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Lecture Plan Hilbert space set-up

Full quantum theory associates a particle, e.g., electron with
H = L(R3) ® Cy d =2s+ 1, s denotes “spin”

1. Introduction and Background on Quantum Information Quantum info suppress “spatial” part in L>(R3) and focus on spin,

typically spin % or C,. Many particles or qubits use Cg’"

2. Properties of Entropy and Relative Entropy can also consider d > 2 and Cy ® Cyr & ... etc

3. Simple Proof of Joint Convexity of Relative Entropy Will work with H = Cg4 or tensor products of these

4. a) Noise in Quantum Information and B(H) = Mq = space of d x d matrices

b) More Inequalities and conjectures My = also a Hilbert space with inner product (A, B) = Tr A*B

will also consider linear maps ® : My — My
Most results extend to oo dim. H in suitable way

and can even replace My by a von Neumann algebra
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A, B, C self-adjoint matrices R,Q >0 but often extend to R, @ >0
A > B means A — B positive definite (v,(A—B)v) >0 Vv#0 applications often use TrR = Tr @ = 1 but not essential
A > Bor A> B means A — B positive semi-definite, but A # B. S(R)= —TrRlogR quantum entropy (concave)
A 2 B means A — B positive semi-definite (with A = B allowed) H(R,Q) = TrR(log R — log Q) relative entropy (jointly convex)

f obviously diverges when B =0 concave 0 < p<1 (Lieb)
lim f(B + €l) well defined as e — 0 K fixed Tr K*RPKQ'~P jointly { linear p=0,1
convex 1< p<2 (Ando)

difference rarely significant {

operator (or matrix) inequality has one of above forms

trace inequality has form TrAC > TrBC or TrAC > TrBC (i) math — lead to many interesting matrix inequalities

with usual meanings for >, > when TrX € R (usually [0, ) (ii) original interest in quantum statistical mechanics

study trace inequalities related to maps My — R that are convex now important in quantum information theory
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Functions of operators Dirac notation: u.v in finite-dim vector space C,

(v)

Inner product (v, u) = v*u = u

For A= UDU* , define f(A)= UFf(D)U*

A0 .. 0 fu) 0 .. 0 Reverse order |u)(v|=uv* = [ u

0 A .. 0 ; 0 f(A) .. O ;
A=Ul . . .U f(Ay=U| . _ : u

0 .. 0 Am 0 .. 0 f(m) get n x n matrix of map w — (v, w)u

_ ' o p 1 . |u)u| N 1-di b
equiv. to any reasonable def using power series, integral rep., etc. u= Tl uu = w2 projection onto 1-dim subspace span{u}.
also applies to operators, e.g., Lg acting on My space of matrices “ket" |u) < u < col vec  dual "bra” (u| < u* <> row vec
For example, for Lo(X) = AX find Liga(X) = log La(X) e Can be justified by Riesz rep. theorem.

o Put complex conj. on “left” i.e., (v, u) linear in u; anti-lin in v.
e Use any convenient label, e.g. |A) or |k) for eigenfctn v of Ag
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conventions

in view of above (u, v) = u*v anti-linear in v and linear in v

a(u,v) = (u,av) = (au,v)

math physics MBR this lecture
A* Af At A* adjoint
a a* a a complex conjugate
a* never — too confusing
® ® adjoint wrt H-S inner prod

®: My — My linear map
Tr A*®(B) = (A, ®(B)) = ($(A), B) = Tr [B(A)]*B
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Quantum vs classical information

Classical — “bit" takes values in Z, = {0,1}, e..g, “on" or “off"

Quantum Entropy

encode info in strings of 0 & 1, elements of Z?" =2Z,RZy...02Z,

Quantum - “qubit” takes values in C, (up to norm. and phase)

0~ (é) =10), T spin “up” or T  vertical polar

1~ (3) =m.

Isomorphism between Z$" and O.N. prod basis for cgr

“Computational basis”, e.g., [0110) = <é> ® (2) ® (2) ® (é)

Embed class in quant — but can do much more

spin “down” or — horiz polar
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0~ (é) =0), T spin “up” or T  vertical polar

1~ ((1)) =|1), | spin “down” or — horiz polar

Now consider <:i:11) “spin” right — or left «— (in x-direction)

()00~

Then measure spin in z-direction. Get either T or | (i.e., 0 or 1)
each with probability % But not classical prob, i.e.,

Not a classical mixture but a superposition of vectors.

