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1 The Lindblad theory for open quantum systems and its
extension

Abstract

We recall the Lindblad structure of the master equation for an open quantum system,
which describes the dynamics in the Markovian case. We will consider in particular the
issue of complete positivity, pointing to extensions of the Lindblad theory which describe
non-Markovian systems and still ensure a well-defined dynamics. Examples will be pro-
vided of this generalized Lindblad structure.

1.1 Dynamics of open quantum systems

As basic setting we consider a system with state ps and Hamiltonian Hg in interaction through
V with an environment having state pp and Hamiltonian Hg. The total state is given by p €
TC(Hs®HE), with p=pf, p>0, Trsygp=1 so that

Trsp=pr Tregp=ps.

Our basic aim is to eliminate the degrees of freedom of the environment to obtain effective equa-
tions of motion, let us say master equations, for the system only.
Working hypotheses:
i) factorized initial state
p = ps®pE,

an hypothesis which essentially cannot be released to obtain a physically well-defined closed
effective dynamics;
ii) overall unitary dynamics

p(t) = U(t)p(0)=eHip(0)etiH?,

hypothesis which could be released allowing e.g. for a semigroup dynamics p(t) = e!“p(0) for the
whole system.
For fixed pgp we then have the commutative diagram

70
ps(0) ® pg — p(t)

AT lT’I’E lT?‘E
@(t)

ps(0) ——— ps(t)

where A is called assignment map
A:TC(Hs) — TC(Hs®HE)
ps ~ ps® PE

linear, positive, and such that Trpo A= 17¢(1,). Indeed for fixed pg the assignment

ps(0) = ps(t)=2(t)ps(0) = Tre{U(H)ps(0) ® pU (1)}

is a linear map which preserves hermiticity and trace, further sending positive operators to posi-
tive operators, therefore in particular sending states to states: let us call it quantum dynamical
map. Actually ®(¢) for any ¢ is a completely positive and trace preserving (CPT) map or
quantum channel, since it can be written in Kraus form as

B(t)o = Y Was(t)oWhs(t)
aB
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with 30,5 Wls()Was(t) = 1, Wap(t) = /As(palU (1) ps) with Ag >0, 325 As =1 and {pg}
SONC in Hg.

Exercise: verify these relations, are the Wi,g(t) unique?
Exercise: verify that ®(¢) is CPT even when U(¢) is CPT but not necessarily
unitary

The Kraus form implies complete positivity (CP) according to the definition:
®:TC(Hs) — TC(Hs)
is CP provided
PR1L:TC(Hs®C,) — TC(Hs®Cy)

is positive for all n € N (or up to the dimension of Hg in the finite dimensional case). The dif-
ference between postivity and CP can be detected considering entangled states.

The map ® acting on the states is CP iff is CP the adjoint map ®’ acting on observables
according to the duality form Tr{Bio} with B € B(Hg) and p€ TC(Hs)

Tr{B®[o]} = Tr{®'[Blo}.

Exercise: write the adjoint map of ®[o]=3". Ao Al
Exercise: what does trace preservation of & implies for &' 7

Equivalent formulations of the CP condition are:
i) ' ® 1 is positive for all n € N
ii) the condition

3 <¢Z-|<1>’(BJBJ-)|¢]-> >0 VneN,V{¢;} CHs,¥{B;} C B(Hs)
i,7=1

holds.
Exercise: prove that the two formulations of the CP condition are equivalent
Exercise: check that a unitary evolution is CP
Note the equivalence between the following statements:

1. @ is CP according to either of the two equivalent definitions
2. ® can be written in Kraus form: ®[g]=3", AigAl

3. ® can be obtained from an overall unitary evolution for certain Hg, pg and U: ®[o] =
Trp{Uc ® ppUT}

1.2 Quantum dynamical semigroups

An explicit general characterization of quantum dynamical map is known only for special cases.
An important and general class is obtained assuming a semigroup composition law for the
quantum dynamical map as a function of the time argument

D(t+s) = D(t)od(s) Vit 530

where each ®(t) is a CPT map. This is called the (time-homogeneous) Markovian case. A one-
parameter group of unitary operators according to Stone’s theorem is described by its generator
given by a self-adjoint operator. Likewise for a semigroup of contraction operators a generator
characterized by the Hille-Yosida theorem exists such that
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If for any ¢ the map is CP then the collection of these maps is called a quantum dynamics semi-

group (QDS).
Physical conditions allowing for semigroup dynamics are typically given by

TE<K TS

i.e. environment correlation time (decay time of correlation function) much shorter than relax-
ation time of reduced system. Equivalently, in the notation to be used later on,

Yo <K A

i.e. relaxation rate much less than bandwidth of the bath or width of its spectral density.

This separation of time scales (so called Markov condition) together with weak coupling (so
called Born approximation), which also justifies the choice of a factorized intial state, typically
allows for a description of the dynamics in terms of a QDS.

The characterization of the structure of the generators of QDS is given by the famous Gorini
Kossakowski Sudarshan Lindblad theorem. Its finite dimensional version reads:

Theorem (GKSL) Let dim Hg = N, a linear operator £: TC(Hg) — TC(Hg) is the gener-
ator of a QDS, that is to say a one-parameter continuous semigroup of CPT maps ®(t) = et £ iff
it is of the form

N2-1 1
Llp) = —ilH,pl+ Y w{Lka,i - {riLs, p}}
k=1 2
with 4, >0; H=H', Ly € B(Hs).

The result extends to infinite dimensional Hilbert spaces provided one asks for norm conti-
nuity of ®(¢). Most importantly it is a necessary and sufficient condition. We give an idea of the
proof, pointing to extensions of the sufficient condition to account for more general situations.

Necessary condition

If ®(t) is CPT, according to the Kraus representation at any time it can be written as
O(t)[p] =>, Aqi(t)pAl(t) with D Al(t)A;(t) = 1. Writing the A;(t) in terms of an orthonormal

basis {Fi}z':l,...,N27 with Fle :%7 such that Try F;F; = ;;, one has
NZ
e(t)p] = Y ciy(t)FipF)
i,j=1

with ¢;;(t) a positive matrix. We know that the generator exists and is given by

lim —(I)(E) —1
e—07t €

[p] = Llp].

