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I. DEFINITIONS AND BASIC PROPERTIES

Mumford-Tate groups are the basic symmetry groups of Hodge the-
ory. They lie at the interface of Hodge theory with

e algebraic geometry (variations of Hodge structure)
e representation theory of real, non-compact semi-simple Lie groups
(discrete series)

e arithmetic algebraic geometry (theory of Shimura varieties)

Much of the use of Mumford-Tate groups has been in the classical case
of weight one polarized Hodge structures (theory of Shimura varieties).
Since this topic will be covered elsewhere in the summer school, this set
of lectures will emphasize the non-classical, higher weight case which
is much less explored.

The first four of these lectures will be largely self-contained, making
use of the lectures of Trang, Cattani, Tu, El Zein, Voisin, and Carlson
at this summer school. Lectures V and VI will use some of the basic

Lectures based in large part on joint work with Mark Green and Matt Kerr.
1
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structure theory of semi-simple complex and real Lie groups and Lie
algebras, and will be largely without proofs. At the end we indicate,
in very general terms, where some potentially interesting directions for

further work might lie.

A. Notations
B. Polarized Hodge structures
C. Mumford-Tate groups

D. Basic properties

A. Notations.

e I/ is a vector space over Q; Vg =V ®qg R etc.;

e V is the dual vector space;

e : VRV — Qis anon-degenerate bilinear form with Q(v, w)
(=1)"Q(w,v) where n will be the weight of the Hodge struc-

ture;
o GL(V), GL(VR) etc. are the general linear groups;
o G = Aut(V, Q) is the subgroup of GL(V) preserving Q.

Definition. A Q-algebraic group will be a subgroup of a GL(V') defined

by polynomial equations with Q-coefficients.?
Example. G is a Q-algebraic group.

A connected, commutative Q-algebraic group is called an algebraic
torus.
Examples. Q* is an algebraic torus.

a b 5 9
T = ca+b=1, a,beQ
—b a
is an algebraic torus.

IThe basic reference is Borel, Linear algebraic groups.
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We may also define R-algebraic groups.
Example. Resc/r C*, the restriction of scalars from C to R of C*, is
an R-algebraic group. Throughout these lectures it will be denoted

simply by S. It is the semi-direct product of its subgroups R* (scaling)
and S* ={z €S:|z] =1}.

For a Q-algebraic group M, M(Q), M(R), M(C) will denote the set
of its Q, R, C-valued points.
e For a subgroup I' C M, T will denote its Q-Zariski closure.

Definition. The Lie algebra g of G is the tangent space to G at the
identity.

Examples. gl(V) = End(V) =2V ® V with the bracket

(X, Y](v) = X(Y(v)) = Y(X(v)), X, Y egl(V),ve V.
For G as above

g={Xegl(V): Q(Xu,v)+Q(u, Xv) =0, wu,veV}
B. Polarized Hodge structures.

Definition (i). A Hodge structure of weight n is given by a Hodge

decomposition
Ve= & VPt
p+g=n

Definition (ii). A Hodge structure of weight n is given by a Hodge
filtration

—n—p+1 ~

FrcFlc--Cc F'=Vg
FPoF

— Vg, p=mn,...,1.

Definition (iii). A Hodge structure of weight n is given by a non-

constant homomorphism of R-algebraic groups

7:S— GL(VR)



4 PHILLIP GRIFFITHS

such that over C the eigenspace decomposition of ¢ : S — GL(V¢) is

Ve= & VP4
ptg=n
o(z)v = 2Pz, ve VP
Equivalence of definitions.
(i) = (ii) FP= @ VP
»'2p

(i) = (i) Ve = PO
(1) < (iii) VP = zPZ9 eigenspace for ¢(S).
The Weil operator C' € GL(VR) is defined by
C=o(1) (=77 on VP9,

We denote the Hodge structure by (V, ¢), or sometimes by just V5.

Definition. A polarized Hodge structure (V,Q, @) of weight n is given
by

p: 8" — G(R)
such that (i) the characters of ¢ lie in [—n,n|, and (ii) the Hodge-

Riemann bilinear relations

Q(F?, Frr) =0
Q(v, Cv) > 0, 0#vele

are satisfied.

These relations are equivalent to

Q(V;D,q7 Vp,ﬂ,) = 07 p/ ;é n—p
iP71Q(v,v) >0, 0F#wveVPi,

Remark. The action of ¢(S') on Vi decomposes into eigenspaces

VPa =V where p(z) = 279 (= 2°Z9) on VP4, The character group
X(SYHY=z

where m € Z gives the character y,,(z) = 2.
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Note. The difference between ¢ and ¢ is that the scaling action of ¢
gives the weight
&(’I") =r" ldV .
We may define a Hodge structure, without specifying the weight, to
be given by
¢ :S — GL(WR)
with the following condition: On Q* C S the action of p(Q*) decom-
poses over (Q into weight spaces

V=gV®

and (V™ 5 |, is a Hodge structure of weight n. Hodge structures of
weight n are sometimes referred to as pure Hodge structures. Polarized

Hodge structures are always assumed to be pure.

Basic example. V = Q? = column vectors v = (f};),

Qu,v) = vQu, Q=(41)
Ve =V Vol
Vl,O = C’UL(), V1,0 = (z;) .

The condition

is
(—i)(Ulﬁg — 511)2) > 0.
This implies vy # 0 and when we scale to have

T
=)

the above condition becomes Im 7 > 0. We set

1 T
Vyp = ——
V2Im T (1)

= iQ(v,,T,) =1.

Then v,, v, give a Hodge basis.
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Denoting by ¢, the circle giving the Hodge structure, in terms of the
Hodge basis ¢, has the matrix

Example. The Tate structure Q(n) := 2miQ C C with Hodge struc-

ture of pure type (—n, —n).

Hodge structures and polarized Hodge structures admit the usual
operations of linear algebra: @, Hom, ®, A and Sym. A subspace W C
V' is a sub-Hodge structure of (V, @), not assumed to be pure, if

QD(S)WR g WR.
In the polarized case (V, @, ¢) we have that @ |y is non-singular and
V=WwaoWwt

is a direct sum of polarized Hodge structures. Polarized Hodge struc-
tures form a semi-smiple abelian category.