1\%" 1 1 1
In some sense 2"/2 (1) = % (1) @% (1> ®”‘®% (1

contains all 2" strings of 00110101...., each with prob 2"

M. B. Ruskai Quantum Entropy

Can one encode more than {0, 1} in qubit ?7?

1\ 1 1\ - [0\ | 1 —
4 states (O) : %(1) y. (1) - %(_J N 77

a\ sind
b) ~ \e¥cosh

use to encode [0, 7] or [—1,1] or more 7?7

Most general qubit |v) = a|0) + b|1) =

NO — will see can only reliably distinguish orthog states

Thm: (Holevo bound) Accessible Information or max info/qubit

one can extract < 1. Will give formal math thm and proof

non-orthog encoding can't reliably distinguish BUT advantages!

* Noisy communication (use quant particles to sed class info)
non-orthog input may yield more distinguishable outputs

¢ Quant cryptography — sacrifice info to detect eavesdropper

M. B. Ruskai Quantum Entropy
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Quantum basics and von Neumann measurement von Neumann's quantum entropy

Fund Postulate of Q.M.: Observable represented by self-adj op A von Neumann (1927) defined mixed quantum state and its entropy
spectral decomp A= 3", axEx = Y, ax|ak){ax] S(p) = —Trplogp = — Z A log A
Measurement of A with system in some state 1. k
(i) get some e-value (only possibility) where p spectral decomp p = Z)‘k|Xk><Xk| S0 Ay e-vals
k

(ii) leave system in e-state ay

(i) probability is |{ck, )| = Tr Ex|w) (v
Write |¥) = >, ck|ak) as a superposition of e-states, ¢, = (ax, ¥)

Density matrix p>0 and Trp=1 = S(p)>0

also find p = |9} (3| pure & p> =p & S(p)=0

Coefficients c, in superpos. give probs |ci|? not classical But S(P) well-defined for and concave any pos semi-def ops
Average result of meas in state |¢) is (1, Ap) = Tr A|lp) (9| will give three (3) proofs
set {Ex} orthog projections EjEy = Edj with 3", Ex =/ called S(p) > 0 is result of normalization and/or phys interp
von Neumann measurement or projection valued measure (PVM) Shannon (1948): classical info with entropy equiv. to diag matrix
corresponds to “yes-no” experiment (e.g., polarization filter) Next Time: more, including subadditivity properties
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Density matrices: mixed vs. pure states Back to Measurement: Role of non-commutativit
Y P Yy
pure state often rep by vector |¢)) € H up to phase, with |9 = 1. Now consider two non-commuting observables
better to use rank-1 projection |)(y| (with ||[¢] = 1). A= Z ajloj) (o) = Z aE;, B — Z bi|Bi) (Bk| = Z biFy
mixed state p = >, pk|ok)(@k| is convex comb of pure states i i k k
pk > 0,5, px = 1 and ||@«|| = 1 but ¢« not nec orthog start in |¢)) measure A, then B ends in e-state |3;) of B
p called density matrix (D.M.) or density operator start in |¢)) measure B, then A ends in e-state |o;) of A

p € Mg is D-M. if and only if p > 0 and Trp = 1. in mixed p =Y, pc|dk){(Pk| average result of measuring A

Interp: a) ensemble in quantum statistical mechanics is Zk Pi{Pk, Adk) = Trp A
b) know only part (subsystem) p = pa = Trg pag Define map Qa4 describes result of PVM or vN measurement
¢c) A — TrAp positive linear functional on My.
) Qriipo D EpEi = log)ay, paj)(og] =D e Trp E;
two kinds of probability in Q.M. (i) px traditonal prob interp, J J Jj
but (ii) |¢«) can be superposiition with different interp. Measure B, then A ends with Fx — Quq(Fi) = 3, EjF«E;
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Quantum measurement: POVM Aside: entanglement measure

pure state |1)) € H = Ha ® Hp called “entangled” if it is
Z EjFcEj = Z EjlEj=1 not a tensor prod, i.e., can not be written |¢) # ¢4 ® ¢
” -
’ ! Example max entang Bell states on C; ® C5
%000) +]11)) %001) + [10))

have non-classical correlations long regarded as mysterious

{EjFE;} example of POVM positive operator valued measurement
Def: (Davies and Lewis) POVM M = {Gp} G, >0, >, Gp =1

Result of POVM depends on order in which G, performed

QC map f N o nt modern quant info attitude: accept as way world is and ask
map for von Neumann measureme

Qm iy e Z(Tr’YEjNaj)(aﬂ Ej = |aj)(aj| O.N.

What nifty new things can we do with entanglement?