Relying on the existence of the limit and imposing trace preservation one obtains the following
form for the generator

N2-1
. 1
Llp] = —i[H,p]+ Z akl|:FkPFlT_§{FlTFk,p}:|,
k=1
where H = HT, and ay; = lim._o 2% is a positive matrix known as Kossakowski matrix (agr =

. €
hmg_,o Ckl(a)/5)~

Diagonalization of the positive matrix leads to an explicit Lindblad form. In Schrédinger pic-
ture

N2-1
. 1
Llp] = —ilH,p]+ l; 'Yk_LkPLIZ_E{L}];LkaP}}
corresponding to the Heisenberg picture
N2-1 r 1
LX) = +ilH, X+ S w L,TCXLk—E{L,TCLk,X}],
k=1 L
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which can be equivalently be written in socalled standard form by means of the CP map

N2-1

UX] = Y wLiXL
k=1

as follows
; 1
L'X] = +i[H, X]+ ¥[X] —5{\11[]1], X}
The {L;} are typically called Lindblad operators.
Sufficient condition I
We want to see that a generator in Lindblad form leads to a CP map. Preservation of her-

miticity and trace is immediately checked, we show CP pointing to a perturbation expansion of
the solution. Let us put £L=Lgr+ L, sum of a relaxing and jump part, according to

. 1
Lrlp] = —@[Hm]—g{z %LZLk,p}
k
= —i(HeHP—PHJﬁ')
Lilp) = wLipL]
k

with £; a CP map. We know that

Lot = Lolt)

and therefore due to p(t) = ®(t)p(0) also

L) = Lor)  BO0)=1.
Denoting by R(t) the solution of the relaxing part
%R(t) = LrR() R(0)=1
given by
R(t)[p] = eLrt[p] = e iHent potitlit
one has

() = R(t)+ /Ot dTR(t — 7)L;P(7)

= efrt +/t drefrt=7)L ;8 ()
= R(t)+ (%*E.;@)(t).
This equation is of the form G'=G%+ G°VG and is solved by the Dyson series
() = RE)+(R*LR)E)+ (R*LR+LR)(t)+...

which is a CP map by construction, because such are R(t) and L£;. Appearently it is enough to
ask R(t) and L;R(t) to be CP, but the inverse of R(t) is also CP, so that this requirement is
not weaker. The solution of the master equation can thus be explicitly written as a jump expan-
sion as follows

o) = ®0p0)
R()p(0)+ > /0 dby... /O CAOR(E — ) LR (b — 1) LaR(81)p(0).

Exercise:verify explicitly that the Dyson expansion is solution of the Lind-
blad master equation
Sufficient condition I1
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The proof still works if we allow the operators appearing in the Lindblad structure as well as
the decay rates 7; to become time dependent, provided the latter always stay positive. This sit-

uation corresponds to a time-inhomogeneous Markovian case. Starting from
d

—®(t) = L()D(t
Sa) = L(1)2()

with ®(t) = ®(¢, 0) and the initial condition ®(¢, t) = 1, we can still consider a relaxing part
Lr(t) and a jump part L£;(t), where the latter still is a CP map thanks to the positivity of the
~k(t). As done before starting from the solution of the time-local master equation

LR(ts) = La(OR(t,5)

where R(t)=R(t,0), R(t,t)=1 and t > s >0, given by
t
R(t,s) = Texp ( / dTER(T))

where 7' denotes the chronological time ordering. This is a CP map satisfying the two-time
composition law

R(t,T)oR(T,s) = R(t,s) Vi>12>s.

As a result we can still write a Dyson expansion for the time evolution map, whose very struc-
ture ensures CP of the time evolution. One has

plt) = B(1)p(0)
R(1)p(0)

+Z:1 /Ot dty... /0 ta Aty R(t, tn) Lr(tn)R(tns tn—1)... R(ta, t1) L s(t1)R(t1) p(0),

and therefore a time evolution map characterized by two time indexes, satisfying the composi-
tion law

O(t, 7)o d(T,8) = P(t,s) Vi>T>s

where each of the maps ®(t, s) is CP and can be written as

D(t,s) = Texp(/st dTL(T)).

This kind of time local master equations arise e.g. in the time-convolutionless projection oper-
ator technique.

Sufficient condition II1

A further extension of the validity of this sufficient condition can be obtained considering
master equations of integrodifferential form. Let us consider an equation of the form

o = [ ane=r)or

where again the operator part has the typical structure ensuring preservation of hermiticity and
trace
. 1
£ = —iH A+ Y )| o) = 5 { L), o} |
k

Considering the usual splitting £(7) = Lg(7) 4+ L;(7), we have the evolution equations

Lo = /O drL(t-r)d(r)  ®(0)=1

for the whole dynamics and

LR() = /O ALt -TR()  RO)=1



8 SECTION 1

for the relaxing part. The Laplace transformed equations

- 1

P(u) =
) u—(éR(uHEJ(u))
and
R(w) = u—gR(u)

lead to the Dyson equation
b(u) = R(u)+R(u)Ls(u)®(u)
or going back in the time domain
() = R@E)+ (R*LixD)(1),
which is solved once again by a Dyson series expansion
O(t) = RAO)+(R*Ly*R)(t)+(R*Lyj*R+xLy*R)(t)+....

Note that at this point we can still say nothing about CP of ®(¢). However this formal expan-
sion of the solution tells us that if we can show that R(t) and L;(t) are CP, then ®(¢) is CP.
The same holds under the weaker condition that R(¢) and (R *L;)(t) are CP.

This kind of generalized master equations arise in the Nakajima-Zwanzig projection operator
technique.

1.2.1 Example

Two-level atom interacting with radiation field at given temperature. The system is described in
Hs = C?, with Hamiltonian Hg = woo,o_ and Lindblad generator

d

, 1
TP = s, pl+0(Ns+ 1)[0’—PU+ —5lo4o-, P}}

1
+70NH[U+PU *5{07(7% P}}

where 7 is the spontaneous emission rate, N3 the mean number of photons in the electromag-
netic field at inverse temperature 3 at the resonant frequency wg. The first term describes
induced and spontaneous emission, the second induced absorption. There are only two Lindblad
operators

'YlLl = \/’}/Q(Nﬁ—i-l)d_
’YQLQ = \/’}/QNﬁO’_i_.

