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Tutorial papers
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Metropolis MC for equilibrium system
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Metropolis MC for equilibrium system
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Integration
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Integration errors
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Concept of importance sampling
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Metropolis MC

)()(...1 �&������� ��= �����
�

�& /)(1
)( −=9����

�����*������������������������������9�����������������
�������������*�9��������������������������&!�"'

����������������9����9������������������������������*��
������������ ���� ��������������������

����
(��(

(��&&& /)(/ −−
→ ==

����� ) �( ;�,�9����������������:�,�(& →



ICTP/IAEA Workshop on Multi-Scale Modelling, Trieste 12-23 April 2010 10

NSC Kharkov Institute of Physics and Technology

Metropolis MC algorithm 
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Example: order-disorder phase transformations
C. Abromeit, S. Matsumura, Phil. Mag. A82 (2002), p. 2287

Parameters: A3B alloy with a L12 structure

Interaction parameters: Poduri and Chen, Acta metall. 46 (1998) 1719

Kawasaki approach:

• An arbitrary atom is chosen,

• Energy change ΔE=-ΣVn{Σσiσj} due to an exchange of this atom with 
a neighbouring atoms is calculated.

• Both atoms change their sites according to the probability 

W(ΔE,T) = 0.5 [1- tanh(ΔE/2kBT)] 
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Determination of a local chemical order

Properties of L12 long range order transformation (A3B)

Ground state: fourfold degenerated:

4 simple cubic sublattices: four type of ordered domains

αααα ββββ γ δδδδ

Atomic structure

B atom

Al siteAl site

Ni siteNi site

Example:Example:

(100) plain(100) plain

Configuration Configuration αααα

NiNi NiNi

AlAl

……. Etc.. Etc.
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Ground state: fourfold degenerated:

4 simple cubic sublattices: four type of ordered domains

αααα ββββ γ δδδδ

Reciprocal k space:
3-d Fouriertransform

Atomic structure

SLR (100) FR (200)B atom

Properties of L12 Long Range Order transformation (A3B)
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5  Monte Carlo Steps   
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3-d Fouriertransform

2 mcs
10 mcs

anti phase boundaries
in 3-d real space

100 mcs

(100) projection

Thermal ordering of a L12 structure
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3000 mcs

1000 mcs 1500 mcs 2000 mcs

4000 mcs 5000 mcs

Thermal ordering of a L12 structure



ICTP/IAEA Workshop on Multi-Scale Modelling, Trieste 12-23 April 2010 17

NSC Kharkov Institute of Physics and Technology

LRO order evolution in initially disordered Ni4Mo

D1a domains
(Variants 1 & 2)
@ 20000 mcs

MC Simulation TEM -tomography

S. Matsumura,
Kyushu University, Japan
MRS Boston 2006
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Metropolis MC summary
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Dynamic Monte Carlo

3���)������*�����'��*�����%�������������

http://www.srim.org
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Surface roughness evolution of nanocomposite thin films
A. A. Turkin et al, JAP 105 (2009) 013523
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j = diffusion flux along the surface 

= stochastic noise term due to local fluctuations of the deposition flux 

Film deposition: continuum linear growth model
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Results of numerical integration essentially depends on correct choice of 
random number generator

Sample size NxN = 512x512,   2x107 random numbers were generated

Surface topography depends on N (periodicity of RNG)

Good RNG Bad RNG

Linear growth model
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Synthesis of cluster-assembled nanostructured materials

 

Critical angle 

Substrate 

α αcr 
� Spherical clusters of various 

sizes fall at random to the 
substrate 

� Cluster stops if �<�cr, 
otherwise it rolls down till it 
meets at least two other balls

$'+'	0�������	1'+'	0�����	�'�'	2�3�����	1'1'	�������	%���' $��� ��������	4	!5667"	87'
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Synthesis of cluster-assembled nanostructured materials

�cr = π/2
Low surface mobility 

�cr = 0
High surface mobility 

Large statistically representative samples can be generated with non-lattice MC
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Non-lattice dynamic MC

Images of the film surface scanned with a probe ball
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Kinetic Monte Carlo
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Kinetic Monte Carlo
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Kinetic Monte Carlo
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System with multiple rates
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Kinetic MC algorithm 

,! )���������:�,�
5! "������������������������;�������������������������������

�������

2. ������������������������������ �
=

=
�

�
�� ;�

1

, for k = 1,...,N  

3. Get a uniform random number 10 <≤ ξ  
4. Find the k for which ��� ��� ≤<− ξ1  
5. Carry out event k 
C! R���������������;��9�����������������*����������

A����
7. Get a new uniform random number 10 <≤ ξ  
8. Update the time with  Δ+=  where �� /)ln(ξ−=Δ  
9. Repeat from step 1 
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Heuristic calculation of barrier energy
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Diffusion in regular and disordered lattices
J.W.Haus, K.W.Kehr, Phys. Rep. 150, 5&6, (1987) 263-406.
S.Havlin, D.Ben-Avraham, Adv. Phys. 36, 6, (1987), 695-798
J.-Ph.Bouchand, A.Georges, Phys. Rep, 4&5 (1990). 
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Master equation


�



�


=⋅−=′+′

otherwise

neighboursnearest 

0

1

  ,

),|,( mnW

mnW

tmtnP mn

nm

ττ

[ ]�
′

′′ −′=
n

nnnn mtnPWmtnPWmtnP )0,|,()0,|,()0,|,(�

� ⋅=
m

mtnPmtnP )0,|,()(),( 0ρ

0��������.���������������



ICTP/IAEA Workshop on Multi-Scale Modelling, Trieste 12-23 April 2010 34

NSC Kharkov Institute of Physics and Technology

Random traps 
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Random barriers
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Random forces
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Diffusion in random multicomponent alloys via vacancies

, 
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Isotop-effect

, 

N.P.Lazarev et al, Phys. Rev. Lett. 88, 045502 (2002).
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Recombination in cascades: rate theory appr.

Ri

vR

Schematic drawing of a 
displacement spike 
J.A.Brinkman 1954
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Recombination in cascades: rate theory appr.
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Recombination in cascades: kMC
8�����2!�G�����<+,,5=
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Low temperature evolution of precipitate platelets
EXPERIMENTAL 
             

Fusion reactor material 
Cu-1.15at%Cr-0.03at%Zr-0.14at%Si alloy     
 
       coherent Cr platelets (fcc structure) 
       <do> = 12 nm    Cp = 1022m-3 

 

Irradiation conditions 
        300 KeV  Cu+       T = 80, 293 and 803 K 
 
Results  

� Mean diameter decreases with dose 
� Size distribution function narrows 
� Precipitate number density remains constant  
� After 0.1 dpa precipitates disappeared completely below  

TEM resolution limit at 80 K and room temperature 
 
 
 

 N. Wanderka, C. Ramachandra, R. P. Wahi and H. Wollenberger, JNM, 1992 
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MC simulation of platelet destruction by cascades

� The platelet thickness is smaller than its diameter and the cascade size

� The cascade intersecting the platelet dissolves the platelet in the 
cascade region

� No thermally-activated restoration process

� After each cascade impact the platelet restores the disk-shaped form

 

Platelet 

Cascades 

1'1'	������ �	���	?88@
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Evolution of platelet distribution function
 Cascades 

Platele S 
d 

Only one parameter controls 
evolution

ntsdisplaceme

tsreplacemen

n

r

d
=

Ω
=

3
4 3πμ

S0 = initial area of the platelet
nd = number of displacements per cascade
r =  effective cascade radius(radius of mixed zone)

)exp()( 0 μφφ −= SS

)2exp()0),2exp((),( μφμφφ dFdF =

Distribution function

Initial distribution
)2(-exp= 0 μφ���� dd

Mean diameter

Kt=φ
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Platelet diameter vs dose
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Platelets of initial diameters 
4, 12 and 25 nm. 

Smooth curves are the result of 
averaging over 500 run of the Monte 
Carlo simulation. 

Stepped curves represent separate 
platelets (only one run). 

Average number of cascades 
(number of steps) required for 
platelet dissolution depends on 
cascade size. 

Open triangles show the 
experimental values of the mean 
diameter at room temperature 

Dissolution curves for low temperature irradiation

Monte Carlo simulation  &  Analytical results
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MC simulation of cascade-induced mixing
Model of atomic mixing inside cascade:

- ballistic mixing at the cascade periphery,
- thermal-spike mixing in the cascade core (liquid-like diffusion)

Cascade parameters correspond to MD simulations

 

d ThS 

d Cas 

l SV 

 Layer of marker atoms 

Ovelapping cascades 

1'1'	�������	%'	1���(���	.'	���������	A�$�?884
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MC simulation of cascade-induced mixing
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5 dpa

10 dpa

Dose: 
1 dpa 
5 dpa 
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Due to overlapping of cascades the initial profile of marker atoms is 
smeared with time. At sufficiently high fluences the resulting profile is 
closely approximated by the Gaussian distribution 
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MC simulation of cascade-induced mixing

 

d      = 7.13 nmCas

n    = 260d

d      = 2.76 nmThS
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