Measure entanglement of pure state

QC map for POVM using instrument with “pointer” |f) E(p) = S(Tra |¥)(¥|) = S(Tra|9)(s|) essent unique
Qpg:y— Z(TWGb)|¢b> (¢p| ® |fo)(fs| where |f) O.N. mixed pag separable if convex comb of pure product states
i many (industry) of inequiv. entang measures for mixed states
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Tensor products and entanglement Aside: SVD and “Schmidt” decomposition

Quant Info typical H=H1 QH2®...QHpor H=HsQHp ...

e Quantum Computer H = C£” for n qubits Singular Value Decomposition: Recall B*B =3, u2|b)(b| = |BJ?
¢ Quantum Communication Ha ® Hg @ He Then B = U|B| = 3, pk|a){bx]| lak) = U|bk >

U partial isometry — restriction to (ker B)1 unique unitary

A = sender "Alice” B = receiver “Bob”
E = “Eve” (Eavesdropper — sexist ) , but also Isomorphism B(H) ~ H® H v){w| < [vew)
E = Environment (can be Evil or Friendly) apply SVD +iso to %) e H®H |9) =3, pk|ok ® Bi)
Partial trace Trg : B(Ha ® Hg) > B(Ha) or Mg, ® Mg, — My, pure pag = |1)(¥| = reduced density matrices pa = Trg pag etc.
Trs A® B = A(Tr B) extend by linearity pa =i luklPlex)(akl  pa =Xy lkl?1B8k) (Bl
Formal partial inner product |¢,) O.N. basis for Hg Cor 1: pag = |[¥)(¥| pure = pa, pp have same non-zero e-vals
TreXag = 3, (P, Xap dx)p means ¥V x, 9 € Ha Cor 2: pag = [¢) (| pure S(pa) = S(ps)

Xa = TrgXag iff (x, Xa®¥) = (X ® ¢k, XaB ¥ @ di)B
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Can reverse to get “purification” start with p = >, Ak|ok) (o« Relative Entropy

Define [¥) = Y, VA ok @ k) EHOH  Trg|lp) (| =p

Quant Info view: mystical result of Schmidt about tensor products Def: H(p,v) = Trp(log p — log )
SVD for matrices started 1870’s (Horn and Johnson, Chap. 3) p, pair of density matrices, but can be any pos semi-def ops.
Schmidt(1907) equiv. result interp K(x, y) as kernal of operator Use Greek p,7, ... for density matrices,
gly) — f(x) = [ K(x,y)g(y)dy Use Roman R, @ for arb pos semi-def matrices
Rediscovered by quantum chemists called Carleson-Keller (1961) Joint Convexity H(Z R, S Qj) < S H(R;, @)
J J J

John Coleman (1963) pointed out due to Schmidt
Cor: Monotone under Partial Trace (MPT)

wrong-headed to look for extension to higher order tensor products H(R1, Q) < H(R12, Q12)
More info: See Appendix A of King & Ruskai Ri2, Q2 € B(H1®H2) Ry = Tra Rya etc.
IEEE Trans. Info. Theory, 47, 192209 (2001) quant-ph/9911079

OK interp for ¥(x1 ... Xm,¥1 -..¥n) € Lo(R™") wave function
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Aside: G Homogenous of degree one Il. Properties of Entropy and Relative Entropy

Consequences of G(AA) = AG(A)

o G(A) convex < G(A+ B) < G(A)+ G(B) 1. Fundamental Properties of Entropy
convex = “subadditive” [in sense G(A + B) < G(A) + G(B)] 1.1 Concavity and subadditivity

1 1 1 1 1 1.2 Minor properties

3G(A+ B) = G(3A+ 3B) < 36(A) + 3G(B) 1.3 Strong subadditiivty (SSA)

1.4 First proof of concavity of S(p)

“subadditive” = convex . . .
1.5 Triangle inequality

GxA+(1-x)B] < G(xA)+ G[(1 - x)B] 2. Klein's inequality and second proof of concavity of S(p)
= xG(A) + (1 —x)G(B) 3. Fundamental Properties of Relative Entropy
. 4. Aside on Information Theory Expressions
* G(x) convex = ,11"0 x [G(A+xB) - G(A)] < G(B) 5. Aside on Monotone and Convex Operator Functions
. Thi ity of
- G(A+ xB) — G(A) e G(A) + xG(B) — G(A) 6. Third proof of concavity of S(p)
x—0 X T x—0 X
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Subadditive = Concave

Proof # 1 of S(p) concave once subadd shown (easy)

