Suppose that the sum of the entries in each
row of A is 1. If A is nonsingular, show that the sum of the entries in each row
of A~1is also 1. Moreover, for any given polynomial p(¢), show that the sums
of the entries in each row p(A) are equal. Equal to what?

3. Let A € M, (R). Suppose that \ is a real eigenvalue of A and that Az =
Ax,x € C" x # 0. Let x = u + v, in which u,v € R are the respective
real and imaginary parts of . (0.2.5) Show that Au = Au and Av = .
Explain why at least one of u, v must be nonzero and conclude that A has a
real eigenvector associated with A\. Must both u and v be eigenvectors of A?
Can A have a real eigenvector associated with a non-real eigenvalue?

4. Consider the block diagonal matrix

A= Ay € My,

{ 0 Ag } ’ € M,
Show that 0(A) = o(A11) U o(Aaz). There are three things you must show:
(a) if A is an eigenvalue of A, then it is an eigenvalue of either A1y or of Ags;
(b) if A is an eigenvalue of A;4, then it is an eigenvalue of A; and (¢) if A is an
eigenvalue of Aso, then it is an eigenvalue of A.
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5. Let A € M,, be a given idempotent matrix, so A> = A. Show that each
eigenvalue of A is either 0 or 1. Explain why [ is the only nonsingular idem-
potent matrix.

6. Show that all eigenvalues of a nilpotent matrix are 0. Give an example of
a nonzero nilpotent matrix. Explain why 0 is the only nilpotent idempotent
matrix.

7. If A € M, is Hermitian, show that all eigenvalues of A are real. Hint:
Let A, z be an eigenvalue—eigenvector pair of A. Then x*Ax = Ax*x. But
z*x > 0and x*Ax = x*A*x = x* Az is real.

8. Explain how the argument in Theorem (1.1.9) fails if we try to use it to show
that every square real matrix has a real eigenvalue.

9. Use the definition (1.1.3) to show that the real matrix A = [ _01 (1]] has no real
eigenvalue. However, Theorem 1.1.9 says that A has a complex eigenvalue.
Actually, there are two; what are they?

10. Provide details for the following example, which shows that a linear opera-
tor on an infinite dimensional complex vector space might have no eigenvalues.
Let V = {(a1,az2,...,a,...) 1 a; € C,;i = 1,2,...} be the vector space of
all formal infinite sequences of complex numbers and define the right shift op-
erator S on V by S(a1,as,...) = (0,a1,az,...). Verify that S is a linear. If
Sx = Az, show that z = 0.

11. Let A € M,, and A € o(A) be given. Then A — AI is singular, so
(A=A adj(A — A\I) = (det(A — A\I))I = 0. [See (0.8.2)] Explain why
there is some y € C™ (y = 0 is possible) such that A — A\I = xy*, so every
nonzero column of adj(A — AI) is an eigenvector of A associated with the
eigenvalue A. Why is this observation useful only if rank(A — AI) = n — 1?

12. Suppose that \ is an eigenvalue of A = [*"] € M,. Use Problem 11 to
show that if either column of [d:;‘ a_f;] is nonzero, then it is an eigenvector of
A associated with \. Why must one of the columns be a scalar multiple of the
other? Use this method to find eigenvectors of the matrix (1.1.4a) associated

with the eigenvalues 3 and 5.

13. Let A € M,, and \ € o(A) be given. Suppose  # 0 and Az = Az, so that
(adj A)Az = (adj A)Az. If X # 0, explain why (adj A)z = (A~ det A)z. If
A = 0, refer to (0.8.2) and explain why there is some y € C™ (possibly y = 0)
such that adj A = zy™*, so (adj A)z = (y*z)z. In either case, notice that x is
an eigenvector of adj A.
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1.2 The characteristic polynomial and algebraic multiplicity

Natural questions to ask about the eigenvalues of A € M,, are: How many are
there? How may they be characterized in a systematic way?
Rewrite the eigenvalue-eigenvector equation (1.1.3) as

M —Az=0, %0 (1.2.1)
Thus, A € o(A) if and only if A\ — A is singular, that is, if and only if
det(\[ — A) =0 (1.2.2)

1.2.3 Definition. Thought of as a formal polynomial in ¢, the characteristic
polynomial of A € M, is

pa(t) = det(tl — A)
We refer to the equation p4 (t) = 0 as the characteristic equation of A.

1.2.4 Observation. The characteristic polynomial of each A = [a;;] € M,
has degree n and pa(t) = t" — (tr A)t" ! + .- + (—1)" det A. Moreover,
pa(A) = 0 if and only if A € 0(A), so o(A) contains at most n complex
numbers.

Proof: Each summand in the presentation (0.3.2.1) of the determinant of t/— A
is a product of exactly n entries of tI — A, each from a different row and
column, so each summand is a polynomial in ¢ of degree at most n. The degree
of a summand can be n only if every factor in the product involves ¢, which
happens only for the summand

(t—a1) - (t —apn) =t" — (@11 4+ + Qpp)t" 1 4+ (1.2.4a)

that is the product of the diagonal entries. Any other summand must contain
a factor —a;; with ¢ # j, so the diagonal entries (¢ — a;;) (in the same row
as a;;) and (¢ — a;;) (in the same column as a;;) cannot also be factors; this
summand therefore cannot have degree larger than . — 2. Thus, the coefficients
of t™ and ¢"~! in the polynomial p 4 (t) arise only from the summand (1.2.4a).
The constant term in p4(t) is just p4(0) = det(0I — A) = det(—A4) =
(—1)™ det A. The remaining assertion is the equivalence of (1.2.1) and (1.2.2),
together with the fact that a polynomial of degree n > 1 has at most n distinct
Zeroes. U

Exercise. Show that the roots of det(A — ¢I) = 0 are the same as those of
det(tI—A) = 0, and that det(A—tI) = (—1)"det(tI—A) = (—=1)"(t"+- )
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The characteristic polynomial could alternatively be defined as det(A —
tI) = (—1)™t"™ + ---. The convention we have chosen ensures that the co-
efficient of t” in the characteristic polynomial is always +1.

Exercise. Let A = [‘j Z] € M>. Show that the characteristic polynomial of A
is

pa(t) =t* — (a +d)t + (ad — bc) = t* — (tr A) t + det A

With r = (a — d)? + 4bc and letting /7 be a fixed square root of 7, deduce
that each of

M=3(a+d++r) and A =1(a+d—r) (1.2.4b)

is an eigenvalue of A. Verify that tr A = Ay + Ay and det A = A\; \o. Explain
why \; # A ifand only if r # 0. If A € M>(R), show that (a) the eigenval-
ues of A are real if and only if r > 0; (b) the eigenvalues are real if bc > 0;
and (c) if 7 < 0 then \; = )y, that is, \; is the complex conjugate of \y.

The preceding exercise illustrates that an eigenvalue A of a matrix A € M,
with n > 1 can be a multiple zero of p 4 (t) (equivalently, a multiple root of its
characteristic equation). Indeed, the characteristic polynomial of I € M,, is

pr(t) = det(t] — I) = det((t — 1)) = (t — 1)"det I = (£ — 1)"

so the eigenvalue A = 1 has multiplicity n as a zero of p;(¢). How should we
account for such repetitions in an enumeration of the eigenvalues?

For a given A € M, with n > 1, factor its characteristic polynomial as
pa(t) = (t—aq) - (t—«ay). We know that each zero «; of p 4 (t) (regardless
of its multiplicity) is an eigenvalue of A. A computation reveals that

pA(t) =" - (al +---+ a'rb)tnil +eee (_l)nal s Op (124C)

so a comparison of (1.2.4) and (1.2.4c¢) tells us that the sum of the zeroes of
pa(t) is the trace of A, and the product of the zeroes of p 4 (¢) is the determinant
of A. If each zero of p4(t) has multiplicity one, that is, if o; # «; whenever
i # j,then 6(A) = {ai,...,a,}, so tr A is the sum of the eigenvalues of
A and det A is the product of the eigenvalues of A. 1If these two statements
are to remain true even if some zeroes of p4 (¢) have multiplicity greater than
one, we must enumerate the eigenvalues of A according to their multiplicities
as roots of the characteristic equation.

1.2.5 Definition. Let A € M,,. The multiplicity of an eigenvalue \ of A is its
multiplicity as a zero of the characteristic polynomial p4(¢). For clarity, we
sometimes refer to the multiplicity of an eigenvalue as its algebraic multiplic-

ity.
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Henceforth, the eigenvalues of A € M,, will always mean the eigenvalues
together with their respective (algebraic) multiplicities. Thus, the zeroes of the
characteristic polynomial of A (including their multiplicities) are the same as
the eigenvalues of A (including their multiplicities):

pat) = =A)E—=Aa) - (= Ap) (1.2.6)

in which A1, ..., A\, are the n eigenvalues of A, listed in any order. When we
refer to the distinct eigenvalues of A, we mean the elements of o(A).

We can now say without qualification that each matrix A € M, has exactly
n eigenvalues among the complex numbers; the trace and determinant of A are
the sum and product, respectively, of its eigenvalues. If A is real, some or all
of its eigenvalues might not be real.

Exercise. Consider areal matrix A € M,,(R). Explain why all the coefficients
of pa(t) are real. Suppose A has a non-real eigenvalue \. Why is \ also an
eigenvalue of A, and why are the algebraic multiplicities of A and ) the same?
If 2, \ is an eigenvector-eigenvalue pair for A, explain why Z, \ is also an
eigenvector-eigenvalue pair. Notice that x and T are eigenvectors of A that are
associated with distinct eigenvalues \ and \.

1.2.7 Example. Let z,y € C”. What are the eigenvalues and determinant of
I + xy*? Using (0.8.5.11) and the fact that adj(al) = o™~ 11, we compute

Priwy-(t) = det(t] — (I +axy*)) = det((t — 1)I —zy")
= det((t —1I)—y*adj((t — 1))z
— (t _ 1)71, _ (t _ 1)n,—1y*x — (t _ 1)n—1(t _ (1 + y*x))

Thus, the eigenvalues of I 4+ xy* are 1 + y*x and 1 (with multiplicity n — 1),
sodet(I +zy*) = (1 +y*z)(1)" L =1+ y*z.

1.2.8 Example. Let z,y € C", z # 0, and A € M,,. Suppose that Az = Az

and let the eigenvalues of A be A, Ao, ..., \,. What are the eigenvalues of
A + zy*? Using (0.8.5.11) again, we compute
Pavey-(t) = det(t] — (A +ay")) = det (t — A) — ay")

= det(tI — A) —y*adj(t] — A)x
Multiply both sides by (t—\), use the identity (t—\) adj(t]— A)x = det(t—
A)z (Problem 13 in (1.2)), and compute
(t =N patay(t) = (E—=Ndet (T —A)—y"(t— ) adj(t] — Az
(t— A det (¢t — A) — det(t] — A)y*x
= (t=Npa(t) —palt)y'z
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Thus, we have the polynomial identity

(t =N patay-(t) = (t = (A +y"2)) pa(t)

The zeroes of the left-hand side are \ together with the n eigenvalues of A +
zy*. The zeroes of the right-hand side are A + y*z, A\, Ao, ..., A,,. It follows
that the eigenvalues of A 4+ xzy* are A + y*x, Aa, ..., Ap.

Since we now know that each n-by-n complex matrix has finitely many
eigenvalues, we may make the following definition.

1.2.9 Definition. Let A € M,,. The spectral radius of A is p(A) = max{|A| :
Aea(A)}.

Exercise. Explain why every eigenvalue of A € M,, lies in the closed bounded
disk {z : z € Cand |z| < p(A)} in the complex plane.

Exercise. Suppose A € M, has at least one nonzero eigenvalue. Explain why
min{|A| : A € o(A) and XA # 0} > 0.

Exercise. Underlying both of the two preceding exercises is the fact that o(A)
is a nonempty finite set. Explain why.

Sometimes the structure of a matrix makes the characteristic polynomial
easy to calculate. This is the case for diagonal or triangular matrices.

Exercise. Consider an upper triangular matrix

ti1 - tin
T = R € M,
0 tnn
Show that pr(t) = (t — ¢11) -+ (¢t — tan), so the eigenvalues of T are its
diagonal entries t11,t22, ..., tny,. What if T' is lower triangular? What if 7" is
diagonal?