This master equation can describe dynamics of populations and coherences, spectrum of emitted
radiation, statistics of photon detection.

1.2.2 Example

Massive test particle interacting with background gas. The system is described in Hg = L2(]R3),

with Hamiltonian Hg= % and Lindblad generator

d . o
ap(t) = —i[Hs, p]+ F/ dqP(q)[e"**pe’s® — p]
where I is the collision rate, P(q) the probability distribution of momentum exchanges, which in

Sz
Born approximation reads I'P(q) = (27)*ngas V(q)’ , with V(x — y) the interaction potential.

There is a continuum of Lindblad operators
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This master equation can describe collisional decoherence. If extended to account for energy
transfer it also describes quantum Brownian motion and thermalization effects, giving a
quantum counterpart of the classical linear Boltzmann equation.

1.3 Generalized Lindblad structure

Consider a situation in which one has a tripartite Hilbert space, so that you have some freedom
in setting the border between system and environment, including the ancillary degrees of
freedom in either of the two. As a result the interaction between what you consider as system
and environment is mediated by unobserved degrees of freedom, which can be exploited to
provide a finer characterization of the bath. Building on the latter example of collisional deco-
herence, let us consider a massive particle with internal degrees of freedom interacting through
collisions with a gas, so that the Hilbert space for the overall system is given by

Hem @ Hint @ Heas = L*(R?) @ C" @ Fp(L*(RR?)).
Taken
Hs = HCM:L2(R3)

consider a quantum-classical description on Hey ® Hint, that is to say among all the possible
states in 7C(Hcom ® Hint) consider block diagonal ones ¢ € TCaiag(Hem ® Hint) of the form

Z o ® |a) (o

with po € TC(Hcwm), corresponding to a classical description for the internal degrees of freedom,
which have decohered more quickly or have been prepared in a state which does not exhibit
coherences. The dual space is given by B € Bgiag(Hcom ® Hint) of the form

= ) Ba®|a)(a

with B, € B(HcwMm). These are the observables whose statistics can be described according to

n

Z TrCM{Bapa}-

a=1
Now we consider a Markovian master equation on Hey ® Hint which provides a CP dynamics
given by a QDS on this space, however preserving the block diagonal structure of the states.
Otherwise stated we look for a dynamics of the operators p, (with po, = 0, Trempa < 1,
> o Trcmpa =1), which can be embedded into a Lindblad dynamics on the extended space.

Theorem (Breuer) The generator £ of a QDS on Hem ® Hint which sends block diagonal

states into block diagonal states, that is such that

clz pa®|a><a|] = 3 Lalpts s p) @ ladal

a=1

n

pa(0)®|a>(a|> = Y ralt)®a)(al

a=1

Q
M-
:

can be written as

where the operators £, determine the coupled dynamics of the p, according to

d
Gl = La(p1s o0 Pr) Par

- «a @ 1 o o
= 7/)04 +Z {RkﬁpﬁRABTg{Rg TR? 7pa}:|7
A B=1

with H* =HT and R operators on Hcwm.
Necessary condztwn
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Suppose given a Lindblad master equation on Hcy ® Hint, then it has to be of the form
Llp] = —i[H,p]+) [RAPRI *%{RIRM p}]
A
where without loss of generality
H = Y H el
Ry = Z Ry @ a)(B

are operators on Heon ® Hint with H self—adjomt. Inserting this expression into the generator it
can be written as

Lo =Y D(p1,.... pa) @ |a) (8]
af

with
Daﬁ(pla---apn) = _i(HaBpa_pﬁHaﬂ)
(e} (e} 1 (o3
+Z Z {R Y ROV - Rv VR 05 - 5 paRY B

and the constraint to preserve block dlagonal states implies D’ = 0 for « #+ (3, together with
DB =L, with H* = H** self-adjoint.

Sufficient condition

Given L, as above the operators

H =Y H*®la)a|
837 = R @la)(]

allow us to build a Lindblad generator

Llp] = —ilH,p|+> > [Si‘ﬁpSi‘m {SQETS)\ ,p}]
X ‘ap

which leaves the space of block diagonal states invariant.

As a result this generalized Lindblad structure provides a Markovian dynamics at the level of
the subcollections {p1, ..., pas ---, Pn}, but a non-Markovian one for the overall state w obtained
by tracing over the internal degrees of freedom considered as part of the environment and unde-
tected in the final measurement. One has a well-defined dynamics

w(O):Z Pa(O)ZTI“INT< Z pa(0)®|a)(a|> — w(t):Z Pa(t)

a=1 a=1 a=1
which is non-Markovian and cannot be obtained through a closed evolution equation for w alone
according to the non commutativity of the following diagram

0(0) = (p1(0), - pn(0) 222 ot) = (o1 (1), ..., pu(®))

T/lTTINT lTTINT

w(0) = 30— pa(0) ——F—=w(t) = 320_, pal(t)

The diagram is non commutative because the initial state on the extended space Hcem ®
‘HinT is not factorized, rather classically correlated.

This is an istance of a general fact: reducing the considered/observed number of degreees of
freedom leads from a Markovian to a non-Markovian dynamics and viceversa.
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This kind of generalized master equations arise in projection operator techniques if one con-
siders projections on classically correlated states.

