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1. WHEN eg(A4) < 07

The purpose of my lecture is to report the recent progress in the analysis of Hilbert
coefficients of parameters. My research is based discussions [11], [12], and [18] with L.
Ghezzi, J. Hong, K. Ozeki, T. T. Phuong, and W. V. Vasconcelos. Especially, the very
recent progress is strongly inspired by Vasconcelos [40]; so the results of my lecture are
joint works with them.

My lecture consists of 8 sections and the table of contents is the following.

(1) When eg(A) < 07
(2) Homological degrees.
(3) When is the set

A1 (A) = {e4(A) | Q is a parameter ideal in A}

finite?

Key words and phrases: Buchsbaum local ring, associated graded ring, Rees algebra, Hilbert func-
tion, Hilbert coefficient.
2000 Mathematics Subject Classification: 13H10, 13A30, 13B22, 13H15.
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(4) How about e (A) — uniform bounds for the sets
Ai(A) = {ep(A) | Q is a parameter ideal in A}

with 1 <7 < dim A.
(5) A method to compute eg(A).
(6) Constancy of ef,(A) with the same integral closure Q.
(7) The case where Q = m.
(8) A structure theorem of local rings with ef(A) = —1.
(9) Appendix: when &}(R) > 07

In what follows, let A be a Noetherian local ring with maximal ideal m and d =
dim A > 0. Let £4(M) denote, for an A-module M, the length of M. Then, for each
m-primary ideal I in A, we have integers {e}(A)}o<i<q such that the equality

n+d n+d—1
/) = (") e ("I e )
holds true for all n > 0. We call these integers e%(A) the Hilbert coefficients of A with
respect to I. In particular, the leading coefficient €9(A) is called the multiplicity of A
with respect to I and plays an important role in the analysis of singularity of A and 1.

For example, let me consider the case where I = () is a parameter ideal in A. So, we

assume that @ = (a1, as, - ,aq) is an ideal of A generated by a system aq,as, - ,aq

of parameters. Then as is well-known,

(4(A/Q) = eg(A)

and we have definitions and characterizations of several kinds of local rings in terms of
multiplicity of parameters. Let me remind some of them, which I maintain throughout
this lecture. Let HY (*) (i € Z) denote the i-th local cohomology functor of A with
respect to m. We put h'(A) = £4(H! (A)) for all i € Z.

Definitions and characterizations 1.1. (1) A is a Cohen-Macaulay ring if and only
if La(A/Q) = e%(A) for some (and hence for any) parameter ideal Q) in A. When
this is the case, H: (A) = (0) for all i # d.
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(2) ([37]) We say that A is a Buchsbaum ring, if La(A/Q) — e} (A) is constant and
independent of the choice of parameter ideals Q) in A. When this is the case,

mH;, (4) = (0)

for alli # d. Therefore, the local cohomology modules H: (A) are finite-dimensional
vector spaces over A/m. (The converse is not true in general, that is, A is not
necessarily a Buchsbaum ring, even if mH’ (A) = (0) for all i # d.)

(3) ([35, 36]) We say that A is a generalized Cohen-Macaulay ring, if

sgp[fA(A/ Q) — eg(A)] < oo,
where QQ runs over parameter ideals in A. This condition is equivalent to saying
that Hi (A) are finitely generated A-modules for all i # d. (So, sometimes I call

these local rings to have FLC; finite local cohomology modules.) When this is the

case, we have

d—1
supl£(4/Q) — (Al = 3 ( ) —1(4),
7=0
which we call the Buchsbaum invariant (or the Stickrad-Vogel invariant) of A.

So, every Cohen-Macaulay local ring is Buchsbaum and Buchsbaum local rings are
generalized Cohen-Macaulay. These definitions and characterizations are given in terms

of multiplicity of parameters.

Question 1.2. How about eb(A)? Namely, can we say anything about the structure of
local rings in terms of vanishing or non-vanishing of eb (A) for parameters? In general

we have ef,(A) < 0 ([28]).

As for Question 1.2, Wolmer V. Vasconcelos firstly posed the following conjecture at

the conference in Yokohama 2008.

Conjecture 1.3 ([10, 39]). Assume that A is unmixed, that is dim A/P = d for all
P € Ass zzl\, where A denotes the m-adic completion of A. Then A is a Cohen-Macaulay

local ring, once eb(A) = 0 for some parameter ideal () of A.
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Later I shall affirmatively settle this conjecture (Theorem 1.8). Before that, let me
prove the inequality e;(A) < 0 ([28]). This result was firstly discovered by Mandal
and Verma [28] and it is also one of consequences of Theorem 1.8. After a proof of
[11, Corollary 2.11] (Corollary 1.14 in this lecture) was reported in my seminar, F.
Hayasaka discovered an alternate proof of it based on the following Theorem 1.4. He
proved Theorem 1.4 in a more general setting, that is the case where () is a parameter
module and the multiplicity is the Buchsbaum-Rim multiplicity. Let me include a brief

proof in the case of ideals.

Theorem 1.4 (|21, Theorem 1.1]). Let Q = (a1,as,--- ,aq) be a parameter ideal in A.
Then

n n—+d
/@ = ey ("7
for allm > 0. If L4(A/Q") = eOQ(A)(";rd) for some n > 0, then A is a Cohen-

Macaulay ring, so that

/@y = (")

for allm > 0.

Proof. Let B = A[Xy,Xs,---,X,4] be the polynomial ring and let M = mB +
(X1, X, ,Xg)in B. Let fi = X; —a; (1 <i <d)and put q = (f1, fo, -, fa)B.
Then fi, fa, -, fa is a regular sequence in B, as B = A[f1, fo, -+, fa]. We look at the
A-algebra map

p:B— A
defined by ¢(X;) = a; for all 1 <i < d. Then q = Kergp. We put C' = By, and extend
¢ to the homomorphism ¢ : C' — A

\;V

Then Kery = qC and we have the identifications

C

A.

A/Qn+l _ B/[qn-i-l + (leXQ’ ce 7Xd)] = C’/[q"“C’—l— (X17X27 T 7Xd)0]
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for all n > 0, whence X, Xy, -, Xy is a system of parameters for C'/q"™C. Let
Assh C/qC = {p € Supp. C/qC | dim C'/p = dim C/qC'}.

Then, thanks to the associative formula of multiplicity together with the fact that

f1, fo, - -+, fa is a regular sequence in C, we get
Ca(A/Q™) = Lo(C/la"™ O+ (X1, Xa, -+, Xa)CY)
e(()XhXQ,-.. ,Xd)c(c/qnﬂc)
= Z o, (Cp/qn+10p)'e(()xl,x2,.-- ,Xd)c<C/P)

v

peAsshe C/qC
n+d
- Z ( d )gcp(Op/qop)'e((]Xl,XQ,.,.,Xd)C(C/p)
p€Asshe C/qC
n+d
- ( d ) > La(Co/aCy) ey, xi e xc(C/)
p€Asshe C/qC

d
= (n;’l‘ )e?XhX%,,.’Xd)C(C/qC) (by the associative formula)

_ (n;—d)e%(A)

for all n > 0. Let n > 0 be now a fixed integer. We then have

/@ = (" e

if and only if

gC’(C/[anAC + (Xb X27 T 7Xd)C]) = e(()Xl,Xz,---,Xd)C(C/anrlC)’
which is equivalent to saying that C/q"™'C is a Cohen-Macaulay local ring. Because
q"T1C is a perfect ideal of C' (recall that q = (fy, fo, -+, fa) is generated by a B-regular

sequence fi, fa, -+, f4), this condition is equivalent to saying thatthe local ring C' is

Cohen-Macaulay, that is our base ring A is Cohen-Macaulay. U

As consequences of Theorem 1.4 we get the following.

Corollary 1.5. Let () be a parameter ideal in A. Then the following assertions hold

true.



(2) (cf. Corollaryl.14) A is a Cohen-Macaulay ring if and only if e’Q(A) =0 for all
1< <d.

Proof. We have

0 < ta(a/@ ) - ) (") = b

n+d-—1

J_1 ) + (terms of lower degree)

for all n > 0, whence e;,(A) < 0. The second assertion is clear. O

Later I will prove Corollary 1.5 in our own context.

Let me now be back to Vasconcelos’ conjecture. To prove it, we need the following.
Lemma 1.6 ([15]). If d = 1, then ej(A) = —h°(A).

This easily follows from the fact that A/HJ(A) is a Cohen-Macaulay ring but the

result itself plays a very important role in the analysis of eég(A).

Lemma 1.7 ([14]). Let A be a Noetherian local ring with mazimal ideal m and d =

dim A > 2, possessing the canonical module K4. Suppose that

Ass A\ {m} = Assh A,

that is dim A/p = d for every p € AssA\ {m}. Then the following assertions hold true.

(1) The local cohomology module HY (A) is finitely generated.
(2) The set F = {p € Spec A | dim A, > depth A, = 1} is finite.

(3) Let a € m and assume that a & J,cpqn 4P YU p. Then

peF pFm

Assa A/(a) \ {m} = Assha A/(a).

(4) Suppose that the residue class field A/m of A is infinite and let I be an m-primary
ideal in A. Then one can choose an element a € I\ mI so that a is superficial with

respect to I and

Assy A/(a) \ {m} = Assha A/(a).

Let me talk a little bit about the proof of Lemma 1.7. In Section 2 I will provide a

smarter approach to Vasconcelos’ conjecture, where we will need Lemma 1.7 no more.
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Proof. Let U = U,(0) denote the unmixed component of (0) in A. Then (4(U) < oc.

As U = (0) :4 K4, we have the exact sequence
OﬁUﬁAiHomA(KA,KA) —C =0
of A-modules, where ¢(a) = a-1k, for all a € A. Notice that depth, Hom (K4, K4) >
2, because d > 2 and we get
Hr(4) = Hy(C) € C,

so that HL (A) is a finitely generated A-module.
Let p € Spec A and suppose that p # m, hty,p > 1, but depth A, = 1. Then,

localizing at p, we get the exact sequence
0 — Ay — Homy, ([Kaly, [Kaly) = G, — 0
of Ap-modules. Recall that [K4], = K4,, because [K 4], # (0) and we have depth, C, =
0, since depth, Homy, ([Kalp, [/{aly) > 2 and depth A, = 1. Thus p € Ass, C, so that
F C Assy CU{m},

whence F is a finite set.

Let a € m such that @ ¢ Upcpena UlUperpim P Let p € Assg A/(a) \ {m}. Then
(0) :4 a C U, because a is regular in A/U. Hence the element a is Ay-regular, so that
depth A, = 1. Because a € p, we get p ¢ F and so htyp = 1. Hence dimA/p =d — 1,

because our local ring A is catenary; in fact, we have
Spec A = Suppy K4 = {p € Spec A | dim A, + dim A/p = d}.

Thus
Assq A/(a) \ {m} C Asshq A/(a)

as claimed. O

Let me now prove Vasconcelos’ conjecture with the following formulation, where the

implication (1) = (2) is a result of Narita ([30, Corollary 1]).

Theorem 1.8. Suppose that A is unmized. Then the following conditions are equiva-

lent.



(1) A is a Cohen-Macaulay ring.

(2) el(A) > 0 for every m-primary ideal I in A.
(3)

(4)

Proof. Let me prove (3) = (1). We may assume that d > 1, A is complete, and the
residue class field A/m of A is infinite. Let me choose a € Q\ m() so that a is superficial

with respect to ) and
Assy A/(a) \ {m} = Assha A/(a).

(this choice is possible; see Lemma 1.7). We put A = A/(a). Then, since a is A-regular,

we have
ep(A) = eh(A) > 0.
Therefore, if d = 2, then by Lemma 1.6 we see
chy(A) = ~h°(A) > 0,
since dim A = 1. Hence A is a Cohen-Macaulay ring, so that A is Cohen-Macaulay,
because a is A-regular.
Suppose now that d > 2 and that our assertion holds true for d — 1. Let U = U4(0)

be the unmixed component of (0) in A and put B = A/U. Then, since £4(U) < co (we

actually have U = HY (A)), we have
eo(B) = eh(A) = ej(A) > 0.

Consequently, since B is unmixed, B is a Cohen-Macaulay ring by the hypothesis of

induction. Hence
H! (A) = H.,(B) = (0) forall 0 < i < d — 1.
We now look at the exact sequence
(#) 0 — Hy(A) — Hy(A) = Hy(4) = Hy(4) — -
of local cohomology modules, induced from the exact sequence

0—-A3A—A-0.
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Then because H. (A) = (0), we have H. (A) = aHL (A), so that H! (A) = (0), as H. (A)
is a finitely generated A-module. Hence HY (A) = (0) by exact sequence (#), so that

H! (A) = (0) for all i # d — 1.
Thus A is a Cohen-Macaulay ring, because so is A and a is A-regular. O

In the above proof we do not use Corollary 1.5 (1).
Let (Q be a parameter ideal in A and let

gro(A) =P/

n>0

denote the associated graded ring of @). Let
H(grg(A4),A) = Y _ £a(Q"/Q")N"
n=0

be the Hilbert series of grp(A). Then we have f(A) € Z[A] such that

)
(T=2)¢

With this notaton, since f'(1) = eg(A), we have the following.

