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FIG. 8. First ionization cnergy of atoms in the Jocal-deasity
(LD), local spin-density (LSD), and Hartree-Fock (HF) approxi-
mations compared with experiment. The nurabers show the
atomic numbers of the atoms considered. For reasons of clari-
ty, the zero of energy is shifted by 5, 10, and 15 ¢V for the
second row, the third row, and the transition-clement row, re-
spectively. The LD results for the first and second rows are in-
creased by an additional 2 eV.
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II. ATOMS

As a first test of our density functionals, we consider
the total and electron-removal energies of atoms. The
electron density may be constructed via self-consistent
solution of either the Hartree-Fock (HF) or Kohn-Sham
equations. The former approach, which we adopt here,
has certain advantages: Its one-electron potential has the
correct asymptotic (r — o ) limit>* (so that negative-ion
solutions exist), and the exact exchange energy ENF is
evaluated automatically. For a given continuum
density-functional approximation, there is some energy
difference between the HF and Kohn-Sham densities.
For Zn, this difference is about | eV in the total energy
and about 0.2 eV in the ionization energy. (Full density-
functional self-consistency lowers the energy of the neu-
tral atom more than that of the positive ion; compare
Table III of Ref. 13 to our Table I1.) From the discussion
of Sec. I, we expect that the Hartree-Fock density is more
realistic and thus more appropriate for comparison with

*fYperiment.

™ Following the approach of Lagowski and Vosko,'" we
have performed self-consistent spin-restricted Hartree-
Fock calculations in the central-field approximation for

JOHN P. PERDEW et al.

the atoms with 1 £Z <30 and their first positive and neg-
ative ions. Each atom or ion is assigned its observed
ground-state configuration and term.*“* The nonspheri-
cal density is constructed by occupying nonrelativistic
spherical-harmonic orbitals in a Slater determinant with
M; =L and Mg =S. The scalar-relativistic correction to
the total energy is treated as a first-order perturbation.
Table I shows —EXNF, the magnitude of the exact or
Hartree-Fock exchange energy, as well as the difference
—EPF+ EHF whose experimental value'' is the magni-
tude of the correlation energy. The first density-
functional (DF) considered is PW GGA-IIX, the
exchange-energy functional of Egs. (3)-(8). The PW
GGA-IIX column of Table I shows an error relative to
HF that is typically only a fraction of 1% of the exact ex-
change energy, as expected.”'® The other density func-
tionals considered are the LSD, PW GGA-I, PW GGA-
II, and PW GGA-IIA approximations for the exchange-
correlation energy, as defined in Sec. I. All take €,(r,,{)
from Ref. 26, except PW GGA-I which employs Ref. 39.
Clearly the large total-energy errors of LSD and HF,
which are significantly reduced by PW GGA-I""%''"13
are further reduced by PW GGA-II and PW GGA-IIA.
The LSD overestimation of the magnitude of the correla-

TABLE II. First ionization energies () of 30 atoms. All calculations employ Hartree-Fock densities for the observed ground-state
configuration and term of the neutral atom and positive ion, and include scalar relativity as a perturbation. Experimental values from

