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1.Module Category

K a field

algebra = finite dimensional K-algebra

(associative, with identity)

A algebra

modA category of finite dimensional

(over K) right A-modules

indA full subcategory of modA formed

by all indecomposable modules

Aop opposite algebra of A

modAop category of finite dimensional

(over K) left A-modules

modA
D //

modAop
D

oo

D = HomK(−, K) standard duality of modA
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1A identity of A

1A =
nA∑

i=1

mA(i)∑

j=1

eij

eij pairwise orthogonal primitive idempotents

of A such that

eijA
∼= eilA for j, l ∈ {1, . . . , mA(i)},

i ∈ {1, . . . , nA}.
eijA � eklA for i, k ∈ {1, . . . , nA} with i 6= k

j ∈ {1, . . . , mA(i)},
l ∈ {1, . . . , mA(k)}.

canonical decomposition of 1A

ei = ei1, i ∈ {1, . . . , nA}, basic primitive

idempotents of A

eA =
nA∑
i=1

ei basic idempotent of A

A basic algebra if eA = 1A

(equivalently, mA(i) = 1 for i ∈ {1, . . . , nA})
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In general, Ab = eAAeA basic algebra of A

modA
(−)eA //

modAb
−⊗

AbeAA
oo

equivalence of categories (A and Ab are Morita

equivalent)

• Pi = eiA, i ∈ {1, . . . , nA}, complete set

of pairwise nonisomorphic indecompos-

able projective right A-modules

• Ii = D(Aei), i ∈ {1, . . . , nA}, complete

set of pairwise nonisomorphic indecom-

posable injective right A-modules

• Si = top(Pi) = eiA/ei radA, i ∈ {1, . . . , nA},
complete set of pairwise nonisomorphic

simple right A-modules

• Si
∼= soc(Ii), i ∈ {1, . . . , nA}.
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radA Jacobson radical of A

radA = intersection of all maximal right

ideals of A

= intersection of all maximal left

ideals of A

radA two-sided ideal of A

(radA)m = 0 for some m ≥ 1

dimK(ei(radA)ej/ei(radA)2ej) = dimK Ext1A(Si, Sj)

for i, j ∈ {1, . . . , nA}
QA valued quiver of A

1,2, . . . , n = nA vertices of QA

there is an arrow i // j in QA if dimK Ext1A(Si, Sj)

6= 0, and has the valuation

(dimEndA(Sj)
Ext1A(Si, Sj),dimEndA(Si)

Ext1A(Si, Sj))

EndA(S1),EndA(S2), . . . ,EndA(Sn) are

division K-algebras

GA = Q̄A (underlying graph of QA)

valued graph of A

4



K0(A)=K0(modA)GrothendieckgroupofA

K0(A) = FA/F ′A
FA free abelian group with Z-basis given

by the isoclasses {M} of modules M in

modA

F ′A subgroup of FA generated by

{M} − {L} − {N}
for all exact sequences

0 −→ L −→ M −→ N −→ 0

in modA

[M ] the class of a module M from modA in

K0(A)

K0(A) free abelian group generated by

[S1], [S2], . . . , [Sn]

S1, S2, . . . , Sn complete set of pairwise

nonisomorphic simple right A-modules

M module in modA

[M ] =
n∑

i=1
ci(M)[Si]

ci(M) multiplicity of Si as composition

factor of M (Jordan-Hölder theorem)
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Jacobson radical of modA

A algebra over K

X, Y modules in modA

radA(X, Y )

=





f ∈ HomA(X, Y )
∣∣∣∣

idX −gf invertible
in EndA(X) for any

g ∈ HomA(Y, X)





=





f ∈ HomA(X, Y )
∣∣∣∣

idY −fg invertible
in EndA(Y ) for any

g ∈ HomA(X, Y )





Jacobson radical of HomA(X, Y )

radA(X, Y ) subspace of HomA(X, Y ) formed
by all nonisomorphisms

radA(X, X) = radEndA(X) Jacobson radical
of EndA(X)

Lemma (Bautista). Let X and Y be indecom-
posable modules in modA and f ∈ HomA(X, Y ).
Then f ∈ radA(X, Y ) \ rad2

A(X, Y ) if and only
if f is an irreducible homomorphism
(f is neither section nor retraction and, for
any factorization in modA

X
f

//

g
ÃÃB

BB
BB

BB
B Y

Z
h

>>}}}}}}}

g is a section or h is a retraction) 6



radA ideal of the category modA

radm A m-th power of radA, m ≥ 1

rad∞A =
∞⋂

m=1
radm

A

infinite (Jacobson) radical of modA

A is of finite representation type if indA

admits only a finite number of modules

(up to isomorphism)

Theorem (Auslander). An algebra A is

of finite representation type if and only if

rad∞A = 0. (⇒ Harada-Sai lemma)

Theorem (Coelho-Marcos-Merklen-Skow-

roński). Let A be an algebra of infinite rep-

resentation type. Then
(
rad∞A

)2 6= 0.
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2. Auslander-Reiten quiver

A finite dimensional K-algebra over a field K

Z module in indA

EndA(Z) local K-algebra

FZ = EndA(Z)/ radEndA(Z)
= EndA(Z)/ radA(Z, Z)

division K-algebra

X, Y modules in indA

irrA(X, Y ) = radA(X, Y )/ rad2
A(X, Y )

the space of irreducible homomorphisms
from X to Y

irrA(X, Y ) is an FY -FX-bimodule

(h+radA(Y, Y ))(f+rad2
A(X, Y )) = hf+rad2

A(X, Y )

(f+rad2
A(X, Y ))(g+radA(X, X)) = fg+rad2

A(X, Y )

for f ∈ radA(X, Y ), g ∈ EndA(X), h ∈ EndA(Y )

dXY = dimFY
irrA(X, Y )

d′XY = dimFX
irrA(X, Y )
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ΓA Auslander Reiten quiver of A

valued translation quiver defined as follows:

• The vertices of ΓA are the isoclasses {X}
of modules X in indA

• For two vertices {X} and {Y }, there is an

arrow {X} −→ {Y } provided irrA(X, Y ) 6=
0. Then we have in ΓA the valued arrow

{X} (dXY ,d′XY )−−−−−−−−→ {Y }

• τA translation of ΓA defined on each non-

projective vertex {X} of ΓA by

τA{X} = {τAX} = {D Tr X}

• τ−1
A translation of ΓA defined on each

noninjective vertex {X} of ΓA by

τ−1
A {X} = {τ−1

A X} = {Tr DX}

Tr the transpose operator

D the standard duality
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We identify a vertex {X} of ΓA with the in-

decomposable module X and write

X
(dXY ,d′XY )−−−−−−−−→ Y instead of {X} (dXY ,d′XY )−−−−−−−−→ {Y }

and X −→ Y instead of X
(1,1)−−−→ Y

X, Y modules in indA (vertices of ΓA)

dXY = multiplicity of Y in the codomain of

a minimal left almost split homomor-

phism in modA with the domain X

X
f−→ M = Y dXY ⊕M ′

M ′ without direct summand isomor-

phic to Y

d′XY = multiplicity of X in the domain of a

minimal right almost split homomor-

phism in modA with the codomain Y

N ′ ⊕Xd′XY = N
g−→ Y

N ′ without direct summand isomor-

phic to X
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• X noninjective then there is in modA an
almost split sequence (Auslander-Reiten
sequence)

0 −→ X
f−→ M

f ′−→ τ−1
A X −→ 0

f a minimal left almost split homomor-
phism, f ′ a minimal right almost split ho-
momorphism

• Y nonprojective, then there is in modA
an almost split sequence (Auslander-Reiten
sequence)

0 −→ τAY
g′−→ N

g−→ Y −→ 0

g a minimal right almost split homomor-
phism, g′ a minimal left almost split ho-
momorphism

• P indecomposable projective, then the em-
bedding

radP ↪−−→ P

is a minimal right almost split homomor-
phism in modA

• I indecomposable injective, then the ca-
nonical epimorphism

I −−→ I/ soc I

is a minimal left almost split homomor-
phism in modA
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Assume X
(dXY ,d′XY )−−−−−−−−→ Y is an arrow in ΓA

• X noninjective, then ΓA admits a valued
arrow

Y

(
d
Y τ−1

A
X

,d′
Y τ−1

A
X

)

−−−−−−−−−−−−−−→ τ−1
A X

with d
Y τ−1

A X
= d′XY and d′

Y τ−1
A X

= dXY ,

so we have the arrows

X
(dXY ,d′XY )−−−−−−−−→ Y

(d′XY ,dXY )−−−−−−−−→ τ−1
A X

• Y nonprojective, then ΓA admits a valued
arrow

τAY

(
dτAY X ,d′τAY X

)

−−−−−−−−−−−→ X

with dτAY X = d′XY and d′τAY X = dXY , so
we have the arrows

τAY
(d′XY ,dXY )−−−−−−−−→ X

(dXY ,d′XY )−−−−−−−−→ Y

• X simple projective, then Y is projective

• Y simple injective, then X is injective
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• For each nonprojective indecomposable
module Y in modA, the quiver ΓA ad-
mits a valued mesh

{V1}
(dV1Y ,d′V1Y )

''OOOOOOOOOOOOOOOOOOO

{V2}
(dV2Y ,d′V2Y ) ,,XXXXXXXXXXXXXXXXXX

τA{Y } = {τAY }

(d′V1Y ,dV1Y ) 55jjjjjjjjjjjjjjjjjjjjjjjjjjj
(d′V2Y ,dV2Y )

11dddddddddddddddddd

(d′VrY ,dVrY ) ++WWWWWWWWWWWWWWWWWWWWWWW
{Y }...

{Vr} (dVrY ,d′VrY )

55jjjjjjjjjjjjjjjjjj

such that there is in modA an almost
split sequence

0 −→ τAY −→
r⊕

i=1

V
d′ViY

i −→ Y −→ 0.

• For each noninjective indecomposable mod-
ule X in modA, the quiver ΓA admits a
valued mesh

{U1} (d′XU1
,dXU1

)

**TTTTTTTTTTTTTTTTTTTTTTTTTTTT

{U2}
(d′XU2

,dXU2
)

--ZZZZZZZZZZZZZZZZZZ

{X}

(dXU1
,d′XU1

) 77ooooooooooooooooooo
(dXU2

,d′XU2
)

33gggggggggggggggggg

(dXUs,d
′
XUs

) ))SSSSSSSSSSSSSSSSSSS {τ−1
A X} = τ−1

A {X}.
..

{Us} (d′XUs
,dXUs)

33ggggggggggggggggggggggg

such that there is in modA an almost
split sequence

0 −→ X −→
s⊕

j=1

U
dXUj
j −→ τ−1

A X −→ 0.
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• For each nonsimple projective indecom-

posable module P in modA, the quiver

ΓA admits a valued subquiver

{R1} (dR1P ,d′R1P )

))RRRRRRRRRRRRRRRRRRRRRRRR

{R2}
(dR2P ,d′R2P ) ,,YYYYYYYYYYYYYYYYYYYYYY

{P}...
{Rt} (dRtP

,d′RtP
)

33ggggggggggggggggggggggg

such that

radP ∼=
t⊕

i=1

R
d′RiP

i .

• For each nonsimple injective indecompos-

able module I in modA, the quiver ΓA

admits a valued subquiver

{T1}
{T2}

{I}

(dIT1
,d′IT1

) 55llllllllllllllllllllllll
(dIT2

,d′IT2
)

22eeeeeeeeeeeeeeeeeeeeeee

(dITm,d′ITm
) ++VVVVVVVVVVVVVVVVVVVVVVV ..

.
{Tm}

such that

I/ soc I ∼=
m⊕

j=1

T
dITj
j .
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• Assume A is an algebra of finite repre-

sentation type and X
(dXY ,d′XY )−−−−−−−−→ Y is an

arrow of ΓA. Then

dXY = 1 or d′XY = 1.

• Assume A is an algebra over an algebra-

ically closed field K and X
(dXY ,d′XY )−−−−−−−−→ Y

is an arrow of ΓA. Then

dXY = d′XY .

In particular, dXY = d′XY = 1 if A is of
finite representation type.

In representation theory of finite dimensional
algebras over an algebraically closed field K,
instead of a valued arrow

X
(m,m)−−−−→ Y

of an Auslander-Reiten quiver ΓA, usually one
writes a multiple arrow

X
//

//

//

.

..
Y

consisting of m arrows from X to Y .
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Component of ΓA = connected component

of the quiver ΓA

Shapes of components of ΓA give important

information on A and modA

∆ locally finite valued quiver without loops

and multiple arrows

∆0 set of vertices of ∆

∆1 set of arrows of ∆

d, d′ : ∆1 → ∆0 the valuation maps

x
(dxy,d′xy)−−−−−−→ y

Z∆ valued translation quiver

(Z∆)0 = Z ×∆0 =
{
(i, x)

∣∣∣ i ∈ Z, x ∈ ∆0

}
set

of vertices of Z∆.

(Z∆)1 set of arrows of Z∆ consists of the

valued arrows

(i, x)
(dxy,d′xy)−−−−−−→ (i, y), (i+1, y)

(d′xy,dxy)−−−−−−→ (i, x),

i ∈ Z, for all arrows x
(dxy,d′xy)−−−−−−→ y in ∆1.

The translation τ : Z∆0 → Z∆0 is defined by

τ(i, x) = (i + 1, x) for all i ∈ Z, x ∈ ∆0.

Z∆ stable valued translation quiver
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For a subset I of Z, I∆ is the full translation
subquiver of Z∆ given by the set of vertices
(I∆)0 = I ×∆0.

In particular, we have the valued translation
subquivers N∆ and (−N)∆ of Z∆.