Exercise. Suppose that A € M, is block upper triangular

A *
A: s AiiéMnifori:L...,nk

Explain why pa(t) = pa,,(t)---pa,,(t) and the eigenvalues of A are the
eigenvalues of A11, together with those of Aso, ..., together with those of Ay,
including all their respective algebraic multiplicities. This observation is the
basis of many algorithms to compute eigenvalues. Explain why the preceding
exercise is a special case of this one.
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1.2.10 Definition. The sum of all the k-by-k principal minors of A € M,
(there are () of them) is denoted by FEy(A).

We have already encountered principal minor sums as two coefficients of
the characteristic polynomial

pa(t) =t"+ 1tV 4o+ ast? + art + ag

If k = 1, then (})) = nand Ey(A) = a11 + -+ apn = tr A = —a,_1;
if k = n, then () = 1 and E,(4) = detA = (—1)"ap. The broader
connection between coefficients and principal minor sums is a consequence
of the fact that the coefficients are explicit functions of certain derivatives of
pa(t)att =0:

an = ~p®0), k=0,1,....n—1 (12.11)

L
Use (0.8.10.2) to evaluate the derivative

p4(t) = tradj(t] — A)

Observe that tr adj A is the sum of all the principal minors of A of size n — 1,
sotradj A = F,,_1(A). Then

ar = pL(t)],— = tradj(t] — A)|,_, = tradj(—A4)
= (1) tradi(4) = (1) B,y (4)

Now observe that tradj(t] — A) = Y71, pa, (t) is the sum of the charac-
teristic polynomials of the n principal submatrices of A of size n — 1, which
we denote by A1), ..., A,). Use (0.8.10.2) again to evaluate

d n
1" o .
pa(t) = 7 tradj(t/—A) Z dtpA(” t) = ;tr adj(tI—Ag)) (1.2.12)
Each summand tradj(t/ — A;)) is the sum of the n — 1 principal minors of
size n — 2 of a principal minor of t/ — A, so each summand is a sum of certain
principal minors of tI — A of size n — 2. Each of the (") principal minors
of t1 — A of size n — 2 appears twice in (1.2.12): the principal minor with rows

and columns £ and ¢ omitted appears when ¢ = k as well as when ¢ = £. Thus,
1 1 = ,
as = EpA( Mieo = Ztradj (tI — Agy) ‘t 0= Ztradj(—A(i))

= ST tradi(Ag) = 5 (-7 (2Ba-2(4))

(1) B, ()
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Repeating this argument reveals that pff) (0) = kl(-1)"*E,_r(A), k =
0,1,...,n—1, so the coefficients of the characteristic polynomial (1.2.11) are

1
ar = 2394 (0) = (~1)" " E,i(4), k=0,1,....n—1

and hence
pa(t) =" — Ey(A)" o (D) Bt 4 (<)E,  (12.13)
With the identity (1.2.6) in mind, we make the following definition:

1.2.14 Definition. The kth elementary symmetric function of n complex num-
bers A1, ..., A, k< mn,is

k
Sk(Al)"'aAn)E Z ]:[)\17

1<i1<--<ip<n j=1
Notice that the sum has (Z) summands. If A € M, and \{,...,\, are its
eigenvalues, we define Si(A) = Sk(A1,..., \n).

Exercise. What are S7(A1,...,A,) and S, (A1,...,\,)? Explain why none
of the functions Sk(A1,...,A,) changes if the list A1,..., A, is re-indexed
and re-arranged.

A calculation with (1.2.6) reveals that
pa(t) =t" =S (A" 4+ (=1)"ES, o (A)t+ (—1)"LS, (1.2.15)

Comparison of (1.2.6) with (1.2.15) gives the following identities between el-
ementary symmetric functions of eigenvalues of a matrix and sums of its prin-
cipal minors.

1.2.16 Theorem. Let A € M,,. Then
Sk(A)ZEk(A), ]{}Zl,...,’ﬂ,

The next theorem shows that a singular complex matrix can always be shifted
slightly to become nonsingular. This important fact often permits us to use con-
tinuity arguments to deduce results about singular matrices from properties of
nonsingular matrices.

1.2.17 Theorem. Let A € M, be given. Then there is some > 0 such that
A + €I is nonsingular whenever e € C and 0 < |¢] < 4.

Proof: Observation 1.1.8 ensures that A € o(A) if and only if A + ¢ €
o(A + eI). Therefore, 0 € o(A + ¢I) if and only if A + ¢ = 0 for some
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A € o(A), that is, if and only if ¢ = —\ for some A € o(A). If all the
eigenvalues of A are zero, take 6 = 1. If some eigenvalue of A is nonzero, let
0 = min{|\| : A € o and A # 0}. If we choose any ¢ such that 0 < |e] < ¢,
we are assured that —e ¢ 0(A),s00 ¢ o(A + eI) and A + ] is nonsingular.

O

There is a useful connection between the derivatives of a polynomial p(t)
and the multiplicity of its zeroes: « is a zero of p(t) with multiplicity k& > 1 if
and only if we can write p(¢) in the form

p(t) = (t - a)*q(t)

in which ¢(t) is a polynomial such that ¢(«) # 0. Differentiating this identity
gives p'(t) = k(t — )k~ 1q(t) + (t — a)*q(t), which shows that p’(a) = 0 if
andonly if k > 1. If k > 2, then p (t) = k(k—1)(t—a)*~2¢(t) + polynomial
terms each involving a factor (¢t — &)™ with m > k — 1, so p”(a) = 0 if and
only if & > 2. Repetition of this calculation shows that « is a zero of p(t)
of multiplicity & if and only if p(a) = p/(a) = --- = p*"Y(a) = 0 and
p*) (@) # 0.

1.2.18 Theorem. Let A € M,, and suppose A € o(A) has algebraic multi-
plicity k. Then rank(A — AI) > n — k with equality for k = 1.

Proof: Apply the preceding observation to the characteristic polynomial p 4 (¢)
of a matrix A € M, that has an eigenvalue \ with multiplicity £ > 1. If we
let B = A — M, then zero is an eigenvalue of B with multiplicity k£ and
hence pg)(O) # 0. But pgc) (0) = k/(=1)""*E,_1(B),s0 E,_x(B) #0. In
particular, some principal minor of B = A — A\I of size n — k is nonzero, so
rank(A — M) > n — k. If k = 1 we can say more: A — Al is singular, so
n > rank(A — AI) > n — 1, which means that rank(A — A\I) = n — 1 if the
eigenvalue A has algebraic multiplicity one. |

Problems
1. Let A € M,,. Use the identity S,,(A) = E,,(A) to verify (1.1.7).

2. For matrices A € M,, , and B € M, ,,, show by direct calculation that
tr(AB) = tr(BA). For any A € M,, and nonsingular S € M,,, deduce that
tr(S~1AS) = tr A. Forany A, B € M,, use multiplicativity of the determi-
nant function to show that det(S—'AS) = det A, that is, the determinant is a
similarity invariant.

3. Let D € M, be a diagonal matrix. Compute the characteristic polynomial
pp(t) and show that pp (D) = 0.
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4. Suppose A € M, is idempotent. Use (1.2.15) and Problem 5 in (1.1) to
show that every coefficient of p 4 (¢) is an integer (positive, negative, or zero).

5. Use Problem 6 in (1.1) to show that the trace of a nilpotent matrix is 0. What
is the characteristic polynomial of a nilpotent matrix?

6. If A € M,, and A € o(A) has multiplicity 1, we know that rank(A — \I) =
n—1. Consider the converse: If rank(A—AI) = n—1, must A be an eigenvalue
of A? Must it have multiplicity 1?

7. Use (1.2.13) to determine the characteristic polynomial of the tridiagonal
matrix

S O O
O O~
O = = = O
e e N e B )
= O O O

Consider how this procedure could be used to compute the characteristic poly-
nomial of a general n-by-n tridiagonal matrix.

8. Let A € M, and A € C be given. Suppose the eigenvalues of A are
A,y An. Explain why pa4as(t) = pa(t — A) and deduce from this identity
that the eigenvalues of A + Al are Ay + A, ..., A, + A

9. Explicitly compute Sa(\1,..., ), Ss(A1,...,X6), Sa(A1,..., ), and
S5(A1s---, X6)-

10. If A € M,,(R) and if n is odd, show that A has at least one real eigenvalue.
Hint: Any nonreal complex zeroes of a polynomial with real coefficients occur
in conjugate pairs; p4 (t) has real coefficients if A € M,,(R).

11.Let V be a vector space over a field F. An eigenvalue of a linear transfor-
mation 7" : V' — V is ascalar A € F such that there is a nonzero vector v € V'
with Tv = Av. Show that if F is the field of complex numbers and if V' is
finite-dimensional, then every linear transformation 7 has an eigenvalue. Give
examples to show that if either hypothesis is weakened (finite dimensionality
of ¥V or F = C), then T may not have an eigenvalue. Hint: Let BB be a basis for
V and consider [T].

12. Letz = [x;], vy = [y;] € C™, and a € C be given and let A = [2’;‘ ?] €
M,, ;1. Show that p4(t) = t"~1(#? —at —y*x) in two ways: (a) Use Cauchy’s
expansion (0.8.5.10) to calculate det [ /. ~* ]. (b) Explain why rank A < 2

—y* t—a

and use (1.2.13). Why do only E;(A) and E5(A) need to be calculated and
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only principal submatrices of the form | ;_ ?i] need to be considered? What

are the eigenvalues of A?

13. Letx,y € C*", a € C, and B € M,. Consider the bordered matrix
A= [ji ] € My1. (a) Use (0.8.5.10) to show that

palt) = (1 — a)pp(t) — y*(adit] ~ B)x  (12.19)
(b) If B = \I,,, deduce that

pa(t) =t —N"" 1t = (a+ Nt +a)\ — y*z) (1.2.20)
and conclude that the eigenvalues of DII" 2] are A with multiplicity n — 1,
together with §(a + A + ((a — )% + 4y*z)1/?).
14. Letn > 3, B € M,,_2, and A, u € C. Consider the block matrix

P I ¢
A=[10 p O
0 %« B

in which the Y entries are not necessarily zero. Show that p4 (¢) = (t—\) (¢t —
w)pp(t). Hint: Evaluate det(¢] — A) by cofactors along the first column, and
then use cofactors along the first row in the next step.

15. Suppose A(t) € M,, is a given continuous matrix-valued function and each
of the vector valued functions x1 (¢), . .., z,(t) € C" satisfies the system of or-
dinary differential equations ’;(t) = A(t)z;(t). Let X (t) = [z1(t) ... z,(1)]
and let W (t) = det X (¢). Use (0.8.10) and (0.8.2.11) and provide details for
the following argument:

ij=1

W'(t) = Zdet (X(t) - mg(t)) = tr [det (X(t) ﬁx;(t))]n

= tr((adj X(¢)) X'(t)) = tr ((adj X (¢)) A(t) X (t)) = W(t) tr A(¢)
Thus, W (t) satisfies the scalar differential equation W' (¢t) = tr A(t)W(¢),
whose solution is Abel’s formula for the Wronskian

W (t) = W (tg)elo T¢I

Conclude that if the vectors 1 (%), ..., x,(t) are linearly independent for ¢ =
to, then they are linearly independent for all t. How did you use the identity
tr BC' = tr CB (Problem 2)?

16. Let A € M,, and 2,y € C" be given. Let f(t) = det(A + tzy’). Use
(0.8.5.11) to show that f(¢t) = det A 4+ [(t, a linear function of ¢. What is
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(? For any t1 # to, show that det A = (tgf(tl) — tlf(ﬁg))/<t2 — tl). Now
consider

di b - b
A=]| ¢ & e M,
: b
C C dn

x =y =e(allones),t; = b,andty = c. Letq(t) = (d1—t) - - - (d,,—t). Show
that det A = (bg(c) — cq(b))/(b — ¢) if b # ¢, and det A = ¢(b) — bq’(b) if
b=cIfdy=---=d, =0,showthatp(t) = (b(t+c)" —c(t+b)")/(b—c)
ifb#£c,andpa(t) = (t+b)" 1t — (n—1)b)ifb=c.