Ref. 44.
LR (eV)
Atom  Process  HF pw GGAIIX (LsD ) Pw GGAT (BW GGAIL) PW GGAIA  CExpt. )
® s e | 13.45 | 1365 G.63) 13.63° GoD
He s 2345 23.51 2427 24.96 2456 24.56* 7459
Li s 5.34 5.42 5.45 5.63 5.61 5.55 5.39
Be s 8.05 8.17 9.01 9.22 9.04 9.14 9.32
B ? 7.93 7.92 8.57 8.69 8.57 8.53 8.30
C p 10.78 10.95 11.67 11.65 11.64 11.56 11.26
N P 13.95 14.20 14,9 14.84 14,9 14.82 14.53
© p 188 12.38 (.82 14.12 Gl 13.90
F ) 15.70 16.53 17.94 17.94 17.79 17.87 17.42
e P 19.82 20.77 22.10 21.99 21.96 21.99 21.56
L 5 496 5.19 5.31 5.45 5.36 5.26 5.14
Mg s 662 6.89 7.70 7.89 7.64 7.81 7.65
Al ? 549 . 5.38 5.98 6.06 6.01 5.95 5.99
i P 7.64 7.59 8.21 8.25 8.25 8.19 8.15
P p 1003 9.88 10.51 10.54 10.56 1051 10.49
S P 9.01 9.07 10.49 10.50 10.30 10.44 10.36
cl P CIL78 11.88 13.18 13.14 13.05 13.11 12.97
Ar ) 14.75 1471 15.92 15.89 15.85 15.86 15.76
5 4,02 428 4.43 4.60 4.46 4.36 4.34
5 5.4 5.44 (6.20) 6.36 (%.10) 6.26
C 5 5.38 5.71 656 6.73 6.42 6.66 6.54
Ti s 5.54 5.88 6.79 6.97 6.62 6.91 6.82
v sd 6.06 - 5.76 6.17 6.60 5.96 6.33 6.74
Cr s 6.00 7.06 7.36 7.45 7.23 7.20 6.77
Mn s 5.94 6.29 7.31 7.50 7.06 7.50 7.43
Fe s 6.34 6.84 7.85 8.04 7.59 7.95 7.87
Co sd 8.21 7.57 7.56 8.01 7.47 7.45 7.86
' sd 8.11 7.05 7 7.62 7,00 6.99 7.63
é@ s 656 765 £.16) 8.32 7.86 é
n 5 1 778, 8.71 04 _l_ 9.82 9.40 9.61 9.39

4 -

*Value identically the same as with PW GGA-IL
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1.7
Unpolarized

{L=0) PW GGA-II

16}

n=3!4r1:r2

Enhancement Factor F,.(r,, 0, 5)

i E.dn/2.0/2)=dme (1, 0)F,.(r,,0, 5)

Reduced Density Gradient stVnI,Qk\‘n

FIG. 3. PW GGA-II nonlocality in the spin-unpolarized
case. The enhancement factor F,.(r,,0,5) (relative to spin-
unpolarized local exchange) is plotted vs the reduced density
gradient s for several values of the local-density parameter r,.
The corresponding enhancement factors for, LSD are the hor-
izontal lines F,.(r,,0,0)=¢,/(r,,0)/€,(r,,0). For the second-
order gradient expansion, they are downward-turning parabolas

F,.(r,,0,00=|C(r,,0)|s2

1.9 y
Fully Polarized
181 (.;=|) PW GGA'II
%
i,
g
o
&
¥ 15} =6
3
S
= 3
§ 14l (=2 n=3/4nr;
1.3} =0 E, [n0]=]drne(r,0F (. 1,59
1_2----1|||||||||||||111;.|;||Jn
0 1 2 3

Reduced Density Gradient s=IVnl/2k n
FIG. 4. Same as Fig. 3, but for the fully spin-polarized case.

The values of s that are important in the interior of a
metal typically fall in the range 055 52.0. Atoms sam-
ple the range 0.2 s, with s diverging into the vacuum
around the atom.” (Within an electronic shell, |Vr|/n is
approximately constant, but k7' and s increase in the
outward direction.) Clearly, for most physical properties
of real systems, the nonlocal effect of PW GGA-II is op-
posite to that of the second-order gradient expansion.
Thus, Bagno, Jepsen and Gunnarsson?' found that the
gradient expansion shrinks the lattice constants of met-
als, which are already too small in LSD, and further de-
stabilizes the bee ferromagnetic ground state of Fe, which
is wrongly unstable in LSD. PW GGA-II has the oppo-
site (and correct) effects.

The exchange-only PW GGA-IIX nonlocality is
presented in the r, =0 curves of Figs. 3 and 4. The non-
locality of exchange (EPY 9CAN<ELSP <), which
favors density inhomogeneity, is strong when s is of order
unity, i.e., when the density varies significantly over the
range of the exchanée hole. An opposite nonlocality
(0> EPW GGAL; E1SD) - which opposes density inhpmo-
geneity, extinguishes the correlation contribution to F,,
as I — . (Compare the similar behavior of the linear
response function in Ref. 41, and the somewhat different
behavior produced by the wave-vector-space cutoff of
Refs. 4 or 8.) In the high-density limit (r; —0), the corre-
lation contribution vanishes on the scale of these figures.
But for metallic densities (2 Sr, S6), the nonlocality of
correlation cancels much of that for exchange
(EPW GGAl < ELSD) - For these and lower densities, the
exchange-correlation hole is significantly deeper and
(apart from oscillations) more short ranged than the ex-
change hole, making F,  larger and more “local” than
F,.. As a result, LSD can give a reasonably good descrip-
tion of valence-electron energies in metals, even though it
makes serious errors for the cores.,