Examples

∆ : 1
(1,2)

// 2 3
(4,3)

oo

Z∆ of the form
(1,1)

(1,2)

""DD
DD

DD
DD

(0,1)
(1,2)

""DD
DD

DD
DD

(−1,1)
(1,2)

!!DD
DD

DD
DD

(−2,1)

ÃÃA
AA

AA
AA

A

· · ·

>>~~~~~~~~

ÃÃ@
@@

@@
@@

@ (1,2)

(2,1)
<<zzzzzzzz

(4,3) ""DD
DD

DD
DD

(0,2)

(2,1)
<<yyyyyyyy

(4,3) ""EE
EE

EE
EE

(−1,2)

(2,1)
==zzzzzzzz

(4,3) !!DD
DD

DD
DD

· · ·

(1,3)
(3,4)

<<zzzzzzzz

(0,3)
(3,4)

<<zzzzzzzz

(−1,3)
(3,4)

==zzzzzzzz

(−2,3)

>>}}}}}}}}

N∆ of the form
(3,1)

(1,2)

""DD
DD

DD
DD

(2,1)
(1,2)

""DD
DD

DD
DD

(1,1)
(1,2)

""DD
DD

DD
DD

(0,1)
(1,2)

!!CC
CC

CC
CC

· · ·

>>~~~~~~~~

ÃÃ@
@@

@@
@@

@ (3,2)

(2,1)
<<zzzzzzzz

(4,3) ""DD
DD

DD
DD

(2,2)

(2,1)
<<zzzzzzzz

(4,3) ""DD
DD

DD
DD

(1,2)

(2,1)
<<zzzzzzzz

(4,3) ""DD
DD

DD
DD

(0,2)

(3,3)
(3,4)

<<zzzzzzzz

(2,3)
(3,4)

<<zzzzzzzz

(1,3)
(3,4)

<<zzzzzzzz

(0,3)
(3,4)

=={{{{{{{{

(−N)∆ of the form
(0,1)

(1,2)

""DD
DD

DD
DD

(−1,1)
(1,2)

!!DD
DD

DD
DD

(−2,1)
(1,2)

!!DD
DD

DD
DD

(−3,1)

ÃÃA
AA

AA
AA

A

(0,2)

(2,1)
<<yyyyyyyy

(4,3) ""EE
EE

EE
EE

(−1,2)

(2,1)
==zzzzzzzz

(4,3) !!DD
DD

DD
DD

(−2,2)

(2,1)
==zzzzzzzz

(4,3) !!DD
DD

DD
DD

· · ·

(0,3)
(3,4)

<<zzzzzzzz

(−1,3)
(3,4)

==zzzzzzzz

(−2,3)
(3,4)

==zzzzzzzz

(−3,3)

>>}}}}}}}}
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A∞ : 0 // 1 // 2 // 3 // . . .

ZA∞ is the translation quiver

(i + 1,0)

%%KKKKKKK
(i,0)

##GGG
GGG

G
(i− 1,0)

%%JJJJJJJ
(i− 2,0)

!!B
BB

BB
BB

B

. .
.

=={{{{{{{{ (i + 1,1)

;;wwwwwww

!!CC
CC

CC
CC

(i,1)

99sssssss

##GGGGGGGGG
(i− 1,1)

99ttttttt

##GGGGGGGGGGG
. . .

. .
.

;;wwwwwwwwwww (i + 1,2)

=={{{{{{{{

!!CC
CC

CC
CC

CC
(i,2)

;;wwwwwwwww

##GG
GG

GG
GG

GG
GG

. . .

. .
.

=={{{{{{{{{{ ...

;;wwwwwwwwwww . . .

τ(i, j) = (i + 1, j) for all i ∈ Z, j ∈ N.

For r ≥ 1, we may consider the translation
quiver

ZA∞/(τr)

obtained from ZA∞ by identifying each vertex
x with τrx and each arrow x → y with τrx →
τry.

ZA∞/(τr) stable tube of rank r.

All vertices of ZA∞/(τr) are τ-periodic of
period r
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A stable tube of rank 3 is of the form

•τx1

ÂÂ

•τ2x1

§§

•x1

ÃÃ

•
τ2x2

©©

``

•τx2

FF

¿¿

•x2

__

zz•
τ2x3

ÂÂ

::

•x3

§§

\\

•τx3

ÃÃ

HH

•x4
~~}}

}}
}}

}}
}

``

•τ2x4

FF

""DD
DD

DD
DD

..

.
..
.

``AAAAAAAAA •τx4

__

""DD
DD

DD
DD

..

.

<<zzzzzzzz ..
.

..

.

<<zzzzzzzz ..
.
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A algebra

C component of ΓA is regular if C contains

neither a projective module nor an injec-

tive module (equivalently, τA and τ−1
A are

defined on all vertices of C )

Theorem (Liu, Zhang). Let A be an alge-
bra and C be a regular component of ΓA.
The following equivalences hold.

(1) C contains an oriented cycle if and only
if C is a stable tube ZA∞/(τr), for some
r ≥ 1.

(2) C is acyclic if and only if C is of the form
Z∆ for a connected, locally finite, acyclic,
valued quiver ∆.

A component C of ΓA is postprojective (pre-
projective) if C is acyclic and each module
in C is of the form τ−m

A P for a projective
module P in C and some m ≥ 0.

A component C of ΓA is preinjective if C is
acyclic and each module in C is of the form
τm
A I for an injective module I in C and some

m ≥ 0.
20



A finite dimensional K-algebra over a field K

C , D components of ΓA

We write HomA(C , D) = 0 if HomA(X, Y ) =
0 for all modules X in C and Y in D

C and D are orthogonal if HomA(C , D) = 0
and HomA(D , C ) = 0

In general, if C 6= D, then HomA(X, Y ) =
rad∞A (X, Y ) for all modules X in C and Y in
D.

A component C of ΓA is called generalized
standard if rad∞A (X, Y ) = 0 for all modules
X and Y in C .

• C postprojective or preinjective compo-
nent of ΓA, then C is generalized stan-
dard

• A of finite representation type, C com-
ponent of ΓA, then C is generalized stan-
dard

• C is generalized standard component of
ΓA, X and Y modules in C , then every
nonzero homomorphism f ∈ radA(X, Y )
is a sum of compositions of irreducible
homomorphisms between indecomposable
modules from C .

21



A component C of ΓA is called almost

periodic if all but finitely many τA-orbits in
C are periodic.

Theorem (Skowroński). Let A be an alge-
bra and C be an almost periodic component
of ΓA. Then, for each natural number d ≥ 1,
C contains at most finitely many modules of
dimension d.

Theorem (Skowroński). Let A be an alge-
bra and C be a generalized standard compo-
nent of ΓA. Then C is almost periodic.

Theorem (Skowroński). Let A be an alge-
bra. Then all but finitely many generalized
standard components of ΓA are stable tubes.

C regular, generalized standard component

of ΓA, then

• C a stable tube, or

• C = Z∆, for a connected, finite, acyclic,
valued quiver ∆.
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A prominent role is played by the following

Lemma (Skowroński). Let A be a finite di-
mensional K-algebra and n be the rank of
K0(A). Assume

M = M1 ⊕ · · · ⊕Mr

is a module in modA such that

• M1, . . . , Mr are pairwise nonisomorphic and
indecomposable

• HomA(M, τAM) = 0.

Then r ≤ n.

A finite dimensional K-algebra

C component of ΓA

annA C =
⋂

X∈C

annA X annihilator of C

(two-sided ideal of A)

annA(X) = {a ∈ A |Xa = 0} annihilator of

A-module X

C a faithful component of ΓA if annA C = 0

In general, C is a faithful component of ΓA/ annA C

C faithful ⇒ ΓA is sincere (for any indecom-
posable projective A-module P there exists a
module X in C with HomA(P, X) 6= 0)
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3. Homological dimensions

A finite dimensional K-algebra over a field K

M a module in modA

pdA M projective dimension of M in modA

pdA M = m ∈ N if there exists a projective
resolution

0 → Pm → Pm−1 → · · · → P1 → P0 → M → 0

of M in modA and M has no projective
resolution in modA of length < m.

pdA M = ∞ if M does not admit a finite

projective resolution in modA

idA M injective dimension of M in modA

idA M = m ∈ N if there exists an injective

resolution

0 → M → I0 → I1 → · · · → Im−1 → Im → 0

of M in modA and M has no injective reso-
lution in modA of length < m.

idA M = ∞ if M does not admit a finite

injective resolution in modA
24



• pdA M = m ∈ N if and only if Extm+1
A (M,−)

= 0 and Extm
A(M,−) 6= 0.

• pdA M = ∞ if and only if Extn
A(M,−) 6= 0

for all n ∈ N.

• idA M = m ∈ N if and only if Extm+1
A (−, M)

= 0 and Extm
A(−, M) 6= 0.

• idA M = ∞ if and only if ExtnA(−, M) 6= 0
for all n ∈ N.

Moreover, we have the following useful facts

• pdA M ≤ 1 if and only if
HomA(D(AA), τAM) = 0.

• idA M ≤ 1 if and only if
HomA(τ−1

A M, AA) = 0.

For modules M and N in modA, we have

• If pdA M ≤ 1, then

Ext1A(M, N) ∼= D HomA(N, τAM)

as K-vector spaces.

• If idA M ≤ 1, then

Ext1A(M, N) ∼= D HomA(τ−1
A N, M)

as K-vector spaces.

For a faithful module M in modA, we have

• If HomA(M, τAM) = 0, then pdA M ≤ 1.

• If HomA(τ−1
A M, M) = 0, then idA M ≤ 1.
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r.gl.dimA = max {pdA M |M modules in modA}
right global dimension of A

l.gl.dimA = max {pdAop N |N modules in modAop}
left global dimension of A

modA
D //

modAop
D

oo

D standard duality of modA

pdA M = idAop D(M)

idA M = pdAop D(M)

for all modules M in modA

Hence,

l.gl.dimA = max {idA M |M modules in modA}

r.gl.dimA = max
{
idAop N |N modules in modAop

}

Theorem (Auslander). A finite dimensional

K-algebra over a field K. Then

r.gl.dim = {pdA S |S simple right A-modules} .
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Hence

• r.gl.dimA minimal m ∈ N∪{∞} such that

Extm+1
A (M, N) = 0 for all modules M, N

in modA

• r.gl.dimA = max

{
idA M

∣∣∣∣
M injective mo-
dules in modA

}

= l.gl.dimA

gl.dimA = r.gl.dimA = l.gl.dimA

global dimension of A

• A algebra with acyclic valued quiver QA,

then gl.dimA ≤ ∞
(gl.dimA ≤ length of longest path in QA)

Theorem (Skowroński-Smalø-Zacharia).

Let A be a finite dimensional K-algebra with

gl.dimA = ∞. Then there exists an inde-

composable module M in modA such that

pdA M = ∞ and idA M = ∞.
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A finite dimensional K-algebra

gl.dimA < ∞

〈−,−〉A : K0(A)×K0(A) −→ Z
Euler nonsymmetric Z-bilinear form

〈[M ], [N ]〉A =
∞∑

i=0

(−1)i dimK Exti
A(M, N)

for modules M, N in modA

qA : K0(A) −→ Z
Euler quadratic form

qA([M ]) =
∞∑

i=0

(−1)i dimK ExtiA(M, M)

for a module M in modA
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Semisimple algebras

A finite dimensional K-algebra over a field K

M a module in modA is semisimple if M is

a direct sum of simple right A-modules.

• M semisimple if and only if M radA = 0

Theorem. A finite dimensional K-algebra. The

following conditions are equivalent:

(1) AA is semisimple.

(2) Every module in modA is semisimple.

(3) radA = 0.

(4) Every module in modAop is semisimple.

(5) AA is semisimple.

A semisimple algebra if AA and AA are semi-

simple modules
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Theorem (Wadderburn). A finite dimensional

K-algebra over a field K. The following con-

ditions are equivalent:

(1) A is a semisimple algebra.

(2) gl.dimA = 0.

(3) There exist positive integers n1, . . . , nr and

division K-algebras F1, . . . , Fr such that

A ∼= Mn1(F1)× · · · ×Mn1(F1).

Observe that

• A is a semisimple algebra if and only if

the Auslander-Reiten quiver ΓA consists

of the isolated vertices

{S1} {S2} . . . {Sr}
corresponding to a complete set S1, S2,

. . . , Sr of pairwise nonisomorphic simple

(equivalently, indecomposable) modules

in modA.
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4. Hereditary algebras

A finite dimensional K-algebra over a field K

A is right hereditary if any right ideal of A

is a projective right A-module

A is left hereditary if any left ideal of A is a
projective left A-module

Theorem. Let A be a finite dimensional K-
algebra over a field K. The following condi-
tions are equivalent:

(1) A is right hereditary.

(2) Every right A-submodule of a projective
module in modA is projective.

(3) The radical radP of any indecomposable
projective module P in modA is projec-
tive.

(4) gl.dimA ≤ 1.

(5) The socle factor I/ soc I of any indecom-
posable injective module I in modA is
injective.

(6) Every factor module of an injective mo-
dule in modA is injective.

(7) A is left hereditary.
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A is hereditary if A is left and right hereditary

Examples. K a field

(1) Q finite acyclic quiver
(arrows with trivial valuation)

A = KQ the path algebra of Q over K

A finite dimensional hereditary K-algebra

QA = Q

(2) F, G finite dimensional division K-algebras

FMG F -G-bimodule

K acts centrally on FMG

dimK(FMG) < ∞

A =

[
F 0

FMG G

]
=





[
f 0
m g

]
; f ∈ F , g ∈ G,

m ∈ FMG





finite dimensional hereditary K-algebra

QA the valued quiver

2
(dimF (F MG),dimG(F MG))−−−−−−−−−−−−−−−−−−−→ 1

For example,
[
R 0
C C

]
,

[
R 0
C R

]
,

[
R 0
H H

]
,

[
R 0
H R

]

R real numbers, C complex numbers,
H quaternions, are hereditary R-algebras
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(3) F1, F2, . . . , Fn family of finite dimensional

division K-algebras

iMj Fi-Fj-bimodules, i, j ∈ {1, . . . , n}
K acts centrally on iMj, dimK(iMj) < ∞
Consider the valued quiver Q:

1,2, . . . , n vertices of Q

There is an arrow j → i in Q ⇐⇒ iMj 6= 0

Then we have the valued arrow j
(dij,d

′
ij)−−−−−→ i

dij = dimFi
(iMj), d′ij = dimFj

(iMj)

Assume that the valued quiver Q is acyclic

F =
n∏

i=1

Fi, M =
n⊕

i,j=1
iMj,

M is an F -F -bimodule, dimK M < ∞

A = TF (M) =
∞⊕

n=0

M(n) tensor algebra

of M over F

M(0) = F, M(1) = M,

M(n) = M⊗F · · ·⊗F M n-times, for n ≥ 2

Q acyclic ⇒ M(r) = 0 for large r

A finite dimensional hereditary K-algebra

QA = Q
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Theorem. Let A be an indecomposable
finite dimensional hereditary K-algebra over
a field K. The following conditions are equiv-
alent:

(1) The Euler form qA is positive definite.