Fundamental Properties of Quantum Entropy

Def: S(R) = —TrRlogR for R > 0 pos semi-def (0log 0 = 0)

o Concave:  xS(R1)+(1-x)S(R:) £ S(xR + (1 —x)Rp) pas = (xp1 0 )

but < xS(R1)+ (1 —x)S(R2) + xlog x + (1 — x) log(1 — x) 0 (1-x)p
pa=xp1+(1-x)p2,  pe=(51%)

e Subadditive: S(Rag) = S(Ra)+ S(Rg)
with =& Ras =Ra® Ro S(pas) = S(xp1) +S((1-x)p2)
e Strongly Subadditive S(Rg)+ S(Rasc) < S(Ras) + S(Rsc) = x5(p1) — xlogx + (1-x)5(p2) — (1—x) log(1—x)

All indep of norm. if consistent, e.g., TrRg = TrRag = Tr Ragc
S(pag) < S(pa)+S(ps)

Also have (a)  S(uR) = uS(R) — plog uTrR = S(xp1+ (1-x)p2) — xlog x — (1—x) log(1—x)

b)ReMyjand TrR=1 = 0<S(R)<logd
(b) R < My = S(R) < log S xS(on) + (1-x)S(02) < S(xpr + (1-x)p2)
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Triangle inequality for S(p)

Concave: xS(p1) + (1 —x)S(p2) < S(xp1+ (1 — x)p2) S(pag) < S(pa) + S(p8)
PAB) = 2{PA PB

X X X X o000 o X 00 X X 0 oXxXo
refers to xxxxx |8%008° oxxoxo Rox % Given pag can find Hc and [Yapc) € Ha ® He @ Hc
mixture |73 x|,0,8 gf [¥gexX gexexe] .
XXX X ooo o X X0000X OX s.t. TrC PABC = TrC ‘¢A3C><1[JABC’ = PAB purlflcatlon
Subadditive: S(paB) < S(pa) + S(pB) PAB = Dk Akl i) (¢l [YaBc) = Dok VA |9k @ ex)
refers to regions (Ha®HB)®Hc S(pas) = S(pc) Ha(@HeHc) S(pa) = S(pac)
or subsystems A B
subs above S(pc) < S(psc) + S(ps)
SSA: S(p8) + S(pasc) < S(pas) + S(psc)
oo = S(pc) — S(ps) < S(psc)
overlapping ) . .
regions A B3 ¢ Reverse B «» C and combine with subadd to get

|S(pa) — S(p8)| < S(pas) < S(pa) + S(ps)
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Relative entropy

Def: H(R,Q) = TrRlogR— TrRlog @
Klein's ineq: H(R,Q) > Tr(R— Q) >0ifTrR=TrQ

Klein's inequality:

TrAlogA—TrAlogB>Tr(A—B) with = iffA=B
g convex means diff quotients increase
= ﬂ%%éﬁgg’(b) for a<b

= g(b)—g(a) < (b—a)g’(b) for all a,b
assume R, Q > 0 strictly pos — well-def if ker(Q) C ker(R)

Tr [g'(B)(B — A) — g(B) + g(A)] |Bkynorm e-vec of B
= 3 [ (e~ (B AB) —8(b) + (B (W8] Can obtain entropy from rel ent.  H(R, §1) = —S(R) + log d
k Or simply H(R,1) = —S(R)
Jensen g((Bk, ABk)) < (B, 8(A)Br) homogenous of degree one H(AR,AQ) = MH(R, Q)
= ; [g,(bk)(bk B wk’Aﬂk)) —&(bi) +g(<ﬁk’Aﬂk>)] > 0 Recall = convexity equiv to simple form F(A+ B) < F(A)+ F(B)

For g(x) = xlogx, g'(x)=1+logx
Tr [(B — A)(/ + log B) — Blog B + Alog A] >0
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Entropy concave : Proof # 2 Fundamental Properties of Relative Entropy

A= Ry and B= R = xRy + (1-x)R, in Klein

TrAlog A—TrAlogB > Tr(A— B)
Get TrRylogRy — RilogR> Tr(Ry — R)
Repeat for R; and Mult by x and 1 — x

Joint Convexity H(Ry + R, Q1+ Q) < H(Ry, Q1) + H(Ry, Q)
Cor: (MPT) H(Ra, Qa) < H(Rag, Qag)

Monotone under Partial Trace

Ibinson-Winter: that's all folks!

