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size vs. accuracy
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MR̈ = −∂E(R)
∂R(
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Ψ(r|R) = E(R)Ψ(r|R)

ab initio simulations

The Born-Oppenheimer approximation (M m)
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density-functional theory
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ρ(r) =
∑

v

|ψv(r)|2Kohn-Sham 
Hamiltonian

density-functional theory

DFT

V (r,R) =
e2

2
ZIZJ

|RI − RJ | −
ZIe

2

|ri − RI | +
e2

2
1

|ri − rj |

V (r,R) → e2

2
ZIZJ

|RI − RJ | + v[ρ](r)

(
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2m

∂2

∂r2
+ v[ρ](r)

)
ψv(r) = εvψv(r)
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functionals

f(x) ≈
∑

n

cnφn(x)

G[f ] ≈ g(f1, f2, · · · , fN )
G[f ] ≈ g(c1, c2, · · · , cN )

approximations:

G[f ] : {f} �→ Rexamples:

G[f ] = f(x0)

G[f ] =
∫ b

a

f2(x)dx

G[f ] =
∫ b

a

|f ′(x)|2dx

· · ·

x1

f(x)

x2 ... xi xN

f1
f2

... fi

fN
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δG

δf(x)
“ = ” lim

ε→0

G[f(•) + εδ(• − x)] − G[f(•)]
ε

functional derivatives

G[f0 + εf1] = G[f0] + ε

∫
f1(x)

δG

δf(x)

∣∣∣∣
f=f0

dx + O (ε2)

δG

δf(x)

∣∣∣∣
f=f0

≈ 1
h

∂g

∂fi
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the Hellmann-Feynman theorem

ĤλΨλ = EλΨλ
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the Hellmann-Feynman theorem

g(λ) = min
x

G[x, λ]
∂G

∂x

∣∣∣∣
x=x(λ)

= 0

g(λ) = G[x(λ), λ] g′(λ) = x′(λ)
∂G

∂x

∣∣∣∣
x=x(λ)

+
∂G

∂λ

ĤλΨλ = EλΨλ

Eλ = min
{Ψ: 〈Ψ|Ψ〉=1}

〈Ψ|Ĥλ|Ψ〉

E′
λ =

∂

∂λ
〈Ψλ|Ĥλ|Ψλ〉

= 〈Ψλ|Ĥ ′
λ|Ψλ〉
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• E convex ⇒ V � P

• H(P, x) = max
V

(
E(V, x) + PV

)

• Hellmann-Feynman:
∂H

∂x
=

∂E

∂x
• H concave

• E(V, x) = min
P

(
H(P, x) − PV

)

properties:

conjugate variables & Legendre transforms

E = E(V, x)

V

P = −∂E

∂V

V

H(P, x) = E + PVLegendre transform:
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Hohenberg-Kohn DFT

H = − �
2

2m

∑
i

∂2

∂r2
i

+
1
2

∑
i�=j

e2

|ri − rj | +
∑

i

V (ri)

properties: • E[V ] is convex (requires some work to demonstrate)

• ρ(r) =
δE

δV (r)
(from Hellmann-Feynman)

E[V ] = min
Ψ

〈Ψ|K̂ + Ŵ + V̂ |Ψ〉

= min
Ψ

[
〈Ψ|K̂ + Ŵ |Ψ〉 +

∫
ρ(r)V (r)dr

]
ˆ

+
1

|− + +

consequences: • V (r) � ρ(r) (1st HK theorem)

• F [ρ] = E −
∫

V (r)ρ(r)dr is the Legendre transform of E

• E[V ] = min
ρ

[
F [ρ] +

∫
V (r)ρ(r)dr

]
(2nd HK theorem)
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E[V ] = min
ρ

[
F [ρ] +

∫
V (r)ρ(r)dr

]

Hohenberg-Kohn DFT



exchange-correlation energy functionals

� local-density approximation (LDA,
Kohn and Sham, 1965)

Exc [ρ] =

∫
εxc

(
ρ(r)

)
ρ(r)dr

� generalized-gradient approximation
(GGA, Becke, Perdew, and Wang,
1986)

Exc =

∫
ρ(r)εGGA (ρ(r), |∇ρ(r)|) dr

� DFT+U (Anisimov and others,
early 90’s)

EDFT+U [ρ] = EDFT + Un(n − 1)

� meta-GGA (Perdew and others
2003)

EmGGA =

∫
ρ(r)×

εmGGA

(
ρ(r), |∇ρ(r)|, τs (r)

)
dr

τs(r) =
1

2

∑
i

|∇2ψi (r)|2

� hybrid functionals (B3Lyp, PBE0,
Becke 1993)

Ehybr = αE x
HF + (1− α)E x

GGA + E c

� · · ·
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KS equations from functional minimization

E[{ψ},R] = − �
2

2m

∑
v

∫
ψ∗

v(r)
∂2ψv(r)

∂r2
dr +

∫
V (r,R)ρ(r)dr+

e2

2

∫
ρ(r)ρ(r′)
|r − r′| drdr′ + Exc[ρ]

E(R) = min
{ψ}

(
E[{ψ},R]

)
∫

ψ∗
u(r)ψv(r)dr = δuv
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δEKS

δψ∗
v(r)

=
∑

u

Λvuψu(r)

KS equations from functional minimization

E[{ψ},R] = − �
2

2m

∑
v
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ψ∗

v(r)
∂2ψv(r)

∂r2
dr +

∫
V (r,R)ρ(r)dr+

e2

2

∫
ρ(r)ρ(r′)
|r − r′| drdr′ + Exc[ρ]

E(R) = min
{ψ}

(
E[{ψ},R]

)
∫

ψ∗
u(r)ψv(r)dr = δuv

(
− �

2

2m
∇2 + vKS [ρ](r)

)
ψv(r) = εvψv(r)
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solving the Kohn-Sham equations

ψv(r) � c(v, j)

∑
j

hKS [c](i, j)c(j, v) = εvc(i, v)

ċ(i, v) = −
∑

j

hKS [c](i, j)c(j, v)+

∑
u

Λvuc(i, v)

ψv(r) =
∑

j

c(j, v)ϕj(r)

δEKS

δψ∗
v(r)

=
∑
uv

Λvuψu(r)
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