17. Let A,B € M, and let C = % 64”]. Use (0.8.5.13-14) to show that
po(t) = pap(t?) = ppa(t?), and explain carefully why this implies that AB
and B A have the same eigenvalues. Explain why this confirms that tr AB =

tr BA and det AB = det BA. Also explain why det(I+AB) = det(I+BA).
18. Let A € Mj3. Explain why p4(t) = t3 — (tr A)t? + (tradj A)t — det A.

19. Suppose all the entries of A = [aij] € M, are either zero or one, and
suppose all the eigenvalues A1, . .., A, of A are positive real numbers. Explain
why det A is a positive integer, and provide details for the following:

n > trA= %(/\1 +o AR > (A AT
= n(det A" >n
Conclude thatall \; = 1,all a;; = 1, and det A = 1.
20. For any A € M, show thatdet(I + A) =1+ E1(A) + --- + E,(A).

21. Let A € M, and nonzero vectors x,y € C™ be given. Suppose that
c € C, y*x = 1, Ax = Az, and the eigenvalues of A are A\, Ao,..., \,.
Show that the eigenvalues of the Google matrix A(c) = cA+ (1 — ¢)\xy* are
A, €A, ..., cAy. Hint: Example 1.2.8.

1.3 Similarity

We know that a similarity transformation of a matrix in M,, corresponds to
representing its underlying linear transformation on C” in another basis. Thus,
studying similarity can be thought of as studying properties that are intrinsic
to one linear transformation, or the properties that are common to all its basis
representations.



1.3 Similarity 69

1.3.1 Definition. Let A, B € M, be given. We say that B is similar to A if
there exists a nonsingular S € M, such that

B=S"1AS

The transformation A — S~1AS is called a similarity transformation by the
similarity matrix S. We say that B is permutation similar to A if there is a
permutation matrix P such that B = PT AP. The relation “B is similar to A”
is sometimes abbreviated B ~ A.

1.3.2 Observation. Similarity is an equivalence relation on M, ; that is, sim-
ilarity is reflexive, symmetric, and transitive; see (0.11).

Like any equivalence relation, similarity partitions the set M, into disjoint
equivalence classes. Each equivalence class is the set of all matrices in M,
similar to a given matrix, a representative of the class. All matrices in an
equivalence class are similar, and matrices in different classes are not similar.
The crucial observation is that matrices in a similarity class share many impor-
tant properties. Some of these are mentioned here; a complete description of
the similarity invariants (e.g., Jordan canonical form) is in Chapter 3.

1.3.3 Theorem. Let A, B € M,,. If B is similar to A, then A and B have the
same characteristic polynomial.

Proof: Compute

pp(t) = det (tI — B)
— det (515 — S~TAS) = det (S (tI — A)S)
= det S71det (tI — A) det S = (det S)~!(det S)det (tI — A)
= det (tI — A) = pa(t) u

1.3.4 Corollary. If A, B € M, and if A and B are similar, then they have the
same eigenvalues.

Exercise. Show that the only matrix similar to the zero matrix is the zero ma-
trix, and the only matrix similar to the identity matrix is the identity matrix.

1.3.5 Example. Having the same eigenvalues is a necessary but not sufficient
condition for similarity. Consider

oo = 00

which have the same eigenvalues but are not similar.
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Exercise. Suppose that A, B € M,, are similar and let ¢(¢) be a given polyno-
mial. Show that ¢(A) and ¢(B) are similar. In particular, show that A + o
and B + «/ are similar for any o € C.

Exercise. Let A,B,C,D € M,. Suppose that A ~ B and C' ~ D, both via
the same similarity matrix S. Show that A+ C ~ B + D and AC ~ BD.

Exercise. Let A,S € M, and suppose that S is nonsingular. Show that
Sk(ST1AS) = Sk(A) forall k = 1,...,n and explain why E(S™1AS) =
Ei(A) forall k = 1,...,n. Thus, all the principal minor sums (1.2.10) are
similarity invariants, not just the determinant and trace.

Exercise. Explain why rank is a similarity invariant: If B € M, is similar to
A € M,, then rank B = rank A. Hint: See (0.4.6).

Since diagonal matrices are especially simple and have very nice properties,
it is of interest to know for which A € M,, there is a diagonal matrix in the
similarity equivalence class of A, that is, which matrices are similar to diagonal
matrices.

1.3.6 Definition. If A € M), is similar to a diagonal matrix, then A is said to
be diagonalizable.

1.3.7 Theorem. Let A € M,, be given. Then A is similar to a block matrix of
the form
[ A C

0 D}, A =diag(M\,...,\), DEM,_p, 1<k<n (13.7.1)

if and only if there is a linearly independent set of k vectors in C", each of

which is an eigenvector of A. The matrix A is diagonalizable if and only if
there is a linearly independent set of n vectors, each of which is an eigenvector
of A. If {z(), ... 2(™} is a basis of C" consisting of eigenvectors of A and
if S = [z ... 2("], then S~1AS is a diagonal matrix. If A is similar to a
matrix of the form (1.3.7.1), then the diagonal entries of A are eigenvalues of
A; if A is similar to a diagonal matrix A, then the diagonal entries of A are all
of the eigenvalues of A.

Proof: Suppose that k < n, {z(D,... ()} ¢ C™ is linearly independent,
and Az() = X\jz® foreach i = 1,...,k. Let A = diag(\i,...,\), let
S| = [:c(l) z("‘)] and choose any Sy € M, such that S = [S] Ss] is
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nonsingular. Calculate

S71ASs = S7HAz®W . A2® ASy) = ST M L Nz A8,
= STl ARSI B STYAS,) = [Aer ... Aper STLASY)

|:A C:|a A:diag()‘la"'a)\k)a |:C

_ o1
0 D D}_S A8,

Conversely, if S is nonsingular, S~'AS = ﬁg}, and we partition S =
[S1 S2] with S7 € M, i, then Sy has independent columns and [AS; AS;] =
AS =28 {8 g} = [S1A S1C + S3D)]. Thus, AS; = S1A, so each column of

S1 is an eigenvector of A.

If & = n and we have a basis {z(1),... (™} of C™ such that Az() =
Nz foreachi = 1,...,n,let A = diag(\, ..., \,) andlet S = [z ... 2(")],
which is nonsingular. Our previous calculation shows that S~ AS = A. Con-
versely, if S is nonsingular and S~'AS = A then AS = SA, so each column
of S is an eigenvector of A.

The final assertions about the eigenvalues follow from an examination of the
characteristic polynomials: pa(t) = pa(t)pp(t) if k < nand pa(t) = pa(t)
ifk =n. O

The proof of Theorem 1.3.7 is, in principle, an algorithm for diagonalizing
a diagonalizable matrix A € M,: find all n of the eigenvalues of A; find n
associated (and linearly independent!) eigenvectors; and construct the matrix
S. However, except for small examples, this is not a practical computational
procedure.

Exercise. Show that [8 é] is not diagonalizable. Hint: If it were diagonaliz-
able, it would be similar to the zero matrix. Alternatively, how many linearly
independent eigenvectors are associated with the eigenvalue 0?

Exercise. Let q(t) be a given polynomial. If A is diagonalizable, show that
q(A) is diagonalizable. If ¢(A) is diagonalizable, must A be diagonalizable?
Why?

Exercise. 1f A is an eigenvalue of A € M,, that has multiplicity m > 1, show
that A is not diagonalizable if rank (A — AI) > n — m.

Exercise. 1f there is a linearly independent set of k vectors in C”, each of
which is an eigenvector of A € M, associated with a given eigenvalue A,
explain carefully why the (algebraic) multiplicity of A is at least k.

Diagonalizability is assured if all the eigenvalues are distinct. The basis for
this fact is the following important lemma about some of the eigenvalues.
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1.3.8 Lemma. Let \q,...,\; be k£ > 2 distinct eigenvalues of A € M,, (that
is, \j # Ajif ¢ # jand 1 < 4,5 < k), and suppose that z(® is an eigenvector
associated with \; for each s = 1,..., k. Then {2 ... 2} is linearly
independent.

Proof: Suppose there are complex scalars oy, . . . a, such that oy (M) a2 +
oo apx") =0. Let By = (A — \oI)(A — \3I) - (A — \iI) (the product
omits A — A\ I). Since () is an eigenvector associated with the eigenvalue \;
foreachi = 1,...,n, we have B1z(") = (\; — A\2)(\j — A3) - (N — A\ )z?),
which is zero if 2 < ¢ < k (one of the factors is zero) and nonzero if i = 1 (no
factor is zero and =) # 0). Thus,

0 = B (alx(l)—l—agm@)+~--+akx(k))

= a1B12W + aeBix® + ...+ . Bia®

= OélBliE(l) +0+---4+0= Olell‘(l)
which ensures that or; = 0 since Byz(!) # 0. Repeat this argument for each
J =2,...,k, defining B; by a product like that defining 51, but in which the

factor A — A;I is omitted. For each j we find that o; = 0,50 1 = -+ =
oy, = 0 and hence {z(V), ... 2(®} is an independent set. O

1.3.9 Theorem. If A € M, has n distinct eigenvalues, then A is diagonaliz-
able.

Proof: Let z(*) be an eigenvector associated with the eigenvalue \; for each

it =1,...,n. Since all the eigenvalues are distinct, Lemma 1.3.8 ensures that
{z(M ... ("} is linearly independent. Theorem 1.3.7 then ensures that A is
diagonalizable. ]

Having distinct eigenvalues is sufficient for diagonalizability, but of course
it is not necessary.

Exercise. Give an example of a diagonalizable matrix that does not have dis-
tinct eigenvalues.

Exercise. Let A, P € M, and suppose that P is a permutation matrix, so
every entry of P is either 0 or 1 and P = P~!; see (0.9.5). Show that the
permutation similarity PAP~! reorders the diagonal entries of A. For any
given diagonal matrix D € M,, explain why there is a permutation similarity
PDP~! that puts the diagonal entries of D into any given order. In particu-
lar, explain why P can be chosen so that any repeated diagonal entries occur
contiguously.
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In general, matrices A, B € M,, do not commute, but if A and B are both
diagonal, they always commute. The latter observation can be generalized
somewhat; the following lemma is helpful in this regard.

1.3.10 Lemma. Let B; € M,,,...,B4s € M,, be given and let B be the
direct sum
B 0
B = =B ®---® By
0 By

Then B is diagonalizable if and only if each of By, ..., By is diagonalizable.

Proof: 1f for each i = 1,...,d there is a nonsingular S; € M, such that
S;lBiSi is diagonal, and if we define S = S & --- @Sy, then one checks
that S~1BS is diagonal.

For the converse, we proceed by induction. There is nothing to prove for
d = 1. Suppose that d > 2 and that the assertion has been established for
direct sums with d — 1 or fewer direct summands. Let C = B; @ --- ® Bg_1,
letn =mny +---+mng4-1, and let m = ny. Let S € M,,;,,, be nonsingular and
such that

S7IBS =S H(C @ By)S = A =diag(A, Ao, .., Asm)

Rewrite this identity as BS = SA. Partition S = [s1 Sa . . . Sptm] With

8 = |: Ez :| €C7L+7”, 61’ ecn777i ECV"L,Z'Zl,?,...,?’L—‘rm

%

Then Bs; = A;s; implies that C¢; = ;& and Byn; = \n; fori =1,2,... ., n+

m. The row rank of [§, ... &, ,,] € M, 5 4m is n because this matrix com-
prises the first » rows of the nonsingular matrix S. Thus, its column rank
is also n, so the set {{;,...,&, ,,,} contains a subset of n independent vec-

tors, each of which is an eigenvector of C. Theorem 1.3.7 ensures that C' is
diagonalizable and the induction hypothesis ensures that its direct summands
By, ..., Bgareall diagonalizable. The row rank of [, ... 1,,,,,] € My pnym
is m, so the set {n,...,7,,,} contains a subset of m independent vectors;
it follows that B, is diagonalizable as well. |

1.3.11 Definition. Two matrices A, B € M,, are said to be simultaneously
diagonalizable if there is a single nonsingular S € M,, such that S~14S and
S—1BS are both diagonal.