xTrRilog Ry — xRilogR > Tr[ xRy — R]
(1-x)TrRolog R2 — (1-x)Ralog R > Tr[(1-x)R: — R] Special Case of MPT  Rag — pasc, Qas — Ia ® pac
add to get gives strong subadditivity  H(pag, pg) < H(pasc, pac)
_ <
—xS(R1) — (1=x)S(R:) — [xRy + (1-x)Ra] log R > Tr(R—R) SSA 5(pag) + S(ps) < —S(pasc) + S(psc)
=xS5(R1) — (1-x)S(R2) + S(R) > 0 Will prove JC and then show = MPT
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Aside: Information Theory Expressions Negative Conditional Information

Mutual Information: (always positive)
QIT uses EPR states %GOO) + [11)) to transmit

S(A:B)=S S ) =H , >0 .
( ) (pa) + S(ps) (pas) (ag; pa® ps) > a) classical information by process called “dense coding”

Conditional Information: (always positive for classical systems) b) unknown quantum states by process called “teleportation”
S(AIB) = S(pas)— S(ps) = —H(pas, p8) HOW (M. Horodecki, J. Oppenheim, A. Winter) interpretation:
= —H(pag, 21a® pg) + log d Nature 436, 673676 (2005); CMP 269 , (2007). quant-ph/0512247.
Max entangled state  S(pag) — S(pg) = —logd < 0 Cond info measures # of bits Alice needs to transmit message to
paB = [YaB)(VaBl Yas =2 1|dk ® di) Bob when he has partial info — same interp class. and quant info
Conditional Info S(pag) — S(pg) concave When negative, gives # of EPR pairs A and B have left for future

surprising since diff of concave functions - equiv. to SSA
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Weak monotonicity of conditional Information Aside: Operator-Monotone and -Convex Functions

A>B>0 = VA>VB>0 but = A?> B2

Classical S(pag) — S(pg) >0
Def: f : (a,b) — R is operator-monotone if (a.k.a. Pick or Herglotz)

Quantum given any pasc A>B>0 = f(A)> f(B).

Purify pagc = >~ Akldi) (x| to pascp st. Tre pasco = pasc
pascp = |¥) (| lYaBcD) = Dok VAk |01 @ £i)

where |fi) O.N. in space iso to (ker pagc)* C Hasc.

Thm: Let f : (0,00) — R. TFAE the following are equivalent
a) f is operator monotone

b) f can be anal cont into UHP and maps UHP into UHP
SSA: S(pasc) + S(ps) < S(pas) + S(psc)

S(pp) + S(pe) < S(pcp) + S(psc) ) flx) = ax+/ooox:+_: v(u)du  with  v(u) >0
S(pco) — S(pp) + S(pac) ~ S(ps) > 0

two cond entropies with common subsystem can’t both be negative

oo
= a’x—/ 1+ Pw(u)du if [uv(u)du < oo
0

where UHP =z : Imz > 0 (b) < (c) Nevanlinna's Thm.
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Operator-Monotone and -Convex Functions continued I1l: Simple Proof of Joint Convexity of Relative Entropy

A>B>0 = X=B12AB"125 | = evalsof X > 1
evalsof X1 <1 = B124-1BY2 +| = 0< Al <« B

So f(x) = —(x + u)~! is op-mon which gives (c) = (a).

1. Background and WYD
2. Unified proof of joint conv. of Tr K*RPKQ'~? and H(R, Q)

2.1 Pedestian modular operator via left and right mult.

. 2.2 Integral representations
Def: g : (0,00) — R operator-convex if 2.3 Convexity of J,(K, A, B)

g(xA1 + (1-X)A2) < xg(A1) + (1-x)g(A2) 3. Comments on Schwarz inequalities
Roughly g is op-convex iff suitable diff quot is op-mon. 4 q#l-p
. . 5. Monotonicity under partial traces
g :[0,00) — R and g(0) = 0 is op-convex iff )
6. More history ?
g(x) — g(o) _ g(x) op-mon 7. Lieb’s golden corollary
x — x
8. Equality conditions
Theory due to Lowner Ando 1977 notes
37 M. B. Raskai Quantum Entropy 39 M. B. Ruskai Quantum Entropy
Entropy concave : Proof # 3 Background to proofs
g : [0,00) — R and g(0) = 0 is op-convex iff %2 op-mon Original proof of SSA based on Lieb’s result below
Apply to g(x) = x log x WYD skew entropy %Tr[K,'yp][K,fyl_p]
ﬂ:_) =logx : UHP  {z : Imz € (0,2r)} C UHP for K = K* and «y a density matrix
Find: g(x) = xlogx op-convex g(x)= -xlogx op concave Wigner-Yanase introduced for p = % and proved concave in 7.
= and stronger than S(R) = —Rlog R concave  C. Davis Dyson suggested p € (0,1) — led to conjecture