H(grg(A),A) =

Corollary 1.9. Let QQ be a parameter ideal in A and let

be the Hilbert series of gro(A), where f(X) € Z[A]. The A is a Cohen-Macaulay ring if
and only if A is unmized and f'(1) = 0.

We now ask what happens in the case where A is mixed. To answer this question,

we need the following.

Observation 1.10. Let U = U,4(0) be the unmixed component of (0) in A and assume
that U # (0). We put

t=dimy U (< d) and B=A/U.
Let @ be a parameter ideal in A. Then for every n > 0 we have the exact sequence

0—>U/[Qn+1ﬂU] —>A/Qn+1 —>B/Qn+1B—>O,
9



whence (4(A/Q") = La(B/Q" ™ B) + £4(U/[Q™ N U]). Consequently, we have inte-
gers {st(U) Yo<i<t such that

LAU/1Q™ N U] = 3 (=1)' (D) (" o )

, t—n
=0
for all n. > 0. Notice that st(U) = e, (U) (> 0). Hence

S ("3 - S () g (1)

=0 1=0 =0

for all n > 0. Therefore, comparing the coefficients of ("J”) in both sides, we get the

)

following.

Fact 1.11.

for 0 <i<d.

Let me give an alternate proof of Corollary 1.5 (1).

Alternate proof of Corollary 1.5 (1). Let me use the same notation as in Observation
1.10. We may assume d > 1 and A is complete. Suppose that eb(A) > (0. Then A
is mixed by Theorem 1.8. Hence U # (0) but ef,(B) < 0 by Theorem 1.8, since B is
unmixed. Therefore if t < d — 1, by Observation 1.11 we get

0> —en(A) = —eb(B) >0,
which is absurd. Hence t = d — 1, so that

0> —elQ(A) = —eb(B) +SOQ(U)

which is impossible. Thus eg,(A) < 0. O
10



Definition 1.12. A given Noetherian local ring A of dimension d > 0 is called a
Vasconcelos ring, either if d = 0 or if d > 0 and e}Q(A) = 0 for some parameter ideal ()
in A.

Every Vasconcelos ring of dimension at most 1 is Cohen-Macaulay.

Here is a characterization of Vasconcelos rings.

Theorem 1.13. Suppose that d = dim A > 2. Then the following conditions are

equivalent.

(1) A is a Vasconcelos ring.

(2) eg(A) =0 for every parameter ideal Q in A.

(3) fAl/Ug(O) is a Cohen-Macaulay ring and dim 3 U 7(0) < d — 2, where U 3(0) denotes
the unmized component of (0) in the m-adic completion A of A.

(4) The w-adic completion A of A contains an ideal I such that A/I is a Cohen-
Macaulay ring and dimz I < d — 2.

When this is the case, A is a Vasconcelos ring, H-1(A) = (0), and the canonical module

Kz ofA\ 1s a Cohen-Macaulay A-module.

In Theorem 1.13 condition (3) is free from parameter ideals. Hence eg(A) = 0 for
every parameter ideal () in A, once elQ(A) = 0 for some parameter. This is what the

theorem says.

Proof of Theorem 1.13. Let me maintain the notation in Observation 1.10.
(1) = (3) We may assume A is complete and U # (0). If ¢ = d — 1, then by
Observation 1.11 we get
0= —ep(A) = —e4(B) + e (U) > 0.
Hence t < d — 1, so that by Observation 1.11 we get
0= _eéQ(A) = _eég(B)u

whence B is a Cohen-Macaulay ring.
(3) = (2) We may assume A is complete. By Observation 1.11 we have —eg(A) =

—eg(B) = 0 for every parameter ideal @ in A.
11



(4) = (3) We will show I = U. Notice that dim A/I = d, since dim ; I < d. Similarly,
because dim 3 I < d, we have Lzl\p = (0) for every p € Assh A\, whence I C U. Suppose
that U/I # (0) and choose p € Ass;U/I. Then since p € ASSA\A\/I, we get p € Assh A,
so that

which is impossible. Thus I = U. U
The original proof of Corollary 1.5 (2) is as follows.

Corollary 1.14. Let ) be a parameter ideal in A and assume that eb(A) =0 for all
1 <i<d. Then A is a Cohen-Macaulay ring.

Proof. We may assume A is complete. Since A is a Vasconcelos ring, by Theorem 1.13
B = A/U is a Cohen-Macaulay ring. We must show U = (0). If U # (0), then by
Observation 1.11 we get

0= (—1)d_tedQ_t(A) = (—1)d_tedQ_t(B) + e%(U) = eOQ(U) >0,
which is impossible. [l

We note an example of Vasconcelos rings which is not Cohen-Macaulay.

Example 1.15. Let R be a regular local ring with maximal ideal n and d =
dimR > 2. Let Xi, Xs,---,X; be a regular system of parameters of R. Let
D = R/(Xs, X3,---,X4) and look at the idealization

A=Rx D

of D over R. Then A is a Noetherian local ring with maximal ideal m = n x D,

dim A = d, and depth A = 1. We have H’ (A) = (0) for all i # 1,d but
HL(A) = H(D).

Hence A is not unmixed (and not a generalized Cohen-Macaulay ring, since H. (A) is

not a finitely generated A-module). For each 0 <i < d we put
Ai(A) = {ep(A) | Q is a parameter ideal in A}.

Then the following assertions hold true.
12



(1) A;(A) = {0} for all 1 < ¢ < d such that i #d — 1.
(2) Ag(A) ={n|0<neZ}and Ay_1(A) ={(-1)4n|0<neZ}
Hence A is a Vasconcelos ring, if d > 2. We furthermore have the following.

(3) Every parameter ideal of A is generated by a system of parameters which forms a
d-sequence in A.

(4) Proj(Q}n20 Q™) is not a locally Cohen-Macaulay scheme for any parameter ideal @
in A.

Proof. Let p: A — R, p(a,x) = a be the projection. For each R—module M, let us
denote by ,M the A-module M which is considered to be an A-module via p. We look
at the exact sequence
0—,D5A% R0,
where «(z) = (0,z) for each x € D. Let @) be a parameter ideal in A and put q = QR.
Then we get the exact sequence
0—,[D/q""'D] = A/Q"" — R/q""" — 0.

Therefore since D is a DVR, we have

(a(A/Q™Y) = (R(R/q") + (r(D/q""' D)
() (” ; d) + (D) (" N 1)

for all n > 0. Hence

eq(RR) (1=0),
(—1)'ep(A) = 4 (D) (i=d-1),
0 (i£0,d—1)

for 0 < i < d. We now take Q = (X7, Xs,---,Xg) (n > 0). Then ef(A) = n and
(—1)d_1e‘51(14) = n. Hence assertions (1) and (2) follow.
(3) Let fi, fo, -+, fs be a system of parameters in A and write f; = (a;, z;) with

a; € R and z; € D. After renumbering, we may assume that

(a1, a9, -+ ,aq)D = a1 D (# (0)).
13



Then fi, fo, -, fq forms a d-sequence in A. In fact, let 1 < ¢ < j < d and let
© € (fi,f2, -+, fiz1) + fifj. If @ = 1, then since f; is A-regular, we get f;p = 0.

Suppose ¢ > 1 and look at the exact sequence
0 — p[D/(ar, a2, ,a;-1)D] = A/(f1, far -+, fic1) = R/(ar, a2, -+ ,a;-1)R — 0

(recall that ay, ag, - - - , a;—; forms a regular sequence in R). We then have for some z € D

@ = (0,z) in A/(f1, f2, -, fi—1), where ¥ denotes the image in A/(f1, fo, -+, fi_1)-
Therefore f;7 = (0,a;x) = 0, because a;D = (0) in D. Hence fjo € (f1, for- -, fio1),
which shows that fi, fs, -, fq is a d—sequence in A.

(4) This is because A is not a generalized Cohen-Macaulay ring. U

We close this section with the following.

Proposition 1.16. Let Q = (ai,as, -+ ,aq) be a parameter ideal in A. Let G =
gro(A) = @,-,Q"/Q", R = @,.,Q", and M = mR + R,. Then the following
assertions hold true.

(1) Gy is a Vasconcelos ring if and only if so is A.

(2) Suppose that A is a homomorphic image of a Cohen-Macaulay ring. Then Ry is a

Vasconcelos ring, if so is A.

Proof. (1) Recall that e%aiﬁ’a;’__’az)G(G) = eg(A), where a; = a; mod Q* denotes the
initial form of a;.

(2) Let U = U4(0) be the unmixed component of (0) in A. We may assume U # (0).
Then B = A/U is a Cohen-Macaulay ring (Theorem 1.13 (3)). We look at the exact

sequence
0—-U"—-R—->S§—0,

where § = R([Q + U]/U) denotes the Rees algebra of the ideal [ 4+ U]/U in B. Then
R(]Q + U]/U) is a Cohen-Macaulay ring, since B is Cohen-Macaulay, while we have

Thus Ry is a Vasconcelos ring by Theorem 1.13 (4). O
14



2. HOMOLOGICAL DEGREES

Let A be a Noetherian local ring with maximal ideal m and d = dim A > 0. We put
Ai(A) = {ep(A) | Q is a parameter ideal in A}

for each 0 < ¢ < d. With this notation we are interested in the following.

Question 2.1. (1) When is the set A;(A) finite?
(2) When §A;(A4) =17

Notice that our characterization Theorem 1.13 of Vasconcelos rings shows that
0eA(A) = A (A) = {0}.

First of all, let me remind the estimation of eg(A) in terms of homological degrees
([38]). For simplicity, in the rest of this section let me assume that A is m—adically
complete and the residue class field A/m of A is infinite. Let M be a finitely generated
A-module. For each 7 € Z we put

M; = Homu (HI (M), E),

where £ = E4(A/m) denotes the injective envelope of A/m. Then M; is a finitely

generated A-module and we have the following.
Fact 2.2. dimy M; < j for all j € Z, where dim4(0) = —o0.

Proof. Since A is complete, A is a homomorphic image of a Gorenstein complete local
ring R with dim R = dim A. Passing to R, without loss of generality we may assume
that A is a Gorenstein ring. Let p € Supp, M;. Then since
M; = Ext% 7 (M, A)
by the local duality theorem, we get
i
EXtAp](Mvap) # (0),
whence
d — j < injdim A, = dim A,.

Hence dim A/p = d — dim A, < j, so that we have dimy M; < j. O
15



Let I be a fixed m-primary ideal in A. The homological degree hdeg;(M) of M with

respect to [ is defined, inductively, according to the dimension s = dimy4 M of M.

Definition 2.3 ([38]). For each finitely generated A-module M with s = dim4 M, we

put
KA(M) (S:dlmAMSO),
hdeg; (M) =
e)(M) + 3252, (°;") hdeg, (M;) (s > 0),

where €%(M) denotes the multiplicity of M with respect to I.
Let me summarize some basic properties of hdeg;(M).

Fact 2.4. (1) 0 < hdeg;(M) € Z. hdeg;(M) = 0 if and only if M = (0).

(2) (B. Ulrich) hdeg;(M) depends only on I. Namely, suppose that I, .J are m-primary
ideals in A. Then hdeg;(*) = hdeg () if and only if I = J, where I and J denote
respectively the integral closures of I and J.

(3) If M = M’, then hdeg; (M) = hdeg;(M’).

(4) hdeg; (M) = hdeg, (M/HS,(M)) + €4(HO,(M)).

(5) If M is a generalized Cohen-Macaulay A-module, then

hdeg, (M) = 7 (M) +I(M),

where I(M) = S} (*>")h?(M) denotes the Stiickrad-Vogel invariant of M.

j=0\ j

Proof. (2) Let me check the only if part. We have ¢}(A/p) = e%(A/p) for every
p € Spec A with dimA/p = 1. Let V = A/p be the normalization of A/p. Then
IV = JV, since V is a DVR with e}(V') = €%(V). Therefore, as (I + J)V = IV, we get

e[O(I+J)+p}/p(A/p) = e([)I—i-p]/p (A/p),
whence the ideal [(1 4 J) +p]/p is integral over [I 4 p]/p for every p € Spec A possessing
dim A/p = 1. As Ulrich showed in his lecture, this condition implies I 4+ .J C I. Hence
J C 1, so that I = J by symmetry.
(3) We may assume dimy M = s > 0. Let W = H% (M) and M’ = M/W. Then

[M']; 2 M; forall j >0 and [M']y = (0).
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Hence

hdeg, (M) = &¥(M)+ (391) hdeg; (M;)

J
= hdeg,(M') + Lo(W).
(4) Notice that hdeg M; = €4(M;) = £4(HL(M)) = hI(M) for all j # s. O
The following results play key roles in the analysis of homological degree.

Lemma 2.5 ([38, Proposition 3.18]). Let 0 — X — Y — Z — 0 be an exact sequence
of finitely generated A-modules. Then the following assertions hold true.