1.3.1 Example

Consider a massive particle with internal degrees of freedom and the collisional decoherence
dynamics arising when the scattering cross section depends on the internal state, and the initial
preparation is diagonal in the internal states. Then the generalized Lindblad structure takes the
form

ol Z / dgP¥ (q)[Te'®p;e'® —T7p;]
J

where '/ denote the collision rate for the transition j — i and P%(q) denote the probability
density of momentum transfer for the transition j — 1.
n=1

Standard Lindblad

Selp(t)ly) = ~T[-@p(e—y)]lo(t)ly)

where
Op(z—y) = /dq’P(q)eiQ(z_y)
with solution

(@|p(t)ly) = e TH=2PE=l g p(0)]y) = T(x — y, t) (x| p(0)|y)

suppression of off-diagonal matrix elements exponential in time determined by characteristic
function of compound Poisson process.

n>1

Assuming no degeneracy and elastic scattering, for p;(0) = p;w(0) the generalized Lindblad
structure leads to

who)ly) = 32 eI ET I G w(0)ly) = e~y 1) (x| (0)])

and simple Markovian exponential behaviour in time is immediately lost, allowing for oscilla-
tions and more pronounced decoherence beavior.

The ancillary degrees of freedom naturally provide a classical label over which one takes the
trace, since this classical label helps in characterizing the initial state but is not observed in the
final measurement. One can thus keep into account the modification of the interaction between
system and environment due to a classical intermediate degrees of freedom or fine structure of
the reservoir (e.g. band structure).

1.4 References

For this part see mainly [Breuer2007, Holevo2001, Gorinil976a, Lindblad1976a, Esposito2003a,
Esposito2007a, Budini2006a, Breuer2007a, Vacchini2008a, Vacchini2009a, Vacchini2010a,
Smirne2010a]

2 Non-Markovian dynamics and memory kernels

Abstract

We construct a class of master equations with memory kernel, for which sufficient condi-
tions to ensure complete positivity of the dynamics can be formulated. A probabilistic
interpretation of these kernels will be given, showing that they provide the quantum coun-
terpart of classical semi-Markov processes, which describe memory effects and include
Markov processes as a special case.



12 SECTION 2

2.1 Classical semi-Markov processes

Given a master equation in Lindblad form
. 1
Llp] = —i[H, p]+ §k %[LWL;E —g{LZLk, p}]

if the populations in a given basis obey closed evolution equations, the diagonal matrix elements
P,,={(n|p|n) obey the following Pauli master equation for a classical jump Markov process

d
—P = E TP — Doun P

where the positive rates can be expressed as

Com = Z 7k|<n|Lk|m>|2-
k

Remaining first at classical level one can ask whether a similar result is available for a wider
class of processes including non-Markovian ones. Quantum mechanics actually is a probability
theory, and it is certainly worth to further exploit ideas coming from classical probability
theory. Indeed a generalized master equation given by an integrodifferential rate equation can
be considered for a class of classical processes known as semi-Markov processes. They arise
merging Markov chains and renewal processes. In a Markov jump process one has certain transi-
tion probabilities among sites 7;; (>, mij = 1) and a waiting time distribution in between jumps
given by an exponential distribution f(7) = Ae~*". The latter distribution has the memoryless
property, which denoting by 7, the time of the n-th jump can be written as

P{rp,>t+s} _\,
T —e Mn
P{r,>s}

so that the time already spent in a given state is immaterial. If one allows for a generic waiting
time distribution, as appears in a renewal process, one obtains a class of non-Markovian jump
processes in continuous time known as semi-Markov processes. They obey the socalled semi-
Markov property

P{r,>t+s|m>s} =

P{XnJrl:j,TnJrl7Tn§T|X07TO,X17T1, Xn,Tn} = P{Xn+1:j,Tn+17Tn§T|Xn}

with X, state entered at the n-th jump and T, time of the n-th jump. The process is character-
ized by the probability density to make the jump n—m

an(T) = Wmnfn(T)

normalized according to

3 /0+°° 47 qun(7) =1

with state dependent waiting time distributions f,,(7) and related survival probability

o) =1 [ s £,(s).

The Markovian case is recovered for f,(7) = Ape™ " and g, (7) = e"*". The transition proba-
bilities of the process can still be shown to obey a generalized master equation given by

%Pn(t) _ /O t dT; (W (7) P (£ — 7) — W (7) Pa(t — 7)]

with Wipn(t) = mmnkn(t). The ky(t) are memory functions without a direct physical meaning,
but related to waiting time distribution and survival probability according to

fulr) = / " 5 () g7 — 5) = (i % ) (7)

Gu(T) = — / 05 k() gn(r — 8) = — (k% ) (7)
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or in Laplace transform

1- fn(u)
2.1.1 Examples

1) Consider a waiting time distribution corresponding to the sum of i.i.d. random variables with
equal/different parameters A, corresponding to socalled Erlang/generalized Erlang distributions.
For n =1, parameter \; =\, we have an exponential waiting time distribution, so that

kn(t) — 2X,0(1),

a Markov process is recovered and the generalized master equation becomes a standard master
equation with I';,,,, = mmAn = 0, so that they can be interpreted as transition probabilities per
unit time.

For n =2, parameters A1, A2, we have from the convolution of two exponential distributions

J(r) =222 (o hr emher) (1) = Ahgem A,
Ao — A1

where the latter kernel can be written as

k(t) = ke
provided we have
’)/2 — 4k 2 07
so that
i 2
= L4+= —4
A1,2 5 5V K

are positive parameters, and correspondingly

flr)y = evt/Z{cosh <%5> Jr%sinh <%5)}

/ K
0 = 1—4?.

For greater n one typically has kernels k(t) which take on negative values. Indeed k() need not
be always positive in order to ensure the survival probability to be monotonically non-
increasing.

2) Consider a waiting time distribution given by the convex mixture of exponential distribu-
tions.

For n =2, parameters Ay, A2, weights p,1 —p

with

2
Fr)=phie 7 (1= p)hae T k(D)= (1) 20(0) = e (P

2.2 Quantum semi-Markov processes

We now export these ideas to the quantum framework, building on the classical input to under-
stand the memory kernel and on the previously introduced sufficient condition to ensure a CP
dynamics. The point is to extend the generalized master equation to cope not only with popula-
tions but also with coherences.