Because of

Hodge’s Theorem. The cohomology group H™(X,Q) of a smooth,

projective algebraic variety has a polarized Hodge structure of weight n.

polarized Hodge structures are the basic objects of Hodge theory. The

basic example is the polarized Hodge structure on H'(E,, Q) where
E.=C/Z+Zr.

Note. In practice we will usually be given a lattice V; with V=V, ®7 Q.

For the theory of Mumford-Tate groups it is better to work over Q than

over 7.

For a Hodge structure (V, @) of even weight n = 2p, we define the
space of Hodge vectors by

Hg; =V Ny,
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These are the rational vectors of Hodge type (p, p). The famous Hodge
conjecture is that the Hodge vectors in H?(X, Q) are represented by

the fundamental classes of algebraic cycles.

C. Mumford-Tate groups.

Definition. The Mumford-Tate group Mg associated to a Hodge struc-
ture (V, ) is the smallest Q-algebraic subgroup of GL(V') such that

P(S) € Mp(R).

It is not required that Vj be of pure weight. If (V) = (Vig )@ (Va3,)
is a direct sum, then Mz C Mz X Mg, and the projection onto each
factor is surjective but equality may not hold (e.g., if Vs, = V5, then
M3 is the diagonal subgroup of the product).

Definition. The Mumford-Tate group M, associated to a polarized
Hodge structure (V,Q, ¢) is the smallest Q-algebraic subgroup of G
such that

p(S') C My(R).

Note. In the literature Mz is usually called the Mumford-Tate group
and M, the special Mumford-Tate group or Hodge group. Because of
the centrality in these lectures of polarized Hodge structures, we shall
refer to both as Mumford-Tate groups and let the subscripts ¢ and ¢
specify to which we are referring. For pure Hodge structures we shall
see that Mz and M, differ only by the scaling action; Mgz will be the
semi-direct product of M, and G, q.

Basic example (continued). For the above example, we first have
G = SLy(Q). The change of basis from the Hodge basis to the Q-basis

is

1 T T

T V2Imr \1 —1]
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and so the matrix of ¢, (z) in the Q-basis is

Pr(2) = AT‘PT(z)A;l :

The entries of ¢, are not particularly illuminating quadratic expres-
sions in 7 and 7 and F with Q-coefficients. To satisfy an additional
equation over QQ beyond det ¢, = 1 suggests that 7 must be an algebraic

number. We shall see later that there are two cases:

(i) Q(7) is a purely imaginary quadratic extension of Q, and M.,

are the elements of norm one in Q(7)*;

(ii) M, =SLy(Q).

Example. For Q(n), the Mumford-Tate group is G,, g for n # 0 and

is trivial for n = 0.

We shall now formulate and prove the basic property for M,,; subse-
quently, we shall do the same for M. In each case the basic property

is an answer to the question:
What are the defining equations for the Q-algebraic
group M., respectively Mg ?
For this we consider a polarized Hodge structure (V, @, ¢) and let
Tkl — 170" ® f/@l’

T — o) Tk,l
k,1=0

be the tensor spaces and tensor algebra of V. We then have
k,l k,l
Hg, CT
o0 k,l
Hggp - @Hggp
consisting of the Hodge tensors in 7%! and the algebra of Hodge tensors.

Basic Property (I). M, is the subgroup of G firing Hg*.

Step one: Ift e Hg’;’l, then M, fizest.
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Proof. Since t is rational, fixing it defines a Q-algebraic subgroup G(t)
of GL(V). If t is of Hodge type (p,p) where n(k — 1) = 2p, then
p(2)t = zP7Pt = t. If follows that

p(Sh) C G(H)(R),
and by the minimality of M, we conclude that M, C G(t). This gives
M, C Fix HgZ* .

Step two: If M, stabilizes the line Qt spanned by t € T*!, then t €

Hgi’l 1s a Hodge tensor.

Proof. Since ¢(S') € M,(C), if M, stabilizes Qt then ¢ will be an
eigenvector for o(z) for a general z € S'. Hence ¢ is of pure Hodge

type, and since it is rational it must be a Hodge tensor.

Chevalley’s theorem (in our context). Let M be a closed Q-algebraic

subgroup of GL(V'). Then M is the stabilizer of a line in & Thiki,
i=1

Completion of the proof of the basic property (I). There exists

T=(t,... tm) € @ Tk
=1

)

such that setting L = Q - 7,
My ={g9€ GL(V):g(L) C L} .

Then g € M, fixes each line Qt; C T*iki and by step two t; is a Hodge
tensor. Thus
FixHg%® C (| Fix(t;) = M, . O

Proof of Chevalley’s theorem. From the open embedding GL(V) —
End (V) of algebraic varieties comes the injection of coordinate rings

QGL(V)] < Q[End(V)] = & Sym*(End(V)") € & T™*V.

k>0
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The action of GL(V') on itself by conjugation extends to the adjoint

action on End(V'), and these induce compatible actions on the coordi-

nate rings which, moreover, are compatible with the action of GL(V)

on @T*V. Write S := Q[End(V)]. If we choose a basis for V, we may

think of S as polynomials P(X}) in the matrix entries of X € End(V/).
The stabilizer of the ideal

I(M) € Q[GL(V)]

of M, viewed as a subvariety of GL(V), is the largest algebraic subgroup
contained in the Zariski closure of M. But since M is Zariski closed,

and a subgroup, the stabilizer is just M. Note that S and
I=1I(M)NnS

inherit nonnegative GL(V)-invariant gradings from the above injection
of coordinate rings, and M is also the subgroup of GL(V') stabilizing I
in S. This follows from the above because Q[GL(V)] = Q[End(V)][5]
and det is nonvanishing on M.

Since M is an algebraic variety in GL(V'), I(M) is finitely generated;
the same goes for I, the ideal of the Zariski closure of M in End(V).
Let P, € I=* be a generating set for I. Since I=F generates I and the

action is compatible with products, M is the stabilizer of I=F in S<F,

and this is, by linear algebra, the same as the stabilizer of
L := N5k € ATgsk

where dim I<F = d and A4Sk c @ THV. dJ
>0

For a general Hodge structure (V, @), not necessarily of pure weight,
using Gry’ HgZ® to denote the weight zero part @Hg'g’ki of Hg®, es-

sentially the same argument gives the

Basic Property (II). Mj is the subgroup of GL(V) fizing GrgVHg;;".
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We next have
If (V,Q, ¢) is a polarized Hodge structure, then the following properties
of a subspace W C V are equivalent:
(i) W is invariant under M.,;

(ii) W is a sub-Hodge structure.