(1) If ta(Z) < oo, then hdeg;(Y) < hdeg;(X) + hdeg;(Z).
(2) If £a(X) < o0, then hdeg;(Y) = hdeg;(X) + hdeg;(Z).
Remark 2.6. In Lemma 2.5 (1) the equality

hdeg;(Y') = hdeg;(X) + hdeg;(Z)

does not hold true in general, even though ¢4(Z) < co. For example, suppose that A

is a Cohen-Macaulay local ring with dim A = 1. We look at the exact sequence
0—-m—A— A/m—0.
Then, since m is a Cohen-Macaulay A-module, we get
hdeg;(A) = e(4) = e2(m) = hdeg,(m)
Therefore, since hdeg;(A/m) = 1, we have

hdeg;(A) < hdeg;(A) + 1 = hdeg;(m) + hdeg;(A/m).

Let R = A[It] C At] be the Rees algebra of I, where t is an indeterminate. Let
f:I—R, a—al
be the identification of I with Ry = It. We put

ProjR = {p | p is a graded prime ideal of R such that p 2 R, }.
17



We then have the following.

Lemma 2.7. Let M be a finitely generated A-module. Then there exists a finite subset
F C ProjR such that

(1) every a € I\ Uyezlf ' (p) +mI] is superficial for M with respect to I and
(2) for each a € T\ U,cx[f"(p) +mI] we have hdeg;(M/aM) < hdeg,(M).

Proof. Induction on s = dimy M. If s < 0, choose F = (). Suppose s = 1 and let
F={p € Assggr(M)|p 2Ry} Then every a € I'\U,cx[f"(p) +mlI] is superficial
for M with respect to I. We have hdeg;(M) = e%(M) +h°(M) and hdeg; M = (4(M),
where M = M/aM. Let W = H% (M) and look at the exact sequence

0—=W —=M— M —0,

where M’ = M/W. Then since M’ is a Cohen-Macaulay A-module, the element a is

M'—regular and we get
0— W/aW — M — M'/aM' — 0.
Hence

A(M) = 1,4

Suppose that s > 1 and our assertion holds true for s — 1. Let F be a finite subset
of Proj R such that for every a € I'\ U,cz[f~"(p) +mI], a is superficial for M and M;
(0 < j < s—2)and hdeg;(M,;/aM;) < hdeg;(M;) for all 1 < j < s— 1. Then, since
04((0) :pr @) < 00, we get a long exact sequence

0 — (0) :ar @ — Hy (M) = Hy (M) — Hy (M) — Hy (M) = Hy (M) = Hy (M) — -+
18



of local cohomology modules, where M = M/aM. Hence

0
(#) 00— Min/aMiyy — M; —= (0) :ap, a —0
M;
for each 0 <i < s — 2. Because £4((0) :p;, a) < oo, thanks to Lemma 2.5, we get
hdeg;(M;) < hdeg;((0) :ny a) + hdeg;(Mit1/aM;)

< hdeg;(M;) + hdeg;(M;.1),

so that
s—2 8—2
e, (37) = (i) + 3 (%) ndew (37
§=0
s—2 8—2
< 00+ Y (" ?) thdog (04) + b, (410
7=0
s—1
0 s—1
= o0+ Y (1] 1) e (0
7=0
= hdeg,(M)
as claimed. O

Definition 2.8. Let M be a finitely generated A-module with dimy M = s > 2. We
put

T, (M) = é (j ) i) hdeg; (;).

Fact 2.9. Let M be a finitely generated A—module with dimy M = s > 3. Then the
proof of Lemma 2.7 shows that there exists a finite subset F C ProjR such that for
every a € T\ Upef[f’l(p) +m/], a is superficial for M with respect to I and we have
the inequality

T (M/aM) < T (M).

We now come to the main result of this section.
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Theorem 2.10. Suppose that d > 2 and let Q be a parameter ideal in A. Then
0> eh(M) = ~To(M)

for every finitely generated A-module M with dimgq M = d.

Proof. The inequality 0 > ej(M) follows from Corollary 1.5 (if necessary, use the
principle of idealization to reduce the problem to the ring case; the technique in the
ring case, in fact, works also for modules). Let M’ = M/Hy (M ). Then, since ef,(M) =
eg(M') and To(M) = Tq(M'), to see that ej (M) > —Tq(M), passing to M’, we may
assume that H2 (M) = (0). Suppose d = 2 and choose a € Q\m@ so that a is superficial

for M with respect to @ and hdegg(M;/aM;) < hdeggy M. Let M = M/aM. Then

since a is M-regular, we have M, /aM; = M,. Hence
eb(M) = ely(3) = —hO(}) = — hdegg (M /aly),
so that by the choice of a we get
eb(M) = — hdegg(M;) = ~To(M)

as claimed. Suppose d > 2 and choose a € @ \ mQ so that a is superficial for M and
To(M/aM) < Tg(M). Then by induction on d we see

el (M) = ey(M/aM) > ~To(M/aM) > ~To(M),

proving Theorem 2.10. U

Corollary 2.11. If d > 2, then
0> ep(A) > —To(A)

for every parameter ideal Q) in A.

Corollary 2.12 ([39]). Suppose that d > 2 and let Q) be a parameter ideal in A. Then
the set

AQ) = {eq(A) | q is a parameter ideal of A such that § = Q}

is finite, where § and Q denote respectively the integral closures of q and Q.
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Proof. Since § = @, we have Tq(A) = To(A). Hence 0 > ef(A) > —T,(4) = —Tq(4),
so that the set A(Q) is finite. d

Corollary 2.13 ([15]). Suppose that d > 2 and that A is a generalized Cohen-Macaulay

ring. Then
d—1
0> eh(A)> -3 (jjf)hjm)
j=1

for every parameter ideal Q) in A, whence the set
A(A) = {ep(A) | Q is a parameter ideal in A}

is finite.
3. WHEN IS THE SET A;(A) FINITE?

Let A be a Noetherian local ring with maximal ideal m and d = dim A > 0. We put
A (A) = {elQ(A) | A is a parameter ideal in A}.

In this section we shall prove the following.

Theorem 3.1. Suppose that A is unmized and d > 2. If A1(A) is a finite set, then
m‘HI (A) = (0) for all j # d,

where ¢ = —min Ay (A), so that A is a generalized Cohen-Macaulay ring.

Before going ahead, let me remind what is known in the case where A is a generalized

Cohen-Macaulay ring.

Proposition 3.2. Suppose that A is a generalized Cohen-Macaulay ring and d > 2.
Let @QQ be a parameter ideal of A. Then the following assertions hold true.

(1) ([15, 28]) 0 > e (A) > — Y071 (T2)hi(A).

(2) ([33, Korollar 3.2]) If Q is standard, then e(A) = — S (TN (A).

J=1\j—-1

Hence the set A1(A) is finite.

Let me explain the notion of standard parameter ideal. Suppose that A is a gen-

eralized Cohen-Macaulay ring. Hence supg[la(A/Q) — e5(A)] < oo, which is equal
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to I(A) = Z?;é (dgl)hj(A). We say that a parameter ideal Q) = (ay,as, -+ ,aq) is

standard, if
(a(A/Q) — ep(A) = I(A).

This condition is equivalent to saying that ai,as,--- ,as form a strong d-sequence in
any order, that is aj',a3?,--- ,a)* is a d-sequence in A in any order for all integers
ni,no, -+ ,ng > 0. For each generalized Cohen-Macaulay ring A, one can find an
integer ¢ > 0 such that every parameter ideal () contained in m¢ is standard. Therefore
a Noetherian local ring A is Buchsbaum if and only if A is a generalized Cohen-Macaulay
ring and every parameter ideal of A is standard.

As for Schenzel’s formula 3.2 (2) let me give a few comments. P. Schenzel [33] actually

gave the following.

Theorem 3.3 ([33, Korollar 3.2]). Suppose that A a generalized Cohen-Macaulay ring

and let Q) be a standard parameter ideal in A. Then we have
ho(A) (i = d),
(iehy =4
S (E(A) (0 < < d)

j=1\ j-1
for1 <1 <d.

Therefore the values {eég(A)}lgigd are independent of the choice of standard parameter
ideals @, provided A is a generalized Cohen-Macaulay ring.

Theorem 3.3 follows by induction on d and the proof is not very complicated. We
however do not know at this moment, except ¢ = 1,2, about the variation of values
eég (A) of arbitrary parameter ideals @), even in the case where A is a generalized Cohen-
Macaulay ring.

Let me state a conjecture.

Conjecture 3.4. Let T (A) = S (*77Y) hdegy(A4;). Then ey (A)] < TH(A) for

j=1\ j—1
0<i<d.

To prove Theorem 3.1 I need the following observation. For a while, suppose that

d > 2 and that A is a homomorphic image of a Gorenstein ring. Then by a theorem of
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N. T. Cuong [5] (see [24] also) we have a system of parameters of A, say 1, xq,- - , x4,

which forms a strong d-sequence in A, that is the equality

(l’?l,l’gQ, T ,l‘?i:l : x?l‘x?] = (:C71H71327 T 7x?i11 : $;Z])
holds true for all integers 1 < i < j < d and ny,ns,--- ,ng > 0. For each integer ¢ > 0
let I',(A) denote the set of e%al,a2,~-~,ad)(A> where a,as, - -+, aq runs through systems of
parameters in A such that (ay,as, - ,a4) € m? and aq, a9, - , a4 forms a d-sequence

in A. We notice that
A1(A) D T(A) DTy (A) # 0

for all ¢ > 0. With this notation we furthermore have the following.

Theorem 3.5. Suppose that Ass A = Assh A and that T',(A) is a finite set for some
q > 0. Then m*HI (A) = (0) for all j # d, where { = —min[,(A).

Theorem 3.1 readily follows from Theorem 3.5, passing to the completion; notice that

—min 'y (A) < —min A, (A), since [';(A) C A;(A4).

Proof of Theorem 3.5. Suppose that d = 2. Then A is a generalized Cohen-Macaulay

ring, since A is unmixed. Choose a standard parameter ideal () C m?. We then have
e({?(A) = —h'(A) = min A;(A)
by Proposition 3.3 (2). Hence £ = h'(A) and m*HL (A) = (0).
Suppose that d > 2 and that our assertion holds true for d — 1. Recall that the set
Fi={peSpecA|p#m, htyp>1=depthA,}

is finite (Lemma 1.7). We choose z € m so that

T ¢ U pUUp.

peAssA  peF
Let n > ¢ be any integer and put y = 2. Let A = A/(y) and B = A/HO(A). We then
have
Assg A\ {m} = Asshy A,

so that HY (A) = U4(0) and Assy B = Asshy B by Lemma 1.7; hence B is unmixed.
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Let 42,93, - - ,yq € m? be a system of parameters of A and assume that s, s, - , yg
form a d-sequence in A. Then, since y = y; is A-regular, yi,vs, - ,yq forms a d-
sequence in A, so that y; is superficial with respect to the ideal (y1,ys, -+ ,yq). Hence

1 T 1
e(ymysr",yd)(A) - e(yhyz,'",yd)(A) € F‘Y(A)'

Thus I';(A) CT',(A) and I'y(A) is a finite set.

Choose an integer ¢’ > ¢ so that
Hy(4) Nn? = (0),

where n = m/(y) denotes the maximal ideal of A. Let 3,93, -+ ,y4 € m? be a system
of parameters for B which form a d-sequence in B. Then, thanks to the condition

H? (A) Nn? = (0), the sequence ¥, ys, - - - , yq form a d-sequence also in A and we have

B) =e/ (A) e Ty (A).

(Y2,93, ,Yd)

1
€ (Y23, ya) (

Thus T,(B) is a finite set (recall that T'y(B) C Ty(A) C T (A) C T'y(A)). Conse-
quently, thanks to the hypothesis of induction, we get
mH,(B) = (0)
for all j #d — 1, where ¢/ = —minI'(B) < {= —minI',(A). Hence
m‘Hy, (A4) = m"H(B) = (0)
forall 1 <j<d-2.
We now look at the exact sequence
S B () = HH(A) S HHA)

of local cohomology modules, induced from the exact sequence

0-A% A4 0.
We then have

m? [(0) i 2" = (0)

forall 1 < 7 < d—-2and n > g, where / = —minA,(A). Because n and ¢ are

independent of each other, this implies

mH7"(A) = (0)
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for all 1 < j < d — 2, that is m*HZ (A) = (0) for 2 < j < d — 1. On the other hand,

thanks to the exact sequence
S Hy(4) 5 Hy (4) = H(A) —
together with the fact that H} (A) is a finitely generated A-module (Lemma 1.7 (1)),
choosing the integer n > ¢ so that z"HL (A) = (0), we get
Hyp(A) < Hy(A),

whence m*HL (4) = (0). Thus m‘H{ (A) = (0) for all i # d, which proves Theorem
3.5. 0

Theorem 3.6. Suppose that d > 2. Then the following conditions are equivalent.
(1) A1(A) is a finite set.
(2) fAl/U is a generalized Cohen-Macaulay ring and dim ; U < d — 2, where U = U 3(0).