(2) The valued graph GA of A is one of the
following Dynkin graphs

Am : • • . . . • • (m vertices), m ≥ 1

Bm : •(1,2)• . . . • • (m vertices), m ≥ 2

Cm : •(2,1)• . . . • • (m vertices), m ≥ 3

Dm :
•

LLLLLL

• . . . • •
•

rrrrrr

(m vertices), m ≥ 4

E6 :
•

• • • • •

E7 :
•

• • • • • •

E8 :
•

• • • • • • •

F4 : • •(1,2)• •

G2 : •(1,3)• 34



Theorem. Let A be an indecomposable

finite dimensional hereditary K-algebra over

a field K. The following conditions are equiv-

alent:

(1) The Euler form qA is positive semidefinite

but not positive definite.

(2) The valued graph GA of A is one of the

Euclidean graphs

Ã11 : •(1,4)•

Ã12 : •(2,2)•

Ãm :
• . . . •

•
rrrrrr

LLLLLL •
LLLLLL

rrrrrr

• . . . •
(m + 1 vertices),

m ≥ 4

B̃m : •(1,2)• . . . •(2,1)• (m + 1 vertices),
m ≥ 2

C̃m : •(2,1)• . . . •(1,2)• (m + 1 vertices),
m ≥ 2

B̃Cm : •(1,2)• . . . •(1,2)• (m + 1 vertices),
m ≥ 2
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B̃Dm :
•

•(1,2)• . . . •
rrrrrr

LLLLLL

•
(m + 1 vertices),

m ≥ 3

C̃Dm :
•

•(2,1)• . . . •
rrrrrr

LLLLLL

•
(m + 1 vertices),

m ≥ 3

D̃m :
•

LLLLLL •
• . . . •

rrrrrr

LLLLLL

•
rrrrrr •

(m + 1 vertices),
m ≥ 4

Ẽ6 :

•
•

• • • • •

Ẽ7 :
•

• • • • • • •

Ẽ8 :
•

• • • • • • • •

F̃41 : • • •(1,2)• •

F̃42 : • • •(2,1)• •

G̃21 : • •(1,3)•

G̃22 : • •(3,1)•
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A hereditary K-algebra

• A is of Dynkin type if GA is a Dynkin

graph

• A is of Euclidean type if GA is an

Euclidean graph

• A is of wild type if GA is neither a Dynkin

nor Euclidean graph

• A wild type, then there exists an inde-

composable module M in modA such that

qA([M ]) = dimK EndA(M)−dimK Ext1A(M, M) < 0
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Theorem. Let A be an indecomposable
finite dimensional hereditary K-algebra over
a field K, and Q = QA the valued quiver of
A. Then the Auslander-Reiten quiver ΓA has
the following shape

ÄÄÄ

//
//

/
ÄÄÄ

//
//

/

P(A) . . . R(A) . . . Q(A)ªªªªªªªª

ªªªªªªªª

• P(A) is the postprojective component con-
taining all indecomposable projective A-
modules

• Q(A) is the preinjective component con-
taining all indecomposable injective A-mo-
dules

• R(A) is the family of all regular compo-
nents

Moreover

(1) If A is of Dynkin type, then P(A) = Q(A)
is finite and R(A) is empty.

(2) If A is of Euclidean type, then P(A) ∼=
(−N)Qop, Q(A) ∼= NQop and R(A) is an
infinite family of stable tubes, all but fi-
nitely many of them of rank one.

(3) If A is of wild type, then P(A) ∼= (−N)Qop,
Q(A) ∼= NQop, and R(A) is an infinite
family of components of type ZA∞.
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A indecomposable hereditary not of Dynkin

type, then

• HomA(P(A),R(A)) 6= 0,

HomA(R(A),P(A)) = 0,

• HomA(R(A),Q(A)) 6= 0,

HomA(Q(A),R(A)) = 0,

• HomA(P(A),Q(A)) 6= 0,

HomA(Q(A),P(A)) = 0,

×
ss

ÄÄÄÄ

11
11

11
ÄÄÄÄ

11
11

11

P(A) . . . R(A) . . . Q(A)©©©©©©©©©©

×
jj

×jj

©©©©©©©©©©
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A hereditary of Euclidean type, then R(A) is

an infinite family (T A
λ )λ∈Λ of pairwise orthog-

onal generalized standard stable tubes sepa-

rating P(A) form Q(A): for any homomor-

phism f : X → Y with X in P(A) and Y in

Q(A) there exists a module Z in R(A) and a

factorization

X
f

//

g
ÃÃB

BB
BB

BB
B Y

Z
h

>>}}}}}}}

A hereditary of Euclidean type, then

(rad∞A )3 = 0

A hereditary of wild type, then (rad∞A )m 6= 0

for all m ≥ 1
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5. Tilted algebras

A finite dimensional K-algebra over a field K

A module T in modA is a tilting module if

the following conditions are satisfied:

(T1) pdA T ≤ 1;

(T2) Ext1A(T, T ) = 0;

(T3) T is a direct sum of n pairwise noniso-

morphic indecomposable modules, where

n = rank of K0(A).

(Brenner-Butler, Happel-Ringel, Bongartz)

B = EndA(T ) tilted algebra of A
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We have the torsion pairs

(F(T ), T (T )) in modA

with torsion-free part

F(T ) = {X ∈ modA | Hom(T, X) = 0}
= Cogen τAT

torsion part

T (T ) =
{
X ∈ modA | Ext1A(T, X) = 0

}

= GenT

and

(Y(T ),X (T )) in modB

with torsion-free part

Y(T ) =
{
Y ∈ modB | TorB1 (T, Y ) = 0

}

= Gen τ−1
B D(BT )

torsion part

X (T ) = {Y ∈ modB |Y ⊗B T = 0}
= CogenD(BT )
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Theorem (Brenner-Butler). Let A be a
finite dimensional K-algebra over a field K, T

a tilting module in modA, and B = EndA(T ).
Then

(1) BT is a tilting module in modBop and
there is a canonical isomorphism of K-
algebras A → EndBop(BT )op.

(2) The functors HomA(T,−) : modA → modB

and −⊗B T : modB → modA induce mu-
tually inverse equivalences

T (T )
∼−→ Y(T )

(3) The functors Ext1A(T,−) : modA → modB

and TorB1 (T,−) : modB → modA induce
mutually inverse equivalences

F(T )
∼−→ X (T )

ΓA F(T ) T (T )

Ext1A(T,−) ))TTTTTTTTTTTTTTTTTT

HomA(T,−)uujjjjjjjjjjjjjjjjjj

TTTTTTTTT

jjjjjjjjj

−⊗BT
55jjjjjjjjjjjjjjjjjj

TorB1 (T,−)iiTTTTTTTTTTTTTTTTTT

ΓB Y(T ) X (T )

injA ⊆ T (T ), projB ⊆ Y(T ), 43



A finite dimensional K-algebra, T a tilting

module in modA, and B = EndA(T ). Then

• |gl.dimA− gl.dimB| ≤ 1.

• There is a canonical isomorphism

f : K0(A) → K0(B) of Grothendieck groups

such that

f([M ]) = [HomA(T, M)]− [Ext1A(T, M)]

for any module M in modA.

Moreover, if gl.dimA < ∞, then

〈[M ], [N ]〉A = 〈f([M ]), f([N ])〉B
for all modules M, N in modA.

• If gl.dimA < ∞ then the Euler forms qA

of A and qB of B are Z-equivalent.
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A hereditary finite dimensional K-algebra

T tilting module in modA

B = EndA(T ) tilted algebra (of type GA

(valued graph of A))

Then

• gl.dimB ≤ 2;

• For every indecomposable module Y in

modB, we have pdB Y ≤ 1 or idB Y ≤ 1;

• The torsion pair (Y(T ),X (T )) in modB

is splitting: every module from indB be-

longs to Y(T ) or X(T ).
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Moreover, the images HomA(T, I) of the in-

decomposable injective modules I in modA

via the functor HomA(T,−) : modA → modB

belong to one component CT of ΓB, and form

a faithful section ∆T
∼= Qop

A of C

∆T

Y(T ) ∩ CT

rrrrrrrrrrrrrrrrr

LLLLLLLLLLLLLLLLL CT ∩ X (T )

CT

CT connecting component of ΓB determined

by T (connects the torsion-free part with the

torsion part of ΓB: every predecessor of a

module HomA(T, I) from ∆T in indB lies

in Y(T ) and every successor of a module

τ−1
B HomA(T, I) in indB lies in X (T ))

∆T section: acyclic, convex in C , and inter-

sects each τΛ-orbit of C exactly

once

∆T faithful: the direct sum of all modules

lying on ∆ is a faithful B-mo-

dule (has zero annihilator in B)

CT faithful generalized standard compo-

nent of ΓA with a section ∆T
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Theorem (Ringel). Let A be a hereditary

algebra, T a tilting module in modA, B =

EndA(T ) and CT the connecting component

of ΓB determined by T . Then

(1) CT contains a projective B-module if and

only if T admits a preinjective indecom-

posable direct summand.

(2) CT contains an injective B-module if and

only if T admits a postprojective inde-

composable direct summand.

(3) CT is regular if and only if T is regular

(belongs to addR(A)).

Theorem (Ringel). Let A be a hereditary

algebra. Then there is a regular tilting mod-

ule in modA if and only A is of wild type and

K0(A) is of rank ≥ 3.
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Handy criterion for a tilted algebra

Theorem (Liu, Skowroński). Let B be a

finite dimensional K-algebra over a field K.

Then B is a tilted algebra if and only if ΓB

admits a component C with a faithful sec-

tion ∆ such that HomB(X, τBY ) = 0 for all

modules X, Y from ∆.

Moreover, in this case, if T ∗ is the direct sum

of all modules lying on ∆, then

• T ∗ is a tilting module in modB.

• A = EndB(T ∗) is a hereditary K-algebra

of type ∆op.

• T = D(AT ∗) is a tilting module in modA.

• B ∼= EndA(T ).

Theorem (Liu, Skowroński). Let B be a

finite dimensional K-algebra over a field K.

Then B is a tilted algebra if and only if ΓB

admits a faithful generalized standard com-

ponent C with a section ∆.
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Example. Let B = KQ/I where Q is the
quiver

1
σ←− 2

γ←− 3
β←− 4

α←− 5

and I is the ideal of KQ generated by αβγσ

ΓB is of the form

S1=P1=K0000

P2 = KK000

0K000=S2

P3 = KKK00

0KK00

P4 = KKKK0 = I1

00K00 = S3

0KKK0

00KK0

0KKKK

P5=I2

00K00=S4

00KKK = I3

000KK = I4

0000K=S5=I5

∆

?????????????????????

??
??

??
??

??
??

??
??

??
??

?

ÂÂ?
??

??
??

??

ÂÂ?
??

??
??

??

??ÄÄÄÄÄÄÄÄÄ

ÂÂ?
??

??
??

??

??ÄÄÄÄÄÄÄÄÄ

ÂÂ?
??

??
??

??

??ÄÄÄÄÄÄÄÄÄ

ÂÂ?
??

??
??

??
?

??ÄÄÄÄÄÄÄÄÄ

//

??ÄÄÄÄÄÄÄÄÄÄ

ÂÂ?
??

??
??

??

//
ÂÂ?

??
??

??
??

??ÄÄÄÄÄÄÄÄÄ

??ÄÄÄÄÄÄÄÄÄ

ÂÂ?
??

??
??

?? ??ÄÄÄÄÄÄÄÄÄ

∆ faithful section of C = ΓB

T ∗1 = S2, T ∗2 = 0KK00, T ∗3 = 0KKK0,
T ∗4 = P5, T ∗5 = P4

T ∗ = T ∗1 ⊕ T ∗2 ⊕ T ∗3 ⊕ T ∗4 ⊕ T ∗5,

T ∗ faithful tilting B-module,

HomB(T ∗, τBT ∗) = 0

A = EndB(T ∗) hereditary K-algebra K∆op,
where ∆op is of the form

4

ÄÄ¡¡
¡¡

¡¡
¡

1 2oo 3oo

ÂÂ?
??

??
??

5 49



T = D(AT ∗) tilting module in modA

T = T1 ⊕ T2 ⊕ T3 ⊕ T4 ⊕ T5

Ti = D(T ∗i ) for i ∈ {1,2,3,4,5}

T1 = 0000
K T2 = KKKK

K T3 = 0KKK
K

T4 = 00KK
K T5 = 000K

0

ΓA

• • • •
• • • •

• • • •
T1 • T3 • T5

T2 • T4

ÂÂ?
??

??
??

ÂÂ?
??

??
??

ÂÂ?
??

??
??

ÂÂ?
??

??
??

ÂÂ?
??

??
??

ÂÂ?
??

??
??

ÂÂ?
??

??
??

ÂÂ?
??

??
??

ÂÂ?
??

??
??

ÂÂ?
??

??
?

ÂÂ?
??

??
??

ÂÂ?
??

??
?