Exercise. Let A, B, S € M, and suppose that S is nonsingular. Show that A
commutes with B if and only if S~ AS commutes with S~ BS.
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Exercise. If A, B € M,, are simultaneously diagonalizable, show that they
commute. Hint: Diagonal matrices commute.

Exercise. Show that if A € M, is diagonalizable and A € C, then A and A/
are simultaneously diagonalizable.

1.3.12 Theorem. Let A, B € M,, be diagonalizable. Then A and B commute
if and only if they are simultaneously diagonalizable.

Proof: Assume that A and B commute, perform a similarity transformation on
both A and B that diagonalizes A (but not necessarily B) and groups together

any repeated eigenvalues of A. If i, ..., u, are the distinct eigenvalues of A
and nq,...,ng are their respective multiplicities, then we may assume that
piy Iy 0
A= tadn, . oA ifi A (1.3.13)
0 . Palng
Since AB = BA, (0.7.7) ensures that
B 0
B = ) , each B, € M, (1.3.14)
0 By

is block diagonal conformal to A. Since B is diagonalizable, (1.3.10) ensures
that each B; is diagonalizable. Let T; € M, be nonsingular and such that
TileiTi is diagonal for each¢ = 1,...,d; let

T 0
T= N (1.3.15)

0 " Ty
Then Ti_luiIm_Ti = p;I,,, 50 T"YAT = A and T~ BT are both diagonal.
The converse is included in an earlier exercise. ]

We want to have a version of Theorem 1.3.12 involving arbitrarily many
commuting diagonalizable matrices. Central to our investigation is the notion
of an invariant subspace and the companion notion of a block triangular matrix.

1.3.16 Definitions. A family F C M, of matrices is a nonempty finite or
infinite set of matrices; a commuting family is a family of matrices in which
every pair of matrices commutes. For a given A € M,,, a subspace W C C"
is A-invariant if Aw € W for every w € W. A subspace W C C" is trivial
if either W = {0} or W = C™"; otherwise, it is nontrivial. For a given family
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F C M,, asubspace W C C"™ is F-invariant if W is A-invariant for each
A € F. A given family F C M,, is reducible if some nontrivial subspace of
C™ is F-invariant; otherwise, F is irreducible.

Exercise. For A € M, show that each nonzero element of a one-dimensional
A-invariant subspace of C" is an eigenvector of A.

Exercise. Suppose that n > 2 and S € M, is nonsingular. Partition S =
[S1 Sa2], in which S; € M, and Sy € M, ,,_; with 1 < k < n. Explain
why

SIS =ler ... ex] = [ L } and S71Sy = [eps1 ... en] = { 0 ]
0 Ik

Invariant subspaces and block triangular matrices are two sides of the same
valuable coin: the former is the linear algebra side, while the latter is the matrix
analysis side. Let A € M,, with n > 2 and suppose that W C C" is a k-
dimensional subspace with 1 < k& < n. Choose a basis s1,...,s; of W and
let S; = [s1 ... sg] € M, k. Choose any Si41,...,S, such that s1,...,s,
is a basis for C”, let Sy = [sg11 ... Sp] € My p_p, and let S = [S7 Sa];
S has linearly independent columns, so it is nonsingular. If W is A-invariant,
then As; € W foreach j = 1,...,k, so each As; is a linear combination
of s1,..., sy, that is, AS; = S1B for some B € M. If AS; = S1B, then
AS = [AS] ASs] = [S1B AS3] and hence

S7'AS = [ S57'SB S—lASQ]:[ [IS]B SlASQ}
= []g g} BeMy, 1<k<n-1 (1.3.17)

The conclusion is that A is similar to a block triangular matrix (1.3.17) if it has
a k-dimensional invariant subspace. But we can say a little more: we know
that B € Mj, has an eigenvalue, so suppose B¢ = A¢ for some scalar A and
anonzero £ € CF. Then 0 # S1& € W and A(S1€) = (AS1)¢ = S1BE =
A(S1€), which means that A has an eigenvector in .

Conversely, if S = [S; Sa] € M,, is nonsingular, S; € M,, x, and S~1AS
has the block triangular form (1.3.17), then

ASleS{IS}:S{lg gH{H:[Sl Sﬂ{%}:&fz

so the (k-dimensional) span of the columns of S; is A-invariant. We summa-
rize the foregoing discussion in the following observation.
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1.3.18 Observation. Suppose that n > 2. A given A € M, is similar to
a block triangular matrix of the form (1.3.17) if and only if some nontrivial
subspace of C" is A-invariant. Moreover, if W C C" is a nonzero A-invariant
subspace, then some vector in W is an eigenvector of A. A given family
F C M, is reducible if and only if there is some k € {2,...,n — 1} and a
nonsingular S € M,, such that S~ AS has the form (1.3.17) for every A € F.

The following lemma is at the heart of many subsequent results.

1.3.19 Lemma. Let 7 C M,, be a commuting family. Then some nonzero
vector in C" is an eigenvector of every A € F.

Proof: There is always a nonzero F-invariant subspace, namely, C™. Let
m = min{dim V' : V is a nonzero F-invariant subspace of C"} and let W
be any given F-invariant subspace such that dim W = m. Let any A € F be
given. Since W is F-invariant, it is A-invariant, so (1.3.18) ensures that there
is some nonzero xg € W and some A\ € C such that Azg = Azg. Consider
the subspace Wa x = {x € W: Az = Az}. Then g € W4\ s0 Wy ) isa
nonzero subspace of W. For any B € F and any x € W4 ), F-invariance of
W ensures that Bz € W. Using commutativity of F, we compute

A(Bz) = (AB)x = (BA)x = B(Ax) = B(Az) = A\(Bx)

which shows that Bx € Wy ». Thus, Wy » is F-invariant and nonzero, so
dimWax > m. But Wy x C W,sodimWy4 y < mandhence W = Wy ».
We have now shown that for each A € F there is some scalar A4 such that
Az = Ayx for all x € W, so every nonzero vector in W is an eigenvector of
every matrix in F. U

Exercise. Consider the nonzero F-invariant subspace IV in the preceding proof.
Explain why m = dim W = 1.

Exercise. Suppose F C M, is a commuting family. Show that there is a non-
singular S € M,, such that for every A € F, S~1AS has the block triangular
form (1.3.17) with k£ = 1.

Lemma 1.3.19 concerns commuting families of arbitrary nonzero cardinal-
ity. Our next result shows that Theorem 1.3.12 can be extended to arbitrary
commuting families of diagonalizable matrices.

1.3.20 Definition. A family F C M, is said to be simultaneously diagonaliz-
able if there is a single nonsingular S € M,, such that S~ AS is diagonal for
every A € F.
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1.3.21 Theorem. Let F C M, be a family of diagonalizable matrices. Then
F is a commuting family if and only if it is a simultaneously diagonalizable
family. Moreover, for any given Ay € F and for any given ordering Ay, ..., A,
of the eigenvalues of Ay, there is a nonsingular S € M,, such that S~1 4,5 =
diag(\1, ..., \,) and S~1BS is diagonal for every B € F.

Proof: 1f F is simultaneously diagonalizable, then it is a commuting family
by a previous exercise. We prove the converse by induction on n. If n = 1,
there is nothing to prove since every family is both commuting and diago-
nal. Let us suppose that n > 2 and that, for each £ = 1,2,...,n — 1, any
commuting family of k-by-k diagonalizable matrices is simultaneously diago-
nalizable. If every matrix in F is a scalar matrix, there is nothing to prove, so
we may assume that A € F is a given n-by-n diagonalizable matrix with dis-
tinct eigenvalues A1, Ag, ..., A\y and k > 2, that AB = BA forevery B € F,
and that each B € F is diagonalizable. Using the argument in (1.3.12), we
reduce to the case in which A has the form (1.3.13). Since every B € F com-
mutes with A, (0.7.7) ensures that each B € F has the form (1.3.14). Let
B,B €F,s0oB=B @ ---@®Brand B= By @ ---® By, in which each
of B;, BZ- has the same size and that size is at most n — 1. Commutativity and
diagonalizability of B and B imply commutativity and diagonalizability of B;
and B, foreachi = 1,...,d. By the induction hypothesis, there are k simi-
larity matrices T4, 75, . .., T} of appropriate size, each of which diagonalizes
the corresponding block of every matrix in F. Then the direct sum (1.3.15)
diagonalizes every matrix in F.

We have shown that there is a nonsingular 7 € M,, such that T~'BT is
diagonal for every B € F. Then T~ AyT = Pdiag(\y,. .., \,)P7 for some
permutation matrix P, PT(T~YAoT)P = (TP) 1 Ao(TP) = diag(A1, ..., \n)
and (TP)"'B(TP) = PT(T~1BT)P is diagonal for every B € F (0.9.5).

O

Remarks: We defer two important issues until Chapter 3: (1) Given A, B €
M,,, how can we determine if A is similar to B? (2) How can we tell if a given
matrix is diagonalizable without knowing its eigenvectors?

Although AB and BA need not be the same (and need not be the same
size even when both products are defined), their eigenvalues are as much the
same as possible. Indeed, if A and B are both square, then AB and B A have
exactly the same eigenvalues. These important facts follow from a simple but
very useful observation.
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Exercise. Let X € M,, ,, be given. Explain why [16" f] € M+, 1s nonsin-
L 7X] n

gular and verify that its inverse is [ & T

1.3.22 Theorem. Suppose that A € M, , and B € M,, ,,, withm < n. Then
the n eigenvalues of BA are the m eigenvalues of AB together with n — m
zeroes; that is, ppa(t) = " ™pap(t). If m = n and at least one of A or B is
nonsingular, then AB and BA are similar.

Proof: A computation reveals that
L, —A AB 0 I, A| [0, O
0 I B 0 0 I,] | B BA

and the preceding exercise ensures that C; = [ABB Oi] and Cy = [Og BO A]
are similar. The eigenvalues of C; are the eigenvalues of AB together with
n zeroes. The eigenvalues of C5 are the eigenvalues of B A together with m
zeroes. Since the eigenvalues of C7 and Cy are the same, the first assertion
of the theorem follows. The final assertion follows from the observation that

AB = A(BA)A~!if A is nonsingular and m = n. O

Theorem 1.3.22 has many applications, several of which emerge in the fol-
lowing chapters. Here are just four.

1.3.23 Example. Eigenvalues of a low-rank matrix. Suppose A € M, is
factored as A = XY, in which X,Y € M, , and r < n. Then the eigen-
values of A are the same as those of the r-by-r matrix Y7 X, together with
n — r zeroes. For example, consider the n-by-n matrix J,, = ee’ whose
entries are all ones. Its eigenvalues are the eigenvalue of the 1-by-1 matrix
efe = [n], namely, n, together with n — 1 zeroes. The eigenvalues of any
matrix of the foom A = zy” with z,y € C™ (rank A is at most 1) are
yT'z, together with n — 1 zeroes. The eigenvalues of any matrix of the form
A = ayT + 20T = [z 2][y w]T with z,y, z,w € C™ (rank A is at most 2) are
the two eigenvalues of [y w]” [z 2] = [{i’;; fj;zz | (1.2.4b) together with n — 2
zeroes.

1.3.24 Example. Cauchy’s determinant identity. Let a nonsingular A € M,
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and x,y € C" be given. Then

det(A+zy") = (detA) (det(I +A 'zy"))
= (det A) [ n(T+ A wy")
i=1

= (det A) H (1+ N (A zy™))
i=1
= (detA) (1+y"A 'z) (use(1.3.23))
= detA+y” ((detA)A™" )z =det A+ y” (adjA)z

Cauchy’s identity det(A4 + zy?) = det A + y” (adj A) =, valid for any A €
M,,, now follows by continuity. For a different approach, see (0.8.5).