Conj: v TrKy?PK~y"P — TrKyK concave
—1<p<0 op-convex and op-mon-dec

f(x) = xP 0<p<1l op-concave and op-mon Lieb dropped linear term and proved generalization
1<p<2 opconvex but notop-mon (A, B) — Tr K*APKB~P concave for p € (0,1)
f(x) = xP neither op-convex nor op-mon for p > 2. Claim: But advantage to retaining linear term !!
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Retaining the linear term Back to J,(K.A. B)

L _(x—xP 1
Jp(K,A,B) = ;_J—(_li——p_) [Tr K*AK — Tr K*APKB1P) g(x) = {@( ) Zi 1
Note: well-def for p > 0 and factor (1 — p) changessignat p=1 well-defined for x > 0 and p £ 0, but p € [%, 2] would suffice
Thm: (A, B) — J,(K, A, B) is convex for p € (0,2) Jpo(K, A, B) = TrvBK* gy(LaR5')(KVB)
= TrK*APKB~P concave for p € (0,1) o . . .
= TrA(log A —log B) convex p =1 — extend by cont K = | m(-ﬁK AK —Te K*APKB'™?) pe(0,1)U(1,2)

= TrK*APKB~P convex for p € (1,2] and p € [-1,0) = LT KK*Alog A — Tr K*AK log B) p=1

will give proof, which is elementary, short, and sweet

1 * —1gr* .
TTA=TrB = Jy(1,A,B)>0 with equality < A=B (3 (TTKPAK = Tr AKBTIKA) - p=2

pseudo-metric in same sense as relative entropy H(A, B) gen Klein J(l,A,B) =TrA(log A — log B) = H(A, B)
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Pedestrian modular operator Aside: extend to [—1.0)

d x d matrices form Hilbert space with (A, B) = Tr A*B
Def. Left and Right mult as linear operators on this vector space not quite symmetric around p = 3 pel—p
La(X)=AX  and  Re(X)=XB
a) Ly and Rg commute La[Rg(X)] = AXB = Rg[La(X)] () = war_p(w) = {Bﬁl—_p}(l ~wP) p#0 pel-1,1)
b) A= A* = L4, Ry self-adjoint wrt H-S inner prod —logw p=0
For A, B > 0 positive definite

c) La, Ra pos def (X, Ra(X)) = Tr X*XA = Tr XAX* > 0 oK, B, A) = S1-p(K", A, B)

d) (La) =1L, (Rg)™)=Rg Jo(K, A, B) jointly convex for p € [—1,1)
e) f(La) = Leay f(Re) = Re(py €8, Lh=Lar, Ry = Rap Jo(1, A, B) = Tr B(log B — log A) = H(B, A)

simple form of deep idea: Araki Aag = LAR,;1 relative modular op
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Integral representations

45

Specific integrals — elementary

46

&) _ Jaam—xPY) p#1
X log x p=1

well-def for x € (0, 00) and operator monotone for p € (0,2], or,

anal cont to upper half of complex plane and UHP — UHP

= gp(x) has integral rep of form

o0 2
2 Xt —x
gp(x) ax +/0 T v(t)
x2 1

& 1
2
= ~ =4+ ——]| ty(t) dt
ax +/0 [x+t t+x+t] tu(t) d

with v(t) > 0

M. B. Ruskai Quantum Entropy

0 yp—1 T .
=——  0<p<l1 = 2T
/0 x+1 sinprw P g w

allows us to give the following explicit representations

(s [+ ol (G - Vetdt] pe(0)
2
Jo© (35— 1+ ) gt p=1
g(x) =
2
i [X ~G-1fy xx_+ttp_2dt] peE(1,2)
\ %(_X + X2) p=2

Important: For p € (0,2) integrand supported on (0, co).

M. B. Ruskai Quantum Entropy

Integal representation using L4 and Rg

47

Recall Jp(K,A,B) = TrvBK*g,(LaRz")(KVB)
gp(x) = ax+ [° [X—H -1+ X+t] tu(t) dt

TrvVBK*———

LAR TR (K\/_) = Tr\/—K* (K\/_)

1
= BK*———— (KB
i LA+tRB( )

00
Jp(K,A, B) = TrK*AK—TrKBK*/ v(t)dt
0
00
1
TrK*A————
+/0 [ r La+ tRp

Suffices to show (A, B, X) — Tr X*

(AK) + Tr BK* (KB)] tu(t) dt

La+tRg
1
Lg + tRy

Quantum Entropy

(X) jointly convex

M. B. Ruskai

1 1
te: Ti free———(AX) = ATr X ————— (X
Note: Tr(AX) L>\B+tR,\A( ) r LB—I—tRA( )