// // //

??ÄÄÄÄÄÄÄ

??ÄÄÄÄÄÄÄ

??ÄÄÄÄÄÄÄ

??ÄÄÄÄÄÄÄ

??ÄÄÄÄÄÄÄ

??ÄÄÄÄÄÄÄ

??ÄÄÄÄÄÄ

??ÄÄÄÄÄÄÄ

??ÄÄÄÄÄÄ

??ÄÄÄÄÄÄÄ

// // //

Ext1A(T, T ) ∼= D HomA(T, τAT ) = 0

EndA(T ) ∼= B = KQ/I
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A indecomposable hereditary finite dimensio-

nal K-algebra

T tilting module in modA

B = EndA(T )

• A of Dynkin type

⇒ A of finite representation type

⇒ B of finite representation type

• B of finite representation type

⇒ ΓB = CT and finite

⇒ CT contains all indecomposable pro-

jective modules and all indecomposa-

ble injective modules

⇒ T has a postprojective and a preinjec-

tive direct summand

• A of Euclidean type, T has a postprojec-

tive and a preinjective direct summand

⇒ B is of finite representation type
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Concealed algebras

A indecomposable hereditary of infinite

representation type

T postprojective tilting module in modA,

T ∈ addP(A)

B = EndA(T ) concealed algebra of type GA

²²
²²
²²
²

//
//

²²
²²
²²
² ²²

²²
²²
²²
²²

//
//

//
/

²²
²²

²²
²²

//
//

//
//

//
/ R(A)P(A) ∩ T (T ) Q(A)

F(T )

P(A)

ΓA
²²
²²
²²
²

//
//

²²
²²
²²
²

²²
²²

²²
²²

//
//

//
//

//
/ R(B)P(B)

X (T )
Q(B) = CT

∆T
ΓB ²²

²²
²²
²²
²²

//
//

//
/

²²
²²
²²
²

//
//

²²
²²
²²
²

@A
Ext1A(T,−)

ED
²²

²²

HomA(T,−)

²²
²²

• P(B) = HomA(T,P(A) ∩ T (T )) postpro-
jective component of ΓB containing all
indecomposable projective B-modules

• Q(B) = CT = HomA(T,Q(A)) ∪ X (T )
preinjective component of ΓB containing
all indecomposable injective B-modules

• R(B) = HomA(T,R(A)) family of all
regular components of ΓB

• A of Euclidean type ⇒ R(B) infinite fa-
mily of pairwise orthogonal generalized
standard stable tubes

• A of wild type ⇒ R(B) infinite family of
components of type ZA∞ 52



T preinjective tilting module in modA,

T ∈ addQ(A)

B = EndA(T )

²²
²²
²²
²

//
//

²²
²²
²²
²

//
//

//
//

//

²²
²²
²²
²

//
//

//
//

²²
²²

²²
²²
²²
²

R(A) Q(A) ∩ F(T )P(A)

T (T )
Q(A)

ΓA
²²
²²
²²
²

//
//

²²
²²
²²
²

//
//

//
//

²²
²²

²²
²²
²²
²

R(B) Q(B)

Y(T )

P(B) = CT

∆T

ΓB //
//

//
//

//

²²
²²
²²
²

²²
²²
²²
²

//
//

²²
²²
²²
²

BCHomA(T,−)

GF
²²

²²

Ext1A(T,−)

²²
²²

• P(B) = CT = Y(T )∪Ext1A(T,P(A)) post-
projective component of ΓB containing
all indecomposable projective B-modules

• Q(B) = Ext1A(T,Q(A) ∩ F(T )) preinjecti-
ve component of ΓB containing all inde-
composable injective B-modules

• R(B) = Ext1A(T,R(A)) family of all regu-
lar components of ΓB

• A of Euclidean type ⇒ R(B) infinite fa-
mily of pairwise orthogonal generalized
standard stable tubes

• A of wild type ⇒ R(B) infinite family of
components of type ZA∞

B ∼= EndA(T ) for a postprojective tilting A-
module T ⇐⇒ B ∼= EndA(T ′) for a preinjec-
tive tilting A-module T ′ 53



Representation-infinite tilted algebras of
Euclidean type

A indecomposable hereditary of Euclidean

type

T tilting module in modA without preinjec-

tive direct summands

B = EndA(T )

T = T pp⊕T rg, T pp ∈ addP(A), T rg ∈ addR(A)
⇒ T pp 6= 0,

C = EndA(T pp) concealed algebra of Euclidean

type

C factor algebra of B

··
··
·

**
**

* P(B) = P(C)ΓB

¤¤¤

T B

NNN
ppp

X (T )
Q(B) = CT

∆T

²²
²²
²²
²²
²²

//
//

//
/

²²
²²
²²
²

//
//

²²
²²
²²
²

• P(B) = HomA(T, T (T ) ∩ P(A)) =
HomA(T pp, T (T ) ∩ P(A)) = P(C) post-
projective component of ΓB containing
all indecomposable projective C-modules

• Q(B) = CT = HomA(T,Q(A))∪X (T ) pre-
injective component of ΓB containing all
indecomposable injective B-modules

• T B = HomA(T,R(A) ∩ T (T )) infinite fa-
mily of pairwise orthogonal generalized
standard ray tubes

• T B contains a projective module ⇐⇒
T rg 6= 0 54



T tilting module in modA without postpro-

jective direct summands

B = EndA(T )

T = T rg⊕T pi, T rg ∈ addR(A), T pi ∈ addQ(A)
⇒ T pi 6= 0,

C = EndA(T pi) concealed algebra of Euclidean

type

C factor algebra of B

**
**

*

··
··
·Q(B) = Q(C)

;;;

T B

pppNNNY(T )

P(B) = CT

∆T

ΓB //
//

//
//

//

²²
²²
²²
²

²²
²²
²²
²

//
//

²²
²²
²²
²

• P(B) = CT = Y(T )∪Ext1A(T,P(A)) post-
projective component of ΓB containing
all indecomposable projective B-modules

• Q(B) = Ext1A(T,F(T ) ∩ Q(A)) =
Ext1A(T pi,F(T ) ∩Q(A)) = Q(C) preinjec-
tive component of ΓB containing all in-
decomposable injective C-modules

• T B = Ext1A(T,R(A) ∩ F(T )) infinite fa-
mily of pairwise orthogonal generalized
standard coray tubes

• T B contains an injective module ⇐⇒
T rg 6= 0 55



Almost concealed algebras of wild type

A indecomposable hereditary of wild type

T tilting module in modA

T = T pp ⊕ T rg ⊕ T pi,

T pp ∈ addP(A), T rg ∈ addR(A), T pi ∈ addQ(A)

B = EndA(T )

B almost concealed if T pp = 0 or T pi = 0

The cases

• T = T pp

• T = T pi

were considered above

It remains to consider the cases

• T = T rg

• T = T pp ⊕ T rg, T pp 6= 0, T rg 6= 0

• T = T rg ⊕ T pi, T rg 6= 0, T pi 6= 0
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T = T rg regular tilting module, B = EndA(T )

²²
²²
²²

//
/

²²
²²
²²

R(A)P(A) Q(A)ΓA
²²
²²
²²

//
/

²²
²²
²²

CT = Z∆T = ZQop
A

∆T
²²
²²
²²

//
/

²²
²²
²²

YΓB HomA(T,Q(A))ΓB
²²
²²
²²

//
/

²²
²²
²²

XΓBExt1A(T,P(A))

Ext1A(T,−)

**TTTTTTTTTTTTTTTTTTTTTTT

HomA(T,−)

ttjjjjjjjjjjjjjjjjjjjjjjj

• CT regular connecting component

• YΓB = HomA(T, T (T ) ∩ R(A)) contains
all indecomposable projective B-modules
and consist of
– one postprojective component P(B) =
P(C), for a wild concealed factor al-
gebra C of B

– an infinite family of components ob-
tained from components of type ZA∞
by ray insertions, containing at least
one projective B-module

• XΓB = Ext1A(T,F(T )∩R(A)) contains all
indecomposable injective B-modules and
consist of
– one preinjective component Q(B) =
Q(C′), for a wild concealed factor al-
gebra C′ of B

– an infinite family of components ob-
tained from components of type ZA∞
by coray insertions, containing at least
one injective B-module 57



T = T pp ⊕ T rg, T pp 6= 0, T rg 6= 0

ΓB is of the form

CT

∆T

²²
²²
²²

//
/

²²
²²
²²

YΓB HomA(T,Q(A))
²²
²²
²²

//
/

²²
²²
²²

//
²²² XΓB

Ext1A(T,P(A) ∩ F(T ))

• CT connecting component containing at

least one injective module and no projec-

tive modules

• YΓB = HomA(T, T (T ) ∩ (P(A) ∪ R(A)))

contains all indecomposable projective B-

modules and consist of
– one postprojective component P(B) =

P(C), for a wild concealed factor al-

gebra C of B

– an infinite family of components ob-

tained from components of type ZA∞
by ray insertions, containing at least

one projective B-module

• XΓB = Ext1A(T,F(T ) ∩R(A)) consists of

preinjective components and components

obtained from stable tubes or components

of type ZA∞ by coray insertions
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T = T rg ⊕ T pi, T rg 6= 0, T pi 6= 0

ΓB of the form

CT

∆T

²²
²²
²²

//
/

²²
²²
²²²²

///YΓB

HomA(T,Q(A) ∩ T (T ))
²²
²²
²²

//
/

²²
²²
²²

XΓBExt1A(T,P(A))

• CT connecting component containing at

least one projective module and no injec-

tive modules

• YΓB = HomA(T, T (T ) ∩ (R(A) ∪ Q(A)))

consists of preprojective components and

components obtained from stable tubes

or components of type ZA∞ by ray inser-

tions

• XΓB = Ext1A(T,F(T ) ∩ (R(A) ∪ Q(A)))

contains all indecomposable injective B-

modules and consist of
– one preinjective component Q(B) =

Q(C′), for a wild concealed factor al-

gebra C′ of B

– an infinite family of components ob-

tained from components of type ZA∞
by coray insertions, containing at least

one injective B-module
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Tilted algebras of wild type – general
case

A indecomposable hereditary algebra of wild
type

T tilting module in modA

B = EndA(T )

ΓB is of the form

²²
//

//
²²²

²²
//
••
•
²²²

//

²²
//

²²
//

²²
//

//²²

//²²
••
•
//²²

//
²²²

//²²

/////////////////////////

²²²²²²²²²²²²²²²²²

YΓ
B(m)

l

YΓ
B(2)

l

YΓ
B(1)

l

XΓ
B(n)

r

XΓ
B(2)

r

XΓ
B(1)

r

D(m)
l

D(2)
l

D(1)
l

D(n)
r

D(2)
r

D(1)
r

/////

//
²²²

²²²²²

//////

²²²²²

²²²²²

∆(m)
l

∆(2)
l

∆(1)
l

∆(n)
r

∆(2)
r

∆(1)
r

CT

∆T

where

• CT connecting component of ΓB deter-
minend by T , possibly CT = ΓB (if B is
of finite representation type)

• For each i ∈ {1, . . . , m}, ∆(i)
l connected

valued subquiver of ∆T of Euclidean or
wild type, D(i)

l = N∆(i)
l full translation

subquiver of CT closed under predeces-
sors

• For each j ∈ {1, . . . , n}, ∆(j)
r connected

valued subquiver of ∆T of Euclidean or
wild type, D(j)

r = (−N)∆(j)
r full transla-

tion subquiver of CT closed under succes-
sors 60



• For each i ∈ {1, . . . , m}, there exists a

tilted algebra

B
(i)
l = End

A
(i)
l

(T (i)
l )

where A
(i)
l is a hereditary algebra of type

∆(i)
l and T

(i)
l is a tilting module in modA

(i)
l

without preinjective direct summands such

that

– B
(i)
l is a factor algebra of B

– D(i)
l = Y(T (i)

l ) ∩ C
T

(i)
l

– YΓ
B

(i)
l

family of all connected compo-

nents of Γ
B

(i)
l

contained entirely in the

torsion-free part Y(T (i)
l ) of modB

(i)
l
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• For each j ∈ {1, . . . , n}, there exists a

tilted algebra

B
(j)
r = End

A
(j)
r

(T (j)
r )

where A
(j)
r is a hereditary algebra of type

∆(j)
r and T

(j)
r is a tilting module in modA

(j)
r

without postprojective direct summands

such that

– B
(j)
r is a factor algebra of B

– D(j)
r = X (T (j)

r ) ∩ C
T

(j)
r

– XΓ
B

(j)
r

family of all connected compo-

nents of Γ
B

(j)
r

contained entirely in the

torsion part X (T (j)
r ) of modB

(j)
r

• All but finitely many modules of CT are

in

D(1)
l ∪ · · · ∪D(m)

l ∪D(1)
r ∪ · · · ∪D(n)

r
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We know from the facts described before

that

• For each i ∈ {1, . . . , m}, the translation

quiver YΓ
B

(i)
l

consists of

– one postprojective component P(B(i)
l )

– an infinite family of pairwise orthogo-

nal generalized standard ray tubes, if

∆(i)
l is an Euclidean quiver, or an in-

finite family of components obtained

from components of type ZA∞ by ray

insertions, if ∆(i)
l is a wild quiver

• For each j ∈ {1, . . . , n}, the translation

quiver XΓ
B

(j)
r

consists of

– one preinjective component Q(B(j)
r )

– an infinite family of pairwise orthogo-

nal generalized standard coray tubes,

if ∆(j)
r is an Euclidean quiver, or an

infinite family of components obtained

from components of type ZA∞ by coray

insertions, if ∆(j)
r is a wild quiver
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Acyclic generalized standard Auslander-
Reiten components

Theorem (Skowroński). Let A be a finite
dimensional K-algebra over a field K, C a
component of ΓA and B = A/ annA C .

(1) C is generalized standard, acyclic, with-
out projective modules if and only if B

is a tilted algebra of the form EndH(T ),
where H is a hereditary algebra, T is a
tilting module in modH without preinjec-
tive direct summands, and C is the con-
necting component CT of ΓB determined
by T .

(2) C is generalized standard, acyclic, with-
out injective modules if and only if B is
a tilted algebra of the form EndH(T ),
where H is a hereditary algebra, T is a
tilting module in modH without postpro-
jective direct summands, and C is the
connecting component CT of ΓB deter-
mined by T .

(3) C is generalized standard, acyclic, regular
if and only if B is a tilted algebra of the
form EndH(T ), where H is a hereditary
algebra, T is a regular tilting module in
modH, and C is the connecting compo-
nent CT of ΓB determined by T .
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In general, an arbitrary acyclic generalized

standard component C of ΓA is a glueing of

• torsion-free parts Y(T (i)
l ) ∩ C

T
(i)
l

of the

connecting components C
T

(i)
l

of tilted al-

gebras B
(i)
l = End

A
(i)
l

(T (i)
l ) of hereditary

algebras A
(i)
l by tilting A

(i)
l -modules T

(i)
l

without preinjective direct summands

• torsion parts X (T (j)
r ) ∩ C

T
(j)
r

of the con-

necting components C
T

(j)
r

of tilted alge-

bras B
(j)
r = End

A
(j)
r

(T (j)
r ) of hereditary

algebras A
(j)
r by tilting A

(j)
r -modules T

(j)
r

without postprojective direct summands

along a finite acyclic part in the middle of C

(and usually C does not admit a section)
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6.Quasitilted algebras

Abelian K-category H over a field K is said

to be hereditary if, for all objects X and Y

of H , the following conditions are satisfied

• Ext2H (X, Y ) = 0

• HomH (X, Y ) and Ext1H (X, Y ) are finite

dimensional K-vector spaces

An object T of a hereditary abelian K-category

H is said a tilting object if the following

conditions are satisfied

• Ext1H (T, T ) = 0

• For an object X of H , HomH (T, X) = 0

and Ext1H (T, X) = 0 force X = 0

• T direct sum of pairwise nonisomorphic

indecomposable objects of H

A finite dimensional hereditary K-algebra. Then

• H = modA hereditary abelian K-category

• A module T in modA is a tilting object of

modA if and only if T is a tilting module

A quasitilted algebra is an algebra of the

form EndH (T ), where T is a tilting object of

an abelian hereditary K-category H . 66



A finite dimensional K-algebra over a field K

A path in indA is a sequence of homomor-
phisms

M0
f1−→ M1

f2−→ M2 −→ . . . −→ Mt−1
ft−→ Mt

in indA with f1, f2, . . . , ft nonzero and noni-
somorphisms

M0 predecessor of Mt in indA

Mt successor of M0 in indA

Every module M in indA is its own (trivial)
predecessor and successor

LA full subcategory of indA formed by all

modules X such that pdA Y ≤ 1 for every

predecessor Y of X in indA

RA full subcategory of indA formed by all

modules X in indA such that idA Y ≤ 1

for every successor Y of X in indA

LA closed under predecessors in indA

RA closed under successors in indA
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Theorem (Happel-Reiten-Smalø). Let B

be a finite dimensional K-algebra. The

following conditions are equivalent:

(1) B is a quasitilted algebra.