Proof of (1) = (ii). Wk is invariant under M, (R) which contatins ¢(S*);
thus the circle acts on Wx to give a sub-Hodge structure, necessarily

polarized, of (V,Q, ¢).

Proof of (ii) = (i). As previously noted, since W is a sub-Hodge struc-

ture, we have the QQ-orthogonal direct sum decomposition
V=WaoWw".
If G(W) C G is the Q-algebraic group of those g € G with g(W) C W,

then we have ¢(S') C G(W)(R). By the minimality of M,, we then
have M, C G(W). O

Corollary. M, is a reductive algebraic group.

The above properties of M, are also valid for M. An additional
property is: Let p : GL(V) — GL(V,) be a representation. Then
setting o, = po @, (V,,9,) is a Hodge structure and

Mg () = p(Mg) .
The proof is an exercise.

For properties of algebraic groups see Borel, loc. cit. A consequence

of the corollary is that M, is an almost direct product M; x - - - x M x A

of simple Q-algebraic groups M; and an algebraic torus A.

Below we will see that A is anisotropic; i.e., A(R) is compact.

Exercise. Any non-trivial reductive subgroup of SLs is a torus A. If A

is anisotropic, it is conjugate to the standard torus given earlier.
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II. CM HODGE STRUCTURES

For reasons of exposition, in this lecture we shall assume that our
Hodge structures (V) are of pure weight n, simple, and polarizable.
Simple means that there are no non-trivial, proper sub-Hodge struc-
tures (and thus simple = pure weight). Polarizable means that there
exists a polarization — we do not specify what it is.2 We also set
G = GL(V).

The internal symmetries of (V, ¢) are encoded in its endomorphism
algebra

€, ={X €End,(V,V)} .

The notation End,(V, V) means that as maps of Vg to itself, for all
z € St we have

[X,¢(2)] = 0.
Identifying End(V, V) with V ® V, using the basic property we have

Ep = Hgl’1 ,
or equivalently

&, = [End(V, V)M

are the M,-invariants in End(V, V).

Using the assumption that (V,¢) is simple, it follows that &, is a
division algebra and &7 = €,\{0} is a subgroup of G(Q). In fact,

€ = Za(My)

©
is the centralizer of M, in G.
The existence of a polarization ) implies that &, is a special type

of division algebra; namely, it has a positive (anti-) involution ¢«: For

X €&, and u,v €V, (X) = XTis defined by
Q(Xu,v) = Q(u, Xv).

2By the basic property I, ¢ will preserve any polarization.
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The involution property (X7)T = (=1)"X is immediate; the positivity
is a consequence of the 2°¢ Hodge-Riemann bilinear relation (we do not
need its explicit form). Division algebras with this property have been
classified into four types. For our purposes the ones of type IV are of
interest. Denoting by L the center of &, division algebras of this type

are described as follows:

(i) L is a CM-field. That is, it is a totally imaginary extension of
Q having a totally real subfield Lo with [L : Lo] = 2;

(ii) &, is a division algebra of rank d? over L, where d* = [€, : L],
and

(ili) €, @R = My(C) x - x My(C) where e = [L, : Q] and where

L(Al,...,Ae) = (tzzll,...,t/_le) .

Definition. (V) is a CM-Hodge structure if M, is a torus.
Proposition. If (V. ¢) is a CM-Hodge structure, then €, is a CM-field.

Step one: & is a Q-algebraic group and contains a maximal torus 7'
defined over Q (cf. Borel). Since it is maximal and centralizes M., we
have T' O M,,.

Any sum of non-zero elements of T(Q) C €7 belongs to €7, C G and
commutes with 7', hence by maximality belongs to T(Q). Thus there
is a field L with n : L — &, and n(L*) = T(Q). For any w € V, the
subspace W = n(L)w of V is stabilized by M,; hence is a sub-Hodge
structure. Thus W =V and V is a 1-dimensional vector space over L.

Also [L: Q] =dim V :=r, and we have
£, = T(Q) = Z5(M,)

Step two: A Hodge frame is given by a basis w = {w; € VP% w,_; =
w;} for Vi such that

P Q(wj, wr—k) = 04
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(think of v, and v, in the standard example). We may choose w to
diagonalize the action of M, and hence of p(S). This basis defines and
diagonalizes a maximal torus of G centralizing M, and a priori defined
over R. But since Z5(M,) = T(Q), this torus is necessarily 7" and

consequently w diagonalizes n(L).

Step three: Let v € L be a primitive element for the extension L/Q

and
I8

P = [T =n(3)

j=1
its minimal polynomial over QQ, where 7; : L — C are embeddings.
This is also a minimal polynomial for n(), and so up to reordering in

the Hodge basis we have

n(l) = diag{m.(1), ..., n.(1)}

for all I € L. Since n(L) C G(R) the eigenvalues of n(7) on w; and
wy—j = W; must be conjugate, which implies that n,_; = 7;. Except
when n is even and r is odd, a case that can be ruled out although we

shall not do so here, this shows that L is totally imaginary.

Step four: The Rosati involution gives
oc:=n"totonec Gal(L/Q),
and the defining properties of 1 and of the Hodge frame give
njoo =7,

for all j. (This computation is a nice exercise.) The existence of such

an involution is the defining property for a CM field. U

Standard example (continued): The above argument simplifies in

this case. If M; is a torus, then it follows from €, = [End,(V, V)] that
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V. has an extra endomorphism other than +idy. If A, = Z+ 77 is the
lattice with . = C/A., then there is a complex number ¢ such that

E(Ar) € mA;
for some m € Z. Then we have

E=a+br
ET =c+dr

where a, b, c,d € Z. This gives an equation
?+ar+ =0

where «a, § € Q.