Consider as before the structure

o = [ area=rpe)
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with
Lo = —iH )+ Y )| L)Ll = 5 { L Lo, o} |
k

and the usual splitting £(7) = Lg(7)+ L;(7).
Suppose that the relaxing part can be diagonalized in a fixed basis

H(r) = Y eu(r)n)(n]
S LU () = ka(r)n) (0]

k

and (1) 2> 0 so that L;(7) is a CP map and ky(7) > 0. We can now write the explicit solution
for the relaxing part in terms of matrices of functions

R(£)p(0) = gum(t)|n)(n|p(0)[m)(m|

solutions of
un®)== [ drlen(r) 4 2T gun(t =) ()= %kn(r) +ien(r)

with initial condition gnm(0)=1. The map R(t) can be written in Kraus form provided
G(t) = (gnm(1))20.

Exercise: verify this CP condition

But this requirement implies in particular that the diagonal matrix elements are positive, so
that gnn(t) = 0, which together with k,(t) > 0 allows to read the gnn(t) as survival probability
associated thorugh k,(t) to a well-defined waiting time distribution, thus fixing a classical semi-
Markov process. The requirement G(t) > 0 is a natural extension of the classical condition to
cope with coherences.

If this condition is satisfied, then according to

() = R(t)+ (R*Ly*R)(t) + (R*Ly* Rk Ly*R)(t)+....
the dynamics is CP and therefore well-defined.

Exercise: see what happens in the Markovian case
2.2.1 Example

If k, =k Vn the anticommutator part is proportional to the identity and we are left with

L(T)p = k(7)€ —p]

where £ is a CPT map. Coming back to the previous decoherence example we consider
Ep = / dgP(q)e4®peie®

and CP is granted provided the function g(t), related to the memory kernel according to §(7) =
— (k % g)(7) allows for a probabilistic reading. At any jump we apply the same operation &, so
that the underlying classical process is a renewal process, characterized by the waiting time dis-
tribution f(7) obtained from

The master equation reads

%p(t) = /O t drk(t — 7)[Ep(T) = p(7)],
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and its solution obeys the Dyson equation

1) = 9(0p(0)+ | drf(t - T)Ep(r),

with jump expansion
e t to
p(t) = po(t)p(0)+ > / dtp... / dt1f(t —tn)Ef (tn — tn—1)... f(t2 — t1)Epo(t1) p(0)
n=1 "0 0

= Z pn(t)€"p(0)

with pp(t) number of events up to time ¢, po(t) = g(t) and for a general renewal process

pn(t):/o drf(t —7)pr—1(7).

. - . At)"™ :
For a Poisson distribution p,(t) = ( n,) e~ and one recovers the Markovian case.

For the position matrix elements this leads to

(@lp®)ly) = > pa()@B(x —y){x]p(0)|y) = ¥(x -y, t)(z|p(0)|y)

with W(z — y,t) characteristic function of renewal-reward process.

Exercise: verify the above solution working in Laplace transform, and consider
the position matrix elements

The suppression of off-diagonal matrix elements has two typical regimes. For ¥(d, t) with
d > doy, where dj is the relevant scale settled by P(q), we have strong decoherence, a single inter-
action event already suppresses the off-diagonal matrix element

W(d,t) = po(t) = g(t)

and the relevant quantity is the survival probability, exponential in time for the Markovian case.
For ¥(d, t) with d < do we have weak decoherence, many interaction events build up the overall
effect and exploiting the central limit theorem for renewal processes we have

- 1 o 0%, o\t o ., t
U(d,t) >~ exp -3 Aq +F(q> ﬁd —H(q)pd

with g, 0 mean and variance of the waiting time distribution (related by o2 = u? for the Marko-
vian case), while (¢}, Ag denote mean and variance of P(q).

2.2.2 Example

Consider a master equation for a two-level system of the form

£ = im0+ KT o-pos = {010 |

so that k. =k, k_=0, e =¢, e =0. The matrix reads

G(t)< ge+(t) go—(1) )

gi-(t) 1
and therefore the sufficient condition for CP becomes
9++(t) = |g+-(1)]%,
which actually turns out to be also necessary, as seen from an exact solution.

Exponential memory kernel
For e(7)=0 and k(1) =re™ "

L(T)p = ke™ 7 a_pa+—%{a+a_, P}
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the sufficient condition is satisfied for 42 — 4k > 0, which is the classical condition to read a semi-
Markov process from the diagonal matrix elements, but this condition now is both necessary and
sufficient. A similar condition 2 — 4nk > 0 applies for the convolution of the Lindblad master
equation for the damped harmonic oscillator with an exponential memory kernel

_ 1
L(T)p = ke 77 apaT—g{aTa,p}

but now due to the infinite dimensionality of the Hilbert space the condition is never satisfied.

Negative memory kernel still granting CP

Assume the relaxation part is diagonalized as before, but the 4 and therefore the k, are no
more necessarily positive. As a consequence L;(7) is no more CP. We can then exploit the
weaker requirement R+« L7 to be CP. Setting

= Zkl(T)jl
7

with J; CP the condition can be explicitated. Due to

ReL2)(00) = [ 4R -1 () T000)
!

0

S5 [ dvgunt - k(o) a1 Tip(0)m)
1 am O

Fhm(t)

the conditions
Fl(t)=(fhm(t)) =0 Vi
G(t) = (gnm(t)) =0
together ensure CP, granting in particular a classical probabilistic reading for the diagonals
Frn(t) and g, (2).

Necessary and sufficient condition for CP
Consider now &, =0 and

Tup = 3 Tnlm) (nlpln)im]
so that

Z”mn n(T)m)(nlp|n) m|f2Zk m){In){nl, p}-

For this kernel populations and coherences decouple, so that the coherences are given as before
by

while assuming the populations follow a classical semi-Markov process the diagonal matrix ele-
ments are given by

pnn(t) = Z Tnm(t)pmm(o)

with Ty, (t) classical transition probability. We thus have

p(t) = D gum@®ln)(nlp(0)[m){m|+ " Tum(t)n)(m|p(0)|m)(n]

n#Em mn
= > Gam®n)(nlp(0)|m)(m| + Y~ Tum(t)|n)(m|p(0)[m)(n]
nm n#Em

with Grm(t) = (Ton(t) — gnn(t))0nm + gnm(t). Given that Ty, (t) > 0 the necessary and sufficient
requirement for CP now becomes

G(t) = (gnm(t)) 20
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indeed weaker than
G(t) = (gnm(t))=0

since it differs on the diagonals and the transition probability is greater or equal than the sur-
vival probability, unless one only has jumps in one direction.