Homo of degree 1 = suffices to prove “subadditivity” (omit x)
Let: M = ()H2(X) - ()Y3(A)
TTM*M = (M,M)

(O7720) = OY2N)], [O77200) = O3 )))
= OGCOTHO) = (XA = (AX) + (A, (M)

Choose M = (L + tRg)™/*(X) — (La+ tRg)Y/2(A)

TTM*M =
TrX*(La+ tRg) H(X) = Tr X*A — TrA*X + Te A*(La + tRs)(A)

M. B. Ruskai Quantum Entropy



Let M; = (La, + tRg,)"V/2(X;) — (La, + tRe;)Y/>(A). Then Remarkson g # 1 —p

0 < ZTr MM ZTrX*(LAj + tRg) 1 (X;) p,g>0, p+g<1 TrK*APKB“P concave

T (Z X )A 4_ A X) T /\ L R A Wl’ite TrK*APKBq = TrK*APK(BS)l-—p 0 <s= ﬁ- < 1
T (2 XA = Te A (2, X5) + Tr A2 (La; + tRg,
YN (ZJ J ZJ( Aj Bj) BS is op monotone and op concave for s ¢ (0, 1)

* 1 * * *
- JZTrXJ- m(xj) — Tr X*N = TrA*X + Tr A*(La+tRg)A (ABy+ (1 — A)B2)® > ABE + (1— \)BS
1—
1 TrK*APKBY = Tr K*APK[(/\BI +(1- )\)Bg)s]
Choose A= —7—(X X = X, La, =Ls 5. =1L _
[nttRe V) 2% 2 Lay=1lya=La > TrK*APK(AB] + (1 - A)B5)* ™
. . > ATrK*APK(B§)'™P + (1 — \)Tr K*ASK(B3)' P
Tr/\ ZJ(LA_/ + tRBJ)A = TrX —LA+tRBX = TrXA = Tr/\ X — ATr K*AgKqu + (1 _ A)Tr K*AgKBg
1 1 . . .
< r X —————(X ) G — Note: f(x) strictly concave and op concave = strict op ine
0 Z LA +tR (% ) T La+ tRp (X) () Y P P Ined
get equal only for trivial cases, By = B, or A =0, 1.
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compare elementary C-S ineq: Monotonicity under partial traces
— 2 2 2 . . . .
]Z Viwi|” < Z [V Z |wi| Define generalized Pauli (Weyl-heisenberg) operators,
k .
1/2 a V2 Z|e) = €*™/d|e,) Xlen) = lent1)
For ax >0 let vy = a,/", wx=a, "“x

Jj

1> ox® < Z ak Z Xk —Xk Z ZIAZ = d Agieg 3" XIAgiagX ™ = (Tr A)l
k

Rewrite (%) . (> _x) < Z;klxk ID D XZKAXIZY = (TrAY I = 1Y wAw;

k A Tk PR i kK n

k
Lieb and Ruskai (1973) proved operator version W, = XIZ* in some ordering n = 1,2,...d%, e.g., n=j + d(k — 1)
1 1
X Xi) < X — Xk .
(; k)ZAk(zk: ) Z,; “A D (heWo) A (h® W) =A1®h
n

Not suff. for SSA — need Arakl rel mod op hidden in L4 and Rg. Discrete version of Uhlmann’s observation that partial trace can be
Compare proof: I Dok VKt thl >0V t choose t to minimize obtained by integrating over SU(n) using Haar measure.
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Aside: Equality conditions in J,(K.A. X) convex

Jp(K2, Az, B2) = Jp(h ® Ko, 31 @ Ao, 3-h ® By)
(o.¢ . 1 [e 0] . 1
= gllfJ,,(Ku,Z,,(Wn@lz)An(Wn@Ig)*,Zn(W,,®/2)812(W,,®/2)*> /OTrK A———LA+tRB(AK)V(t)dt < /O ZTr(AjK) —LA.+tRB. (AiK)v(t)

S oM Dl (U LA, (100 B8 0 ) > / T AK) g (4K

gliz ZJp(ll ® Kz, A1z, B12) = Jp(h ® Kz, A1z, B12)
n
Equal < equal for each term in integ , i.e., M; =0 Vj Vt

used Jp(/1 ® Kz, A1z, 312) wrote Kio = 1 ® Kb

* x La +tRg) (X)) = (La+ tRg)"}(X Vj, VvVt
= Jp(h ® Kz, (Wa ® b)A12(Ws @ b)*, (Wa ® b)Biao(Wa & b)) (La; + tRg,) ™ (X;) = (La + tRg) 1 (X) J

equality conditions independent of p € (0, 2)