(2) gl.dimB ≤ 2 and every module X in indB

satisfies pdB X ≤ 1 or idB X ≤ 1.

(3) LB contains all indecomposable projec-

tive B-modules.

(4) RB contains all indecomposable injective

B-modules.

Theorem (Happel-Reiten-Smalø). Let B

be a quasitilted K-algebra. Then

(1) The quiver QB of B is acyclic.

(2) indB = LB ∪RB.

(3) If B is of finite representation type, then

B is a tilted algebra.
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Theorem (Skowroński). Let B be an in-

decomposable finite dimensional K-algebra.

The following conditions are equivalent:

(1) B is a tilted algebra.

(2) gl.dimB ≤ 2, indB = LB ∪ RB and

LB ∩RB contains a directing module.

A module M in indB is directing if M does

not lie on an oriented cycle in indB.

Theorem (Coelho-Skowroński). Let B be

a quasitilted but not tilted algebra. Then

every component of ΓB is semiregular.

A component C of ΓB is semiregular if C

does not contain simultaneously a projective

module and an injective module.
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Canonical algebras

Special case: K a field

m ≥ 2 natural number

p = (p1, . . . , pm) m-tuple of natural numbers

λ = (λ1, . . . , λm) m-tuple of pairwise different

elements of P1(K) = K ∪ {∞}, normali-

sed such that λ1 = ∞, λ2 = 0, λ3 = 1

∆(p) :

◦ α12←− ◦ α13←− · · ·
α1p1−1←−−−− ◦

α11↙ ↖α1p1

0 ◦ α21←− ◦ α22←− ◦ α23←− · · ·
α2p2−1←−−−− ◦

α2p2←− ◦ ω

αm1↖
.
..

.

..
.
.. ↙αmpm

◦ ←−−
αm2

◦ ←−−
αm3

· · · ←−−−−
αmpm−1

◦

C(p, λ) defined as follows.

For m = 2, C(p, λ) = K∆(p) path algebra of

∆(p)

For m ≥ 3, C(p, λ) = K∆(p)/I(p, λ)

I(p, λ) ideal of K∆(p) ge-

nerated by αjpj
. . . αj2αj1 +

α1p1
. . . α12α11 + λjα2p2

. . . α22α21

for j ∈ {3, . . . , m}
C(p, λ) canonical algebra of type (p, λ)

p weight sequence, λ parameter sequence

For K algebraically closed, these are all ca-
nonical algebras (up to isomorphism) 70



General case (version of Crawley-Boevey)

Let F and G be finite dimensional division al-
gebras over a field K, FMG an F -G-bimodule
with (dim FM)(dimMG) = 4, K acting cen-
trally on FMG.

Denote

χ =

√
dim FM

dimMG
,

hence χ = 1
2, 1, or 2.

An M-triple is a triple (FN, ϕ, N ′
G), where FN

is a finite dimensional nonzero left F -module,
N ′

G a finite dimensional nonzero right G-module,
and ϕ : FN⊗ZN ′

G → FMG an F -G-homomorphism
such that

• dim F N
dimN ′

G
= χ,

• whenever FX and X ′
G are nonzero sub-

modules of FN and N ′
G, respectively, with

ϕ(X⊗ZX ′) = 0, then dim F X
dim F N +

dimX ′
G

dimN ′
G

< 1.
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Two M-triples (N1, ϕ1, N ′
1) and (N2, ϕ2, N ′

2)

are said to be congruent if there are isomor-

phisms of modules Θ : F (N1) → F (N2) and

Θ′ : (N ′
1)G → (N ′

2)G such that the following

diagram is commutative

N1 ⊗Z N ′
1

Θ⊗Θ′

²²

ϕ1
&&MMMMMMMMMMM

M

N2 ⊗Z N ′
2

ϕ2

88qqqqqqqqqqq

.

The middle D of an M-triple (FN, ϕ, N ′
G) is

defined to be the set of pairs (d, d′), where d

is an endomorphism of FN and d′ is an endo-

morphism of N ′
G such that ϕ(d⊗ 1) = ϕ(1⊗

d′). Then D is a division K-algebra under

componentwise addition and multiplication,

N is an F -D-bimodule, N ′ a D-G-bimodule,

and ϕ induces an F -G-homomorphism

ϕ : FN ⊗D N ′
G → FMG.
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Let r ≥ 0 and n1, . . . , nr ≥ 2 be integers.

A canonical algebra Λ of type (n1, . . . , nr)

over a field K is an algebra isomorphic to

a matrix algebra of the form

n1 − 1





n2 − 1





nr − 1








F N1 · · · N1 N2 · · · N2 · · · Nr · · · Nr M
D1 · · · D1 N ′

1

0
. . .

..

. 0 · · · 0
.
..

0 D1 N ′
1

D2 · · · D2 N ′
2

0 0
. . .

.

.. · · · 0
.
..

0 D2 N ′
2

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

Dr · · · Dr N ′
r

0 0 0 · · ·
. . .

.

..
.
..

0 Dr N ′
r

0 0 0 0 0 G




where F and G are finite dimensional division

algebras over K, M = FMG an F -G-bimodule

with (dim FM)(dimMG) = 4 and K acting

centrally on FMG, (N1, ϕ1, N ′
1), . . . , (Nr, ϕr, N ′

r)

are mutually noncongruent M-triples with the

middles D1, . . . , Dr, and the multiplication

given by the actions of division algebras on bi-

modules and the appropriate homomorphisms

ϕ1, . . . , ϕr. 73



The valued quiver QΛ of a canonical algebra

Λ of type (n1, . . . , nr) is of the form

(1,1)
(a1,b1)

wwpppppppppppppp
(1,2)oo · · ·oo (1, n1 − 1)oo

0 (2,1)
(a2,b2)oo (2,2)oo · · ·oo (2, n2 − 1)oo ω

(c1,d1)
hhRRRRRRRRRRRRRRRRR(c2,d2)oo

(cr,dr)vvlllllllllllllllll

(r,1)
(ar,br)

ggNNNNNNNNNNNNNN

(r,2)oo · · ·oo (r, nr − 1)oo

ai = dimF Ni, bi = dim(Ni)Fi
,

ci = dimFi
N ′

i, di = dim(N ′
i)G

for i ∈ {1, . . . , r}

Λ canonical algebra ⇒ gl.dimΛ ≤ 2

Hence the Euler form qΛ of Λ is defined

Λ canonical algebra ⇒

• qΛ positive semidefinite of corank one or

two, or

• qΛ is indefinite
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Theorem. Let Λ be a canonical algebra over
a field K. The following conditions are equiv-
alent:

(1) qΛ is positive semidefinite of corank one.

(2) QΛ is of one of the following forms

•
~~}}

}}
. . .oo •oo

• •
``AAAA

~~}}
}}

•
``AAAA

. . .oo •oo

• •(1,2)
oo . . .oo •oo •(2,1)

oo

• •(2,1)
oo . . .oo •oo •(1,2)

oo

•(1,2)
uujjjjjjjjjjjjj

• •
(2,1)iiTTTTTTTTTTTTT

||xx
xx

x

•
bbFFFFF

. . .oo •oo

•(2,1)
uujjjjjjjjjjjjj

• •
(1,2)iiTTTTTTTTTTTTT

||xx
xx

x

•
bbFFFFF

. . .oo •oo

•
uujjjjjjjjjjjjj

• •oo •oo

iiTTTTTTTTTTTTT

||xx
xx

x

•
bbFFFFF

. . .oo •oo

•
uukkkkkkkkkkkkk

• •oo •oo •oo

iiSSSSSSSSSSSSS

xxrrrrrrr

•
ffLLLLLLL •oo

•
uujjjjjjjjjjjjj

• •oo •oo •oo

iiTTTTTTTTTTTTT

¡¡¢¢
¢¢

•
^^==== •oo •oo

•
ssggggggggggggggggggggg

• •oo •oo •oo

kkWWWWWWWWWWWWWWWWWWWWW

~~}}
}}

•
``AAAA •oo •oo •oo

•
uukkkkkkkkkkkkk

• •
iiSSSSSSSSSSSSS

(2,1)xxrrrrrrr

•(1,2)

ffLLLLLLL •oo

•
uukkkkkkkkkkkkk

• •
iiSSSSSSSSSSSSS

(1,2)xxrrrrrrr

•(2,1)

ffLLLLLLL •oo

• •(1,3)
oo •(3,1)

oo • •(3,1)
oo •(1,3)

oo
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Theorem. Let Λ be a canonical algebra over
a field K. The following conditions are equiv-
alent:

(1) qΛ is positive semidefinite of corank two.

(2) QΛ is of one of the following forms

• •(1,4)
oo •(4,1)

oo • •(4,1)
oo •(1,4)

oo

• •(2,2)
oo •(2,2)

oo • •(1,4)
oo •(2,2)

oo

• •(4,1)
oo •(2,2)

oo • •(2,2)
oo •(1,4)

oo • •(2,2)
oo •(4,1)

oo

•(2,1)
zztttttt

• •
(1,2)ddJJJJJJ

(1,2)zztttttt

•(2,1)

ddJJJJJJ

•(1,2)
zztttttt

• •
(2,1)ddJJJJJJ

(2,1)zztttttt

•(1,2)

ddJJJJJJ

•(2,1)
zztttttt

• •
(1,2)ddJJJJJJ

(2,1)zztttttt

•(1,2)

ddJJJJJJ

•
zztttttt
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Λ canonical algebra over a field K

Λ canonical algebra of Euclidean type:

qΛ is positive semidefinite of corank one

Λ canonical algebra of tubular type:

qΛ is positive semidefinite of corank two

Λ canonical algebra of wild type:

qΛ is indefinite

Q∗Λ the valued quiver obtained from the va-

lued quiver QΛ of Λ by removing the

unique source and the arrows attached

to it

• Λ canonical algebra of Euclidean type if

and only if Q∗Λ is a Dynkin valued quiver

• Λ canonical algebra of tubular type if and

only if Q∗Λ is a Euclidean valued quiver

78



Theorem (Ringel). Let Λ be a canonical
algebra of type (n1, . . . , nr) over a field K.
Then the general shape of the Auslander-
Reiten quiver ΓΛ of Λ is as follows

PΛ QΛ

T Λ

• PΛ is a family of components contain-
ing a unique postprojective component
P(Λ) and all indecomposable projective
Λ-modules.

• QΛ is a family of components containing
a unique preinjective component Q(Λ) and
all indecomposable injective Λ-modules.

• T Λ is an infinite family of faithful pair-
wise orthogonal generalized standard sta-
ble tubes, having stable tubes of ranks
n1, . . . , nr and the remaining tubes of rank
one.

• T Λ separates PΛ from QΛ.

• pdΛ X ≤ 1 for all modules X in PΛ ∪ T Λ.

• idΛ Y ≤ 1 for all modules Y in T Λ ∪QΛ.

• gl.dimΛ ≤ 2. 79



Let Λ be a canonical algebra of type (n1, . . . , nr)

T tilting module in addPΛ

C = EndΛ(T ) concealed canonical algebra

of type Λ

The general shape of ΓC is a as follows

PC QC

T C

• PC = HomΛ(T, T (T )∩PΛ)∪Ext1Λ(T,F(T ))
is a family of components containing a
unique postprojective component P(C)
and all indecomposable projective C-modules.

• QC = HomΛ(T,QΛ) is a family of com-
ponents containing a unique preinjective
component Q(C) and all indecomposable
injective C-modules.

• T C = HomΛ(T, T Λ) is an infinite family
of faithful pairwise orthogonal general-
ized standard stable tubes, having stable
tubes of ranks n1, . . . , nr and the remain-
ing tubes of rank one.

• T C separates PC from QC.

• pdC X ≤ 1 for all modules X in PC ∪ T C.

• idC Y ≤ 1 for all modules Y in T C ∪QC.

• gl.dimC ≤ 2. 80



C ∼= EndΛ(T ), T tilting module in addPΛ, if

and only if C ∼= EndΛ(T ′), T ′ tilting module

in addQΛ.

Λ canonical algebra

T tilting module in add(PΛ ∪ T Λ)

B = EndΛ(T ) almost concealed canonical

algebra of type Λ

The general shape of ΓB is as follows

¤¤
¤ HH

vv

PB QB

T B

• PB = PC for a concealed canonical factor

algebra C of B.

• QB a family of components containing a

unique preinjective component Q(B) and

all indecomposable injective B-modules.

• T B an infinite family of pairwise ortho-

gonal generalized standard ray tubes,

separating PB from QB.

• pdB X ≤ 1 for all modules X in PB ∪ T B.

• idB Y ≤ 1 for all modules Y in T B.

• gl.dimB ≤ 2. 81



Λ canonical algebra

T tilting module in add(T Λ ∪QΛ)

B = EndΛ(T )

The general shape of ΓB is as follows

vvHH >>
>

PB QB

T B

• PB a family of components containing

a unique postprojective component P(B)

and all indecomposable projective B-modules.

• QB = QC for a concealed canonical factor

algebra C of B.

• T B an infinite family of pairwise orthogo-

nal generalized standard coray tubes,

separating PB from QB.

• pdB X ≤ 1 for all modules X in PB.

• idB Y ≤ 1 for all modules Y in T B ∪QB.

• gl.dimB ≤ 2.

B ∼= EndΛ(T ), T tilting module in add(T Λ ∪
QΛ), if and only if Bop ∼= EndΛ(T ′), T ′ tilting

module in add(PΛ ∪ T Λ) (Bop almost con-

cealed canonical algebra) 82



Almost concealed canonical algebras of
Euclidean type

Theorem. (1) The class of concealed canon-
ical algebras of Euclidean type coincides
with the class of concealed algebras of
Euclidean type.

(2) The class of almost concealed canoni-
cal algebras of Euclidean types coincides
with the class of tilted algebras of the
form EndH(T ), where H is a hereditary
algebra of a Euclidean type and T is a tilt-
ing H-module without preinjective
direct summands.

(3) The class of the opposite algebras of
almost concealed canonical algebras of
Euclidean types coincides with the class
of tilted algebras of the form EndH(T ),
where H is a hereditary algebra of a Eu-
clidean type and T is a tilting H-module
without postprojective direct summands.