Conversely, suppose that 7 satisfies such an equation. Then mul-
tiplication by 7 gives an isogeny of E, to itself, which we may think
of as a Hodge class [r] in H*(E, x E,,Q). The induced action of [7]
as an element in End,(H'(FE,,Q)) = End, (V) diagonalizes with dis-
tinct eigenvalues with respect to some Hodge frame v,,v,. Since the
eigenvalues are distinct, the only matrices that commute with it are
diagonal. It follows that M. is a torus with

{MT(C) = diag(z,1/2)
M. (R) = diag(exp(ix), exp(—ix)).
Writing out the elements of this form which are rational with respect to
a rational basis of V' we have z = exp(ix) in Q(7). (This is another nice
exercise.) From this it follows that M, is isomorphic to the elements
of norm one in Q(7)*.

There is a converse to the above:

Suppose that €, has an embedded field n : L — &, of degree r =
dim V. Then M, is abelian.

Proof. Since n(L) C Hg}o’l, by the basic property M, must centralize
n(L). Furthermore, n(L*) gives the Q-points of a torus of dimension
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[L : Q). Since by assumption [L : Q] = dim V/, this torus is maximal in
é, and hence it contains M,,. O

Anticipating the discussion in the next lecture of the period domain
D = {set of polarized Hodge structures on (V, Q) with given Hodge

numbers} as a homogeneous complex manifold
D = G(R)/H,

where H, = {g € G(R) : [¢9,¢] = 0} is the compact isotropy group
preserving a reference polarized Hodge structure (V, @, ), we have:
If M,(R) is contained in H,, then M, is a torus and ¢ is a CM

Hodge structure.

Proof. First, the Mumford-Tate group M, commutes with &,. Since
the action of M,(R) preserves the Hodge structure it follows that
M,(Q) C &,. Thus M,(Q) is commutative, and by the Zariski den-
sity of the Q-points in a connected, linear Q-algebraic group, M, is

commutative. Hence it is a torus and the previous result applies. [

It may be shown that the CM polarized Hodge structures are dense
in the period domain. They play a central role in the theory of Shimura
varieties. Their role in the study of higher weight Hodge structures is

in its early stages.
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III. MUMFORD-TATE DOMAINS

Given (V, Q) and a set of Hodge numbers h?? = h%P p+ ¢ = n and
Zp+q:n h?? = dim V', the period domain D is the set of polarized Hodge
structures (V, @, ¢) with dim VP4 = P4, Given ¢ € D, we recall that
a Hodge frame w is {w; € VP9%, w,_; = w; and 7~ 4Q(w;, W) = 0,1}
Picking a reference point ¢, the set of Hodge frames is identified with

G(R), and the subgroup H, of G(R) fixing ¢ is compact. Hence,
D = G(R)/H,

is a homogeneous manifold.

In fact, D is a homogeneous complexr manifold. One way to see this
is to consider the compact dual D, consisting of all filtrations F* =
{F* c F»~! c ... C F° = V¢} satisfying the first Hodge-Riemann
bilinear relations

Q(FP, F" P =0.
It may be shown that D is acted on transitively by G(C) with stability
group of F* € D a parabolic subgroup P. Thus
D=G(C)/P

is a compact, complex manifold. It is in fact a rational, projective
variety defined over Q, as may be seen from the G(C)-equivariant em-
beddings

o A [n/2]
D C H Grass(f?, V) C H P(AP V)
p=n p=n

where fP = h™0 + ... 4+ hP"~P and where the second inclusion is the

Plicker embedding. Then
DcD

is an open G(R)-orbit of a fixed point ¢ € D, and as such has an

induced complex structure.
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Basic example (continued). In the case n =1, h"° =1 we have
HCH=P.

Another way to see the complex structure on D is to observe that
End(V,V) 2 V ® V has a weight-zero polarized Hodge structure and
g C End(V, V) is a sub-Hodge structure. In fact

gc=® g "
where
g " ={X € gc: X(VP) C Vriatiy

shifts the Hodge decomposition i-places to the right.®> We have

gt = g
g%% = b, = the complexified Lie algebra of H,
g7t g ] C g,

Setting

g =ag", gt=7
>0

the complexified tangent space
T,D= gc/ be.c
=g & g_—
Thus, D has a G(R)-invariant almost complex structure whose (1,0)
part at the identity coset is g~. By the bracket relation above this

almost complex structure is integrable. Note that if ¢ € D C D is

chosen as a reference point, then

p=dg " =bochg".
i<0
Note also that
o = g_l’1 cg

3We shall drop the subscript “o” on the g~»% and on the m~%¢ below.
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gives a G(C)-invariant distribution
WcCTD.

A holomorphic map
d:S— D,
where S is a complex manifold and ®(s) = F? is a holomorphically
varying filtration, is said to satisfy the infinitesimal period relation
(IPR) if
e, TS —-W.

We may think of this as
dF? C FP1® Qg .

A local variation of Hodge structure is given by ® : S — D as above that
satisfies the IPR. If we set W=+ = I C T*D, then for local holomorphic
sections € of I we have
*(0) =0,
d*(df) = dd*(0) = 0.

The second relation gives the integrability conditions associated to the
differential constraint dF? C FP~'®Qg,. They are equivalent to saying
that

®,(T,S):=EcCcm !

is an abelian subalgebra.

Definition. Let ¢ € D have a Mumford-Tate group M,. Then the
associated Mumford-Tate domain is the M,(R)-orbit

Dy, = My(R)- ¢ C D

®

of .

Proposition. Dy, is a homogeneous complex submanifold of the pe-

riod domain D.



20 PHILLIP GRIFFITHS

Proof. The basic observation is that the Lie algebra of M,
m, C g
is a sub-Hodge structure of g. Then, as above

—i
myc = ?m

where m™*" = m, ¢ N g%, and where m*® = m, ¢ N b, ¢ is the com-

plexified Lie algebra of the isotropy group Hy, = H, N M,(R): thus

Dy, = My(R)/Ha,

@
We have that m_ = mcNg™ gives the (1,0) part of an M, (R)-invariant
almost complex structure, which is integrable for the same reason as

in the period domain case. U

A basic fact is given by the
Proposition. M,(R) contains a compact mazimal torus.

Proof. We have observed above that M, (R) is reductive, and thus it is
an almost direct product My x --- x M; x A of simple, real Lie groups
M; and an abelian part A.* We shall assume that M, (R) is simple, and
comment that the argument may be extended to the general case. For
notational simplicity, we shall drop the subscript ¢ — thus M, = M,
etc.