When this is the case, we have Ai(A) = Ay (A/U).

Proof. We may assume A is complete and U # (0).
(1) = (2) Let t = dimy U and B = A/U. Then by Observation 1.11, for every
parameter ideal ) in A we have

(=1)"eg (B) +5q'(U) (0<i<t),
(1) e () =
(—1)" el (B) (t<i<d).

Therefore, if t =d — 1, we get

—eg(A) = —eh(B) + e (U).

Hence, choosing a system ay, as, - - - , a4 of parameters of A so that a,U = (0) and taking
Q = (a},ay,--- ,a}) (n>0), we get
1 1 d—1_0 d—1
_e(a’f,ag,~~- ,a’) (A) = _e(af,ag,m ,a’) (B) +n e(al,ag,w ,ad_l)(U) >n

for all integers n > 0, which is impossible. Hence ¢ < d — 2, so that

—ep(A) = —e(B)
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for every parameter ideal @) in A. Consequently A;(A) = A(B) and B is a general-
ized Cohen-Macaulay ring by Theorem 3.1 (recall that A;(B) is a finite set and B is

unmixed).
(2) = (1) By Observation 1.11 we have A;(A) = Ay(B), since dimy U < d — 2.
Therefore A;(A) is finite, as so is Ay(B). d

Corollary 3.7. Suppose that A;(A) is a finite set for all 1 < i < d. Then A is a

generalized Cohen-Macaulay ring.

Proof. We may assume that d > 1, A is complete, and U = U3(0) # (0). Then by
Theorem 3.6 B = A/U is a generalized Cohen-Macaulay ring and dims U < d — 2.
We want to show (4(U) < oo, that is ¢ = 0. Assume the contrary and choose a
system ap, as, - - - ,aq of parameters in A so that aq,as, - , a4 is a standard system of
parameters for B and

(a’t-l—la Ati2, - 7ad>U = (0)

We look at the parameter ideal @ = (a, a3, --- ,a}) with n > 0. Then

(1) tel(A) = (~1)" e (B) + € (U)

by Observation 1.11. This is, however, impossible, because (—1)d*tedQ_t(B) is constant
by Proposition 3.2 (2), e, (U) = e((]a?yag’._’a?)(U) > '€y, 4y any(U) = 1'5 and Ag—(A) is

finite by our assumption. Hence t = 0 and A is a generalized Cohen-Macaulay ring. [

There are left two natural questions.

Question 3.8. (1) How about the converse of Corollary 3.77
(2) What happen in the case where §A;(A) = 17

Later T will discuss question (1). As for the second question, if A is a Buchsbaum

ring with d = dim A > 2, then by Proposition 3.2 (2) we get

o (A) = -3 (j: i) W (A)

1



for every parameter ideal () in A; hence

Ar(A) = {—di (?:f)hj%)}-

J=1

The converse is also true, as we show in the following.
Theorem 3.9. Suppose that A is unmized. Then A is a Buchsbaum ring, if fA;(A) = 1.
The general answer is the following.

Theorem 3.10. Suppose that d > 2. Then the following conditions are equivalent.
(1) #A:(A) = 1.
(2) AJU is a Buchsbaum ring and dim; U < d—2, where U = U 4(0).

When this is the case, we have

As(A) = {— d: (j:f)hj@/m} -

Corollary 3.11. Suppose that tA;(A) = 1 for all 1 < i < d. Then A/HY(A) is a

Buchsbaum ring.

Let me talk a little bit about the proof of Theorem 3.9.

Sketch of Proof of Theorem 3.9. We may assume A is complete and d > 2. Then A is a

generalized Cohen-Macaulay ring by Theorem 3.5, because A;(A) is a finite set. Since

eg(A) = — Z;.l: (‘;:f)hj(A) for every standard parameter ideal @) in A (Proposition
3.2 (2)), we get A;(A) = {— Ol e 11 (A)}, so that
d—1
d—2\,
() == (77 )i
j=1

for every parameter ideal () in A. Then apply the following result of K. Ozeki.

Theorem 3.12 (K. Ozeki [17]). Suppose that A is a generalized Cohen—Macaulay ring,
d > 2, and depth A > 0. Let QQ be a parameter ideal in A. Then Q is standard if and

only if )
—1 d . A
en(A) = — Z (j B f)hﬂ(A).
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Thanks to Theorem 3.12, every parameter ideal () in A is standard. Hence A is a

Buchsbaum ring. O

Question 3.13. Let () be a parameter ideal in A. Find a criterion for the equality

) =3 (17 ) aenglay)

J=1

assuming that A is complete, d > 2, and the residue class field A/m of A is infinite.

4. HOW ABOUT €3(A) ? — UNIFORM BOUNDS FOR THE SETS A;(A) (1 <i < d)

We have just proved that A is a generalized Cohen-Macaulay ring, if
Ai(A) = {ep(A) | Q is a parameter ideal in A}

is a finite set for all 1 < ¢ < d. The converse is also true and we have the following.

Theorem 4.1. Let A be a Noetherian local ring with d = dim A > 0. Then the following

conditions are equivalent.

(1) A is a generalized Cohen-Macaulay ring.
(2) Ai(A) is a finite set for all 1 <i <d.

To prove the implication (1) = (2) we need the notion of regularity. Let @ be a

parameter ideal of A and let

G = gro(A) =P /Q"

n>0
be the associated graded ring of Q). Let M = mG + GG, be the graded maximal ideal of
G. For each i € Z let

2;(G) = sup{n € Z | [Hy, (G)]. # (0)},
where [HY,;(G)], (n € Z) denotes the homogeneous component of the graded local
cohomology module HY,(G) with degree n.

Definition 4.2. We put

reg(G) = sup{i + a;(G) | i € Z}
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and call it the regularity of G. Notice that 0 < regG € Z.
The notion of regularity plays an important role in the analysis of graded rings and

modules. In our case we have the following.

Theorem 4.3 ([18]). Suppose that A is a generalized Cohen-Macaulay ring and let Q

be a parameter ideal in A. Then the following assertions hold true.

(1) [eq(A)] < I(A).
(2) lep(A)| < (r+1)""11(A)-3-22 for all 2 < i < d, where r = reg(grg(A)).

The right hand side of the inequality in Theorem 4.3 (2)is a huge number but once
we agree with this, we can apply the following result to our case in order to see the

finiteness of the sets A;(A).

Theorem 4.4 ([25]). Suppose that A is a generalized Cohen-Macaulay ring and let Q
be a parameter ideal in A. Then
max{I(A) — 1, 0} (d=1),
reg(gro(4)) <
max{4-1(A)4=' —T(A) — 1, 0} (d>1).
The second number appearing in the right hand side of the estimation of Theorem
4.4 is still very huge, but anyway, combining these two theorems, we see e’Q(A) (1<
i < d) has a uniform bound independent of the choice of parameter ideals @, if A is a

generalized Cohen-Macaulay ring.
Question 4.5. What are the sharp bounds for ef,(A)?

This is a problem different from the question of the finiteness of the sets A;(A). Our

guess is the following.

Guess 4.6. We have



for all 0 < @ < d, if A is a generalized Cohen-Macaulay ring. More generally, for an

arbitrary Noetherian local ring A, we have
d—i .
; d—i—1
el < 3 (77T ) ndegg(a)
j=1
for 0 < i < d, provided A is complete and the residue class field A/m of A is infinite.

Let me state study e (A).

Theorem 4.7. Suppose that A is complete with infinite residue class field and d > 3.
Let Q) be a parameter ideal in A. Then for every finitely generated unmized A-module

M with dimy M = d, we have th following eestimation
S B
-3 (925 ndesqlary < eb(ar) < THO)
=2

In Theorem 4.7, for the latter inequality we do not need the unmixedness assumption
on the modules M. However, unless M is unmixed, the former inequality in Theorem
4.7 does not hold true in general. Later we will explore an example (Example 4.9).

As a direct consequence of Theorem 4.7 we have

Corollary 4.8. Suppose that A is complete with infinite residue class field and d > 3.

Assume that A 1s unmized. Then
-1 0 g
B (j - 2) hdegg(A;) < e3(A) < T3(A)
j=2

for every parameter ideal ) in A. Therefore, for a fized parameter ideal ) in A, the
set

{eZ(A) | q is a parameter ideal in A such that § = Q}

18 finite.

Example 4.9. Let R be a complete regular local ring with maximal ideal n, infinite
residue class field, and dim R = 3. Let n = (X,Y,Z) and put S = R/(Z") (n > 0).

Then

(S) = n, el(S) = M, and e2(S) =

2
30
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We look at the idealization A = R x S of S over R and put @) = nA. Then A is mixed
with dim A = 3, depth A = 2,

n(n —1)

hdegQ(A2) =n, and e2Q(A) = —61<S) - _ . 7

n

whence

—hdegg(As) > ¢j(A4), if n>4.

Proof. Since
D R
N 1=x2

we get eX(S) =n, el(9) = n(nz_l), and e2(S) = %. On the other hand, since S

H(gr,(5),A)

is a Gorenstein ring and since
Hin(A4) = ,[HL(S)]
(here p: A — R, p(a,x) = a denotes the projection), we have
hdeg,(As) = hdeg(S2) = hdeg,(S2) = en(S) = n.
Recall now that
CA(A/Q™) = (r(R/n'™Y) + £g(S/n*1S)

_ (@3) + {eg(s> (“272) — ey (9) (ﬁl) +e§(5>]

for all £ > 0 and we readily have

(1 (i =0),

0

Let me note a little bit about Proof of Corollary 4.8 in order to explain why I cannot

extend this result, say for e}, (A).
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In the case of e (A) the key of our argument is the following fact [15, Lemma 2.4
(1)]
ep(A) = —h’(4), ifd=1.

For the estimation of e (A) the key is the following.

Proposition 4.10. Suppose that A is unmized and d = 2. Then
—h'(A) < ej(A) <0

for every parameter ideal Q) in A.

Proof. We may assume that the residue class field A/m of A is infinite. Let Q = (z,y)
be a parameter ideal in A and assume that x is superficial with respect to (). Take an
integer £ > 0 and put I = Q°, a = 2%, and b = y*. Let G = gr;(A). Then, thanks to a
theorem of L. T. Hoa [19], we see that
(1) [H,;(G)], = (0) for all i € Z and n > 0, where M = mG + G and
(2) I? = ql, where q = (a,b).

The element a is still superficial with respect to I and we furthermore have the

following.

Claim 1.
ep(A) = ef(A) = —La([((a) : ) N 1] /(a)) <O0.

Proof of Claim 1. We have e3(A) = e7(A) (in fact, e, (A) = ej(A) for all integers
¢ > 0), while a;(G) < 0 by condition (2). Therefore ag(G) < 0, since a;(G) < 0 and
depth A > 0. Hence HY,(G) = (0), so that we have

¢7(A) = —Ca([H} (G)o),
thanks to a classical theorem of Serre. Let G = gr;/,)(4/(a)). Then since the initial
form a* = a mod Q? of a is regular on G, we get G = G'/a*G, [H},(G)]o = [HY,(G)]1,
and [H},(G)],, = (0) for all n > 2. It is now standard to show that

M3, (G)]1 = [((a) : 0) N 1] /(a) C [(ag b]/(a) € Hy(A/(a)) = (0) g () @,



whence

which proves Claim 1. U

Proposition 4.10 now readily follows from Claim 1, since

C4([((a) - b) N1]/(a)) < B(A).

We are in a position to prove Corollary 4.8.

Proof of Corollary 4.8. Let C' = Homu (K4, K4) and look at the exact sequence
0-A5C—X—0,

where ¢(a) = alk, for all a € A. Let us choose an element a € @ \ m@ so that

(1) a is superficial for all of A, C', and X with respect to @ and

(2) a is superficial for A; with respect to @ and hdegg(A;/aA;) < hdegy(A;) for all
Jj=0.

We put A = A/aA, C = C/aC, and X = X/aX. Then since a is C-regular, we have

the exact sequence

0— (0) :Xa—>ZE>6—>Y—>O.

Let L = Im@p. Then since £4((0) :x a) < oo, we have dimy L = d — 1 and L is unmixed
(recall that C' is unmixed, since depth 4, Cp > inf{2,dim A} for all p € Spec A), whence
(0) :x a = H%(A). Therefore, if d = 3, then L is a generalized Cohen-Macaulay A-
module with dimy L = 2 and depth, L > 0, whence

cg(A) = ej(A) = e (L) + £a((0) :x a).
Consequently, thanks to Proposition 4.10, we have

(4((0) :x @) —h'(A) < ep(A) = 832@3@) +04((0) :x a) < La((0) :x a),



because h!(L) = h'(A). Since A;/aA; = Ay, we also have
04((0) :x @) =h°(A) = (a(Ao)
= hdegQ(ZO)
= hdegg(A1/aA)
< hdegg 4;.
Look now at the exact sequence
0—(0):ig,a— A 5 A — Ay — 0.
We then have £4(Ag) = £4((0) :4, a), whence £4((0) :x a) = £4((0) :4, a). Therefore
we get
04((0) 2, @) —=h'(A) = £a((0) 4, @) — [hdegg(Az/ads) + hdegqy((0) 14, a)]
= —hdegy(A42/aAz) > —hdegg(As),
because h'(A) = hdeg(A2/ads) + hdegy((0) 14, a) by the exact sequence
0 — Ay/aAy — A; — (0) 14, a — 0.