(4) An algebra A is a representation-infinite
tilted algebra of a Euclidean type if and
only if A is isomorphic to B or Bop, for
an almost concealed canonical algebra B
of a Euclidean type.
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Tubular algebra = almost concealed

canonical algebra of

tubular type

Theorem. Let B be a tubular algebra. Then

the Auslander-Reiten quiver ΓB of B is of the

form

???
ÄÄÄ

???
ÄÄÄ

???
ÄÄÄ

•

PB

• •

NN
pp

T B
0

NN
pp NN

pp

• •

∨
q∈Q+ T B

q

•

ppNN

T B∞

ppNN ppNN

• • •

QB

ÄÄÄ

???
ÄÄÄ

???
ÄÄÄ

???

where PB is a postprojective component with

a Euclidean section, QB is a preinjective com-

ponent with a Euclidean section, T B
0 is an

infinite family of pairwise orthogonal gener-

alized standard ray tubes containing at least

one indecomposable projective B-module, T B∞
is an infinite family of pairwise orthogonal

generalized standard coray tubes containing

at least one indecomposable injective B-module,

and each T B
q , for q ∈ Q+ (the set of positive

rational numbers) is an infinite family of pair-

wise orthogonal faithful generalized standard

stable tubes.
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Quasitilted algebra of canonical type – an

algebra A of the form EndH (T ), where T is

a tilting object in an abelian hereditary K-

category H whose derived category Db(H )

of H is equivalent, as a triangulated cate-

gory, to the derived category Db(modΛ) of

the module category modΛ of a canonical

algebra Λ over K.

Theorem (Happel-Reiten). Let A be a

finite dimensional quasitilted K-algebra over

a field K. Then A is either a tilted algebra

or a quasitilted algebra of canonical type.
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Theorem (Lenzing-Skowroński). Let A be
a finite dimensional K-algebra over a field K.
The following conditions are equivalent:

(1) A is a representation-infinite quasitilted
algebra of canonical type.

(2) ΓA admits a separating family T A of pair-
wise orthogonal generalized standard se-
miregular (ray or coray) tubes.

HH
vv vvHH

PA QA

T A

• HomA(T A,PA) = 0, HomA(QA, T A) = 0,
HomA(QA,PA) = 0

• every homomorphism f : X → Y with X
in PA and Y in QA factorizes through a
module Z from add T A

Moreover, A admits factor algebras Al (left
part of A) and Ar (right part of A) such that

• Al is almost concealed of canonical type
and PA = PAl

• Aop
r is almost concealed of canonical type

and QA = QAr
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Example. Let A = KQ/I where Q is the
quiver

4 (1,1)σoo

α1

uujjjjjjjjjjjjjjjjjjjjjjjjjjjjjj

0 (2,1)
β1oo (2,2)

β2oo ω

γ3xxrrrrrrrrrrrrrrrrrr

β3oo

α2
jjUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUU

(3,1)
γ1

ddJJJJJJJJJJJJJJJJ

(3,2)γ2
oo

5

ξ
OO

η
// 6 7

δ

OO

%
// 9

8

ν

OO

and I is the ideal of KQ generated by the
elements

α2α1 + β3β2β1 + γ3γ2γ1, α2σ, ξγ1, δγ2, ν%

Then A is a quasitilted algebra of canonical
type

Al = KQ(l)/I(l) tubular algebra of type (3,3,3)

Q(l) obtained from Q by removing the vertices

5,6,7,8,9 and the arrows ξ, η, δ, %, ν

I(l) ideal of KQ(l) generated by

α2α1 + β3β2β1 + γ3γ2γ1, α2σ
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Ar = KQ(r)/I(r) almost concealed canonical

algebra of wild type (2,3,8)

Q(r) obtained from Q by removing the vertex

4 and the arrow σ

I(r) ideal of KQ(r) generated by

α2α1 + β3β2β1 + γ3γ2γ1, ξγ1, δγ2, ν%

ΓA = PA ∨ T A ∨QA

PA = PAl, QA = QAr

T A semiregular family of tubes separating PA

from QA

T A consists of a stable tube T A
1 of rank 3
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(identifying along the dashed lines)

consisting of indecomposable modules over

the canonical algebra C = K∆/J, where ∆

is the full subquiver of Q given by the ver-

tices 0, ω, (1,1), (2,1), (2,2), (3,1), (3,2)

and J is the ideal of K∆ generated by

α2α1 + β3β2β1 + γ3γ2γ1

K
1

vvmmmmmmmmmmmmmmmmmmmmmmm

M : K 0oo 0oo Koo
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a coray tube T A
0 of the form
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obtained from the stable tube T C
0 of ΓC of

rank 2, with S(1,1) and N on the mouth, by

one coray insertion

0
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a ray tube T A
2 of the form
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obtained from the stable tube T C
2 of rank 3,

with S(3,1), S(3,2) and R on the mouth, by 5
ray insertions

K
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and the infinite family of stable tubes of rank
1, consisting of indecomposable C-modules
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7. Double tilted algebras

Theorem (Happel–Reiten–Smalø). Let A

be a finite dimensional K-algebra such that
each indecomposable X in modA satisfies
pdA X ≤ 1 or idA X ≤ 1. Then gl.dimA ≤ 3.

Following Coelho and Lanzilotta a finite
dimenisional K-algebra A is said to be

• shod (small homological dimension) if
every indecomposable module X in modA

satisfies pdA X ≤ 1 or idA X ≤ 1.

• strict shod if A is shod and gl.dimA = 3.

Theorem (Coelho–Lanzilotta). Let A be a
finite dimensional K-algebra over a field K.
The following conditions are equivalent:

(1) A is a shod algebra.

(2) indA = LA ∪RA.

(3) There exists a splitting torsion pair (Y,X )
in modA such that pdA Y ≤ 1, for each
module Y ∈ Y (torsion-free part), and
idA X ≤ 1, for each module X ∈ X (tor-
sion part).
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Theorem. Let A be a shod algebra. The
following conditions are equivalent:

(1) A is a strict shod algebra.

(2) LA \ RA contains an indecomposable in-
jective A-module.

(3) RA \LA contains an indecomposable pro-
jective A-module.

Example. A = KQ/I, Q the quiver

1
α←−− 2

β←−− 3
γ←−− 4

σ←−− 5

I ideal of KQ generated by βα and γβ. The
Auslander-Reiten quiver ΓA is of the form

LA

RA P5 = I3

P2 = I1 P4 I2

S1 = P1 S2 S3 S4 I5 = S5

P3 = I2
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?
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0 −→ P1 −→ P2 −→ P3 −→ P4 −→ S4 −→ 0

minimal projective resolution of S4, so
pdA S4 = 3.

A strict shod algebra
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A finite dimensional K-algebra over a field K

C a component of ΓA.

A full translation subquiver ∆ of C is said

to be a double section of C if the following

conditions are satisfied:

(a1) ∆ is acyclic.

(a2) ∆ is convex in C .

(a3) For each τA-orbit O in C , we have

1 ≤ |∆ ∩ O| ≤ 2.

(a4) If O is a τA-orbit O in C and |∆ ∩O| = 2

then ∆∩O = {X, τAX}, for some module

X ∈ C , and there exist sectional paths

I → · · · → τAX and X → · · · → P in C

with I injective and P projective.

A double section ∆ in C with |∆∩O| = 2, for

some τA-orbit O in C , is said to be a strict

double section of C .
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A path X0 → X1 → · · · → Xm, with m ≥ 2, in

an Auslander-Reiten quiver ΓA is said to be

almost sectional if there exists exactly one

index i ∈ {2, . . . , m} such that Xi−2
∼= τAXi.

For a double section ∆ of C , we define the

full subquivers of ∆:

∆′
l =





X∈∆;

there is an almost sectional

path X → · · · → P with P

projective





,

∆′
r =





X ∈ ∆;

there is an almost sectional

path I → · · · → X with I in-

jective





,

∆l = (∆ \∆′
r) ∪ τA∆′

r, left part of ∆,

∆r = (∆ \∆′
l) ∪ τ−1

A ∆′
l, right part of ∆.

∆ is a section if and only if ∆l = ∆ = ∆r
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An indecomposable finite dimensional K-algebra
B is said to be a double tilted algebra if the
following conditions are satisfied:

(1) ΓB admits a component C with a faithful
double section ∆.

(2) There exists a tilted quotient algebra B(l)

of B (not necessarily indecomposable) such
that ∆l is a disjoint union of sections of
the connecting components of the inde-
composable parts of B(l) and the cate-
gory of all predecessors of ∆l in indB

coincides with the category of all prede-
cessors of ∆l in indB(l).

(3) There exists a tilted quotient algebra B(r)

of B (not necessarily indecomposable) such
that ∆r is a disjoint union of sections of
the connecting components of the inde-
composable parts of B(r), and the cate-
gory of all successors of ∆r in indB coin-
cides with the category of all successors
of ∆r in indB(r).

B is a strict double tilted algebra if the
double section ∆ is strict

B(l) left tilted algebra of B

B(r) right tilted algebra of B

B is a tilted algebra if and only if B = B(l) =
B(r)
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Theorem (Reiten-Skowroński). An indecom-

posable finite dimensional K-algebra A is a

double tilted algebra if and only if the quiver

ΓA contains a component C with a faithful

double section ∆ such that HomA(U, τAV ) =

0, for all modules U ∈ ∆r and V ∈ ∆l.

Theorem (Reiten-Skowroński). Let A be

an indecomposable finite dimensional K-algebra.

The following conditions are equivalent:

(1) A is a strict shod algebra.

(2) A is a strict double tilted algebra.

(3) ΓA admits a component C with a faithful

strict double section ∆ such that

HomA(U, τAV ) = 0, for all modules U ∈
∆r and V ∈ ∆l.

Corollary. An indecomposable finite dimen-

sional K-algebra A is a shod algebra if and

only if A is one of the following

• a tilted algebra,

• a strict double tilted algebra,

• a quasitilted algebra of canonical algebra.
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Example. A = KQ/I, Q the quiver

1
α←− 2

β←− 3
γ←− 4

σ←− 5

I ideal of KQ generated by βα and γβ

ΓA is of the form

S1 = P1

P2 = I1

S2

P3 = I2

S3

P4

S4

P5 = I3

I4

I5 = S5

∆
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∆ faithful double section of C = ΓA

∆′
l = {P2, S2}

∆′
r = {S3, P4, P5}

∆l = (∆ \∆′
r) ∪ τA∆′

r = {P2, S2, P3}
∆r = (∆ \∆′

l) ∪ τ−1
A ∆′

l = {P3, S3, P4, P5}

A(l) left tilted algebra of A is hereditary of

Dynkin type A3

A(r) right tilted algebra of A is hereditary of

Dynkin type A4 98



B strict double tilted algebra

ΓB admits a unique component C = CB with

a faithful double section ∆

Moreover,

ΓB = YΓ
B(l) ∪ CB ∪ XΓ

B(r),

where

• YΓ
B(l) is the disjoint union of all com-

ponents of Γ
B(l) contained entirely in the

torsion-free part Y(T (l)) of modB(l), de-

termined by a tilting module T (l) over a

hereditary algebra A(l) of type ∆l such

that B(l) ∼= End
A(l)(T

(l)).

• XΓ
B(r) is the disjoint union of all com-

ponents of Γ
B(r) contained entirely in the

torsion part X (T (r)) of modB(r), deter-

mined by a tilting module T (r) over a

hereditary algebra A(r) of type ∆r such

that B(r) ∼= End
A(r)(T

(r)).
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CB connecting component of ΓB

CB

∆l
∆r

∆

²²
²²
²²
²

//
//

//
//

//
/YΓB(l) CB ∩ Y(T (l))

²²
²²
²²
²²
²

//
//

//
//

/ XΓB(r)CB ∩ X (T (r))

ÄÄÄ

???

• HomB(CB,YΓ
B(l)) = 0, HomB(XΓ

B(r), CB)

= 0, HomB(XΓ
B(r),YΓ

B(l)) = 0.

• CB is generalized standard, contains at

least one projective module and at least

one injective module.

Theorem (Skowroński). Let A be an in-

decomposable finite dimensional K-algebra.

The following conditions are equivalent:

(1) A is a double tilted algebra.

(2) indA = LA ∪ RA and LA ∩ (RA ∪ τARA)

contains a directing module.

(3) indA = LA ∪ RA and (LA ∪ τ−1
A LA) ∩ RA

contains a directing module.
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8. Generalized double tilted
algebras

A finite dimensional K-algebra

Σ full translation subquiver of ΓA is said to

be almost acyclic if all but finitely many

modules of Σ do not lie on oriented cycles

in ΓA

C component of ΓA

A full translation subquiver ∆ of C is said

to be a multisection of C if the following

conditions are satisfied:

(1) ∆ is almost acyclic.

(2) ∆ is convex.

(3) For each τA-orbit O in C , we have

1 ≤ |∆ ∩ O| < ∞.

(4) |∆ ∩ O| = 1, for all but finitely many

τA-orbits O in C .

(5) No proper full convex subquiver of ∆ sat-

isfies the conditions (1)–(4).
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For a multisection ∆ of a component C of
ΓA we define the following full subquivers of
C :

∆′
l =





X∈∆;
there is a nonsectional path

X → · · · → P with P projec-

tive





,

∆′
r =

{
X∈∆;

there is a nonsectional path

I → · · · → X with I injective

}
,

∆′′
l =

{
X ∈ ∆′

l; τ−1
A X /∈ ∆′

l

}
,

∆′′
r =

{
X ∈ ∆′

r; τAX /∈ ∆′
r
}

,

∆l = (∆ \∆′
r) ∪ τA∆′′

r left part of ∆,

∆r = (∆ \∆′
l) ∪ τ−1

A ∆′′
l right part of ∆,

∆c = ∆′
l ∩∆′

r, core of ∆.

Theorem (Reiten-Skowroński). Let A be a
finite dimensional K-algebra. A component
C of ΓA is almost acyclic if and only if C
admits a multisection.

Theorem (Reiten-Skowroński). Let A be a
finite dimensional K-algebra, C a component
of ΓA and ∆ a multisection of C . Then

(1) Every cycle of C lies in ∆c.

(2) ∆c is finite.

(3) Every indecomposable module X in C is
in ∆c, or a predecessor of ∆l or a suc-
cessor of ∆r in C .