We first note that
Hy = Zu(9(SY)
is the centralizer in M (R) of the circle p(S'). In fact, writing z € S*

as z = > we have that (2) = @€ on VPP It follows that

for g € M(R)
gp(2) = p(2)g & g(VPT) C VDA,

4M¥, may be simple as a Q-algebraic group but M, (R) may only be semi-simple as
a real Lie group.
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Let B be a maximal connected abelian subgroup of M(R) containing
©(S1). Then

B C Zu(e(SY) = Hu
and since H); is compact, so is B. Because B is maximal abelian, rank
M(R) = dim B. O

Corollary. SL,, is not a Mumford-Tate group for n = 3.

The other extreme to M(R) being simple is when M = T is an
algebraic torus. The non-trivial characters of T" acting on V¢ occur in
conjugate pairs, so that T is anisotropic. In this case the component
of the Mumford-Tate domain containing ¢ is just the point ¢, which
is a CM-polarized Hodge structure.

Basic example (continued): ¢ = /—d € H. Then

d
M, = “ Vs ca,3€Q and 2 +dF? =1,

_\/Eg «

and

is a point in H.

Now we come to Noether-Lefschetz loci.

Definition. Let ¢ € D. Then the Noether-Lefschetz locus
NL, = {¢' € D : Hg}’ D Hg}"} .

In other words, the Noether-Lefschetz locus is the set of polarized
Hodge structures whose algebra of Hodge tensors contains the given
algebra Hg?*. Classically, the Noether-Lefschetz loci were defined in
the parameter space of a family of smooth projective varieties to be the
subvariety where a Hodge class remains a Hodge class. For geometric

reasons, the above would seem to be a more natural concept. Denoting
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by Z° the component containing ¢ of a subvariety Z of D with ¢ € Z,

we have the
Proposition. Dy;,° = NL,°.

Proof. We clearly have Dy, ° C NL,°. Since Dy, ° is smooth, it will
suffice to show equality of the Zariski tangent spaces at ¢. Identifying
T,D with g~ and T,,Dy;, with m™, we have

T,NL, = {X € g™ : X(¢)=0 for all ¢ €Hg%"}.

Here, for ¢ € Hgi’l of Hodge type (p,p) where n(k — ) = 2p and for
X € g%, X(¢) is of Hodge type (p—i, p+1). Thus the above statement
in brackets expresses the condition that, to first order in the direction
X, ¢ remains a Hodge class.

On the other hand, by the basic property of Mumford-Tate groups,
the m™-part of the complexification of the tangent space T.M, C T.G
is

{X€eg :X(()=0 forall (€Hg}*},
which by the above gives
T,NL, =T,Dy, . O

For applications to algebraic geometry we consider a local variation
of Hodge structure
®:5—-D,
and for a point sq € S we set

NLy,(S) = @7 (NLg(sg)) -

A classical question is to estimate the codimension of NLg, (S) in S.
More precisely, if n = 2p and ¢ € V7 NV is a Hodge class, classically
one has been interested in the locus NL, (¢) C S where { remains a

Hodge class. An obvious estimate is

codimg NL, (¢) < h*° 4 ... 4 pptir=t
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since the RHS is the number of conditions to be a Hodge class. This
estimate can be significantly sharpened and applied to the algebra of

Hodge tensors as follows: Set
E=9,(T,S) Cg ™.
There are maps

—92 —1,1y . 2p,0 +1,p—1
Symp EF® (E nm ) : VCP?SO) - V£(SO)p : ’

Denote by o, the rank of this map.

“Proposition”: We have

codimg NL,,(S) < dim (g7 /m™1) =30,

The quotation marks mean that there are some mild technical as-
sumptions needed that do not effect the essential geometric content
of the result. The term g="!/m~"! represents the part of the normal
space to Dy, in D that satisfies the IPR. The terms o, reflect the
integrability conditions in the IPR. It may be shown by examples that
the above estimate is sharp. In practice it says that for a given Hodge
class ¢ and when p 2 2, the codimension of NLg, (¢) is usually much less
than the naive estimate h?"0 + ... + hP*1P~1 If the Hodge conjecture
is true it means that there are more algebraic cycles than predicted by

naive dimension counts.

"Here p = 2; the classical case p = 1 is less interesting.
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IV. VARIATION OF HODGE STRUCTURE AND MUMFORD-TATE

DOMAINS

A global variation of Hodge structure
o5 —T\D
is given by the following data:

e S is a smooth, quasi-projective variety;
e I' C G(R) is a discrete group;®
e ® is a locally liftable holomorphic mapping whose local lifts
satisfy the IPR.
Since I' is discrete, the intersection of I' with the compact isotropy
group H,, is a finite group. Being locally liftable means that around

each point sg € S there is a neighborhood U and a diagram

3 L7 J/
U2 T\D.
Because of this there is an induced mapping

O, :m(S,5) =T

and the image is called the monodromy group. It is the fundamental
invariant of a global variation of Hodge structure.

Using the local liftings we may obtain a diagram
§—"=D
S —2T\D

where S — S is the universal covering. It is sometimes convenient

to think of the properties of ® as given by the I'-invariant properties

In practice, T’ will usually be a subgroup of an arithmetic group, an arithmetic
group being one that is commensurable with Gz.



MUMFORD-TATE GROUPS 25

of ®. For example, the Mumford-Tate group Mg of ® may be defined
as follows: Outside of a countable union Z of proper subvarieties of S ,
the Mumford-Tate groups Mg(g) C G are constant and serve to define
Myg. More precisely, choosing sy € S to be the image of §y € S\Z, we
may think of V¢ as the fibre over sg € S of the flat vector bundle V¢ =
S xr Ve — S, and then Hg?® gives a subspace of the tensor algebra
of V.C V& = V¢, that, as a subspace, is invariant under parallel
translation around all paths v € 7,(S, s9). Then Mg = Fix Hg*.
A basic property of the monodromy group is the following

Theorem (Schmid). Ifv € VI is a monodromy invariant vector, then

the Hodge (p,q) components v?? are constant and I'-invariant.