1.3.25 Example. For any n > 2, consider the n-by-n real symmetric Hankel
matrix

2 3 4
3 4 5 - - T
A=li+jll;21=14 5 6 =wve' +ev’ =[vellev]

in which every entry of e € R"is 1and v = [12 ... n]T. The eigenvalues of
A are the same as those of

efv ele nntl) n
B = [6 U]T[U 6] = |: vTo oTe :| = [ n(n+1)2(2n+1) n(n+1)
6 2

together with n — 2 zeroes. According to (1.2.4b), the eigenvalues B (one

positive and one negative) are
1 [ 2n+1
i i
2 6(n+1)

1.3.26 Example. For any n > 2, consider the n-by-n real skew-symmetric
Toeplitz matrix

n(n+1)

0 -1 -2
o 1 0 -1 .
A=[i—jlijzmi=192 1 o ...|=ve —ev’ =[v —¢flev]
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Except for n — 2 zeroes, the eigenvalues of A are the same as those of

eT/U —eTe
Bled o —d=| &0 50 ]

which, using (1.2.4b) again, are +% \/@ -

Theorem 1.3.22 on the eigenvalues of AB vs. BA is only part of the story;
we return to that story in (3.2.11).

If A € M,, is diagonalizable and A = SAS~!, then aS also diagonalizes A
for any a # 0. Thus, a diagonalizing similarity is never unique. Nevertheless,
every similarity of A to a particular diagonal matrix can be obtained from just
one given similarity.

1.3.27 Theorem. Suppose A € M, is diagonalizable, let pq, ..., 1, be its
distinct eigenvalues with respective multiplicities ny,...,nq, let S, T € M,
be nonsingular, and suppose A = SAS~!, in which A is a diagonal matrix of
the form (1.3.13). (a) Then A = TAT ! ifand only if T = S(R1 & - - - & Ry)
in which each R; € M, is nonsingular. (b) If S =[Sy ... Sgland T =
[Ty ... T, are partitioned conformally to A, then A = SAS™! = TAT!
if and only if for each i = 1,. .., d the column space of S; is the same as the
column space of T;. (c) If A has n distinct eigenvalues and S = [s1 ... s,]
and T = [ty ... t,] are partitioned according to their columns, then A =
SAS~! = TAT~" if and only if there is a nonsingular diagonal matrix R =
diag(r1,...,r,) such that ' = SR if and only if for each ¢ = 1,...,n the
column s; is a nonzero scalar multiple of the corresponding column ¢;.

Proof: We have SAS™! = TAT—! if and only if (ST!T)A = A(S™'T) if
and only if S~1T is block diagonal conformal to A (0.7.7), that is, if and only
if STIT = Ry & ---® Ry and each R; € M,,, is nonsingular. For (b), observe
that if 1 < k < n then the column space of X € M, ; is contained in the
column space of Y € M,, ; if and only if there is some C' € M)}, such that
X =Y, if, in addition, rank X = rankY = k, then C' must be nonsingular.
The assertion (c) is a special case of (a) and (b). O

Could two real matrices be similar only via a complex matrix? The follow-
ing theorem answers that question.

1.3.28 Theorem. Let real matrices A, B € M,,(R) be given and suppose that
there is a nonsingular S € M, such that A = SBS~!, that is, A and B
are similar over C.  Then there is a nonsingular 7 € M, (R) such that
A =TBT™ !, thatis, A and B are similar over R.
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Proof: Let S = C + iD be nonsingular and C, D € M,(R). Then A =
SBS~!if and only if A(C +iD) = AS = SB = (C + iD)B. Equating
the real and imaginary parts of this identity shows that AC' = CB and AD =
DB. If C is nonsingular, take 7' = C. Otherwise, consider the polynomial
p(t) = det(C' +¢D), which is not identically constant since p(0) = det C = 0
and p(i) = det S # 0. Since p(t) has only finitely many zeros in the complex
plane, there is a real ¢ such that p(tg) # 0. Take T' = C + to D. O

Our final theorem about similarity shows that the only relationship between
the eigenvalues and main diagonal entries of a complex matrix is that their
respective sums be equal.

1.3.29 Theorem. Let an integer n > 2 and complex scalars Aq,..., A, and
dyi,...,d, be given. There is an A € M,, with eigenvalues A\y,...,\, and
main diagonal entries di, . .., d,, ifandonly if >, X = Y7 di. If A, ..., A,
and dy,...,d, are all real and have the same sums, there is an A € M, (R)
with eigenvalues A1, ..., A, and main diagonal entries dy, ..., d,.

Proof: Weknow thattr A = E1(A) = S1(A) forany A € M, (1.2.16), which

establishes the necessity of the stated condition. We must prove its sufficiency.
If kK > 2andif \q,...,\; and d, ..., d; are any given complex scalars

such that Zle A = Zle d;, we claim that the upper bidiagonal matrix

A1
A2
T()\ly ) Ak) = S Mk
1
Ak
is similar to a matrix with diagonal entries d, . . . , di; that matrix has the prop-

erty asserted. Let L(s,t) = Lit ﬂ,so L(s,t)™! = Lis (1)}
Consider first the case k = 2, s0 A\ + Ay = dj + d3. Compute the similarity
L(A1,d1)T (A1, A2)L(My,dy) ™t =

1 0 A1 1 0
AM—dp 1 0 A dy—XM 1
_ [ dy * } _ { di }
* Mt —d * do
in which we use the hypothesis A\ + Ao — d; = dy + da — d; = dy. This

verifies our claim for k = 2.
We proceed by induction. Assume that our claim has been proved for some
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k> 2and that 11\ = SO0 dy. Partition T(My, ..., A1) = (1351721,
in which T11 = T()\l7 )\2), T12 = EQ, T21 = 0, and T22 = T()\g, ey )\k+1),
with Fy = [62 0 ... O] S M27k,1 and e; = [O 1]T € C%2 Let L =
L(A\1,dy) @ I,—1 and compute LT (A, ..., Apy1) L1 =

[ L(A1,dq) 0 :| [ T(A1, A2) FEs } [ L(dy, M)
i 0 I 0 T(A3y. 0y Akg1) 0
[ [ da *
= [ * A +A—dy } b
L 0 T(A3y- -y Akt1)
_ [ dy * } _ [ di % ]
L h T(M+ A2 —di, Az, oo, Adggr) *x D

The sum of the eigenvalues of D = T(A; + Ay — d1, A3, ..., App1) € M
is SFHU N —dy = Y d — dy = Y8 d, so the induction hypothesis
ensures that there is a nonsingular S € M)}, such that the diagonal entries

of SDS Vate da, ..., dyr, Then [§ 8][4 K] [58] 7" = [% 5o 1] has

0sl|xD]|los * SDS-1
diagonal entries dy, do, . .., dk41.
If\,...,\pand dy,...,d, are all real, all of the matrices and similarities
in the preceding constructions are real. O

Exercise. Write out the details of the inductive step £k = 2 = k = 3 in the
preceding proof.

Problems

1. Let A, B € M,,. Suppose that A and B are diagonalizable and commute.
Let Ay, ..., A, be the eigenvalues of A and let y44, . . ., u,, be the eigenvalues of
B. (a) Show that the eigenvalues of A+ B are A1 +p1; , Ao+, -+ oy An+ 15,
for some permutation i1, ...,%, of 1,...,n. (b) If B is nilpotent, explain why
A and A + B have the same eigenvalues. (c) What are the eigenvalues of AB?

2. If A, B € M, and if A and B commute, show that any polynomial in A
commutes with any polynomial in B.

3. If A € M,, SAS™! = A = diag(\1,...,\,), and p(t) is a polynomial,
show that p(A) = S™1p(A)S and that p(A) = diag(p(\1),...,p(\n)). This
provides a simple way to evaluate p(A) if one can diagonalize A.

4. If A € M, has distinct eigenvalues a1, . . . , o, and commutes with a given
matrix B € M,, show that B is diagonalizable and that there is a polyno-
mial p(t) of degree at most n — 1 such that B = p(A). Hint: Review the
proof of Theorem (1.3.12) and show that B and A are simultaneously diag-
onalizable. See (0.9.11) and explain why there is a (Lagrange interpolating)

I
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polynomial p(t) of degree at most n — 1 such that the eigenvalues of B are
p(al)a e 7p(a’n)'

5. Give an example of two commuting matrices that are not simultaneously
diagonalizable. Does this contradict Theorem (1.3.12)? Why?

6. (a) If A = diag(A1,...,\,), show that py(A) is the zero matrix. (b)
Suppose A € M,, is diagonalizable. Explain why p(t) = pa(t) and py (A) =
Spa(A)S~L. Conclude that p4(A) is the zero matrix.

7. A matrix A € M,, is a square root of B € M,, if A2 = B. Show that every
diagonalizable B € M, has a square root. Does B = [8 (1)] have a square root?
Why? Hint: If A2 = B and Az = Az, show that \*z = A%z = B2z = 0 and
explain why both eigenvalues of A are zero. ThentrA = 0so A = [* ° ].
Also, det A = 0, so a® + bec = 0. Then A% =?

8. If A, B € M, and if at least one has distinct eigenvalues (no assumption,
even of diagonalizability, about the other), provide details for the following
geometric argument that A and B commute if and only if they are simulta-
neously diagonalizable: One direction is easy; for the other, suppose B has
distinct eigenvalues and Bx = Az with  # 0. Then B(Az) = A(Bx) =
Adx = Mz, so Ax = px for some p € C (Why? See (1.2.18)). Thus, we
can diagonalize A with the same matrix of eigenvectors that diagonalizes B.
Of course, the eigenvalues of A need not be distinct.

9. Consider the singular matrices A = [} 0] and B = [ {]. Show that AB

and B A are not similar, but that they do have the same eigenvalues.

10. Let A € M, be given, and let Ay, ..., A, be distinct eigenvalues of A.
For each i = 1,2,..., k suppose {xgl), xé’), ..., 29} is an independent set
of n; > 1 eigenvectors of A corresponding to the eigenvalue A;. Show that
{:c(ll), xél), e ,mS}R}u . ~U{$§k), zgk), e ,x%kk)} is an independent set. Hint:
If some linear combination is zero, say 0 = % S izt =K 400,

j
use (1.3.8) to show that each ¢V = 0.

11. Provide details for the following alternative proof of Lemma (1.3.19):
(a) Suppose that A, B € M, commute, x # 0, and Az = Az. Consider
x, Bx, B?x, B3z, . ... Suppose Bz is the first element of this sequence that
is dependent upon its predecessors; S = Span{z, Bx, B2x,..., B* 1z} is
B-invariant and hence contains an eigenvector of B. But AB’z = B/ Az =
BJ\x = \B’x, so every nonzero vector in S is an eigenvector for A. Conclude
that A and B have a common eigenvector. (b) If F = {A;,As..., A} C
M, is a finite commuting family, use induction to show that it has a common
eigenvector: If y # 0 is a common eigenvector for Ay, As ..., A, 1, consider
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Y, Ay, A2y, A2y, .. .. () If F C M,, is a non-finite commuting family, then
no subset of F containing more than n? matrices can be linearly independent.
Select a maximal independent set and explain why a common eigenvector for
this finite set is a common eigenvector for F.

12. Let A, B € M, and suppose that either A or B is nonsingular. If AB is
diagonalizable, show that B A is also diagonalizable. Consider A = [8 (IJ] and
B = [} ] to show that this need not be true if both A and B are singular.

13. Show that two diagonalizable matrices are similar if and only if their char-
acteristic polynomials are the same. Is this true for two matrices that are not

both diagonalizable? Hint: Consider [J 0] and [ }].

14. Suppose A € M, is diagonalizable. (a) Prove that the rank of A is equal
to the number of its nonzero eigenvalues. (b) Prove that rank A = rank A*
forall £ = 1,2,.... (c) Prove that A is nilpotent if and only if A = 0. (d) If
tr A = 0, prove that rank A # 1. (e) Use each of the four preceding results to

show that B = [8 (1)] is not diagonalizable.

15. Let A € M,, and a polynomial p(¢) be given. If A is diagonalizable, show
that p(A) is diagonalizable. What about the converse?

16. Let A € M, and suppose that n > rank A = r > 1. If A is similar to
B & 0,—, (so B € M, is nonsingular), show that A has a nonsingular r-by-r
principal submatrix (that is, A is rank principal (0.7.6)). If A is rank principal,
must it be similar to B @ 0,,_,.? Hint: pa(t) = t""(t" —t""1trB+--- +
det B), so E-(A) # 0. (1.2.13) Consider [1 _Zl]

17. Let A, B € M, be given. Prove that there is a nonsingular T' € M,,(R)
such that A = T BT~ if and only if there is a nonsingular S € M,, such
that both A = SBS~! and A = SBS~!. Hint: Let S = C + iD with
C = (S+8)/2and D = (S — S)/(2i). Then AS = SB and AS = SB
imply that AC' = C'B and AD = DB. Proceed as in the preceding problem.