This necessary and sufficient condition also helps in understanding phenomenological Ansatz.
Indeed an example in this framework is given by

1 1
K)o = mse | aprs~ Lo o} |+ ne 7 orpo — Ho-arn ]

2
the classical condition now reads 77 >max {k4, k—}. A natural parametrization is given by

ki = T0o(Ng+1)
K- = 70Ng

so that k1 > k_ > 0. Exploiting the necessary and sufficient condition one sees that for k_ =0
corresponding to 7' = 0 one never has CP, due to violation at short times, for T # 0 a well
defined CP dynamics is granted for not too low temperatures. Thus the analysis gives informa-
tion on the region of validity of the phenomenological Ansatz.

2.3 References

For this part see mainly [Breuer2007, Barnett2001a, Budini2004a, Shabani2005a, Budini2006a,
Maniscalco2006a, Maniscalco2007a, Breuer2008a, Breuer2009a, Kossakowski2009a,
Chruscinski2010a, Mazzola2010a, Haikka2010a]

3 Projection operator techniques

Abstract

‘We consider a general approach to the non-Markovian dynamics of open quantum systems.
This is based on projection operator techniques of nonequilibrium statistical mechanics,
which allow to recast the equations of motion of the system as a perturbation expansion.
Both the Nakajima-Zwanzig and the time-convolutionless approaches will be considered,
focusing on the model of a qubit coupled to a Bosonic reservoir.

3.1 Projection operators

The basic idea comes from nonequilibrium statistical mechanics: we have a complex system and
try to obtain a manageable dynamics by eliminating degrees of freedom by means of some pro-
jection operator, thus considering the dynamics or relevant variables only, to be described in
terms of effective master equations.

A projection operator is a map which sends states into states

P:p—p'=Pp

which is linear, idempotent P2 = P, positive and trace preserving. Having in mind that H =
‘Hs ® Hg we consider projection operators of the form

P = 1g®A

with A a CPT idempotent map on Hpg. This choice implies in particular that separable (pro-
duct) states are sent to separable (product) states, so that the space of separable (product)
states is invariant under P, no artificial entanglement is introduced. One exploits furthermore
the crucial property

ps="Trgp="TrgPp

so that knowledge of the dynamics of the relevant part is enough to recover the reduced state
ps. A representation theorem can be formulated for a projection operator as above.
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Theorem (Breuer) A projection operator with the above properties can be written as
Pp = > Trp{Aip}eB;
i

with {A;},{B;} linear independet sets of observables with the properties
1. Trg{A:B;} =i
2. >, Trp{Bi}Ai=1g
3.3, AT®B;>0

3.1.1 Standard projection

Standard projection operator onto a factorized state is obtained for

A=1gp B=pg
for a fixed environmental state

Pp = Trep® pe=ps® pe

3.1.2 Correlated projection
Correlated projection operator is obtained considering an orthogonal decomposition of unity in
Hp according to II; =11}, ILIT; = §;;IT;, 3, II;=1p, and defining

ILpgll; ;
Ai = Hi Bi =" =)}
Trg{llipr} pE

with p%; collection of statistical operators obtained from fixed environmental state pg

1L pell;
Pp = Y Trp{llps} O T {TLpp]

3.2 Projected equations of motion

For the overall complex system one has the Liouville von Neumann equation with H = Hy 4+ oV
and therefore in interaction picture with V/(¢) = etHoty/ g~ iHot

ooty = —ialV(0), p(0)] = £()p(0).

We now use P and the complementary projection operator 1 — Q to write the statistical oper-
ator in terms of a relevant and irrelevat part p="Pp+ Qp obeying

%pp(t) = PL(t)Pp(t) + PL(t) Qp(t)
%Qp(t) QL(t)Pp(t) + QL(t) Qp(t).

The second equation can be solved as

Q) = Golt0)Qp(0)+ [ dnGolt,t)QL(H)PA(H)

0
with

t
gg(t,tl) = Texp</ dtzQﬁ(t2)>,
t

1

where T' denotes chronological time ordering.
Substituting in the first equation and using the natural simplifying assumptions

i) Qp(0)
i) PL(t)...L(t2ns1)P =0
one has
LPot) = [ AuPLOGalt. )L Poltr)
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and we want to obtain perturbation expansions of this equation, allowing for approximate solu-
tions, recalling that TrgPp(t) = ps(t). This equation is exact and different choices of P lead to
equations for different relevant states, which all lead to the same exact equation for pg, though
rearranged in a non perturbative way. There are two ways to express the exact equations of
motion for the dynamics of p(t) = ®(t)p(0):

Integrodifferential

which in Laplace transform leads to
/éNz(u) = ul—@_l(u)

Time local

%p(t) = Krcn(t)p(t) =Krcn(t)®(t) p(0)

with
KroL(t) = ®()@~(1).

Let us explore these two possibilities.

3.3 Nakajima-Zwanzig master equation

Our master equation for Pp(t) is already of the form

d t
aPp(}f) = / dtllCNZ(tatl)Pp(tl)
0

where the memory kernel is given by
Knz(t,t1) = PL(E)Go(t, t1)L(E1)P

and admits an expansion relying on the one of Go(t,%1)

Golt,t) = Texp</tt dthE(tg))

1

t t ta
= 11+/ dtQQﬁ(tQH/ dtg/ dtsQL(t2) OL(ts) + ...
t t1 t1

1

so that we can write Knz :/Cl(\?% + /Cl(\?% + ... with
KE(t,t) = PLH)L()P
t to
Kt t) = / dts / Ats[PL(t)L(t2) L(t3) L(t1)P — PL(E)L (t2)PL(t3)L(t1)P]
tl tl

The Nakajima-Zwanzig master equation to second order for pg(t), obtained by taking the partial
trace reads

d Y L.
Frs(t) = /OdtlT e{P[V (1), [V(t2), Po(t1)]]}
and for Pp— 3" Tre{Aip} ® B;
Lostt) = /Ot Y TrE{Bj}TrE{Aj

Standard projection
A— lea B— PE

}.