Since the residue of this cancellation between nonlocal-
ities is still exchangelike in PW GGA-II, the principal
PW GGA-II nonlocal effect is to favor density inhomo-
geneity or surface formation more than LSD does. Thus
the PW GGA-II correction to LSD lowers total, atomiza-
tion, surface, and curvature energies. It enlarges the lat-
tice constants of metals, where expansion continuously
increases the inhomogeneity. PW GGA-II also favors
nonspherical distortions over spherical densities.

Although the PW GGA-II functional improves upon
LSD, too much should not be expected from it:

(1) Even the exact density functional would not predict
all excited-state energies,"? nor would its Kohn-Sham ei-
genvalue spectrum predict the fundamental gap (twice
“hardness”) of an insulator or semiconductor’** or the
exact Fermi surface of a metal.*

{2) Many incorrect features of LSD are carried over
into PW GGA-II and other GGA's: (a) Incorrect asymp-
totic decay®® of the density and one-electron potential
into the vacuum, blocking self-consistent solutions for
negative ions; (b) absence of derivative discontinuities,
leading to incorrect fractionally charged fragments in-
stead of neutral atoms as dissociation products of
heteronuclear molecules or solids;?*% (c) interconfigura-
tional and interterm errors of ionization energies and
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FIG. 1. LSD solution for the r,=3.99 jellium surface. The
solid curve is the electron-density profile, measured in units of
the bulk density k3 /372, The dashed curve is the self-consistent
one-¢electron potential, measured in units of the bulk Fermi en-
¢ ~urgy k}/2. A constant has been added to this potential to make
t tend to —k2/2 in the bulk. Distance from the jellium edge is
measured in units of the Fermi wavelength 27 /kg.

with PW GGA-II correlation.)

The correction that we find to the LSD surface energy
is rather small, as a result of a delicate cancellation be-
tween the nonlocalities of exchange and correlation
(Tables X-XII). This correction is much smaller than
that found by the Fermi hypernetted-chain method,®
which was regarded as the standard before the advent of
the quantum Monte Carlo calculation.®' However, it is
consistent with the results of Skriver and Rosengaard,*
who calculated LSD surface energies, for the close-
packed faces of the alkali metals, that agree closely with
measured liquid-metal surface tensions extrapolated to
zero temperature. Note further that a sophisticated ver-
sion of the fully nonlocal weighted-density approximation
gives surface energies close to those of LSD.?

« r¢ The LSD and PW GGA-II electron-density profiles
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FIG. 2. PW GGA-II solution for the r,=3.99 jellium sur-
face. See caption of Fig. 1.
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and one-electron potentials for the r,=3.99 jellium sur-
face are displayed in Figs. | and 2. On the scale of these
figures, the LSD and PW GGA-II density profiles are in-
distinguishable. The potentials are barely distinguishable
until the electron density has decayed to about 10% of its
bulk value. From this point, the PW GGA-II potential
first rises above and then dips below the LSD potential.
A similar oscillation is found in the PW GGA-I and LM
potentials for atoms. "

VI. ATOMS, SOLIDS, AND SURFACES
IN THE JELLIUM MODEL:
A UNIFIED PERSPECTIVE

Here we present simple estimates which tie together
our results for atomic total energies (Sec. II), atomization
energies (Sec. III), and surface and curvature energies
(Sec. V). Use will be made of the jellium model of Sec. V.

According to the liquid-drop model for crystalline met-
als,® the expansion (22) can be valid even for microscop-
ic radii of curvature, so long as electronic shell-structure
effects may be neglected. Clear-cut examples are prOV'ﬁ:l-
ed by the monovacancy-formation energy and the
crystal-face dependence of the surface energy for a metal
of infinite volume. The expansion (22) also seems to ap-
ply to one-electron atoms, i.e., the shell-structure oscilla-
tion tends to vanish for these systems with half-filled
shells.