Hence —hdeg,(Az) < e3(A) < hdeg,(Ay).
Suppose that d > 3 and that our assertion holds true for d — 1. Then since a is

A-regular, we have the long exact sequence
0 — Hy(A) = Hy(4) = Hy(A) — Hy(4) — HL(A) 5 HL(A) — -
o HL(A) 5 T (A) — HCE) — B (4) 5 B A) =
Taking the Matlis dual Hom 4 (*, E4(A/m)) of it, we get short exact sequences
0
|
0—=Ajp/adj ——A; —=(0) 14, a —0

J

J
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for each 1 < j < d — 2. Hence
hdegQ(Zj) < hdegQ((O) 1A, @) +hdegg Ajq < hdegQ(Aj) + hdegg(4;41)

by Lemma 2.5, because £4((0) :4, a) < oo. We then have by the hypothesis of induction
that

a2 0y
_ (j - 2) hdego(4,) < e(A) < T2(A)
j=2
d-3
d—4 —
_ ( . 1) hdego (7))
=1 M T
i3 0y
< Z (j B 1> [hdegg(A;) + hdegg(A;41)]
j=1
d—2
d—3
=
= To(4),
while we similarly get
d—1 d—2
d—3 d—4
-3 (925) merotay = =X (175 degqlut) + by )
, Jj—2 : j—2
Jj=2 j=2
d—2
d—4 —
< =X (02 mesgl)
Jj=2
Hence
i1 s
- (j ) 2) hdegg(Ay) < (4) < TH(4),
j=2
because e3)(A) = eé(Z). d

Question 4.11. When does the equality e (A) = T3 (A) hold true?
Here is an answer in the case where A is a generalized Cohen-Macaulay ring.

Theorem 4.12 ([18]). Suppose that A is a generalized Cohen-Macaulay ring with d =
dim A > 3, depth A > 0, and infinite residue class field. Let () be a parameter ideal in
A. Then the following conditions are equivalent.

(1) €3(A) = 3527 (607 (A).
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(2) There ezist elements ay,as, -+ ,aq € A such that (a) Q = (a1,a9, - ,aq), (b)
ai, s, -+ ,aq is a d-sequence in A, and (c¢) QHIL(A/(ay,as,--- ,ax)) = (0), when-

ever j+k<d—2,0<j, and 0 < k.

Remark 4.13. The parameter ideal () is not necessarily standard, even if

e2)(A) = df (j B i’)hj(A).

j=1
For example, suppose that A is a generalized Cohen-Macaulay ring with d = 3 and
depth A = 2. Assume that mHZ(A) # (0) and choose a € m so that a is regular but
aHZ(A) # (0). Let b,c € m be a standard system of parameters for A/(a). Then a, b, c

forms a d-sequence in A, so that
e%a,b,c) (A) =0= hl (A)

The ideal @ is, however, not standard, because Q-H2 (A) # (0).

5. A METHOD TO COMPUTE eg,(A)

In this section let A be a Noetherian local ring with dim A = 2 and assume that A
is a homomorphic image of a Gorenstein local ring, say A = R/a with R a Gorenstein
local ring and a an ideal in it. We assume that A is unmixed. Hence H} (A) is a finitely
generated A-module (Lemma 1.7 (1)). Let @ = (a, b) be a parameter ideal in A. Then,
thanks to a lemma of Davis [23, Theorem 124], we get a regular sequence x,y in R
so that a = x mod a and b = y mod a. We put q = (z,y)R; hence @) = qA. Let
B = Homy4(K4,K4) be the endomorphism ring of the canonical module K4 and look

at the exact sequence

(E) 0-A2B—C—0

of A-modules, where p(a) is defined, for each a € A, to be the homothety a-1x, of a.
Then, since depth y K4 = 2, B is a Cohen-Macaulay A-module with dimy B = 2 and we

get C = HL (A) as A-modules (cf. [1, Theorem 3.2, Proof of Theorem 4.2], [2, Theorem
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1.6]). Let n > 0 be an integer and let M denote the n + 1 by n + 2 matrix defined by

z y O 0O 0 --- 0
Oz yvw 0 O - 0
M=]100 o« y 0 --- 0
00 - 0 0 =z wy

Then the ideal q"*! is generated by the maximal minors of the matrix M and, thanks
to the theorem of Hilbert-Burch ([23, Exercises 8, p. 148]), the R-module R/q""! has

the resolution of the form
0—F=R+t M p_p+ 2 B R R/ — 0,
in which the homomorphism 0 is defined by

8(ej) (—l)jdet Mj

for all 1 < j < n+ 2 (here M; denotes the matrix obtained by deleting from M the
J-th column and {e;}1<j<n2 denotes the standard basis of R""?). Consequently, for
each R-module X, Torf(R/ q"*1, X) is computed as the j-th homology module of the
complex

0 XM = @ X VERIX ynt2 _ p oo, x990 ¥ R o9n X — 0.,

Setting X = O, we therefore have, since Torf(R/q"™', B) = (0) (see [3, Theorem 9.1.6];
notice that the ideal q = (z,y)R is generated by a B-regular sequence of length 2), the

exact sequence
0 — Torf(R/q"*,C) — A/Q"™ — B/Q""'B — C/Q"™'C — 0.
Therefore
(2)  La(A/Q™Y) = La(B/Q"' B) + La(Torf(R/q"*, C)) — £a(C/Q"'C)

for all n > 0. On the other hand, since the alternating sum of the length of homology

modules of the complex

0— C™' = Fop C "8 02 = B @, 0 P20 O = Fyop O — 0
is 0, we get

Erl(Torf (R, C)) = La(Torf(R/q"™1,0)) + £4(C/QC).
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Hence by equation (2) we have for all n > 0 that

) /@) = ("3 %) + et/ 0)),

because e})(A) = e (B) = (a(B/QB) (see exact sequence (E); recall that B is a
Cohen-Macaulay A-module with dimy B = 2 and (4(C) < o) and {4(B/Q""'B) =
(A(B/QB) (";2) for all n > 0. We remember the isomorphism

TorB(R/q™", 0) 2 Ker(Cm+ M om+2),

that is
Qo
a
Tory (R/q",C) = .1 eC" M aa; +boy_1 =0 forall 0<i<n+15p,
Qp

where a1 = a1 = 0 for convention.

Summarizing these observations, we get the following, which we will use very fre-
quently in this paper. The same method of computation of e&)(A) is given in [10,
Example 3.8] and [28, Section 3].

Proposition 5.1. Let n > 0 be an integer and let

Qo

o
T, = ,1 e C"aa; +ba;_; =0 forall 0<i<n-+1

Qn

Then the following assertions hold true.

(1) La(A/Q™Y) = eQ(A)("3?) + €a(Ty,) for all n > 0.

(2) —€a(C) < eg(A) < —La((0) :c Q).

(3) Suppose aC = (0). Then ep(A) = —L4((0) :¢ b) = La(C/bC) and ej(A) = 0.
(4) ([10, Example 3.8], [28, Section 3]) Suppose QC = (0). Then ej(A) = —L£a(C)

and eg(A) = 0.

Proof. See equation (3) for assertion (1). We see £4((0) :c Q)(n + 1) < a(T,) <

04(C)(n + 1), since [(0) :c Q"™ C T,, € C™"'. Hence we have assertion (2). If aC' =

(0), then T,, = [(0) :¢ b]"*!, so that £4(A/Q"*) = e} (A)("+?) + €4((0) :c b)("]') by
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assertion (1). Hence assertion (3) follows, because £4((0) :¢ b) = £4(C/bC'). Assertion

(4) is now obvious. U

Example 5.2. Let R = k[[X,Y, Z,W]] be the formal power series ring over a field k

and we look at the local ring
A=R/(X,Y)' n(Z W),

where ¢ > 1 is an integer. Then A is a 2-dimensional generalized Cohen-Macaulay local

ring with depth A = 1. In this local ring A, the following assertions hold true.

(1) Let a,b be a system of parameters in A. Then a,b or b, a forms a d-sequence in

A. Hence every parameter ideal of A is generated by a d-sequence.

(2) Ay(A) = {=E=H0" 10 < e Z} and Ay(A) = {0},

Proof. Let m be the maximal ideal in A and let x,y, z, and w be the images of X,Y, Z,
and W in A. Then m = (x,y, 2z, w). Thanks to the exact sequence

0—A— Af(z,y) ®A/(z,w) = A/[(2,9)" + (z,w)] = 0,

we have dim A = 2, depth A = 1, and HL(A) = A/[(x,y)" + (z,w)]. Hence A is a
generalized Cohen-Macaulay local ring. Let C' = A/[(z,y)" + (2, w)].

Now choose a system a, b of parameters in A and put @ = (a,b). Suppose that aC' =
(0). If bC = (0), then @ is standard and so, ej(A) = —£4(C) = @ and e (A) =0
by Proposition 5.1 (4). Suppose bC' # (0). Then [(b) : (a*)]/(b) C U(b)/(b) = (0) :¢ b.
Therefore, since a[(0) :¢ b] = (0), we get that b,a is a d-sequence. Let n = vy, (b)
denote the order of the image b of b in C with respect to the maximal ideal m¢ of C.
Then 0 < n < £ and (0) :c b = mg", whence ef,(A) = —4((0) :¢ b) = —la(mg™) =
—Bntn and eg(A) = 0 by Proposition 5.1 (3)

Suppose that aC # (0) and bC' # (0). We may assume that

n=uvn,(a) <m= vmc(B).
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Then b[(0) :¢ a] € mZm5™ C m& = (0), so that bU(a) C (a), whence a,b is a

d-sequence in A. We have

Qg
T = Ojl e CItt ac; +ba;_1 =0 forall 0 <i<g+1
O;q
= [(0):c a)"

for all ¢ > 0, whence ej(A) = —€4((0) :c a) = — Gt n and ey(A) = 0.

0

Let 0 < n < ¢ be integers and look at the system a = 2 — 2z, b = y" —w of parameters

in A. Then aC = (0), bC' # (0), and vy, (b) = n. Hence

(20 —n+1)n

M) = (-2

|0 <n</(}
as claimed. O

As for the following question, I do not know the answer in general. The answer is

affirmative, if £ < 3, or d < 2, or the parameter ideals are homogeneous.

Question 5.3. Let ¢,d > 0 be integers and let R = k[[ X1, Xo,- -, Xy, Y7, Yo, -+, Yy

be the formal power series ring over a filed k. We look at the local ring
A= R/[(X1’X27 T 7Xd)z N (Yi,yé, T 7Yd)]'

Then, is every parameter ideal in A generated by a d-sequence of length d?
Thanks to Proposition 5.1, we similarly have the following.

Example 5.4. Let ¢ > 1 be an integer and R = k[[X,Y, Z, W]] be the formal power

series ring over a field £ and we look at the local ring
A=R/(XY) N (Z W)
Then A is a 2-dimensional generalized Cohen-Macaulay local ring with depth A = 1.

Let = (X — Z,Y —W). Then Q = qA is a parameter ideal in A and e},(A) = > + 1,

eg(A) = =L, and € (A) = — 41 Hence eg(A) < 0if £ > 2, so that @ cannot be

generated by a d-sequence of length 2 (Proposition 77 (2)).
40



Proof. Let us discuss only the case where £ > 2. Let C = k[X,Y, Z, W|/(X*,Y*, Z, W)
(2 H.(A)) and let n > £+ 1 be an integer. We look at the graded C-module

&%)

o
T = .1 e C""Yra; +ya;q =0 forall 0<i<n+15p,

Qp
where x, y be the images of X —Z,Y —W in C. Let T, (¢ € Z) denote the homogeneous
component of the graded module 7. Then T, = (0) if ¢ < ¢ — 2, because (0) :¢ =
2'71C. Suppose £ — 1 < g < 20 — 2. Let {¢;}o<i<ni1 be a family of elements in &k such
that ¢; =0foralln+1<i<n—20+q+ 3. We put
() asm { Z;g(—1){*1ci_j+1xf*qu*f+{ if 0<i<(—1,
! ijl(—1)J_1ci+1,jxf_1yq_£ﬂ if ¢<i<n.
Qg

(651
Then . € T, and it is routine to check that T}, consists of all those elements which

ay,
are defined by the above equation (x). Hence dimy, T, = n—20+¢+3, if (—1 < ¢ < 2(-2.
Consequently, we have

20—2

q=0

202
= ) (n—20+q+3)
q=0—1
-1
Hence ep(A) = —f and e3(A) = —@ by Proposition 5.1. As e)(A) =
R/ (X5, YY)+ e)(R/(Z,W)) = * + 1, this completes the computation. O

6. CONSTANCY OF ej(A) WITH THE COMMON @

Let A be a Noetherian local ring with maximal ideal m. In this section we study
the question, raised by Wolmer V. Vasconcelos, of whether eég(A) is independent of the
choice of minimal reductions @ of I, where [ is an m-primary ideal in A.