(4) ∆ is faithful if and only if C is faithful.
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∆ multisection of a component of ΓA

w(∆) ∈ N ∪ {∞} width of ∆ (numerical

invariant of ∆)
Take a path p in ∆. Then a subpath q of p

M→Z(1)→τ−1
A M→Z(2)→τ−2

A M→. . .→Z(n)→τ−n
A M

is called a hook path of length n (if n ≥ 1),
and q is a maximal hook subpath of p if q

is not contained in any hook subpath of p of
larger length.

We associate to the path p a sequence of
maximal hook subpaths of p as follows (if
there are hook subpaths of p):

• Start with a maximal hook subpath

M→Z(1)→τ−1
A M→Z(2)→τ−2

A M→. . .→Z(n)→τ−n
A M

of p, where M is the first module on p

which is a source of hook subpath of p.

• Then take a maximal hook subpath of p

with the source at the first possible suc-
cessor of τ−n

A M on p.

• Continue the process.

i(p) = the sum of lengths of these hook sub-

paths of p

Then i(p) = 0 if and only if the path p is
sectional

w(∆) = maximum of i(p) + 1 for all paths p

in ∆
w(∆) ∈ (N \ {0}) ∪ {∞}

103



A multisection ∆ of C with w(∆) = n is

called n-section.

Observe that

• w(∆) < ∞ if and only if ∆ is acyclic.

• ∆ is a 1-section if and only if ∆ is a

section.

• ∆ is a 2-section if and only if ∆ is a strict

double section.

Proposition. Let A be an algebra, C a com-

ponent of ΓA and ∆, Σ are multisections of

C . Then

∆c = Σc and w(∆) = w(Σ).

Hence the core and the width of a multisec-

tion of an almost acyclic component C of ΓA

are invariants of C .

Every finite component of ΓA is trivially al-

most acyclic, and hence admits a multisec-

tion.
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An indecomposable finite dimensional K-algebra

B is said to be a generalised double tilted

algebra if the following conditions are satis-

fied:

(1) ΓB admits a component C with a faithful

multisection ∆.

(2) There exists a tilted quotient algebra B(l)

of B (not necessarily indecomposable)

such that ∆l is a disjoint union of sec-

tions of the connecting components of

the indecomposable parts of B(l) and the

category of all predecessors of ∆l in indB

coincides with the category of all prede-

cessors of ∆l in indB(l).

(3) There exists a tilted quotient algebra B(r)

of B (not necessarily indecomposable)

such that ∆r is a disjoint union of sec-

tions of the connecting components of

the indecomposable parts of B(r), and

the category of all successors of ∆r in

indB coincides with the category of all

successors of ∆r in indB(r).
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B is said to be an n-double tilted algebra

if ΓB admits a component C with a faithful

n-section ∆ and the conditions (2) and (3)

hold.

Observe that every indecomposable algebra

of finite representation type is a generalized

double tilted algebra.

Theorem (Reiten-Skowroński). Let B be

an n-double tilted algebra. Then

gl.dimB ≤ n + 1.
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Theorem (Reiten-Skowroński). Let A be
an indecomposable finite dimensional K-algebra.
The following conditions are equivalent:

(1) A is a generalized double tilted algebra.

(2) ΓA admits a component C with a faithful
multisection ∆ such that HomA(U, τAV ) =
0, for all modules U ∈ ∆r and V ∈ ∆l.

(3) ΓA admits a faithful generalized standard
almost cyclic component.

Corollary. Let A be an indecomposable finite
dimensional K-algebra. The following equiv-
alences hold:

(1) A is an n-double tilted algebra, for some
n ≥ 2, if and only if ΓA contains a faithful
generalized standard almost cyclic com-
ponent C with a nonsectional path from
an injective module to a projective mod-
ule.

(2) A is an n-double tilted algebra, for some
n ≥ 3, if and only if ΓA contains a faithful
generalized standard component C with
a multisection ∆ such that ∆c 6= ∅.
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A an algebra

C component of ΓA

LC the set of all modules X in C such that

pdA Y ≤ 1 for any predecessor Y of X in

C .

RC the set of all modules X in C such that

idA Y ≤ 1 for any successor Y of X in C .

Observe that, if ∆ is a multisection of C ,
then

∆c ⊆ C \ (LC ∪RC ).

Theorem (Reiten-Skowroński). Let A be
an indecomposable finite dimensional K-algebra,
C a faithful component of ΓA with a multi-
section ∆, and C is not semiregular (con-
tains both a projective module and an injec-
tive module). Then the following conditions
are equivalent:

(1) C is generalized standard.

(2) C = LC ∪∆c ∪RC .
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Example. A = KQ/I, Q the quiver

1
α−→ 2

β−→ 3
γ←− 4

σ←− 5
δ←− 6

ε←− 7
η←− 8

I ideal of KQ generated by σγ, δσ and εδ.

Then ΓA is of the form

P3 = S3

P4

P2

M

P1

S2

I3

I2

S4

S1 = I1

P5 = I4

S5

P6 = I5

P8 = S8

S6

P7

I6

I8

S7 = I7

??ÄÄÄÄÄÄ

ÂÂ?
??

??
?

ÂÂ?
??

??
?

??ÄÄÄÄÄÄ

ÂÂ?
??

??
?

??ÄÄÄÄÄÄ

ÂÂ?
??

??
?

??ÄÄÄÄÄÄ

ÂÂ?
??

??
?

??ÄÄÄÄÄÄ

ÂÂ?
??

??
?

??ÄÄÄÄÄÄ

ÂÂ?
??

??
? ??ÄÄÄÄÄÄ ÂÂ?

??
??

? ??ÄÄÄÄÄÄ

ÂÂ?
??

??
?

??ÄÄÄÄÄÄ

??ÄÄÄÄÄÄ

ÂÂ?
??

??
?

ÂÂ?
??

??
?

??ÄÄÄÄÄÄ

∆(1) = X∪{P4, M, I6} ∆(2) = X∪{P4, M, S8}

∆(3) = X∪{S2, M, I6} ∆(4) = X∪{S2, M, S8}

∆(5) = X∪{S2, I2, I6} ∆(6) = X∪{S2, I2, S8}

∆(7) = X∪{S1, I2, P7} ∆(8) = X∪{S1, I2, S8}
where X = {I3, S4, P5, S5, P6, S6, P7}, are all

multisections of C = ΓA. Moreover,

w(∆(i)) = 3 and ∆(i)
c = {S5} for i ∈ {1, . . . ,8}

gl.dimA = 4 = w(∆(i)) + 1

0 → P3 → P4 → P5 → P6 ⊕ P8 → P7 → S7 → 0

minimal projective resolution of S7 in modA,

so pdA S7 = 4 109



B n-tilted algebra, n ≥ 2

ΓB admits a unique component C = CB

with a faithful n-section ∆

CB connecting component of ΓB

ΓB is of the form

∆cCB ∩ Y(T (l)) CB ∩ X (T (r))

CB

∆l ∆r

YΓB(l) XΓB(r)

• YΓ
B(l) is the disjoint union of all com-

ponents of Γ
B(l) contained entirely in the

torsion-free part Y(T (l)) of modB(l), de-
termined by a tilting module T (l) over a
hereditary algebra A(l) of type ∆l with
B(l) ∼= End

A(l) T (l).

• XΓ
B(r) is the disjoint union of all com-

ponents of Γ
B(r) contained entirely in the

torsion part X (T (r)) of modB(r), deter-
mined by a tilting module T (r) over a
hereditary algebra A(r) of type ∆r with
B(r) ∼= End

A(r) T (r).

• HomB(CB,YΓ
B(l)) = 0, HomB(XΓ

B(r), CB)
= 0, HomB(XΓ

B(r),YΓ
B(l)) = 0.

• CB is generalized standard, contains at
least one projective module and at least
one injective module. 110



Theorem (Skowroński). Let B be an inde-

composable basic finite dimensional K-algebra

over a field K. The following conditions are

equivalent:

(1) B is either a generalized double tilted

algebra or a quasitilted algebra.

(2) indB \ (LB ∪RB) is finite.

(3) There is a finite set X of modules in indB

such that every path in indB from an

injective module to a projective module

consists entirely of modules from X .

Open problem. Let B be an indecompos-

able basic finite dimensional K-algebra over

a field K such that, for all but finitely many

modules X in indB, we have pdB X ≤ 1 or

idB X ≤ 1. Is then B a generalized double

tilted algebra or a quasitilted algebra?

Confirmed only in special cases
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Theorem (Skowroński). Let A be a finite
dimensional K-algebra over a field K. The
following conditions are equivalent:

(1) A is a generalized double tilted algebra
and ΓA admits a connecting component
CA containing all indecomposable projec-
tive modules.

(2) rad∞A (−, AA) = 0.

(3) idA X ≤ 1 for all but finitely many (up to
isomorphism) modules X in indA.

CA ∩ Y(T (l)) = Y(T (l)) finite (YΓ
A(l) empty)

Theorem (Skowroński). Let A be a finite
dimensional K-algebra over a field K. The
following conditions are equivalent:

(1) A is a generalized double tilted algebra
and ΓA admits a connecting component
CA containing all indecomposable injec-
tive modules.

(2) rad∞A (D(AA),−) = 0.

(3) pdA X ≤ 1 for all but finitely many (up to
isomorphism) modules X in indA.

CA∩X (T (r)) = X(T (r)) finite (XΓ
A(r) empty)
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9. Generalized multicoil
enlargements of concealed
canonical algebras

A finite dimensional K-algebra over a field K

A family C = (Ci)i∈I of components of ΓA
is called separating in modA if the modules
in indA split into three disjoint classes PA,
C A = C and QA such that

• C A is a sincere family of pairwise orthog-
onal generalized standard components

• HomA(C A,PA) = 0, HomA(QA, C A) = 0,
HomA(QA,PA) = 0.

• any homomorphism from PA to QA fac-
tors through addC A.

Then we say that C A separates PA from
QA. Moreover, then PA and QA are uniquely
determined in indA by C A.

C APA QA

We write ΓA = PA ∨ C A ∨QA
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Theorem (Lenzing-Peña). An indecompo-

sable finite dimensional K-algebra over a field

K is a concealed canonical algebra if and only

if ΓA admits a separating family T A of stable

tubes.

Theorem (Lenzing-Skowroński). An inde-

composable finite dimensional K-algebra over

a field K is a quasitilted algebra of canoni-

cal type if and only if ΓA admits a separating

family T A of semiregular tubes (ray or coray

tubes).

Theorem (Reiten-Skowroński). An inde-

composable finite dimensional K-algebra over

a field K is a generalized double tilted algebra

if and only if ΓA admits a separating almost

acyclic component C .
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A finite dimensional K-algebra

C component of ΓA

C is said to be almost cyclic if all but finitely
many modules of C lie on oriented cycles of C .

C is said to be coherent if the following two
conditions are satisfied:

• For each projective module P in C there
is an infinite sectional path

P = X1 → X2 → · · · → Xi → Xi+1 → . . .

in C

• For each injective module I in C there is
an infinite sectional path

· · · → Yi+1 → Yi → · · · → Y2 → Y1 = I

in C .

Every stable tube (more generally, every semi-
regular tube) of ΓA is an almost cyclic and
coherent component

Theorem (Malicki-Skowroński). Let A be
a finite dimensional K-algebra and C be a
component of ΓA. Then C is almost cyclic
and coherent if and only if C is a general-
ized multicoil (obtained from a finite family
of stable tubes by a sequence of admissible
operations). 115



For a finite family of C1, . . . , Cm of concealed

canonical algebras and C = C1×· · ·×Cm one

defines a generalized multicoil enlargement

B of C by iterated application of admissi-

ble operations (ad 1)–(ad 5) and their dual

operations (ad 1∗)–(ad 5∗).

Theorem (Malicki-Skowroński). Let A be

a finite dimensional K-algebra over a field K.

The following statements are equivalent:

(1) ΓA admits a separating family of almost

cyclic coherent components.

(2) A is a generalized multicoil enlargement

of a product C of concealed canonical K-

algebras.
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Theorem (Malicki-Skowroński). Let A be

a finite dimensional K-algebra over a field

K with a separating family C A of almost

cyclic coherent components in ΓA, and

ΓA=PA ∨ C A ∨QA. Then

(1) There is a unique factor algebra Al of

A which is a (not necesarily indecom-

posable) quasitilted algebra of canonical

type with a separating family T Al of coray

tubes such that ΓAl
=PAl ∨ T Al ∨QAl and

PA = PAl.

(2) There is a unique factor algebra Ar of

A which is a (not necesarily indecom-

posable) quasitilted algebra of canonical

type with a separating family T Ar of ray

tubes such that ΓAr=PAr∨T Ar∨QAr and

QA = QAr.
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Al left quasitilted algebra of A

Ar right quasitilted algebra of A

C APA = PAl QA = QAr

• Every component of ΓA not in C A lies

entirely in PA or lies entirely in QA

• Every component of ΓA contained in PA

is either postprojective, a stable tube

ZA∞/(τr), for some r ≥ 1, of the form

ZA∞, or can be obtained from a stable

tube or a component of type ZA∞ by a

finite number of ray insertions.

• Every component of ΓA contained in QA

is either preinjective, a stable tube ZA∞/(τr),

for some r ≥ 1, of the form ZA∞, or can

be obtained from a stable tube or a com-

ponent of type ZA∞ by a finite number

of coray insertions.
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Theorem (Malicki-Skowroński). Let A be

a finite dimensional K-algebra over a field

K with a separating family C A of almost

cyclic coherent components in ΓA, and

ΓA=PA∨C A∨QA. Then the following state-

ments hold:

(1) pdA X ≤ 1 for any module X in PA.

(2) idA Y ≤ 1 for any module Y in QA.

(3) pdA Z ≤ 2 and idA Z ≤ 2 for any module

Z in C A.

