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VIasov-Poisson equation
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Separation into Average and Fluctuation

fa(CB,’U,t) — Fa(v7t) _I_ 5fa(CU,’U,t),
E(xz,t) = 0E(x,t).

Rewrite the equations
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Random phase approximation

< dfq >=0, <OE >=0.
Upon averaging
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Insert the above to original equation
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Fourier-Laplace transformation:

dfa(x,v,t) = /dk/ dw 0 fr. (v, t) elhr—iwt,

5f]?w(v,t) = (27-(-)2 /dw/ dt 6 fa(x,v,t) e—zkx—l—zwt
SE(x,t) = /dk/ dw 0 E w(t) eikx—iwt
0B, (t) = (271‘)2 /da:/ dt 6E(x,t) e_ka+’Lw’5

where the Landau integration path L has ioc (o > 0 and ¢ — 0).

The slow time-dependence of spectral amplitudes, §f7 (v,t)
and 6F ,(t), is a short-cut approach (a sleazy way to avoid rigor-
ous multiple-time step analysis — for a full-fledged multiple-time
scale analysis, see Davidson, 1972).



Formal equations are now expressed as follows:
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New definition for w

w— w4+ 10/0t.

This is another short-cut trick.



Short-hand notations:

K = (ki,ch)a Erg = 5Ekw7 Jk = 5fl?w’
F = Fy, /dKZ/dk/dwa

. €a 1 o
gg = —1

maew — kv + 10 Ov
Equation for the perturbed particle distribution:

Jk =9k FExg + /dK’ 9k (Exr frx_gr— < Egr f_gr >).

Iteration:

k=00 + U < ER).

K — gKFEKa
12 = [ gk (Brr 132 o= < Bio 1P 10 >)

/dK’ 9K 9rc— 1t F (Eper Exeor— < Eger Ere_ger >).

Early monographs calculate up to f(3), but f(3) IS unnecessary!



Simplified notations:

> =/dK1/dK2 (K1 + Ko — K),
142=K

E1=Eg,, Ex=Er,  91=09K,, 92=09K,
Iterative solution for fg

fk =9k FEx+ > gxg2F (E1Ex— < E1E» >)

14+2=K
Symmetrized version
1
fk =9k FEx+ > 5 91+2 (91 + 92) F (E1 Ex— < E1 Ep >).
142=K

Insert fy to the perturbed Poisson equation,
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The above can be re-written as
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Linear and nonlinear susceptibility response functions,
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0=e(K)Ex+ Y xP12) (B1E>— < E1E; >).
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Multiply Eg and take ensemble average

0=e(K) < ExEgpr >+ > x2(1)2) < E1ExEx > .
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Homogeneous turbulence,
< E(x,t) E(2',t') >= D(|x — 2'|; t, 1),
Stationary turbulence,
< E(z,t) E(2',t") >= D(z,2'; |t — t']).
Homogeneous and stationary turbulence,
< E(z,t) BE(2',t) >=< E? >t tf -

The spectral representation

< B, By >=0k+ k) 6(w4+o) < E? >, .
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Three-Body Cumulant and Closure of Hierarchy: If Ejg is
linear eigenmode,

e(K) B = 0.

then by definition < E{1E2E_i >= 0. But we are dealing with
nonlinear theory, where

0=e(K)Ex+ > xPQ]2) (E1Ex— < E1Es >).
142=K

Let us write By = Eg))—I—E(l), where Eﬁ?) satisfies e(K) Eg)) = 0.
Then
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Three-body correlation,
< EK/EK_K/E_K >=I (E§<O/) + Eg_/)
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drop the superscript (0).
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The closure: for homogeneous and stationary turbulence,
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Ignoring irreducible four-body cumulant,
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Symmetry Properties Associated With Nonlinear Susceptibil-
ity:
2
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Symmetry properties:

X (=1] - 2) = xP*(1]2),
X2 (112) = x2(2)1).



Partial integrations,
2
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Useful symmetry relation:

X2 (12) = x2(2)1) = X2 (1 + 2| - 2).
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Reintroduce the slow time dependence,
(w—k-v+id/ot)~ 1.

This leads to
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Dispersion relation,

Ree(k,w) < E? >,,= 0.

Wave kinetic equation,
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Particle kinetic equation,
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fr =1 + 10+
For evaluation of particle kinetic equation we only use f(l)

Jk =1 =9k F Egk e — kv 0

Why? Because higher-order terms lead to divergence!
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Ree(k,w) < E? >,,= 0.
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Ree(k,w) < E? >,,= 0, = w=wpy (a=1L,>S).
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In the literature, the sign of wave phase speed o is often not
carefully taken care of!

Particle Kinetic equation,
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Wave Kinetic equation
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