V() [V(tl), 3 Tep{Aip(t)} ®Bz}

s = = [ ATV (2. V(1. ps(t) © o]}

Correlated projection
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}.

Ai— 1L, Bi— pl

d t
a’w](t) = —/0 dtlT‘l”E{H]

where w;(t) = Trg{Ilip} so that ps(t) =3, wi(t).

V(t), [V(tl), Y wilt)® piE}

i

3.4 Time-convolutionless master equation

To obtain a master equation for Pp(t) local in time as suggested we have to consider a backward
in time propagator for the full dynamics, so that

p(t) = G(t,t)p(t)
for t1 < t, given by

Gt,t1) = T exp < [ dtgﬁ(t2)>

1

with antichronological time ordering. Inserting in the equation for Pp(t) we have

LPo(t) = PL) / " 461Gt 1) (PG 1) (P + Q) p(t)
0

=(t)

With this definition of 3(t) the previously obtained expression of Qp(t) becomes
Qp(t) = B)(P+Q)p(t)

and provided the inverse of 1 — X(¢) exists (always true for short times since ¥£(0) =0 and weak

coupling since %(t) ,_,= 0) one has
%Pp(t) - {Pﬁ(t)%wp}m(t)
= ICTCL(t)Pp(t)

but according to

L0
n=0

and
() = /Ot dt1Go(t, t1)L(t1)PG(t, t1)

one obtains a perturbation expansion Krcr, = ICTCL + ICTCL + ...with

K (1) / t Aty PL(E)L(t)P

K8 (1) = / dt / dty / dt3[PLYL(E)L(E)L(E)P — PLU)L(E)PL(E2) L (t5)P
CPL)L(t)PL(#) L (ta)P — PLE)L (t3)PLE) L (E2)P].

An important fact is that for the TCL expansion one has an explicit though cumbersome recipe
to directly express the n-th contribution

t1 tn—2
TCL / dtl/ dtg / dtn 1 ) E(tn 1)>oc

in terms of socalled ordered cumulants.
The time-convolutionless master equation to second order for pg(t), obtained by taking the
partial trace, reads

s = = [ T (P, v, Pae))
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}.

and for Pp— . Trp{Aip}® B;

d [ , ,
aps(t) = /Odtlz TYE{BJ}T&"E{AJ

J

V(t), [V(tl), Z Tre{Aip(t)} @Bz}

Standard projection
A—1g, B—pg

Lostt) = - / AT {[V(), IV (1), ps(t) @ o)}

Correlated projection
Ai— 1L, Bi— p

d t
awj(t) = 7/0 dtlTI‘E{Hj

where w;(t) =Trg{ll;p}, so that ps(t) =>". w;(t)

3

V(). [vm), S wit)e piE]

%

}.

3.5 Explicit treatment of damped Jaynes-Cummings model

We consider the exact explicit expression of time-convolutionless (TCL) and Nakajima-Zwanzig
(NZ) master equation for a specific instructive model, the damped Jaynes-Cummings. We have
Hs=wyoyo_, Hp= wblb with interaction

H1:0+®Z grby +h.c.=04® B+ h.c.
k

thanks to the rotating wave approximation in the coupling the model can be solved analytically
for Boson bath initially in the vacuum.

Born approximation
Let us first look at the Born, second order approximation in projection operator technique,
assuming a standard projection with pg=10)(0|. NZ to second order in iteraction picture reads

d ¢ 1
570 = [ an2f— )] opnes — oo o)) |
0
and therefore TCL to second order
d ¢ 1
Solt) = / 6,2 (¢ — tl){a_p(t)ﬁ ~Slovo, p(t)}].
0

The function f(¢) is the relevant correlation function of the model, given by the vacuum expec-
tation value of product of field operators

flt—t) = = 0B()B (1))
= D lgef ettt
k

- / dwd (w)eileo—)(t=t)

with J(w) =3, |gk|25(w — wy) the spectral density given by sum of (coupling strength)? x (den-
sity of modes). The typical expression is Lorentzian

1 70)\2
2 (wo—w — A)+ A2

J(w) =

where A denotes detuning from resonance. Here 1/75 = A the spectral width, 1/75 = 7o the
relaxation time, and the coupling strength or expansion parameter is « = 7g/7s = 70/A. The cor-
responding correlation function is an exponential

f(t _ tl) — %70)\67/\|t7t1|eiA(t7t1).
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In the Markov approximation 9 < A, one has f(t —t1) — 700(t — t1) and one obtains the Lind-
blad master equation

%p(t) = Y J,p(t)mr*%{mrgﬂp(t)} :

Exact solution
Due to conservation of the number of excitations N = o0 + b,ibk the model can be
exactly solved, since for initial vacuum state the dynamics is restricted to a finite dimensional
subspace. We can solve the Schrédinger equation
d .
V(@) =— i Hi(1)[¥(t))
observing that initial states with the structure

[T(0)) = 0l0)@0) g+ c1(0)[1) @[0) 5+ D cx(0)|0) @ k)
k

are preserved in form with time. For ¢;(0) = 0 so that the initial state is factorized one is lead
upon substitution in the Schrédinger equation to solve the coupled equations

d . i —w
@) = i gt el
4 cr(t) = —igre womwnic (¢)
dt

and therefore ¢1(t) = — (f xc1)(t). Let G(t) be the solution of
(t) = —(F+G))
with initial condition G(0) =1, so that ¢1(t) = G(¢)c1(0). Then one has

p(t) = Tre{|(6) (W ()]}

|G( )?p11(0) G(t) p10(0)
G*(t)po1(0)  poo(0) + (1= |G(t)[*) p11(0)

which actually is the general solution since any state can be expressed as mixture of pure states,
and G(t) does not depend on the initial condition.

Exact TCL and NZ equations
Given now the exact time evolution mapping

B(t): p(0) — p(t) = B(t)p(0)
we can construct the exact TCL and NZ equation, exploiting the above introduced relations

Krcu(t) = ()2 Y(¢)

and
IéNz(’u) = u]l—i)*l(u).