We begin with the following general result.
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Proposition 6.1. Let M be a finitely generated A-module with dimy M = s and let ()
and Q' be parameter ideals for M with Q = Q' in A. Suppose that there exists an exact

sequence
0—-L—-M-—M/L—0
of A-modules such that L # (0), dimay L = t < s, and M/L is a Cohen-Macaulay
A-module. Then
eo(M) = ep (M),
where eq (M) (resp. e, (M) denote the first Hilbert coefficients of M with respect to Q
(resp. Q).

Proof. Passing to the ring A/[(0) : M], we may assume that (0) : M = (0), whence
s = d and both @ and Q' are parameter ideals of A. Let C' = M/L. Then C is a

maximal Cohen-Macaulay A-module. Hence we get the exact sequence
0— L/Q""'L — M/Q"™'M — C/Q"™C — 0
of A-modules, so that
(4)  La(M/Q™IM) = (4(C/Q™C) + La(L/Q"L)
= /o) (") + /)

for n > 0. We write

/@ =" ) e ("I e o

for n > 0, where {e},(L)}o<i<: are integers with ef)(L) > 1. We then have e (M) =
—eo(L), if t = s —1and ey (M) = 0, if t < s — 1. Thus, from equation (4) the equality
ep(M) = el (M) follows, because ef)(L) = €@, (L) once @ = Q. O

Let M (# (0)) be a finitely generated A-module. We say that M is a sequentially
Cohen-Macaulay A-module, if M possesses a Cohen-Macaulay filtration, that is a fil-

tration

Lo=(0)CLi CLyC--CLi=M
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of A-submodules {L;}o<i<¢ such that dimy L; > dimy L;_; and L;/L; ; is a Cohen-
Macaulay A-module for all 1 < i < ¢ ([34], [6], [9]). Therefore, applying Proposition
6.1, we readily get the following.

Corollary 6.2. Suppose that M 1is a sequentially Cohen-Macaulay A-module with
dimyg M > 0 and let QQ and Q' be parameter ideals for M. Then eég(M) = eb,(M),

ifQ=@Q in A.
Let us note a typical example.

Example 6.3 ([?]). Let R be a regular local ring of dimension 3 and let X,Y,Z
be a regular system of parameters of R. We look at the two-dimensional local ring
A=R/(X)N(Y,Z). Then A is not Cohen-Macaulay but sequentially Cohen-Macaulay.
Let x,y,z be the images of XY, Z in A, respectively, and put C' = A/(y,z) and
B = A/(z). Then C is a DVR and B is a two-dimensional regular local ring. Let
@ = (a,b) be a parameter ideal in A. Then a, b forms a B-regular sequence and, thanks
to the exact sequence 0 — C' — A — B — 0, we get

aaf@ ) =" 5 %) + et (")

for all n > 0, so that e (A) = (p(B/QB), e5(A) = —e)c(C), and ej(A) = 0.
Therefore, if ()’ is a parameter ideal in A with Q' = Q, we always have eiQ(A) = eég,(A)
for all 0 < i <2, because QC = Q'C.

We now assume that dim A = 2, depth A = 1, and H}, (A) is a finitely generated A-
module. For simplicity, we assume that the residue class field £ = A/m of A is infinite.

We put

C =HL(A) and c¢=(0):C.

Proposition 6.4. Let I be an m-primary ideal in A and assume that the scheme
ProjR(Q) is Cohen-Macaulay for every minimal reduction QQ of I. Then eb(A) is

independent of the choice of minimal reductions Q) of I and is an invariant of I.
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Proof. Let @ = (a,b) and Q" = (a’,V') be reductions of I. Then, since the ideal I
contains an element z such that (b, z) and (x,a’) are reductions of I, without loss of
generality we may assume that a = a’. Then the element a is superficial for both @
and @', because the schemes Proj R(Q) and Proj R(Q’) are Cohen-Macaulay. In fact,
let G = G(Q). Then Proj G is a Cohen-Macaulay scheme, since so is Proj R(Q). Hence
the local ring Gp is Cohen-Macaulay for every prime ideal P € Spec G \ {9}, where
M = mG + G. Therefore, every system f, g of parameters of the local ring R = Gy
forms a filter regular sequence, that is equivalent to saying that the R-modules (0) :g f
and [(f) :r g]/(f) have finite length. Applying this observation to the homogeneous
system f = at, g = bt of parameters for the graded ring G (here af and bt denote the
image of at and bt in G, respectively), by definition of superficial elements we see that
a and b are always superficial for the ideal @, once @ = (a,b). Consequently, since a is

A-regular, we get

eo(A) = eg ) (A/(a)) = —La(Hp(A/(a))) = —La((0) ¢ a),

which depends on the element a only, so that we have ef(A) = et (A). O

We now come to the main result of this section.

Theorem 6.5. Suppose that the ideal ¢ is not integrally closed. Then for each reduction
Q = (a,b) of ¢, there exists a reduction Q' = (a’,¥') of Q such that

0> eby(A) > eh(A) = —4(C).

Proof. We put I = @Q and let £ = pu(I). We write I = (xq, 29, -, 2¢) so that every two
elements x;,x; (1 < 1,5 < {,i # j) generate a reduction of I. Then, since ¢ C [ =T,
we have z; € ¢ for some 1 < i < {. Choose an integer 1 < 7 < £ so that j # ¢ and put
Q' = (2i,7;). Then Q' is a reduction of I = @ = ¢ but Q' € c. Therefore, choosing
elements @', b of @' so that @' = (a’,b') and both ', are superficial for the ideal @',
we may assume that o’ € ¢ = (0) : C. We then have

ey (A) = by (A/ (@) = ~L4((0) ¢ @) > ~L4(C),
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while by Proposition 5.1 (4)

because QC = (0). Thus

0> e (A) > ep(A) = —La(C).

Let us note concrete examples.

Example 6.6. Let R be a regular local ring with maximal ideal n and dim R = 4. Let
X, Y, Z, W be a regular system of parameters for R and let

a= (X" Y")N(Z, W),
where n > 2 is an integer. We look at the local ring A = R/a. Then dim A = 2,
depth A =1, and
H(A) = A/ (2", y", 2, w),
where m = n/a is the maximal ideal of A and x,y, z, and w denote the images of X,Y, Z,
and W in A, respectively. Let Q = (2" — z,y" —w) and Q' = (xy" ™' — 2z, 2" + ¢y — w).
Then we have the following, where ¢ = (0) : HL(A4) = (2", y", z, w).

)
3) 0>ch(A)=—(n* —n+1)>en(A) = —n’
)

for all integers ¢ > 0.

(5) The element 2™ +y" —w is not superficial for ), whence the scheme Proj R(Q")
is not Cohen-Macaulay.

(6) Let S = Sq(I) (resp. S" = Sg/(I)) denote the Sally module of I = Q = Q'
with respect to @ (resp. ') and let T'= R(Q) (resp. 7" = R(Q’)) be the Rees
algebra of @ (resp. )'). We put p = m7T and p’ = m7”. Then

lr, (Sp) = Lz, (Sy) + (n = 1),

To prove assertions in Example 6.6 we need the following.
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Lemma 6.7. Let A be a Noetherian local ring with maximal ideal m and dim A = 2.
Suppose that depth A = 1 and that HL(A) is a finitely generated A-module. We put
¢ = (0): HL(A). Let a,b be a system of parameters in A. Then the following assertions
hold true.

(1) If b € ¢, then a,b forms a d-sequence in the sense of C. Huneke [20].

(2) (a): b C (a).
Proof. (1) We have [(a) : b°]/(a) € Hy(A/(a)) = (0) (4 a, so that ¢ [((a) : 6%)/(a)] =
(0). Hence (a) : v C (a) : ¢ C (a) : b. Thus a,b forms a d-sequence, because a is A-
regular.
(2) Let B = A be the Cohen-Macaulayfication of A ([2]). We then have [(a) : b|B =
aB, since a,b is a regular sequence in B. Therefore, £ € B for all x € (a) : b, whence

x € (a), because B is a module-finite extension of A. Thus (a) : b C (a). O
Let us check the assertions in Example 6.6.

Proof of the assertions in Example 6.6. We have Q C ¢ = Q + (z,w) and ¢ = Q.
Hence Q = ¢ Since A/(z,w) is a regular local ring of dimension 2, we have

m” + (z,w) = m" 4 (z,w). Therefore, because

QCm" + (z,w) = (2,9)" + (,w) C (@",y") + (z,0) =,

we get @ = m” + (z,w) = ¢, whence ¢ # ¢, because zy"~! ¢ ¢ (recall that n > 2).
Let p; = (z,y) and po = (z,w). Then Ass A = Assh A = {p;,po} and the associative
formula of multiplicity says that the equality
eq(A) =D La,(Ap)egazm(A/p)
peAssh A
holds true for any m-primary ideal q in A. Applying it to our ideals ) and @', we
readily get that

eg(A) = epy(A) = 2n°.
Hence @' is also a reduction of ¢ by a theorem of D. Rees [32], because @' C ¢ and

e2(A) = e} (A) = e} (A). Thus Q@ = Q' but Q" Z ¢. We put C' = A/(z",y", z,w). Then
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C 2 HL(A) and (2" + y" — w)C = (0). Hence
eé,(A) = —(n*—n+1)
by Proposition 5.1 (3), because
04((0) :o 2y™ = 2) = L4(C/(zy™t — 2)C) = La(A/ (2™, y", 2y, 2, w)) = n® —n+ 1,

whence by Proposition 5.1 (1) we have for all integers ¢ > 0

a(A/Q") = 2n® (f ; 2) 00 o g — ) (ﬁt 1)

_ 2n2(€—g2>+(n2—n+1)<€—:1).

eég(A) = —14(C) = —n?,

We similarly have

because QQC = (0), whence
+2 +1
a4/ "+1) 2n’ (g 2 ) n’ (g 1 )

for all £ > 0.

If 2™ + y™ — w is superficial for the ideal @)', we must have
eclg,(A) = eé,/(muyn_w)(A/(l‘" +y" —w)) = L4((0) ¢ 2"+ y" —w) = —Lu(C) = —n?,

which is impossible, because n > 2. Hence 2" +y" —w is not superficial for ()’. Therefore
the scheme Proj R(Q’) is not Cohen-Macaulay (see Proof of Proposition 6.4).
To see assertion (6), notice that by [16, Proposition 2.5] we get the equalities

erf(A) = eY(A)+ eég(A) —LaA(A/I) + L1, (Sy)
— D(A) + ey (A) = CalA/D) + b (S'y)

for the ideal I = ¢, because by Lemma 4.7 all conditions (Cy) and (Cs) in [16] are

satisfied for the ideals ), Q)’, and I = ¢. This completes the proof of all the assertions.
O

Remark 6.8. In Example 6.6 assume that the residue class field R/n of R is infinite.

Then e;(A) = —n for every minimal reduction q = (a, b) of the maximal ideal m of A.
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Proof. Let A = A/(z,w) and let ¢ denote, for each ¢ € A, the image of ¢ in A. Then
A is a two-dimensional regular local ring with 7,7 a regular system of parameters. Let
q = (a,b) be a minimal reduction of m. Then m = q + (z,w), since the local ring A is

regular. We may assume that a is superficial for q. Hence
eq(A) = eg(a)(A/(a) = =La((0) :c @) = —La(C/aC) = —La(A/(z",y", 2, w, a)).

Let us check that £4(A/(z™,y", z,w,a)) = n. We write @ = oF + 3y with o, 3 € A. We

may assume that « is a unit of A, because a & m? + (z,w). Therefore
(@ 7" a) = (@ 9", 7+ 77) = (7", T + 07)
with 3 = a~!3, whence
(A(A) (", y", 2w, a)) = La(A) (@ + 7.7")) = n.
Thus e;(A) = —n as is claimed. O

Before closing this section, let us note the following example, which shows that the

rank of Sally modules depends on the choice of minimal reductions.

Example 6.9. Choose n = 2 in Example 6.6 and put I = m? + (z,w). We denote by
S =8g(I) (resp. S" =S¢ (I)) the Sally module of I with respect to @ (resp. @'). Let
T =R(Q) = AlQt] (resp. T" = R(Q') = A[Q't]), where ¢ is an indeterminate over A.
We put B =T/mT and B’ =T'/mT’. Then

(1) S = B, as graded T-modules,

(2) "= B'/(2* + y* — w)t-B’ as graded T"-modules, and

(3) La(A/IY) =8("3%) —2("!) —4foralln > 1.

Hence rankg S = 1 but rankg S’ = 0.