Consider a monovalent atom of jellium, i.e., one elec-
tron bound to a uniform positive background of density
3/4wr) confined inside a sharp spherical surface of radius
r,. The total energy is*®* —1+43/5r,, where [ is the ener-
gy needed to ionize the electron and 3/5r, is the electro-
static energy of the positive background. Since this is a
one-electron problem, [ is easily calculated exactly or in a
density-functional approximation. *®

The cohesive energy of jellium is the atomization ener-
gy per atom, 1.e.,

En=[—[+3/5r,)—¢, (25)

where e=3k}/10+¢,(r,) is the energy per electron in
the uniform or condensed phase. By Eq. (22), the liquid-
drop-model estimate of the cohesive energy® is just the
energy needed to create the curved surface of the jellium
atom:

odmrl+y2ar, . (26)

In Table XIII we compare the LSD cohesive energy of
Eg. (25) against the liquid-drop prediction of Eq. (26), us-
ing LSD values for ¢ and y from Sec. V. We also com-
pare the exact cohesive energy against the liquid-drop
prediction, using PW GGA-II values for ¢ and y. [We
omit the long-range contribution of Eq. (24), which arises
from an effect present only for a semi-infinite system and
thus irrelevant to the cohesive energy.] The following
conclusions may be drawn: (1) Except at the highest den-
sity considered (r,=2.07), the liquid-drop model has
good quantitative accuracy. Even at r,=2.07, the curva-
ture term helps. (The liquid-drop model must fail in the
limit r,—0, in which the jellium atom reduces to hydro-
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TABLE 1.

Alomization energies (in kcal/mole). All [unction-

T eieriwu

als evaluated on

sities at experimental geometrics.
Zero-point vibration removed from experimental energics |5].
The GGA is PBE [5], and the LSD is the local part of PBE.
The Gaussian basis sets are of triple-zeta quality, with p and
polarization functions for H and o and f polarization functions
for first- and second-row atoms.

Molecule AEYSD  AEGOA AEMGCA A pam
H; 1133 104.6 114.5 109.5
LiH 61.1 535 58.4 578
CH, 462.0 419.8 421.1 419.3
NH; 3373 301.7 208.8 2974
OH 1242 109.8 107.8 106.4
H,0 266.6 234.2 230.1 2322
HF 162.3 142.0 138.7 140.8
Li; 238 19.9 22.5 24.4
LiF 156.1 138.6 128.0 1389

—= Be; % 9.8 4.5 3.0
CyH, 4503 4139 4072 4053
C;Hg 632.7 571.5 561.5 562.6
HCN 360.8 326.1 311.8 39
cO 298.9 268.8 256.0 2593
N; 266.9 243.2 2202 228.5
NO 198.4 171.9 158.5 1529
(o ]1 174.9 143.7 131.4 120.5
Fa 782 534 432 385
P, 143.0 121.1 117.8 117.3
Cl, 829 65.1 594 58.0
Mean abs. error 31.69 7.85 3.06

_5f-

TABLE II. Exchange and correlation contributions to fﬁ“fggg ege;g"!gg (in erg/cm?) for jellium, using self-consistent LSD
densities. Exact surface exchange energies were provided by Pitarke and Eguiluz [29].

r a:xnct Gi.—,SD O.?GA arGGA [T:_"SD O.PGA gllllG«GA
2.00 2624 3037 2438 2578 317 827 824
2.07 2296 2674 2127 2252 287 754 750
2.30 1521 1809 1395 1484 210 567 564
2.66 854 1051 770 825 137 382 380
3.00 526 669 468 505 95 275 274
328 364 477 318 346 72 215 214
4.00 157 222 128 142 39 124 124
5.00 57 92 40 47 19 67 66
6.00 22 43 12 15 10 40 40

TABLE IIL (in A) for some solids studied
in Ref. [32], from scalar-relativistic all-electron full-potential
linearized augmented plane wave calculations [33] without
zero-point anharmonic expansion. GGA densities used for all
but the LSD calculations.

Solid uLSD aGGA RMG‘GA at
Na 4.05 4.20 431 423
NaCl 547 5.70 5 564 g— SRR .
Al 3.98 4.05 4.02 4.05
Si 5.40 5.47 5.46 543
Ge 5.63 5.78 5.73 5.66
GaAs 5.61 5.76 5.72 5.65
Cu 352 3.63 3.60 3.60
w 3.14 318 3.17 3.16
Mean abs. error 0.078 0.051 0.05%
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