This can be done considering a matrix representation of ®(¢). The latter can be obtained con-
sidering its action.on a basis of operators in C? given by {X;} = %1, %O’i}i e
orthonormal according to Trg{X;X;} =d;;. We then have

(I)[p] = Z FleI‘S{XlTp}Xk
kl
with Fi; = Trs{X,ICI)[Xl]}. In terms of the matrix F' = (F};) our relations become

Krcu(t) = F(t)F_l(t)
and

Knz(u) = ul — F~'(u).
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Given the expression of these matrices providing the action of ® on p though its coefficients in a
given operator basis, we can obtain a corresponding expression of ® as superoperator acting on
p as an operator. For the case at hand the TCL result is

/000

o
——

_x _£
ke = | L 2 2 °
TCL() 0 +{—: Jrfy 0
2 2
v 0 0 =¥«
with
: G(t
et)+iv(t) = —2 _GEt§
so that
_ G(t)
e(t) = —2Im €0
G (t)
= -2
~(t) Re €0
which in operator form reads
) 1
Kren(t)p = —%5(75)[0+0—,P]+7(t){0—ﬂa+—§{0+0—,P}]-

Similarly though with more calculations for the NZ case

0 0 0 0
. B 0 —Ref(u) —Imf(u) O
P = ) Rl o
k?l(u) 0 0 kAl(u)
where the function
2
Fau) = 1—/u\|2G| (u)
1G] (u)

is the solution of the convolution equation

Loml = —(klel)w

so that in operator form one has

Lo(t) = (Knzxp)()
with
Knz(r)p = —ilm f(7)[os0_, ]
k()| o poy — 3 {40, p)
+ ko) [o=po. — o
and

ki(T)+ko(r) = 2Ref
One already notices the different operator structures in the two master equations.

Exact evolution for Lorentzian spectral density
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Recall that according to
() = G(1)]*p11(0) G(t)p10(0)
G*(t)p01(0)  poo(0) + (1 —[G(#)[*) p11(0)
the overall dynamics is know upon knowledge of G obeying
G = —(F+O)(1)

which for our Lorentzian spectral density reads

Gt) = e/\t/Q{cosh<);6>+g h<§6>}

with § = /1 —24/X. In the weak coupling regime ~o/A < 2 one has § € R, so that G(t) is
always positive. In the strong coupling regime ~o/A > 2 one has § € iR, so that G(t) oscillates
between positive and negative values going through zero.
TCL for Lorentzian spectral density

For a typical spectral density and therefore correlation function we can provide explicit
expressions, which upon expansion in the coupling coefficient a = o/ allow to recover the per-
turbation expansion and compare it with the exact result.

For a Lorentzian spectral density on resonance for the TCL case one has

et) =0
B sinh (%5)
) = 2%6 cosh (;6) + sinh (%6)

with § = /1 — 279/, so that correctly in the Markov approximation for A > vy one has v — .
The master equation reads

o) = v(t)[o-p(t)ﬂ—%{fm’—’ﬂ(f)}]

In the weak coupling regime 7/A < 2 one has § € R, so that ~(¢) is always positive and grows
monotonically to the Markovian value (for 79/A < 1). In the strong coupling regime ~o/A > 2
one has § € iR, so that y(t) oscillates between positive and negative values, actually diverging at
given points when strictly on resonance, reaching for long times a Markovian approximation for
finite detuning. Considering an expansion in the coupling coefficient o=/ one has

1O = 0(1-e )
t
= 2Re/ dtlf(tl)
0
and

7(4)(15) = %[Slnh()\t) At]e M

= 2Re/ dtl /tl dtg /t2 dtg tftg)f(tl 7t3) f(t7t3)f(t17t2)]

where we have also indicated the expression for the corresponding term of the perturbation
expansion of the TCL series. Notice that these functions always stay positive so that the
approximation given by second or fourth order grant CP. The overall dynamics however is not
in Lindblad form for strong coupling, since () goes through negative values. As already said
for the TCL series we can give the expression of the 2n-th order contribution as

G(t)

G(t)

t t1 ton —2
= 2/0 dt1/0 dtz---/o dton—1( = )" Tt —t1) flta—t3)e f(t2n—2— t2n—1))oc

NZ for Lorentzian spectral density

e(t)+iy(t) = —2
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For a Lorentzian spectral density on resonance for the NZ case one has
ety =0
ki(t) = 70)\63/\t/2|:COSh <§5') + %sinh (%6’)}

ka(t) = 2Re f(t) — ki(1)

At 1 At
_ — At _ o= At/2 I : /
Yode {1 e [Cosh (—2 1) )+—5/s1nh(—2 1) )}}

with ¢’=4/1—4v0/X. The master equation reads

%p(t) = /Ot dT{kl(t - T)|:O'p(7')0'+ - %{ow,, p(T)}] + %kz(t —7)[o=p(T)0. — p(T)]}

Considering an expansion in the coupling coefficient o=~/ one has
K1) = ~ode™
and
EP) =0

and for higher orders k$*™(t) = — k{*™(¢), so that the Nakajima-Zwanzig master equation to
second order reads

d VA 1
S0 = 20 [ are N oo~ oo o)) |
0

As seen discussing quantum semi-Markov processes, to second order CP is not preserved in the
NZ approach unless in weak coupling approximation corresponding to 1 — 4vp/A > 0. At fourth
order one has

V() = ~le (1 Ar) —em2V]
) = k()
and therefore a different operator structure.

Also in the NZ case the expression of the memory kernel at various orders can be obtained
directly from the perturbation series, according to the expressions

K2(t) = 2Re f(t)
KO() = —2Re / dts / sl £t —ta) F(t1—ta) + F(E— 1) [t — 1))

although in this case an explicit expression for the 2n-th order contribution is not available.

3.6 References
For this part see mainly [Breuer2007, Vacchini2010b, Smirne2010b, Breuer2010a]

A word of warning:

The bibliography is very incomplete, we only quote papers directly related to the exposition.
A wider and more reasonable panorama of the activity on the subject can be gained looking at
the papers quoted in the given references, where more justice is made to the work of other
authors.
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