Proof. (1) We put a = z*> — z and b = y*> — w. It is routine to check that I* =
QI + (zvyz,zyw),ryz ¢ Q,I* = QI?, and mI? C QI. Hence S # (0) and mS = (0),
because S = T'S; and S; = I?/QI (see [16, Lemma 2.1]), where S; stands for the
homogeneous component of S with degree 1. Therefore we have an epimorphism

¢:B(-1)— S
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of graded B-modules defined by ¢(e1) = zyzt and p(ey) = zywt, where Tyzt and Tywt
denote the images of xyzt and zywt in S, respectively, and {ej, ey} is the standard

basis of B(—1)%. Let f denote, for each f € T, the image of f in B. Then, since
b(zyz) = a(zyw) = —xyzw,
we see bte; — ate, € Ker . Therefore, we get an epimorphism
p:B,— S

induced from ¢ (notice that B = k[af, bt] and B, = B(—1)?/B-[bte; — ate,], since at, bt
are algebraically independent over the residue class field £ = A/m of A), which must be
an isomorphism, because S # (0) and by [16, Lemma 2.3] S is a torsionfree B-module
(notice that conditions (Cy) and (Cy) in [16] are satisfied by Lemma 4.7). Thus S = B,
as graded B-modules. We have condition (C;) in [16] also satisfied, since QC = (0)
(see [36, Theorem 2.5]). Therefore by [16, Theorem 1.3 (iii)] we get

La(A/TY) = (4 (” ) 2) — {e(A) + eh(A) — La(A/T) + 1} (" N 1)
+ {eh(4) +e3(4))

_ 8n—|—2 5 n+1 _y
2 1
for all n > 1.

(2) This time we have I? = Q'I + (zyz),I* = Q'I*, and mI?> C Q'I. Notice that
S" #(0), since ryz € Q'. Let o/ = z — zy and V/ = w — (22 + y*). We then have

V(zyz) = d (zyw) = zyzw
and zyw = 'z — d'w € Q1. Hence we get an epimorphism
o (B Vt-B')(—1) — 5’
such that /(1) = zyzt.
We now want to show that ¢’ is an isomorphism. Suppose that Ker ¢ # (0).

Then the homogeneous component [Kery'],, of Ker ¢’ is non-zero for some integer n.

Choose such an integer n as small as possible. Then n > 2 and 71" € Ker ¢, since
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B’ = k[dt, b't]. Therefore
" Nayz) € QM =d' Q" T+ 0.
Let o™ '(zyz) = /i + 0™ with i € Q" 'I and j € I. We then have
je(d): V" =(d):V,

since @',V is a d-sequence by Lemma 4.7 (1). Let 0/j = a’h with h € A. Then
he (V):a CIbyLemma 4.7 (2) and o/ ' (xyz) = a'i + /(b 'h), whence

am_2(a:yz) _ Z + b/n—lh e Q/n—lj’

because a’ is A-regular. Therefore

—n

at' ¢ [Ker ¢'],1,

which contradicts the minimality of n. Hence ¢’ is a monomorphism and S’ = B'/b't-B’

as graded T’-modules. O

7. THE CASE WHERE (Q = m

The value eb(A) depends on the choice of minimal reductions (), even in the case
where @) = m. To see this, we need some technique of reduction.

Let B be a Noetherian local ring with maximal ideal n and assume that B contains
a field k such that the composite map k - B = B/n is bijective, where ¢ : k — B
denotes the embedding and ¢ : B — B/n denotes the canonical epimorphism. Let
J be an n-primary ideal in B and put A = k 4+ J. Then A is a local k-subalgebra
of B with maximal ideal m = J and B is a module-finite extension of A, because
lx(BJA) = (g(B/J) — 1. Hence A is a Noetherian local ring with dim A = dim B,
thanks to Eakin-Nagata’s theorem.

Suppose now that d = dim B > 0. Let q = (a1, az,- -+ ,aq)B be a parameter ideal in

B and assume that q is a reduction of J. We put

Q — (a17a27 e ,CLd)A.

Then @ is a reduction of m. Hence () is a parameter ideal in A. We have the canonical

isomorphism between the Sally module Sq(m) = @@,,5; m"*!/Q"m of m with respect to
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@ and the Sally module S4(J) = ,>, J /q"J of J with respect to g, because
mn-l—l/Qnm — Jn+1/qTLJ

for all n > 1:
Fact 7.1. Sg(m) = S4(J) as graded R(q)-modules.

We put T'= R(Q) and p = mT. Then, thanks to [16, Remark 2.6], the sum
eo(A) + 01, (Sp) = e (A) —ep(A) + 1

is an invariant of m, whence we have the following.

Proposition 7.2. Let q = (ay,a2,--- ,aq)B and q' = (a},ah,--- ,al,)B be parameter
ideals of B and assume that q and q' are reductions of J. Let Q = (a1,as, -+ ,aq)A
and Q' = (a),ab,--- ,;a,))A. Then one has the equality

eb(A) + L1, (Sy) = eéz,(A) + ﬁT/p,(S’p/),

where T'=R(Q), T' = R(Q'), p =mT, and p’ = mT".

The following example shows that e (A) depends on the choice of minimal reduc-
tions (), even in the case where ) = m. This eventually shows that the rank, or the

multiplicity of Sally modules depend on the choice of minimal reductions, as well.

Example 7.3. Let R = k[[X,Y, Z,W]] be the formal power series ring over a field k
and let B = R/(X?2,Y?)N(Z,W). Let J = (z,y)*> + (2,w), where z,y, z and w denote
the images of X,Y,Z, and W in B, respectively. We put A = k + J. Then A is a
Noetherian local ring with maximal ideal m = J and B is a module-finite extension of
A Let Q= (22— 2,y> —w)A and Q' = (xy — z,2° + y* — w)A. Then Q and Q' are

minimal reductions of m such that
elQ/ (A) — elQ(A> + 1 — _5, ng (Sp) — 17 aIld KTIP, (S’p’) — O,

where S = Sg(m), S’ =Sg/(m), T =R(Q), T’ =R(Q'), p =mT, and p’ = mT".
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Proof. Since £a(A/m™™) = (4(B/J"™) — £4(B/A) and £4(B/A) = (p(B/J) — 1, by
Example 6.9 (3) we have

Ca(A/mmH) = 8(”;2> - 2<”T1> 6

for all n > 1, whence

Therefore
eb(A) + 1,(Sy) = cly(A) + 11, (S'y) = eh(A) — 4(A) +1 = =5

by Proposition 7.2. On the other hand, thanks to Fact 2 and Example 6.9 (1), (2), we

see that (7,(Sy) = 1 and {7 ,(S'y) = 0, whence el (A) = eg(A) +1 = —5. O
8. A STRUCTURE THEOREM FOR LOCAL RINGS POSSESSING eg,(A) = —1
The condition eé)(A) = —1 for some parameter ideal ) in A is a rather strong

condition. In this section we shall explore this phenomenon. Similarly as in Section 6
let A be a Noetherian local ring with maximal ideal m and dim A = 2. We assume that
depth A = 1 and that H}, (A) is a finitely generated A-module. We put C' = H}, (A) and
¢ = (0) : HL(A). Suppose that the residue class field k = A/m of A is infinite. We then

have the following.

Theorem 8.1. We consider the following two conditions.

(1) pa(m) = 4, the Cohen-Macaulayfication A of A is not a local ring, and A
contains a parameter ideal Q such that ep(A) = —1.

(2) A= R/(F,Y)N (Z,W) as rings, where R is a regular local ring of dimension
4, XY, Z, W is a reqular system of parameters in R, and F € R such that
F = X"+¢ for some integer n > 1 and & € (Z,W).

Then the implication (2) = (1) is always true and we have ej(A) = —1 for every

minimal reduction q of m. When A is m-adically complete, the implication (1) = (2)

also holds true, so that conditions (1) and (2) are equivalent to each other.
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We divide the proof of Theorem 8.1 into two parts.

Let us consider the implication (2) = (1). Let R be a regular local ring of dimension 4
and let X, Y, Z, W be a regular system of parameters in R. Let n > 1 be an integer and
e (Z,W). Weput F = X"+ ¢ Then (FY,Z, W) = (X"Y,Z W) and F,Y, Z W

forms a system of parameters in R. Let
A=R/(F,Y)N(Z,W)

and let m be the maximal ideal of A. We denote by f,z,y, 2, and w the images of
F, XY, Z, and W in A, respectively. Then, thanks to the exact sequence

0—A—A/(fy)®A/(z,w) = A/(2",y, z,w) =0,
we have depth A =1 and HL (A) & A/(2",y, z,w). Hence

A= A/(f,y) x Af(z,w)
by [2, Theorem 1.6]. We put C' = H}(A) and ¢ = (z",y,2,w). Let a = f — 2 and
b=y —w. Welook at the parameter ideal @) = (a,b) in A. Then (a) : b = (a, z) and
(b) : a = (b,w). Hence

[(a) : 0] + [(b) : a] = (a,b, z,w) = ¢,

so that by [13, Theorem 1.1] we get the following.
Fact 8.2. The Rees algebra R(Q?) of Q? is a Gorenstein ring.

We now assume that the residue class field of R is infinite and let q = (a,b) be any
minimal reduction of m, where we choose the system a, b of generators of the ideal q so
that both a,b are superficial for q. Let A = A/(z,w). Then, since qA is a reduction of
the maximal ideal in the two-dimensional regular local ring A, we get qA = m/(z, w),
whence q 4 (2,w) = m. We want to show that e}(A) = —1. Here we may assume
that n > 1. In fact, if n = 1, then H.L(A) = A/m, so that A is a Buchsbaum local
ring and eé(A) = —1 by Schenzel’s formula 3.3. Suppose that n > 1. Then, since
m = q + ¢, without loss of generality we may assume that a & ¢ +m? = (22, y, z, w),
whence £4(C/aC) = 1. Thus ej(A) = —£4((0) :¢c a) = —1.

Let us note one remark.
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Remark 8.3. Suppose that £ € (Z,W). Leta=a2"—2,b=y—w with 1 < <n. We
put @ = (a,b). Then @ is a parameter ideal in A and, since bC' = (0), by Proposition
5.1 (3) we get

eg(A) = —04(C/aC) = —La(A/ (", y, z,w)) = —L.

This shows that the value e;(A) varies between —n and —1 with —n the least (cf.
Proposition 5.1 (2)).

Let us prove the implication (1) = (2) in Theorem 8.1. With the notation in the
preamble of this section we assume that A is m-adically complete. Let B = A be the
Cohen-Macaulayfication of A, whence B = End4(K4) as A-algebras ([2, Theorem 1.6]),

where K4 denotes the canonical module of A. We then have the exact sequence
0—AS5B—C—0

of A-modules, where ¢(x) is, for each # € A, the homothety of z. Let @ = (a,b) be
a parameter ideal in A such that e;(A) = —1. We may assume that a,b are both
superficial for @). Then, since €4(C/aC) = €4((0) :¢ a) = 1, we get pua(C) = 1.
Therefore C' = A/c and ¢ + (a) = m, whence ps(B) = 2. Consequently, because B is

not a local ring and A is complete, we have the canonical decomposition
B=A/ay x AJay

of the A-algebra B, where a; is an ideal in A such that A/a; is a two-dimensional
Cohen-Macaulay local ring for each i = 1,2. Hence a; Nas = (0) and a; + a5 = «,

thanks to the exact sequence
O—>A—>A/a1@A/a2 —>A/(a1+u2) — 0.