For applications of this theorem, we assume that there is a lattice
Vy € V with I' C Gz. Then the intersection of I' with any compact
subgroup of GL(VR) is a finite group. We shall also work up to isogeny,
i.e. up to finite coverings S’ — S with the induced variation of Hodge
structure @' : S” — I\ D where I" is a subgroup of finite index in I". In
particular, referring to the above, we observe that I" acts on the space
Hg?® by a finite group. This is because the polarizing form is definite
on the spaces Hgf(’)l. Passing to a a finite covering and relabeling we

may assume that Hg* is pointwise fixed by I'. This implies that
(*) I'c Ms.
A consequence of Schmid’s theorem is the
Theorem of the fixed part: IfU = V' is the subspace of I'-invariant

vectors in 'V, then Q}U is non-singular, V = U @ U+ and the variation

of Hodge structure splits into a direct sum whose U-part is trivial.
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Proof. If uw € Ug, then by Schmid’s theorem the Hodge (p,q) compo-
nents u(®(5))»? are constant and I-invariant. Thus the U-part of

®(3) is a constant sub-Hodge structure of ®(5). O

Another consequence is the

Rigidity theorem: If we have two global variations of Hodge struc-
ture

¢:S—-I\D

.S —-T\D
where ®(sg) = P'(s¢) and the induced monodromy representations co-
incide, then ® = @',

This is because the identity map idy € Hom(V,V) =V @V is I-
invariant and of Hodge type (0,0) at Sy, hence it is everywhere of type
(0,0).

For a third application, we recall that T denotes the Q-Zariski clo-
sure of I' C G. It is the smallest Q-algebraic subgroup of G containing
I'. By (%) above we have

T C M,.

Semi-simplicity of monodromy theorem: T is a semi-simple Q-
algebraic subgroup of Aut(V').

In fact, the argument given in the proof of the structure theorem
below will show that T° is a normal subgroup of the derived group
DMs.

When the global variation of Hodge structure arises from geometry,

meaning that we have a family
T:X—= S
of smooth projective varieties X, = 7~1(s) and

(I)(S) = Hn(Xsa Q)prim 5
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the above results are due to Deligne as a consequence of his mixed
Hodge theory.
Let now

MCI):MlX"'XMlXA

be the almost product decomposition of the reductive Q-algebraic group
Mg into simple factors M; and an abelian part A. Denote by D; C D
the M;(R)-orbit of ®(5,). Then we have the

Structure theorem: (i) The D; are homogeneous complex submani-
folds of D. (ii) After passing to a finite covering of S, the monodromy

group splits as a direct product
=TI x---xTy, k<1
where fZQ = M,.
The proof will give the following:
(i) Setting P = M X - -+ X My and R = M4 X -+ x M; x A, the
Mumford-Tate group

M@IPXR,

and we denote by Dp and Dpg the corresponding sub-domains
of D;

(ii) the global variation of Hodge structure is given by
®:5— F\DP X DR

and is constant in the Dg-factor;
(iii) the monodromy group I' and the Q-algebraic group P have the

same tensor invariants.

In particular, although it seems not to be known whether or not I' is a
subgroup of finite index in the arithmetic group Py, they at least have

the same tensor invariants.



28 PHILLIP GRIFFITHS

The main step in the proof of the structure theorem is this:

T is a normal subgroup of the derived group DMeg .

Proof. For any tensor representation p : V. — V, we have a corre-
sponding variation of Hodge structure ®, and a monodromy group
I', C Aut(V,). By the theorem of the fixed part,

=Q

Uy :=ker(, = 1) CV,

gives a constant sub-variation of Hodge structure. Recalling that the
Mumford-Tate group

M<I>p = P(Mcl>) )
we infer that p(Mg) stabilizes U, C V,. Given g € Mg(Q) and v € f?,

(xx) p(g)yp(g)~" fixes U, pointwise.

We now let IV C Aut(V') be the largest subgroup such that I fixes
all tensors of weight zero that are fixed by I'. Then T C I”, and by the
argument used in the proof of the basic property (Chevalley’s theorem
where p are the respresentations on T%), it follows that T% =T’ and
hence by (xx), T is a normal subgroup of Mg. Since the orbit of the
abelian part A(R) of M(R) is a point, A(R) is compact and I' N A is
a finite group. After passing to a finite index subgroup, we may then

assume that ' N A = {e}. It then follows that Tis a semi-simple
subgroup of DMsg. O

We may now infer that I' splits as in the statement of the structure

theorem. Moreover, by the argument just given we have that

T2 — M, . 0

Because of the structure theorem we see that Mumford-Tate domains
are the natural target spaces for period maps. In the next lectures we
shall see that different Mumford-Tate domains may be manifestations

of a more basic object, namely a Hodge domain.
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V. HODGE REPRESENTATIONS

In this lecture we will discuss the questions: Given a semi simple
Q-algebraic group M
(a) When is M the Mumford-Tate group of a polarized Hodge
structure?

(b) In how many ways can such an M be realized as a Mumford-

Tate group?

Essentially complete answers are known to these question and we shall
describe and illustrate them, largely without proofs. This will require
some facts from the structure theory of Lie groups and representation
theory, which we will briefly review as needed.

The basic concept is the following:

Definition. A Hodge representation (M, p, @) is given by a represen-
tation defined over QQ

p: M — Aut(V,Q)

together with a circle
@ : S — M(R)

such that, setting ¢, = poy, (V,Q, ¢,) is a polarized Hodge structure.

Without essential loss of generality we can and do assume that M (R)
is simple and that p : M(R) — Aut(Vk, Q) is irreducible. These p are
then classified using the root and weight structures on the Lie algebra

mp. There are two issues:

(i) For which p : M(R) — GL(Vg) is there an invariant bilinear
form Q7

(ii) Given p: M(R) — Aut(Vk, @), for which circles ¢, = po ¢ :
St — M(R) is (V,Q, ¢,) a polarized Hodge structure?
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We have seen in lecture two that if a Hodge representation exists, M (R)
contains a compact maximal torus T with ¢(S') C T. The action of

T on V¢ decomposes
V(C = @Vw

where the weight spaces V,, on which 7" = t/A acts by a character
expi (w, ®) where w € Hom(A,Z) occur in conjugate pairs: V_, = V..