18. Suppose A, B € M, are coninvolutory, that is, AA = BB = I. Show
that A and B are similar over C if and only if they are similar over R.

19. Let B,C € M, and define A = [£ 5] € Man. Let Q = 5[ 77 ]
and verify that Q7 = Q = QT. Show that Q™1 AQ = (B+ C) @ (B - O).
Explain why (a) det A = det(B?+CB — BC —C?); (b) rank A = rank(B+
C) + rank(B — C); (c¢) If C is nilpotent, then the eigenvalues of A are the
eigenvalues of B, each with doubled multiplicity; (d) If B is symmetric and C'
is skew symmetric, then the eigenvalues of A are the eigenvalues of B + C,

each with doubled multiplicity.



1.3 Similarity 85

20. Representany A, B € M,, as A = A; +i1A5 and B = By +iB>, in which
A1, Ay, By, By € M,(R). Define By(A) = [ 4*] € Mp,(R). Show
that:

() A = Bifand only if R1(4) = R1(B), Ri(A+ B) = R1(A) + R1(B),
Rl (AB) = R1 (A)Rl (B), and R(In) = Ign;

(b) if A is nonsingular then R;(A) is nonsingular, and R1(A~1) = Ry (A)~ Y
(c) if S is nonsingular, then Ry (SAS™!) = Ri1(S)R1(A)Ry(S)~1;
(d) if A and B are similar, then Ry (A) and R, (B) are similar.

Let the eigenvalues of Abe Ay, ..., A\, letS = [16‘ ’II" ] ,andletU =
Show that:

@S '=SandU'=U=U";

(0 S R (A)S = [ 4 §]and U Ry (A)U = [ %15

(g) the eigenvalues of R;(A) are the same as the eigenvalues of A ® A, which
are A, ..., Any My oo e Ans

(h) det Ry (A) = | det A|? and rank Ry (A) = 2rank 4;

(i) if R1(A) is nonsingular then A is nonsingular.

() i1, is not similar to —i1,,, but Ry (il,) is similar to Ry (—il,), so the im-
plication in (d) can not be reversed.

() pr, () (£) = pa(DPA().

() R1(A%) = R1(A)T, so A is Hermitian if and only if R;(A) is (real) sym-
metric.

(m) A commutes with A* if and only if R;(A) commutes with R;(A)7, that
is, the complex matrix A is normal if and only if the real matrix R (A) is nor-
mal. (2.5)

The block matrix R;(A) is an example of a real representation of A.

vl il

21. Using the same notation as in the preceding problem, define Ry(A) =
[4) 3] € Myp(R). Let V. = 5[~/ ~], and consider Ry(il,,) =
[ %] and Ro(I,) = [y G ]. Show that:

@ V' = V¥, Ro(1,)~" = Ra(L,) = Ra(L)", Ro(il,)™" = Ro(il,)) =
Ro(il,))*, and Ry (il,) = V' Ro(I,)V;

(b) A = Bifand only if Ry(A) = Ry(B), and Ry(A+B) = Ro(A)+Ra(B);
(© Ra(A) = V[ ]V

(d) det Ro(A) = (—1)"| det A%

(e) R2(A) is nonsingular if and only if A is nonsingular;

() R2(AB) = Ry(A - Iy - B) = Ra(A)Ra(1n) R2(B);

(8) R2(A) = Ra(I,) R2(A)Ra(1), so Ra(A) is similar to Ry(A);

(h) —R2(A) = Ra(—A) = Ro(ily, - A-ily) = (Ro(ilyn)Ro(1n)) - R2(A) -
(Ro(il,,)Ra(I,,)) ™1, so Ry(—A) is similar to Ra(A);

(i) R2(A)Ry(B) = V(AB @ AB)V 1,
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(j) if A is nonsingular, then Ry(A)~1 = Ry(A™1);

(k) Ra(A)* = Ri(AA); )

(1) if S is nonsingular, then Ry (SAS™1) = (Ra(S)Ra(1,,)) Ra(A)-(Ra(S)Ra(1,,)) 71,
s0 Ro(SAS™Y) is similar to Ry(A). In fact, the converse is true: if Ro(A) is

similar to Ry (B), then there is a nonsingular S such that B = SAS™1; see
Chapter XXX.

(m) Ry (AT) = Ry(A)T, so A is (complex) symmetric if and only if Ry(A) is

(real) symmetric.

(n) A is unitary if and only if Ry (A) is real orthogonal. Hint: (m) and (j).

The block matrix R2(A) is a second example of a real representation of A.

22. Let A, B € M,,. Show that A and B are similar if and only if there are
X,Y € M,, at least one of which is nonsingular, such that A = XY and
B=YX.

23. Let B € M, and C € My, and define A = [§ © ] € M, . Show
that A is similar to B @ 0,, if and only if rank[B C] = rank B, that is, if
and only if there is some X € M,, ,, such that C' = BX. Hint: Consider a

similarity of A via [Ig IX ].

24. For a given integer n > 3, let = 27 /n and let A = [cos(j0+k0)]7 ,_, €
M, (R). Show that A = [z y][x y]T, in whichz = [ ? ... "],y =
[@ ' a2 ... a "7, and o = €2>™"/". Show that the eigenvalues of A are
n/2 and —n/2, together with n — 2 zeroes.

25. Let x,y € C™ be given and suppose that y*z # —1. (a) Verify that (I +
xy*)~t = I —cxy*, inwhichc = (1+y*z) L. (b) Let A = diag(\1,..., \,)
and suppose that y*x = 0. Explain why the eigenvalues of

A= T+ zy" ) Al —2y*) = A+ ay*A — Azy* — (y*Az)zy”

are A1,...,\,. Notice that A has integer entries if the entries of z, y, and
A are integers. Use this observation to construct an interesting 3-by-3 matrix
with integer entries and eigenvalues 1, 2, and 7; verify that your construction
has the asserted eigenvalues.

26. Leteq,...,e, and 1, ..., &,,, denote the standard orthonormal bases of C™
and C™, respectively. Consider the n-by-m block matrix P = [P;;] € M,
in which each block P;; € M,,, is given by P;; = £;el. (a) Show that P
is a permutation matrix. (b) Similarity of any matrix A € M,,,, by P gives
a matrix A = PAPT whose entries are a re-arrangement of the entries of
A. Appropriate partitioning of both A and A permits us to describe this re-

arrangement in a simple way. Write A = [A;;] € M,,,, as an m-by-m block
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Z(.f’l)} € M, and write A = [A;;] as an n-

by-n block matrix in which each block flij € M,,. Explain why the i, j entry

of flpq is the p, g entry of A;; forall 4,5 = 1,...,mand all p,q = 1,...,n,
(%,9)

matrix in which each block Ay, = [a

that is, A,, = [aps”’]. Since A and A are permutation similar, they have
the same eigenvalues, determinant, etc. Hint: Ay, = Ef =1 Pp,-Aingj =

S o1 (ep Aijeg) €ic] (c) Various special patterns in the entries of A result
in special patterns in the entries of A (and vice versa). For example, explain
why: (i) All of the blocks A;; are upper triangular if and only if A is block
upper triangular. (ii) All of the blocks A;; are upper Hessenberg if and only
if A is block upper Hessenberg. (iii) All of the blocks A;; are diagonal if and
only if A is block diagonal. (iv) A is block upper triangular and all of the
blocks A;; are upper triangular if and only if A is block diagonal and all of its

main diagonal blocks are upper triangular.

27. (Continuation of Problem 26) Let A = [Ay;] € M, be a given m-by-m
block matrix with each Ay, = [al(»f’l) ] € M,, and suppose each block Ay
is upper triangular. Explain why the eigenvalues of A are the same as those
of Ay @ - @ A, in which 4,, = [a,(,i;j)] forp = 1,...,n. Thus, the
eigenvalues of A depend only on the main diagonal entries of the blocks A;;.
In particular, det A = (det 12111) -+« (det /Lm). What can you say about the

eigenvalues and determinant of A if the diagonal entries of each block A;; are
(k1)

%

constant (so there are scalars «; such that a
allk, 1 =1,...,m)?

28. Let A € M,,, and B € M,, ,,, be given. Prove that det(I,,, + AB) =
det(I,, + BA).

= qy forallt =1,...,n and

29. Let A = [a;;] € M,. Suppose each a;; = 0 for¢ = 1,...,n and
a;j € {—1,1} for all ¢ # j. Explain why det A is an integer. Use Cauchy’s
identity (1.3.24) to show that if any —1 entry of A is changed to +1, then
the parity of det A is unchanged, that is it remains even if it was even and it
remains odd if it was odd. Show that the parity of det A is the same as the
parity of det(.J,, — I), which is opposite to the parity of n. Conclude that A is
nonsingular if n is even.

30. Suppose A € M,, is diagonalizable and A = SAS~! in which A has the
form (1.3.13). If f(z) is a complex valued function whose domain includes
o(A), we define f(A) = Sf(A)S™! in which f(A) = f(u)l,, & - &
f(pa)In,. Does f(A) depend on the choice of the diagonalizing similarity
(which is never unique)? Use Theorem 1.3.27 to show that it does not, that is,
if A=SAS™! = TAT!, show that Sf(A)S~! = T f(A)T~!. If A has real
eigenvalues, show that cos?(A) + sin?(A4) = I.
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31. Leta,b € C. Show that the eigenvalues of [ % °] are a = ib.

32. Let x € C" be a given nonzero vector, and write * = u + v, in which
u,v € R™. (0.2.5) Show that {x,Z} is linearly independent (over C) if and
only if {u, v} is linearly independent (over R).

33. Suppose A € M, (R) has a non-real eigenvalue A and write A = a + @b
with a,b € R and b # 0; let = be an eigenvector associated with A and write
= u + v with u,v € R™. Explain why: « and v are both nonzero and A
is an eigenvalue of A associated with the eigenvector Z. Explain why: {z,Z}
is linearly independent (1.3.8) and hence {u, v} is linearly independent. Show

that Au = £ (Az+AZ) = au—bv and Av = bu+av, so Aluv] = [uv] [fb Z]
Let S = [uv S1] € M, (R) be nonsingular and have v and v as its first and
second columns. Explain why
STTAS = S7'[ Aluv] AS [ =871 [ [u ] [ _ab Z ] ASy }
a b
= |: —b a :| o ) Ay € My o
0 Ay

Thus, a real square matrix with a non-real eigenvalue A = a+1b can be deflated
by real similarity to a real block matrix in which the upper left 2-by-2 block

[fb Z] reveals the real and imaginary parts of A.

34.If A, B € M,, are similar, show that adj A and adj B are similar.

35. Aset A C M, is an algebra if (i) A is a subspace, and (ii)) AB € A
whenever A, B € A. Provide details for the following assertions and assemble
a proof of Burnside’s theorem on matrix algebras: Letn > 2 and let A C M,
be a given algebra. Then A = M,, if and only if A is irreducible.

(a) If n > 2 and an algebra A C M,, is reducible, then A # M,,. Hint: If A
is reducible, use (1.3.17) to give an example of an A € M,, such that A ¢ A.
This is the easy implication in Burnside’s theorem; some work is required to
show that if A is irreducible, then A = M,,. In the following, A C M, is a
given algebra and A* = {A* : A € A}.

(b) If n > 2 and A is irreducible, then A # {0}. Hint: Every subspace is
A-invariant if A = {0} .

(c) If z € C™ is nonzero, then Ax = {Az : A € A} is an A-invariant
subspace of C".

(d) If n > 2, x € C" is nonzero, and A is irreducible, then Az = C™.

(e) For any given x € C", A*x = {A*x : A € A} is a subspace of C™.

(f) If n > 2, x € C™ is nonzero, and A is irreducible, then A*x = C". Hint:
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If not, let z be a nonzero vector that is orthogonal to the subspace A*z, that is,
(A*x)*z = * Az = 0 forall A € A. Use (d) to choose an A € A such that
Az =zx.