Let V = [c+m?]/m? C m/m? Then dim; V' > 3, because pa(m) =4 and ¢+ (a) = m.
Since a; + a = ¢, we may assume that dimy[a; + m?]/m? > 2. Therefore the ideal a,
contains a part z, w of a minimal system of generators of the maximal ideal m. We then
have /() (m/(2,w)) = 2, whence the epimorphism

Al(z,w) — AJag — 0
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is an isomorphism, because dim A/(z,w) > dim A/ay = 2. Thus a; = (z,w). Therefore
dimg[a; + m?]/m? > 1, because dim; V' > 3. Choose y € a; so that y, z, w forms a part
of a minimal system of generators of m and write m = (z,y, z,w). Then A/(y, z,w)
is a DVR, because A/(z,w) is a two-dimensional regular local ring with the images of
x,y in it a regular system of parameters. Consequently, since ¢ = a; + as 2 (y, 2, w),

=

we have
/(y,z,w) = (T")
for some n > 1, where T stands for the image of z in A/(y, z, w). Hence ¢ = (2", y, z, w)

and n = ¢4(A/c). On the other hand, because
¢/(y,z,w) = a1 + (2, w)]/(y, z,w) = (T"),
we find some element 7 € a; so that 2" —n € (y, z,w). Let
" —n=ay+ Pz+yw
with «, 3,7 € A. We then have 2" — f € (z,w) where f =n+ ay. Hence a; = (f,y),
because
c=a+a 2 (f,y) D (z,w) D

Now we choose a regular local ring R with maximal ideal n and dim R = 4 together

with a surjective homomorphism

R-2 40

of rings. Let XY, Z, and W be elements of R such that ¢(X) = z,0(Y) =y, ¢(Z) = z,
and ¢(W) = w. Then n = (X,Y, Z, W), since Ker¢ C n?. Notice that
R/(Z, W)= A/(z,w),
because A/(z,w) is a two-dimensional regular local ring. Hence K := Ker ¢ C (Z,W).
We look at the exact sequence
(x) 0—L—R/(Z,W)— A/(z,w) —0

of R-modules. Let F' € R such that ¢(F) = f. We then have X" — F € (Z,W),
because " — f € (z,w) and K C (Z,W). Therefore (F,Y,Z W) = (X", Y, Z, W), so

that F,Y, Z, W is a system of parameters of R. Hence, because z, w is a regular sequence
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in the two-dimensional regular local ring A/a; = A/(z,w), from exact sequence (%) we

get the exact sequence
0— L/(Z,W)L — R/(F,Y,Z,W) = A/(f,y,z,w) — 0,

in which the homomorphism ¢ has to be an isomorphism, because

(R(R)(F.Y, Z,W)) = (x(R)(X",Y,Z,W)) = n
and

CA(A/(f,y,2,w)) = La(A/ (2", y, 2, w)) = La(Af ) = n.
Thus L = (0) by Nakayama’s lemma, so that we have R/(F,Y) = A/(f,y). This shows
that K := Ker ¢ C (F,Y), whence K = (F,Y) N (Z,W), because (F,Y) N (Z,W) is
certainly included in K (recall that (f,y) N (z,w) = a; Nag = (0)). Thus
A R/(EY)N(Z, W),

with X™ — F' € (Z,W) and n > 1. This proves the implication (1) = (2) in Theorem

8.1 under the assumption that A is complete.

9. APPENDIX: WHEN &;(R) > 07

This is a joint work with J. Hong and M. Mandal [8].

Throughout this section let R be a Noetherian local ring with maximal ideal m
and d = dim R > 0. Assume that R is analytically unramified, whence the m-adic
completion R of R is reduced. We fix an m-primary ideal I in R and denote by I+t
(resp. Lr(R/I™1)) the integral closure of I"*! (resp. the length of R/I™1) for each

n > 0. Then the normalized Hilbert function
ER(R /In—‘rl)
of R with respect to I is of polynomial type with degree d and we have integers

{€%(R)}o<i<a such that the equality

ntd- 1) + o (=D)%YR)

- n—+d _
a7 = (") e (M
holds true for all n > 0. We call these integers &, (R) the normalized Hilbert coefficients

of R with respect to I.
56



In this section we are interested in the analysis of the first normalized Hilbert coeffi-
cient €}(R). The main purpose is to study the positivity conjecture on }(R) posed by

Wolmer V. Vasconcelos [39] and our result is stated as follows.

Theorem 9.1. Let R be an analytically unramified local ring with maximal ideal m and

d=dim R > 0. If R is unmized, then
&(R) >0

for every m-primary ideal I in R.

Here we should note that the conjecture holds true in the case where R is a Cohen-

Macaulay local ring ([41, Theorem 2.2]). In fact, generally we have
er(R) = ¢j(R),

where €%(R) stands for the ordinary Hilbert-Samuel multiplicity of R with respect to
I. Therefore &}(R) > e}(R) and so, if R is a Cohen-Macaulay local ring, we get

because e}(R) > 0 ([30, Corollary 1]). Mainly based on this fact, the third author M.
Mandal, B. Singh, and J. Verma [26] gave several interesting answers in certain special
cases and our Theorem 9.1 now affirmatively settles the conjecture in full generality.
We shall prove Theorem 9.1 in Section 2. In Section 3 we will discuss a few results
related to the positivity conjecture. We suspect if the integral closure R of R is a regular
ring and IR is normal, that is, /"R is integrally closed for all n > 1, once &}(R) = 0 for
some m-primary ideal I in R. We shall give an affirmative answer in the case where R

is a Cohen-Macaulay ring.

~

Proof of Theorem 9.1. We have é}E(R) = er(R), since aR = @R for every m-primary
ideal a in R. Therefore, passing to the m-adic completion R of R, without loss of
generality we may assume that R is complete. If d = 1, we then have

a4 (R) = (x(R/R) > 0.
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Suppose that d > 2 and let S = R. For each p € Ass R we put S(p) = R/p. Then S(p)

is a module-finite extension of R/p and we get

S= ][ S(kp) and I =1"1SNR

peEAss R
for all n > 0. Hence
Cr(R/TY) < LR(S/T18) = Y Lr(S(p)/T1S(p))
pEAss R
= > Lr(S(p)/ms(e)-Low) (S(p)/ TS (p)),
pEAss R

where mg(,) denotes the maximal ideal of S(p). Notice that, since dim S(p) = d for

each p € ASS R, we have

G(R) =e}(R) =e(S) = Y €HSk)

pEAss R
= ) R(S(p)/ms))-elsm (S(h))
pEAss R
= Z Cr(S(p)/ms(p)) €15 (S(P)),
peAss R
whence
0 < (r(S/IMTLS) — Lr(R/I™HT)
_ n+d-—1
= [dm - X st /mspetsse)| (507
peAss R
+ (terms of lower degree),
so that

Z CrR(S(p)/ms(p))- eIS (IS(P))-

pGAssR
Thus, in order to see &;(R) > 0, it suffices to show that &4, (S(p)) > 0 for each

peAssR. If d=2, we get

€15 (S(P)) = ers (IS(p)) > 0,
because S(p) is a Cohen-Macaulay local ring. Hence e}(R) > 0.
Suppose that d > 3 and that our assertion holds true for d — 1. Then thanks to

the above observation, passing to the ring S(p), we may assume that R is a normal
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complete local ring. Let I = (ay,as,...,ar) with a; € R, where { = pg(l). Let

4
T =R[Z,Z,,....Z), q=mT, 2= a;Z, and D=T/aT,
=1

where Z1, Z,, ..., Z; are indeterminates over R. Let

R =T, I'=IR, and D' =D,

We then have I"1R’ = "R’ for all n > 0, so that g (R'/I"FIR') = (x(R/I"T1),
whence
e(R) =& (R).

Here we notice that Ass D’ = Assh D’, because R’ is catenary and normal; hence D’
is unmixed, as D’ is a homomorphic image of a Cohen-Macaulay ring. The ring D’ is
analytically unramified. To see this, since D’ is a Nagata local ring, it suffices to show
that D is reduced, that is, Dp = Tp/xTp is an integral domain for every P € Assr D.
Let p = PN R. Then since htyP = 1, we have htgp < 1, so that I ¢ p, because
htgp < 1 < d = dim R. Without loss of generality we may assume that a, & p. Then,

because x = Zle a;Z; and ay is a unit of Iz, we get
Ty = Rp[Z1,Zs, ..., 20| = Ry[Z1, Za, . .., Zp—1, 7],
whence the ring
To/2Ty = Rp|Zv, Zo, ..., Zo||x Ry [ 21, Zs, . .., Zy) = Rpl|Z1, Za, . .., Zy—1]

is an integral domain, as it is the polynomial ring with ¢ — 1 indeterminates over R,.
Therefore for all P € Assy D the ring Dp = Tp/2Tp is an integral domain, because it
is a localization of Ry[Z1, Zs, ..., Zs—1]. Thus D is reduced, whence D’ is analytically
unramified and unmixed.

Let us denote by A the extended Rees ring of T and by A the integral closure of A in
T[t,t7'], where t denotes an indeterminate. Similarly, let us denote by T the extended
Rees ring of ID and by T the integral closure of T in D[t,t7']. We put N = (¢71, It)
in A. We look at the homomorphism

Y :T[t,t7'] — D[t t7]
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of graded T-algebras such that t(t) = t. Since 1(A) = T and T is a module-finite

extension of T, the homomorphism ) gives rise to the finite homomorphism
o: AJitA— T

of graded T-algebras. Let B (resp. U) denote the integral closure of B = A, (resp.
U =T,). Then we get the homomorphism

¢q: B/xtB — U

of graded R’-algebras and, thanks to Proof of [22, Theorem 2.1|, we furthermore have

the following. Let us include a brief proof for the sake of completeness.

Claim 2. The homomorphism
pp: [A/rtAlp — [T]p

is an isomorphism for all P € Spec A\ V(N). Hence the kernel and the cokernel of the
homomorphism g : B/xtB — U of graded B-modules are finitely graded.

Proof. Because A[t] = T[t,t7'] and ztAlt] = 2T[t,t"!], the homomorphism ¢;-1 is an
isomorphism, whence so is the homomorphism @p, if t71 & P.

Suppose now that It € P. We may assume a,t € P. Notice that

A/t Ay = [R[It, (21, Zo, ..., Z4) Jat- RIIL N[ Z0, Zo, . .., Zg]}

= (R[It,t‘l][aiétg (21, Za, ..., Z4)/ (i “ff i Zé>

apt

- () 2y 2



and that

1 1
Dit,t Yoy = T[t,t_l,—t]/x-T[t,t_l,—]

1 1
= R[—, Zl> ZQ, ceey Zg,t,til]/x'R[—, Zla ZQ, ceey Zg,t,til]
Qy Qy

—1
_ (R[alg’t’t_l}) (21, Zs, ..., Z4)/ (Z a;Zi + Ze)

=1 ¢

= ([R[t,tlu [%]) (21, Zy, ..., Zy_1].

(g
Then we get the following commutative diagram

W{L@i p—

[Z/xtm agt [T] agt D[t7 t_l]azt

- -

((RILETIS) (21, Ze] (RIS (20, Ze,

where the vertical homomorphisms are isomorphisms, so that the horizontal homomor-
phism ¢, , is injective. Because ([R[]t, t—l]][aiétD [Z1,Za, ..., Ze—1] is integrally closed
in <[R[t,t_1]] [aiet]) (21, Za, ..., Zoe—1] and @, is finite, @, is an isomorphism, whence

pp: [Af/atAlp — [T]p
is an isomorphism too. This proves Claim 2. O

Because ¢!, 2t form a regular sequence in the normal ring B and because dim D’ =

dimR' — 1 =d—1 > 2, thanks to Claim 2, we have
e1(R) =ep(R) =epp (D).

Thus the hypothesis of induction on d yields the assertion that €}(R) > 0, which
completes the proof of Theorem 9.1. O

The condition in Theorem 9.1 that R is unmixed is not superfluous. Let us note the

simplest example. See [26, Example 2.4] for more examples.
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Example 9.2. We look at the local ring
R=Fk[X,Y, Z]]/a,

where k[[X,Y, Z]] is the formal power series ring over a field k and a = (X) N (Y, 2).
Then dim R = 2, R is mixed, and e (R) = e2(R) = —1. Hence the famous bad example
29, p. 203, Example 2| of Nagata which is a non-regular local integral domain (A,n)

of dimension 2 with e2(A) = 1 possess &.(A) = e2(A) = —1, because
A= KXY, Z)/[(X) N (Y, Z)]
for some field k.

Proof. We put T = k[[X,Y,Z]] and q = (X,Y,Z) in T. Then R =T/(X)® T/(Y, Z)

and we have the exact sequence
() 0=-R—-T/(X)®T/(Y,Z)—T/q—0

of T-modules; hence mR C R. Recall that m is a normal ideal in R, that is, m” = m"

for all n > 1, since the associated graded ring
grm(R) = k[X, Y, Z]/[(X) N (Y, Z)]

of m is reduced. Therefore, as

m" =mrtl =l RO R =m" ' RN R,
thanks to exact sequence (E) above, we get

0— R/mt! S T/[(X)+q" NoT/[(YV.Z)+q"] - T/q—0

(r(R/mmHT) = (”;2) + (”Jlrl) 1,
so that el (R) = e (R) = —1. O

m

for all n > 0. Hence

Let us note a consequence of Theorem 9.1.

Corollary 9.3 ([27, Theorem 1]). Let R be an analytically unramified unmized local
ring with maximal ideal m and d = dim R > 0. Let I be a parameter ideal in R. If

eH(R) = eX(R), then R is a regqular local ring with pur(m/I) < 1, whence I is normal
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Proof. We get el(R) > 0 by Theorem 9.1, whence by Theorem 1.8 R is a Cohen-
Macaulay local ring with e}(R) = 0. Because e.(R) > eL(R) and

er(R) >0

1

+(R) = 0, whence I is a parameter ideal in R

([30, Corollary 1]), we furthermore have e
([30, Corollary 2]). Because parameter ideals contain no proper reductions ([31]), we
get I = I, whence by [7, Theorem (3.1)] R is a regular local ring with pg(m/I) < 1

and [ is normal. O

Remark 9.4. In Corollary 9.3, unless [ is a parameter ideal, R is not necessarily a
regular local ring, even though e}(R) = e}(R). Let us note an example. We look at the
local ring

R=K[[X,Y, 2)/(2* - XY),
where k[[X,Y, Z]] is the formal power series ring over a field k of characteristic 0. Then
R is a rational singularity, so that e}(R) = e}(R) for every integrally closed m-primary

ideal I in R.
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