Restricting the action to p(S') C T gives a Hodge structure

Ve= & vpa

ptg=n Pp
where V29 is a sum of weight spaces.” Because the form ( is preserved,

the first Hodge-Riemann bilinear relation
, /’ ! . /
Q(Vgquvgpq)_oj p %n_p
will be satisfied. The difficult one is the second bilinear relation
PIQVEL V) > 0.
The answer will be expressed in terms of congruences “mod 2” reflecting
on the parity of  mod2, and “mod4” reflecting the fact that the
second Hodge-Riemann bilinear relation depends on p — ¢ mod 4.
The easiest case to analyze is the adjoint representation. Here we

recall that if (M, p, ¢) is a Hodge representation, then so is (M, Ad, ¢).

Specifically, we have
mCEnd(V)2VeV

and the bilinear form ) on V induces the Cartan-Killing form B :
m®m — Q. Then (m, B, Ad ¢) gives a polarized Hodge structure of
even weight.

"There is a subtlety here in that since ¢(S') does not have a scaling action, the

weight n of the Hodge structure is not uniquely defined. We shall let n be the
integer such that V;p’o # 0.
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The conditions on ¢ that (m, B, Ad ¢) give a polarized Hodge struc-
ture will now be explained. Under the action of the Cartan sub-algebra

tc on mgc, one has the root space decomposition
mc =1tc® (@ ma) .
ace
Here, the set of roots
v C it

are purely imaginary linear functions on the Lie algebra t of T. The
root spaces m, are 1-dimensional and occur in conjugate pairs. For a

maximal compact subgroup K C M(R) we have T'C K and a Cartan

decomposition
mpr = 14 D p
where
[&,p] S p
[p,p] CE.
We denote by aq, ..., a4 the compact roots which belong to €, meaning
that the root space
maj - E(Cv

and by f31,..., 8. the non-compact roots belonging to p.
Writing T' = t/A, the circle ¢ : S — T is given by the exponential
of the line through a lattice point [, € A. We then have:

(m, B, Ad p) is a polarized Hodge structure if, and only if,

(aj,1,) =0 (mod4)

(Br, ) =2 (mod 4) .
Notational caveat. The roots are purely imaginary linear functions on
A C t; we have omitted the “¢” in the above congruences.

The proof of the above is based on the relation

m_k’k - @ My,

act
{ (a,lp)y=—2ki
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and the fact that

B <0 on(m, ®m_o)r
B>0 on (mgk D m_gk)R.

In practice the possible polarized Hodge structures can be read off
from the above and standard root tables. If there is one such, then it

turns out there are many.

Example. For GG, with the standard root diagram

2000 + 30

(e%)) ‘QOél—l—OéQ‘ ‘30&1“‘0&2‘

al _——
=

‘ —30&1 — Q9 ‘ ‘ —20&1 — Q9 ‘ —Q1 — Q9 —Q

aq

—20&2 — 30(1
where the non-compact roots are framed, the minimal weight of a po-
larized Hodge structure is six with
0,0 _
gy = span{eg, }
15
g9 = Span{e—3a1 —ag) e—al}
24
g = Span{6a1+a2a e—2a1—a2}
33 _
92 - Span{hCu 62a2+3a17 6—2a2—3a1} .

Note. In the classical case of weight one polarized Hodge structures,

no exceptional group may occur as a Mumford-Tate group.

Among the main results that come out of the analysis are
(A) The adjoint group of a simple Q-algebraic group M is a Mumford-
Tate group if, and only if, M contains an anisotropic mazrimal

torus.
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To explain the next result, we define a map

Vv — 727

() =

0 if a is a compact root
1 if o is a non-compact root.

Since the Cartan involution 6 : mg — mg given by § = 1 on ¢ and
0 = —1 on p is a Lie algebra homomorphism, this map extends linearly

to a homomorphism
Vv:R—7Z/27

where R C it is the Z-span of the roots, and we define ¥ : R — Z/47Z
by

)0 ifYla) =0
\P(a)_{z if (o) = 1.

Thinking of [, € A as defining an element of Hom(R,Z), the above
condition that (m, B, Ad p) give a polarized Hodge structure may be

expressed as
o =¥ (mod4);

i.e., I, should give a lifting of ¥ in the diagram

Z
lp
R—27/47..

The list of the non-compact real forms of the simple Lie algebras for

which this condition can be satisfied is the following:
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=

su(p,q), p+q=r+1, 0<p,g<r+1; sb
so(2p,2¢+1), p+qg=r, 0<p,g<r
(

S

sp(p,q), p+q=7, 0<p,q<r; sp(r)

D, so(2p,2q), p+q=r, 0<p,q<r; so*(2r)
Eg EII EIII

E. EV, EVI, EVII

Es EVIII, EIX

F, FI FII

Gy, G

Those that do not have solutions to the above conditions are
sl(n,R) forn > 3
sl(n, H) for n > 2
EI
EIV

As noted, it is more difficult to have a Hodge representation of odd

weight. The following is the list of those that do.

su(4k),so(4k 4+ 2) (compact case)

su(2p, 4k — 2p),su(2p + 1,2q + 1)

so(4p + 2,2q + 1),s0(2p,2q) for p+ q odd
so*(4k)

sp(r)

EV,EVII

Finally, without getting into the details we will let P C it denote the
weight lattice and let A € P be a highest weight. Define

P =7Z\+ R,
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so that we have
PD>OP DOR.
We let § € Z* be the minimal positive integer such that 6\ € R. Then
for M with M(R) having the maximal torus
T =t/A

where A = Hom(P’,Z), we have

(B) There exists l, € A and an invariant form Q) such that the
representation py with highest weight \ gives a Hodge repre-
sentation (M, px, ¢,,) if, and only if,

U (dA) = dm (mod 4)

for some integer m.

This result provides a practical test for determining the Hodge repre-

sentations.

Example (Gs-continued). We consider the standard representation of

Go in SO(3,4). We use block matrices

3 4
PN
s{(A B
J\B c

where A = —'A, C = —'C is an element of so(3,4). Then gor C
so(3,4) is defined by seven independent linear equations (whose exact

form is not necessary for our purposes). Setting £ = (? _01) and

E 010 O 0 0,0 O
0 0]0 O 0 00 O
H, = Hy = | — ;
0 O|E O 0 0|E O
0 0]0 O 0 0|0 FE
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H, and H, give a basis for {¢; the exponentials of 277 times RH; +RH,
give a maximal torus T' C M (R), and T' = R?/A where A = ZH,+ZH,.
We have

The co-character ¢ whose differential is |, = I\ H; +
loHo gives a Hodge representation for every represen-

tation of Gy if, and only if, the conditions
[y =0 (mod4)
lo =2 (mod4)

are satisfied.