(4) gl.dimA ≤ 3.
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One-point extensions and coextensions
of algebras
A finite dimensional K-algebra over a field K

F finite dimensional division K-algebra
M = FMA F -A-bimodule

MA module in modA

K acts centrally on FMG

(hence dimK FM = dimK MA)

One-point extension of A by M is the ma-
trix K-algebra of the form

A[M ] =

[
A 0

FMA F

]
=

{[
a 0
m f

]
;
f ∈ F , a ∈ A,

m ∈ M

}

with the usual addition and multiplication.
Then the valued quiver QA[M ] of A[M ] con-
tains the valued quiver QA of A as a convex
subquiver, and there is an additional (exten-
sion) vertex which is a source. We may iden-
tify the category modA[M ] with the category
whose objects are triples (V, X, ϕ), where X ∈
modA, V ∈ modF , and ϕ : VF → HomA(M, X)F

is an F -linear map. A morphism h : (V, X, ϕ) →
(W, Y, ψ) is given by a pair (f, g), where f :
V → W is F -linear, g : X → Y is a morphism
in modA and ψf = HomA(M, g)ϕ. Then the
new indecomposable projective A[M ]-module
P is given by the triple (F, M, •), where • :
FF → HomA(M, M)F assigns to the identity
element of F the identity morphism of M .
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An important class of such one-point exten-
sions occurs in the following situation. Let Λ
be a finite dimensional K-algebra, P an inde-
composable projective Λ-module, ΛΛ = P⊕Q,
and assume that HomΛ(P, Q ⊕ radP ) = 0.
Since P is indecomposable projective, S =
P/ radP is a simple Λ-module and hence EndΛ(S)
is a division K-algebra. Moreover, the canon-
ical homomorphism of algebras EndΛ(P ) →
EndΛ(S) is an isomorphism. Then we obtain
isomorphisms of algebras

Λ ∼= EndΛ(ΛΛ) ∼=
[

A 0

FMA F

]
= A[M ],

where F = EndΛ(P ), A = EndΛ(Q), and M =

FMA = HomΛ(Q, P ) ∼= radP . Clearly K acts
centrally on FMA.

Dually, one-point coextension of A by M is
the matrix K-algebra of the form

[M ]A =

[
F 0

D(FMA) A

]
=

{[
f 0
x a

]
;
f ∈ F , a ∈ A,

x ∈ D(M)

}

where D(M) = HomK(FMA, K) is an A-F -
bimodule.
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For a finite dimensional division K-algebra F

and r ≥ 1 natural number, Tr(F ) the r × r-

lower triangular matrix algebra



F 0 0 . . . 0 0
F F 0 . . . 0 0
F F F . . . 0 0
.
..

.

..
.
..

. . .
.
..

.

..
F F F . . . F 0
F F F . . . F F




A finite dimensional K-algebra

Γ a component of ΓA

X a module in Γ

S(X) the support of the functor HomA(X,−) |Γ
is the K-linear category defined as follows

HX the full subcategory of indA consisting

of the indecomposable modules M in Γ

such that HomA(X, M) 6= 0,

IX the ideal of HX consisting of homomor-

phisms f : M → N (with M, N in HX)

such that HomA(X, f) = 0.

S(X) = HX/IX the quotient category
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Admissible operations

A finite dimensional K-algebra over a field K

Γ a family of pairwise orthogonal generalized

standard infinite components of ΓA

X indecomposable module in Γ

Assume X is a brick: F = FX = EndA(X) is

a division K-algebra

X = FXA is an F -A-bimodule, K acts cen-

trally on X

For X with S(X) of certain shape, called

the pivot, five admissible operations

(ad 1)–(ad 5) and their duals (ad 1∗)–(ad 5∗)
are defined, modifying

A to a new algebra A′

Γ = (Γ, τ) to a new translation quiver (Γ′, τ ′)
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(ad 1) Assume S(X) consists of an infinite

sectional path starting at X:

X = X0 → X1 → X2 → · · ·
In this case, we let t ≥ 1 be a positive integer,

D = Tt(F ) and Y1, Y2, . . ., Yt denote the inde-

composable injective D-modules with Y = Y1

the unique indecomposable projective-injective

D-module. We define the modified algebra A′
of A to be the one-point extension

A′ = (A×D)[X ⊕ Y ]

and the modified translation quiver Γ′ of Γ

to be obtained by inserting in Γ the rectangle

consisting of the modules Zij =

(
F, Xi ⊕ Yj,

[
1
1

])

for i ≥ 0, 1 ≤ j ≤ t, and X ′
i = (F, Xi,1) for

i ≥ 0 as follows:
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The translation τ ′ of Γ′ is defined as follows:
τ ′Zij = Zi−1,j−1 if i ≥ 1, j ≥ 2, τ ′Zi1 = Xi−1 if
i ≥ 1, τ ′Z0j = Yj−1 if j ≥ 2, Z01 is projective,
τ ′X ′

0 = Yt, τ
′X ′

i = Zi−1,t if i ≥ 1, τ ′(τ−1Xi) =
X ′

i provided Xi is not an injective A-module,
otherwise X ′

i is injective in Γ′. For the re-
maining vertices of Γ′, τ ′ coincides with the
translation of Γ, or ΓD, respectively.

If t = 0 we define the modified algebra A′
to be the one-point extension A′ = A[X] and
the modified translation quiver Γ′ to be the
translation quiver obtained from Γ by insert-
ing only the sectional path consisting of the
vertices X ′

i, i ≥ 0.

The nonnegative integer t is such that the
number of infinite sectional paths parallel to
X0 → X1 → X2 → · · · in the inserted rectan-
gle equals t + 1. We call t the parameter of
the operation.

In case Γ is a stable tube, it is clear that
any module on the mouth of Γ satisfies the
condition for being a pivot for the above op-
eration.
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(ad 2) Suppose that S(X) admits two sec-

tional paths starting at X, one infinite and

the other finite with at least one arrow:

Yt ← · · · ← Y2 ← Y1 ← X = X0 → X1 → X2 → · · ·
where t ≥ 1. In particular, X is necessar-

ily injective. We define the modified algebra

A′ of A to be the one-point extension A′ =
A[X] and the modified translation quiver Γ′
of Γ to be obtained by inserting in Γ the

rectangle consisting of the modules Zij =(
F, Xi ⊕ Yj,

[
1
1

])
for i ≥ 1, 1 ≤ j ≤ t, and

X ′
i = (F, Xi,1) for i ≥ 1 as follows:
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The translation τ ′ of Γ′ is defined as follows:

X ′
0 is projective-injective, τ ′Zij = Zi−1,j−1 if

i ≥ 2, j ≥ 2, τ ′Zi1 = Xi−1 if i ≥ 1, τ ′Z1j =

Yj−1 if j ≥ 2, τ ′X ′
i = Zi−1,t if i ≥ 2, τ ′X ′

1 =

Yt, τ
′(τ−1Xi) = X ′

i provided Xi is not an in-

jective A-module, otherwise X ′
i is injective in

Γ′. For the remaining vertices of Γ′, τ ′ coin-

cides with the translation τ of Γ.

The integer t ≥ 1 is such that the number of

infinite sectional paths parallel to X0 → X1 →
X2 → · · · in the inserted rectangle equals t +

1. We call t the parameter of the operation.
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(ad 3) Assume S(X) is the mesh-category

of two parallel sectional paths:

Y1 → Y2 → · · · → Yt
↑ ↑ ↑

X = X0 → X1 → · · · → Xt−1 → Xt → · · ·
where t ≥ 2. In particular, Xt−1 is necessarily

injective. Moreover, we consider the transla-

tion quiver Γ of Γ obtained by deleting the

arrows Yi → τ−1
A Yi−1. We assume that the

union Γ̂ of connected components of Γ con-

taining the vertices τ−1
A Yi−1, 2 ≤ i ≤ t, is

a finite translation quiver. Then Γ is a dis-

joint union of Γ̂ and a cofinite full translation

subquiver Γ∗, containing the pivot X. We de-

fine the modified algebra A′ of A to be the

one-point extension A′ = A[X] and the modi-

fied translation quiver Γ′ of Γ to be obtained

from Γ∗ by inserting the rectangle consist-

ing of the modules Zij =

(
F, Xi ⊕ Yj,

[
1
1

])
for

i ≥ 1, 1 ≤ j ≤ t, and X ′
i = (F, Xi,1) for i ≥ 1

as follows:
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if t is odd, while

if t is even.
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The translation τ ′ of Γ′ is defined as follows:

X ′
0 is projective, τ ′Zij = Zi−1,j−1 if i ≥ 2,

2 ≤ j ≤ t, τ ′Zi1 = Xi−1 if i ≥ 1, τ ′X ′
i = Yi if

1 ≤ i ≤ t, τ ′X ′
i = Zi−1,t if i ≥ t + 1, τ ′Yj =

X ′
j−2 if 2 ≤ j ≤ t, τ ′(τ−1Xi) = X ′

i, if i ≥ t

provided Xi is not injective in Γ, otherwise X ′
i

is injective in Γ′. For the remaining vertices

of Γ′, τ ′ coincides with the translation τ of

Γ∗. We note that X ′
t−1 is injective.

The integer t ≥ 2 is such that the number of

infinite sectional paths parallel to X0 → X1 →
X2 → · · · in the inserted rectangle equals t +

1. We call t the parameter of the operation.
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(ad 4) Suppose that S(X) consists an infi-
nite sectional path, starting at X

X = X0 → X1 → X2 → · · ·
and

Y = Y1 → Y2 → · · · → Yt

with t ≥ 1, be a finite sectional path in ΓA

such that FY = F = FX. Let r be a positive
integer. Moreover, we consider the transla-
tion quiver Γ of Γ obtained by deleting the
arrows Yi → τ−1

A Yi−1. We assume that the
union Γ̂ of connected components of Γ con-
taining the vertices τ−1

A Yi−1, 2 ≤ i ≤ t, is
a finite translation quiver. Then Γ is a dis-
joint union of Γ̂ and a cofinite full transla-
tion subquiver Γ∗, containing the pivot X.
For r = 0 we define the modified algebra
A′ of A to be the one-point extension A′ =
A[X ⊕Y ] and the modified translation quiver
Γ′ of Γ to be obtained from Γ∗ by insert-
ing the rectangle consisting of the modules

Zij =

(
F, Xi ⊕ Yj,

[
1
1

])
for i ≥ 0, 1 ≤ j ≤ t,

and X ′
i = (F, Xi,1) for i ≥ 1 as follows:
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The translation τ ′ of Γ′ is defined as follows:

τ ′Zij = Zi−1,j−1 if i ≥ 1, j ≥ 2, τ ′Zi1 = Xi−1 if

i ≥ 1, τ ′Z0j = Yj−1 if j ≥ 2, Z01 is projective,

τ ′X ′
0 = Yt, τ

′X ′
i = Zi−1,t if i ≥ 1, τ ′(τ−1Xi) =

X ′
i provided Xi is not injective in Γ, otherwise

X ′
i is injective in Γ′. For the remaining ver-

tices of Γ′, τ ′ coincides with the translation

of Γ∗.
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For r ≥ 1, let G = Tr(F ), U1,t+1, U2,t+1, . . .,

Ur,t+1 denote the indecomposable projective

G-modules, Ur,t+1, Ur,t+2, . . ., Ur,t+r denote

the indecomposable injective G-modules, with

Ur,t+1 the unique indecomposable projective-

injective G-module. We define the modified

algebra A′ of A to be the triangular matrix

algebra of the form:

A′ =




A 0 0 . . . 0 0
Y F 0 . . . 0 0
Y F F . . . 0 0
.
..

.

..
.
..

. . .
.
..

.

..
Y F F . . . F 0

X ⊕ Y F F . . . F F




with r+2 columns and rows and the modified

translation quiver Γ′ of Γ to be obtained from

Γ∗ by inserting the rectangles consisting of

the modules Ukl = Yl ⊕ Uk,t+k for 1 ≤ k ≤ r,

1 ≤ l ≤ t, and Zij =

(
F, Xi ⊕ Urj,

[
1
1

])
for

i ≥ 0, 1 ≤ j ≤ t + r, and X ′
i = (F, Xi,1) for

i ≥ 0 as follows:
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The translation τ ′ of Γ′ is defined as follows:
τ ′Zij = Zi−1,j−1 if i ≥ 1, j ≥ 2, τ ′Zi1 = Xi−1
if i ≥ 1, τ ′Z0j = Ur,j−1 if 2 ≤ j ≤ t + r,
Z01, Uk1,1 ≤ k ≤ r are projective, τ ′Ukl =
Uk−1,l−1 if 2 ≤ k ≤ r, 2 ≤ l ≤ t + r, τ ′U1l =
Yl−1 if 2 ≤ l ≤ t + 1, τ ′X ′

0 = Ur,t+r, τ
′X ′

i =
Zi−1,t+r if i ≥ 1, τ ′(τ−1Xi) = X ′

i provided Xi

is not injective in Γ, otherwise X ′
i is injec-

tive in Γ′. For the remaining vertices of Γ′, τ ′
coincides with the translation of Γ∗, or ΓG,
respectively.
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We note that the quiver QA′ of A′ is obtained
from the quiver of the double one-point ex-
tension A[X][Y ] by adding a path of length
r + 1 with source at the extension vertex
of A[X] and sink at the extension vertex of
A[Y ].

The integers t ≥ 1 and r ≥ 0 are such that
the number of infinite sectional paths paral-
lel to X0 → X1 → X2 → · · · in the inserted
rectangles equals t + r +1. We call t + r the
parameter of the operation.

To the definition of the next admissible op-
eration we need also the finite versions of the
admissible operations (ad 1), (ad 2), (ad 3),
(ad 4), which we denote by (fad 1), (fad 2),
(fad 3) and (fad 4), respectively. In order
to obtain these operations we replace all in-
finite sectional paths of the form X0 → X1 →
X2 → · · · (in the definitions of (ad 1), (ad 2),
(ad 3), (ad 4)) by the finite sectional paths
of the form X0 → X1 → X2 → · · · → Xs. For
the operation (fad 1) s ≥ 0, for (fad 2) and
(fad 4) s ≥ 1, and for (fad 3) s ≥ t−1. In all
above operations Xs is injective.

135



(ad 5) We define the modified algebra A′
of A to be the iteration of the extensions

described in the definitions of the admissible

operations (ad 1), (ad 2), (ad 3), (ad 4), and

their finite versions corresponding to the op-

erations (fad 1), (fad 2), (fad 3) and (fad 4).

The modified translation quiver Γ′ of Γ is ob-

tained in the following three steps: first we

are doing on Γ one of the operations (fad 1),

(fad 2) or (fad 3), next a finite number (pos-

sibly empty) of the operation (fad 4) and fi-

nally the operation (ad 4), and in such a way

that the sectional paths starting from all the

new projective vertices have a common cofi-

nite (infinite) sectional subpath.
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C finite dimensional K-algebra

T C a family of pairwise orthogonal generali-

zed standard stable tubes of ΓC.

A finite dimensional K-algebra algebra A is

a generalized multicoil enlargement of C,

with respect to T C, if A is obtained from C by

an iteration of admissible operations of types

(ad 1)–(ad 5) and (ad 1∗)–(ad 5∗) performed

either on stable tubes of T C, or on general-

ized multicoils obtained from stable tubes of

T C by means of operations done so far.

A generalized multicoil is a translation quiver

obtained from a finite family T1, . . . , Ts of sta-

ble tubes by an iteration of admissible (trans-

lation quiver) operations of types (ad 1)–

(ad 5) and (ad 1∗)–(ad 5∗).
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