(g) If n > 2 and A is irreducible, there is some A € A such that rank A = 1.
Hint: If d = min{rank A : A € Aand A # 0} > 1, choose any A, € A with
rank A; = d. Choose distinct 7, j such that { Ae;, Ae; } is linearly independent
(pair of columns of Ag), so Age; # 0 and Age; # AAge; for all A € C.
Choose B € A such that B(Ag4e;) = e;. Then AyBAge; # MAqe; for all
A € C. The range of A, is AgB-invariant (AgB(Agx) = Aq(BAgx)) so it
contains an eigenvector of A4 B (1.3.18). Thus, there is an = such that A4z # 0
and for some A\g € C, (AgB — A\oI)(Agqz) = 0. Hence, AyBAg— oAy € A,
AgBA; — MAy # 0, and rank(A4BA; — AMA4) < d. This contradiction
implies that d = 1.

(h) If n > 2, A is irreducible, and there are nonzero y,z € C™ such that
yz* € A, then A contains every rank one matrix. Hint: For any given nonzero
n,¢{ € C™, choose A, B € A such thaty = Ay and ( = B*z. Then n¢* =
A(yz*)B € A.

(i) If A contains every rank one matrix, then A = M,,. (0.4.4(i))

36. Suppose A, B € M, are given and n > 2. The algebra generated by A
and B is the span of the set of all words in A and B (2.2.5). (a) If A and B
have no common eigenvector, explain why the algebra generated by A and B
is all of M,. (b)Let A = [J.] and B = [ ]. Show that A and B have
no common eigenvector, so the algebra that they generate is all of Ms. Give a

direct proof by exhibiting a basis of M5 consisting of words in A and B.

Further Readings and Notes: Theorem 1.3.29 is due to L. Mirsky (1958);
our proof is adapted from E. Carlen and E. Lieb, Short proofs of theorems of
Horn and Mirsky on diagonals and eigenvalues of matrices, Electron. J. Lin-
ear Algebra XXXX. The proof of Burnside’s theorem in Problem 35 is adapted
from I. Halperin and P. Rosenthal, Burnside’s Theorem on Algebras of Matri-
ces, Amer. Math. Monthly 87 (1980) 810. For alternative approaches, see
[RadRos] and V. Lomonosov and P. Rosenthal, The simplest proof of Burn-
side’s theorem on matrix algebras, Linear Algebra Appl. 383 (2004) 45-47.

1.4 Left and right eigenvectors, and geometric multiplicity

The eigenvectors of a matrix are important not only for their role in diagonal-
ization, but also for their utility in a variety of applications. We begin with an
important observation about eigenvalues.
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1.4.1 Observation. Let A € M,,. (a) The eigenvalues of A and A” are the
same. (b) The eigenvalues of A* are the complex conjugates of the eigenvalues
of A.

Proof: Since det(t] — AT) = det(t] — A)T = det(tI — A), we have pr (t) =
pa(t), so par(A) = 0 if and only if p4(A) = 0. Similarly, det(t] — A*) =
det[(t] — A)*] = det(t] — A), so pa-(t) = pa(t), and pa~(\) = 0 if and
only if pa(A) = 0. O

Exercise. 1If x,y € C™ are both eigenvectors of A € M,, corresponding to the
eigenvalue )\, show that any nonzero linear combination of = and y is also an
eigenvector corresponding to A. Conclude that the set of all eigenvectors asso-
ciated with a particular A € o(A), together with the zero vector, is a subspace
of C™.

Exercise. The subspace described in the preceding exercise is the null space of
A— I, that is, the solution set of the homogeneous linear system (A—\[)z =
0. Explain why the dimension of this subspace is n — rank(A — \I).

1.4.2 Definition. Let A € M,,. For a given A € o(A), the set of all vectors
x € C" satisfying Ax = Az is called the eigenspace of A corresponding to
the eigenvalue A. Every nonzero element of this eigenspace is an eigenvector
of A corresponding to .

Exercise. Show that the eigenspace of A corresponding to an eigenvalue A is
an A-invariant subspace, but an A-invariant subspace need not be an eigenspace
of A. Explain why a minimal A-invariant subspace (an A-invariant subspace
that contains no strictly lower-dimensional, nonzero A-invariant subspace) W
is the span of a single eigenvector of A, that is, dim W = 1.

1.4.3 Definition. Let A € M, and let A be an eigenvalue of A. The dimension
of the eigenspace of A corresponding to \ is the geometric multiplicity of \.
The multiplicity of A as a zero of the characteristic polynomial of A is the al-
gebraic multiplicity of \. If the term multiplicity is used without qualification
in reference to ), it means the algebraic multiplicity. We say that \ is simple if
its algebraic multiplicity is one; it is semisimple if its algebraic and geometric
multiplicities are equal.

It is very useful to be able to think of the geometric multiplicity of an eigen-
value A of A € M,, in more than one way: Since the geometric multiplicity
is the dimension of the nullspace of A — AI, it is equal to n — rank(A — AI).
It is also the maximum number of linearly independent eigenvectors associ-
ated with A\. Theorems 1.2.18 and 1.3.7 both contain an inequality between the
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geometric and algebraic multiplicities of an eigenvalue, but from two different
viewpoints.

Exercise. Use Theorem 1.2.18 to explain why the algebraic multiplicity of an
eigenvalue is greater than or equal to its geometric multiplicity. If the algebraic
multiplicity is 1, why must the geometric multiplicity also be 1?

Exercise. Use Theorem 1.3.7 to explain why the geometric multiplicity of an
eigenvalue is less than or equal to its algebraic multiplicity. If the algebraic
multiplicity is 1, why must the geometric multiplicity also be 1?

Exercise. What are the algebraic and geometric multiplicities of the eigenvalue

0 of the matrix [8 3} ?

1.4.4 Definitions. Let A € M,,. We say that A is defective if the geometric
multiplicity of some eigenvalue of A is strictly less than its algebraic multi-
plicity. If the geometric multiplicity of each eigenvalue of A is the same as its
algebraic multiplicity, we say that A is nondefective. If each eigenvalue of A
has geometric multiplicity 1, we say that A is nonderogatory.

A matrix is diagonalizable if and only if it is nondefective; it has distinct
eigenvalues if and only if it is nonderogatory and nondefective.

1.4.5 Example. Even though A and A” have the same eigenvalues, their eigen-
vectors corresponding to a given eigenvalue can be very different. For exam-
ple, let A = [g ?J . Then the (one-dimensional) eigenspace of A corresponding
to the eigenvalue 2 is spanned by [[1)] , while the corresponding eigenspace of
AT is spanned by [731/2]

1.4.6 Definition. A nonzero vector y € C" is a left eigenvector of A € M,
corresponding to an eigenvalue A\ of A if y* A = Ay*. If necessary for clarity,
we refer to the vector « in (1.1.3) as a right eigenvector; when the context does
not require distinction, we continue to call x an eigenvector.

Exercise. Show that a left eigenvector y corresponding to an eigenvalue A of
A € M, is aright eigenvector of A* corresponding to A; also show that 3 is a
right eigenvector of A7 corresponding to \.

Exercise. Example (1.4.5) shows that a right eigenvector x of A € M,, need
not also be a left eigenvector. But if it is, the corresponding right and left
eigenvalues must be the same. Why? That is, if x # 0, Ax = Az, and
x* A = px*, then why is A = u? Hint: Evaluate x* Az in two ways.
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Exercise. Suppose A € M, is diagonalizable, S is nonsingular, and S~1AS =
A = diag(A1, ..., \p). Partition S = [z, ... x,]and S~ = [y; ... ]
(0.2.5) according to their columns. The identity AS = SA tells us that each
column z; of S is a right eigenvector of A corresponding to the eigenvalue
Aj. Explain why (S™*)*A = A(S™*)*, why each column y; of S~* is a left
eigenvector of A corresponding to the eigenvalue \;, why yrz; = 1 for each
Jj=1,...,n,and why y;z; = 0 whenever i # j.

One should not dismiss left eigenvectors as merely a parallel theoretical al-
ternative to right eigenvectors. Each type of eigenvector can convey different
information about a matrix, and it can be very useful to know how the two
types of eigenvectors interact. In the preceding exercise, we learned that a
diagonalizable A € M, has n pairs of non-orthogonal left and right eigenvec-
tors, and that left and right eigenvectors associated with different eigenvalues
are orthogonal. We next examine a version of these results for matrices that
are not necessarily diagonalizable.

1.4.7 Theorem. Let A € M,, and nonzero vectors z,y € C" be given.
(a) Suppose that Az = Az, y*A = py*, and A\ # p. Then y*x = 0.
(b) Suppose that Ax = Az, y*A = Ay™*, and y*x # 0. Then A is similar to

A0
[ 0 B ] for some B € M,,_; (1.4.8)

Conversely, if A is similar to a block matrix of the form (1.4.8), then it has a
non-orthogonal pair of left and right eigenvectors associated with the eigen-
value A.

Proof: (a) Let y be a left eigenvector of A corresponding to i and let = be a
right eigenvector of A corresponding to A. Manipulate y* Az in two ways:

y Az = y*(A\r) = Ay*z)
= (uy*)r = p(y*)

Since A # p, Ay*z = py*z only if y*z = 0.

(b) Suppose that Az = Az, y*A = A\y*, and y*z # 0. If we replace x by
x/(y*x), we may assume that y*z = 1. Let the columns of S € M, ,_1
be any basis for the orthogonal complement of y (so y*.S; = 0) and consider
S =[x S| € M,. Let z = [z, ¢"']" with ¢ € C"! and suppose Sz = 0.
Then

0=y"Sz=y"(z12+ 51() = 21(y"2) + (y*S1){ = =1
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so z; = 0and 0 = Sz = 51, which implies that { = 0 since S has full
column rank. We conclude that S is nonsingular. Partition S~* = [ Z;] with
7 € C™ and compute
* * *S 1 O
I —slg=|" I O
58 [Z;‘stl] {Z{m AH 0 I, .
which contains four identities. The identity n*.S; = 0 implies that 7 is orthog-
onal to the orthogonal complement of y, so n = ay for some scalar a. The
identity n*x = 1 tells us that n*z = (ay)*z = a(y*z) = a =1,s0n = y.
Using the identities n*S; = y*S1 = 0 and Zjx = 0 as well as the eigenvector
properties of x and y, compute the similarity
1 [y y*Ar  y*AS;
A = A frng
oA _Zi‘} [e 5] {Zfo ZfAsl]
[ Qe wns ] [ AMyta) AyrS)
| Z7(A\x) Z7AS: AN Zfx) ZTAS
A 0
L0 ZrAS

which verifies that A is similar to a matrix of the form (1.4.8).

Conversely, suppose there is a nonsingular S such that A = S([\]& B)S~.
Let x be the first column of .S, let y be the first column of S™*, and partition
S =[x S1]and S™* = [y Z1]. The 1,1 entry of the identity S~1S = I tells
us that y*x = 1; the first column of the identity

[Az AS)] = AS = S([\] @ B) = [\z S, B]

tells us that Az = Az; and the first row of the identity

[ g’;‘l } =S A=(NeB)S = [ 2?21 }

tells us that y* A = Ay*. O

The assertion in Theorem 1.4.7(a) is the principle of biorthogonality. One
might also ask what happens if left and right eigenvectors corresponding to the
same eigenvalue are either orthogonal or equal; these cases are discussed in
Theorem 2.4.11.1.

Eigenvectors transform under similarity in a simple way. The eigenvalues
are, of course, unchanged by similarity.

1.4.9 Theorem. Let A, B € M,, and suppose B = S~ AS for some nonsin-
gular S. If z € C" is a right eigenvector of B corresponding to an eigenvalue
A, then Sz is a right eigenvector of A corresponding to A. If y € C" is a
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left eigenvector of B corresponding to A, then S™*y is a left eigenvector of A
corresponding to \.

Proof: 1If Bx = Az, then ST'ASx = Az, or A(Sz) = \(Sz). Since S is
nonsingular and x # 0, Sx # 0, and hence Sz is an eigenvector of A. If
y*B = \y*, then y*S~LAS = \y*, or (S~*y)*A = \(S~*y)*. D

Information about eigenvalues of principal submatrices can refine the basic
observation that the algebraic multiplicity of an eigenvalue can not be less than
its algebraic multiplicity.