For the standard representation on Q7 we obtain the following illustra-

tive cases:

(a) Iy =0, [y = 2. Then the weight n = 2 and the Hodge numbers
h*0 =2 phl =3.
(b) I =4, Iy = —2. Then the weight n = 4 and h*? = 1, A3! = 2,
h?? =1.
(¢) Iy =4,1l5=06. Then n =6 and all h»7 = 1.
The Mumford-Tate groups in cases (a) and (c) appeared (not as Mumford-
Tate groups, of course) in the classic 1905 paper of Elie Cartan in which

G5 was first realized geometrically as a transformation group.
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VI. HODGE DOMAINS

Given the pair (M, ¢) consisting of a semi-simple Q-algebraic group
M containing an anisotropic maximal torus and a non-trivial circle
p: St — M(R), there may be many different p’s giving Hodge repre-
sentations (M, p, ¢). For each of these there is a Mumford-Tate domain
D(ar,p,0) contained in the corresponding period domain. A natural ques-
tion is:

What is the relation among the D) s for a given
(M, ¢)?
With the notation Dy, for the Mumford-Tate domain for (m, B, Ad ¢)

we have the result:

Theorem. As homogeneous complex manifolds together with the in-

variant distribution in the tangent bundle given by the IPR,
D(M,p,sa) = Dm,so'

Proof. Denoting by H, = Zyw)(¢(S')) the compact centralizer in
M(R) of the circle p(S), we have

D(Mvpvso) = M(R)/Hso

independently of p. Remark that the finite center Z,; of M(R) is
contained in the compact maximal torus 7' C H,, so that the RHS
above may be replaced by the images of M(R) and H,, in the adjoint
group M(R), = M(R)/Zy.

If we identify the tangent space to Dy, at the identity coset with
m~, then the subbundle W of the tangent bundle has fibre o = m~1!;
thus

(—2i)-eigenspace of p(S)

acting on m™ .
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Definition. A Hodge domain is given by Dn, = M(R)/H, where
H, = Zyr)(p(Sh)) and (M, ¢) is as above.

Thus, Hodge domains are the universal parameter spaces for families
of polarized Hodge structures whose generic Mumford-Tate group is M

and whose stability group of a fixed polarized Hodge structure is H,,.

Example. This first non-classical case is when
Dy, =SU(2,1)/T.

The root diagram is (the non-compact roots are framed)

—a1

aq

The co-characters that give Hodge domains are those [, € A C t such
that

{an, lp) = 4k ki # 0
(g, 1) = dky + 2

where k1, ko are integers. The root plane is divided into six Weyl cham-

bers corresponding to the inequalities

Inequalities Basis for m™

) kl > 07 k2 Z 0 ea17 e—a27 e—al—az
(11) ki + ky > 0, ko <0 €_a15Casy €C—aq—as
) kl +k2 Z 07k1 < 0 ealue—a27ea1—a2

S\ *
kl < 0, k2 <0 €a15 Casy Cartas

)
(11)* kl + k2 < 07 k2 2 0 €ayy C—ass Car+an
)

i)" k‘l—l—k‘2<0,k’1>0 €_a1sCasy Cagtan-
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Here (i)* is the conjugate complex structure to (i), etc.. Note that ¢
induces a complex structure on SU(2,1)/7, which is different in each

of the six cases.

The complex structures (i)—(iii) may be visualized as follows (cf. [1]
in the references): Taking V = Q3 and for Q the form diag(—1,1,1),
we have the unit ball B = {[z0, 21, 22] : |21]* + |22|> < |20]*} C P%. In

P2 x P? there is the standard incidence correspondence
I={(PL):PelL},

which is the flag variety for the complex group SL(3,C) = SU(2,1)(C)
acting on P2. The pictures of the three complex structures are

(1)
(iii)

L i
P

B

The complex structure (ii) is the non-classical one; i.e., it does not fibre
holomorphically or anti-holomorphically over an Hermitian symmetric

space. There is a unique choice of ¢ for which the IPR is non-trivial

and non-integrable; it is when ky = —1, k; = 1. Then
m ! = span{eq,, oy}
and
[Cass €—ay—ag] = C€_ay, c#0,

shows that the bracket of the 2-plane field given by the IPR is non-

trivial. It is a contact structure; geometrically the 2-plane field is
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spanned by the two tangent vectors given by the conditions that to 1%
order either P or L does not move. The polarized Hodge structures on

su(2, 1) have Hodge numbers
Y =1, WP =2, h*? =2,

It is not known if there is a family of smooth, projective fourfolds
having a non-trivial period map to a quotient of this Dy, .

We mention this example because it is indicative of the rich geome-
try of Mumford-Tate domains, and because it has been the subject of
some very interesting work in representation theory and automorphic
cohomology that goes beyond the classical case of Shimura varieties

(cf. loc. cit.). In this regard we have:

e The real forms M(R) of non-compact Hodge groups are exactly
those that have non-trivial discrete series representations in
L*(M(R));

o The Q-algebraic Hodge groups whose real forms are non-compact

are those for which one may hope to have cuspidal automorphic
representations in L?(M(Q)\M(A)).

Aside from the work cited above, the rich confluence of

e algebraic geometry/Hodge theory
e representation theory (discrete series)

e arithmetic (automorphic forms)

present in the case when the Mumford-Tate domains parametrize the
complex points of Shimura varieties seems to be largely unexplored in
the higher weight case. In particular, one may ask what if any role the
enhanced data (M, ), beyond just the Q-algebraic group M, might
play? For example, when there is a “p” there is a well-defined notion

of CM points in quotients I'\ Dy, , of Hodge domains by arithmetic

8Since the IPR is non-integrable, they could not be Calabi-Yau’s.
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groups. In the classical case these CM points are a central part of the
story. In general, even though in the non-classical case I'\ Dy, , is not
an algebraic variety, the CM points — and more generally the Noether-
Lefschetz loci — have an arithmetic structure arising from the “¢” and

that may play an important role.
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