Jl(IaA2) B2) S JI(I)AIZa Bl2) giVeS H(AZa B2) S H(A12) BIZ) X = AK (I + tA;lB )——l(K) _ (I + tA;é)_l(K) V_] Yt
i Bj ’

Cor: SSA H(A23,A2) < H(A123,A13) B 1 B 1 )
X = BK (AAij—}—tl) (K)—(AAB+tI) (K) ViVt
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“no transparent proof of SSA is known"
p. 645 of Quantum Computation and Quantum Information
Michael A. Nielsen and lsaac L. Chuang (Cambridge Press, 2000) Recall Apg = LaRg"' >0 prod of commuting pos def ops
based on B. Simon's version adapted from Uhlmann (1977) of

Aag + t)YK) = (Asg + tH ™YK Vj VvVt
“elementary” proof of (A, B) — Tr K* APKB~P concave (Bag )7 (K = (Aas )7 (K) !

similar argument in Wehrl Rev. Mod. Phys (1978). BUT Aap>0 = (Aag+t/)™! anal cont to C\(—oo,0]

® MBR, "Lieb's simple proof of concavity ..." quant-ph/0404126 can apply Cauchy integral Thm. to get

Int. J. Quant Info. 3, 579-590 (2005) Schwarz + max mod = G(ApB)(K) = G(Aag)(K) VY j G analon C\(—0o0,0]
e Ando's argument described in Carlen’s Tucson notes allows several useful formulations

o Petz — uses A p in book; elem version in quant-ph/0408130 = (Aag+tl) and (1 + A/—xét) forms equiv.

® Proof here based on Schwarz ineq. using L, Rg really elem.

based on Lesniewski and Ruskai, JMP; and MBR quant-ph/0604206
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Equivalent equality conditions Other approaches to JC of Tr K*APKB' P

Thm: For fixed K, and A=} ; A;, B = Ej B; TFAE Lieb; based on maximum modulus principle —
a) J(K,A,B) = Zj Jp(K, Aj, Bj) for all p € (0,2). basic result rel easy in finite dim.
b) Jo(K, A, B) = 3_; Jo(K, Aj, Bj) for some p € (0,2).
c) (Apg + t1) Y (K) = (Aap + t1)"}(K) Vjand Vt>0.
d) A*KB; " = ATKB™* Vjand Vt>0.
e) (logA —log Aj)K = K(log B—log Bj) V j.

In addition when K =/, equiv to

Epstein; based on op-monotone or Herglotz functions

deep and not easy — paper must be read backwards !

Uhlmann - Simon elementary, but long and not insightful

gave bad rep — see Nielsen-Chuang quote

f) There are D; > 0 such that [A;, D] = [B;, D;] =0, and Ando; used iso between B(Hg, Ha) ~ Ha ® Hp to observe
Aj=AD7'D;, B;=BD7'D; with D=3,D; Tr K*APKB'™P = (K, AP @ B'"PK)
neccessity of (f) uses sufficient subalgebra — developed by Petz where K interp as vec in Ha @ Hg
formulation here from Jen¥ové and Petz, CMP, 263, 259-276 (2006). to give linear algebra proof — first with no complex anal.
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Equality conditions for SSA Differentiatie log A for matrix

use form  log Aj23 — log A1z — log Aps + log A = 0

. . o 1 1
Easy to see A3 = A; ® Axz or Apx @ Az will suffice log(R — R = / — d
Y ! 2 ! 3 og(R +xQ) — log 0 R+ul R4+xQ+ ul v
fHy = Hz,_ K HZR then Ay = A12L ® A2R3 will suffice o 1
= —— (R+xQ+ ul) — (R+ ul)] =————du
Thm: Equality holds in SSA if and only if o R+ul [( ) ) R+ xQ + ul
/oo 1 xQ 1 d
= u
ng@H,ﬁ@va and A123:@A,L,®A,’f o R+ul” " R+ xQ+ ul
n n
Can take IimO%(Iog(R + xQ) — log R and find
with AL € B(H1 ® HE), AR € B(HR ® H3) =
Cor: Equality in Tr A5, A3 " < Tr AP, ALS? iff same cond o 1 1
log(R + =logR+ / —— —du+ O(x*
pe(0,1) < pe(1,2) > g(R+xQ)=logR+x | o= Qp (<)
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