1.4.10 Theorem. Let A € M,, and A € C be given, and let k£ > 1 be a given
positive integer. Consider the following three statements:

(a) \isan eigenvalue of A with geometric multiplicity at least k.

(b) Foreachm =n —k+1,...,n, Ais an eigenvalue of every m-by-m
principal submatrix of A.

(c) Ais an eigenvalue of A with algebraic multiplicity at least k.

Then (a) implies (b), and (b) implies (c). In particular, the algebraic multi-
plicity of an eigenvalue is at least as great as its geometric multiplicity.

Proof: (a) = (b): Let A be an eigenvalue of A with geometric multiplicity at
least k, which means that rank(A — AI) < n — k. Suppose m > n — k. Then
every m-by-m minor of A — AI is zero. In particular, every principal m-by-m
minor of A — A is zero, so every m-by-m principal submatrix of A — A\ is
singular. Thus, A is an eigenvalue of every m-by-m principal submatrix of A.
(b) = (c): Suppose A is an eigenvalue of every m-by-m principal submatrix
of A for each m > n — k + 1. Then every principal minor of A — Al of
size at least n — k + 1 is zero, so each principal minor sum E;(A — A\I) = 0
forall j > n — k + 1. Then (1.2.13) and (1.2.11) ensure that p'}_, ,(0) = 0
fori = 0,1,...,k — 1. But pa_x;(t) = pa(t + A), so px)()\) = 0 for
1 =0,1,...,k — 1, that is, X is a zero of p4(¢) with multiplicity at least k.

O

An eigenvalue A with geometric multiplicity one can have algebraic multi-
plicity two or more, but this can happen only if the left and right eigenvectors
associated with \ are orthogonal. If ) has algebraic multiplicity one, however,
then it has geometric multiplicity one and left and right eigenvectors associ-
ated with X\ can never be orthogonal. Our approach to these results relies on
the following lemma.
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1.4.11 Lemma. Let A € M,, A € C, and nonzero vectors =,y € C" be
given. Suppose that Az = Az, y*A = Ay*, and X has geometric multiplicity
one. Then there is a nonzero v € C such that adj(A — A) = yzy*.

Proof: We have rank(AI — A) = n — 1 and hence rank adj(Al — A) = 1,
that is, adj(Al — A) = £n* for some nonzero &, € C™; see (0.8.2). But
(M — A)(adj(A — A)) = det(A] — A)T = 0, s0 (A\I — A)én* = 0 and
(M — A)¢ = 0, which implies that £ = ax for some nonzero scalar «. Using
the identity (adj(Al — A))(A — A) = 0 in a similar fashion, we conclude that
n = Py for some nonzero scalar 3. Thus, adj(A] — A) = afxy*. U

1.4.12 Theorem. Let A € M,,, A € C, and nonzero vectors x,y € C" be
given. Suppose that Az = Az and y* A = Ay*. (a) If X has algebraic multi-
plicity one, then y*z # 0. (b) If A has geometric multiplicity one, then it has
algebraic multiplicity one if and only if y*x # 0.

Proof: In both cases (a) and (b), A has geometric multiplicity one; the preced-
ing lemma tells us that there is a nonzero v € C such that adj(A[—A) = yxy*.
Then pa(X) = 0 and p/y () = tradj(Al — A) = yy*z; see (0.8.10.2). In (a)
we assume that the algebraic multiplicity is one, so p/,(A\) # 0 and hence
y*x # 0. In (b) we assume that y*z # 0, so p/4(A) # 0 and hence the
algebraic multiplicity is one. |

Problems

1. Let nonzero vectors z,y € M, be given, let A = zy*, and let A\ = y*z.
Show that: (a) A is an eigenvalue of A; (b) x is aright and y is a left eigenvector
of A corresponding to \; and (¢) if A # 0, then it is the only nonzero eigenvalue
of A (algebraic multiplicity = 1). Explain why any vector that is orthogonal to
y is in the null space of A. What is the geometric multiplicity of the eigenvalue
0? Explain why A is diagonalizable if and only if y*x # 0.

2. Let A € M, be skew-symmetric. Show that p4(t) = (—1)"pa(—t) and
deduce that if A is an eigenvalue of A with multiplicity & then so is —A. If n
is odd, explain why A must be singular. Explain why every principal minor of
A with odd size is singular. Use the fact that a skew-symmetric matrix is rank
principal (0.7.6) to show that rank A must be even.

3. Suppose n > 2 and let T = [t;;] € M,, be upper triangular.(a) Let = be an
eigenvector of 7' corresponding to the eigenvalue ¢,,,,; explain why e, is a left
eigenvector corresponding to ¢,,,,. If t;; # t,, foreachi =1,... n—1, show
that the last entry of x must be nonzero. (b) Letk € {1,...,n—1}. Show that
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there is an eigenvector = of 1" corresponding to the eigenvalue ¢, whose last
n — k entries of z are zero, that is, 27 = [¢7 0]7 with & € CF. If t;; # ty, for
alli =1,...,k — 1, explain why the kth entry of = must be nonzero.

4. Suppose A € M, is tridiagonal and has a zero main diagonal. Let S =
diag(—1,1,—1,...,(—=1)") and show that S~1AS = —A. If ) is an eigen-
value of A with multiplicity k, explain why —\ is also an eigenvalue of A with
multiplicity k. If n is odd, show that A is singular.

5. Consider the block triangular matrix

e { A A

Ay €M, i=1,2
0 A22]’ € Mni, 0

If v € C™ is a right eigenvector of Ay; corresponding to A € o(A11), and
if y € C™ is a left eigenvector of Ayy corresponding to p € o(Ass), show
that [{] € C™ %" is a right eigenvector, and [2] is a left eigenvector, of A
corresponding to A and p, respectively. Use this observation to show that the
eigenvalues of A are the eigenvalues of A together with those of Ags.

6. Suppose A € M,, has an entry-wise positive left eigenvector and an entry-
wise positive right eigenvector, both corresponding to a given eigenvalue A
with geometric multiplicity 1. (a) Show that A has no entry-wise nonnegative
left or right eigenvectors corresponding to any eigenvalue different from . (b)
If A has geometric multiplicity one, show that it has algebraic multiplicity one.

7. In this problem we outline a simple version of the power method for finding
the largest modulus eigenvalue and an associated eigenvector of A € M,,.
Suppose that A € M, has distinct eigenvalues Aq,..., A\, and that there is
exactly one eigenvalue \,, of maximum modulus p(A). If (%) € C" is not
orthogonal to a left eigenvector associated with \,,, show that the sequence

1
gk — WAx(k)’ kE=0,1,2,...

approaches an eigenvector of A and the ratios of a given nonzero entry in the
vectors Az®) and z(*) approach \,,. Hint: Assume without loss of generality
that A\, = 1 and let y(V), ... (™ be linearly independent eigenvectors corre-
sponding to A1, ..., A,. Write (%) (uniquely: Why?) as (0 = a;yM +.. .+
any™, with o, # 0. Then (%) = ck(al)\’fy(l) 4 an_lx\ﬁ_ly("_l) +
any™) for some scalar ¢, # 0. Since |\;|* — 0,i = 1,...,n — 1, 2(®
converges to a scalar multiple of ().

8. Continue with the assumptions and notation of Problem 7. Further eigenval-
ues (and eigenvectors) of A can be calculated by combining the power method
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with deflation, which delivers a square matrix of size one smaller. Let S € M,
be nonsingular and have as its first column an eigenvector (™ associated with
the eigenvalue \,,, which have been computed by the power method or other-
wise. Show that

A i #
STIAS = | -=%-r---
0 A
and that the eigenvalues of A; € M,,_1 are A1, ..., \,,_1. Another eigenvalue

may be calculated from A; and the deflation repeated.

9. Let A € M, have eigenvalues A1, ..., \,_1,0, sothatrank A < n —1, and
suppose that the last row of A is a linear combination of the others.

(a) Partition
_ A11 X
A= [ y" oa ]

in which Ay, € M,,_,. Explain why there is a b € C"~! such that y7 =
bT"A11 and o = b"x. Interpret b in terms of a left eigenvector of A corre-
sponding to the eigenvalue 0. (b) Show that A;; + xb” € M,,_; has eigenval-
ues A, ..., Ap—1. This is another version of deflation: it produces a matrix of
smaller size with the remaining eigenvalues. If one eigenvalue A of A is known,
then the process described in this problem can be applied to P(A — A\I)P~1,

for a suitable permutation P. Hint: Consider S™*AS with § = [ . 9].

10. Let T' € M,, be a nonsingular matrix whose columns are left eigenvectors
of A € M,,. Show that the columns of 7~ * are right eigenvectors of A.

11. Suppose A € M, is an unreduced upper Hessenberg matrix (0.9.9). Ex-
plain why rank(A — AI) > n — 1 for every A € C and deduce that every
eigenvalue of A has geometric multiplicity one, that is, A is nonderogatory.

12. Let A be an eigenvalue of A € M,,. (a) Show that every set of n — 1
columns of A — A[ is linearly independent if and only if no eigenvector of A
associated with A has a zero entry. (b) If no eigenvector of A associated with
A has a zero entry, why must A have geometric multiplicity one?

13. Under the hypotheses of Lemma 1.4.10, and assuming that the eigenvalues
of Aare A\, Aa,..., A\, and X # \; foralli = 2,...,n, show thaty = (A —
A2)(A=Az) - (A= An)/y .

14. Let A € M, and lett € C. Explain why (A — tI)adj(A — tI) =
adj(A — tI)(A — tI) = pa(t)I. Now suppose A is an eigenvalue of A. Show
that: (a) every nonzero column of adj( A—AT) is an eigenvector of A associated
with A; (b) every nonzero row of adj(A — AI) is the conjugate transpose of a
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left eigenvector of A associated with A; (¢) adj(A—ATI) # 0ifand only if A has
geometric multiplicity one; (d) If A is an eigenvalue of A = [‘; Z], then each
nonzero column of [“~* " ] is an eigenvector of A associated with A; each
nonzero row is the conjugate transpose of a left eigenvector of A associated

with .

15. Suppose that X is a simple eigenvalue of A € M,,, and suppose that
x,y,z,w € C", Ax = Az, y*A = \y*, y*z # 0, and w*z # 0. Show that
A — Al + kzw* is nonsingular for all k # 0. Explain why it is possible to take
z = x. Hint: (A =M + kzw*)u = 0 = s(w*u)y*z =0 = w'u =0 =
u=ar=w'zr=0.

16. Show that the complex tridiagonal Toeplitz matrix
a b

A= ’ € M,, bc#0 (1.4.13)
c a
is diagonalizable and has spectrum o(A) = {a + 2\/%005(%) K=
1,...,n}, in which Revbe > 0 and Imvbe > 0 if be is real and nega-
tive. Hint: Let A\, z = [z;]?_; be an eigenvalue-eigenvector pair for A. Then
(A=Xz =0= crp—1+ (@ — Nz + brgr1 = 0 = xp41 + %xk +
trr—1 = 0,k = 1,...,n, which is a second order difference equation with
boundary conditions g = z,,41 = 0, and indicial equation ¢> + %t +7=0
with roots 71 and r5. The general solution of the difference equation is (a)
T = ocr’f + ,Bré“ if ry # 7o, or (b) x, = ozr’f + kﬁr’f if r1 = r9; v and
B are determined by the boundary conditions. In either case, 7173 = ¢/b (so
r1 Z0#ry)andri+re = —(a—A)/b(so X = a+b(r1+r2)). Ifr; = ro then
0=x9=caand0=x,,; = (n+ 1) = 2 = 0. Thus, 2, = arf + pr
00 =29 =a+pand0 =z, = o™ — i) = (r/r)" ! =
1= r/re = e w3t for some K € {1,...,n}. Since riry = c¢/b we have
T o= i\/%e% and r; = i\/(%e%ﬁ (same choice of signs). Thus,

A= a+b(r1 + 1) = a £ 2vbecos(;).

17.1fa =2and b = ¢ = —1 in (1.4.13), show that o(A) = {4sin2(2(;;_';1)) :
k=1,...,n}.
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