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Ranks of partitions

The rank of a partition is the largest part minus the number of parts.

The generating function that counts the number of partitions of given size
and rank is given by
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Mock theta functions

Watson (1935) found identities for the third order mock theta functions.

For example, for
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with (¢)eo = (1= q)(1 — ¢?)(1 —g3)... = g~ Y?*5(7) and q = exp(2iT).

He used these identities to find the modular transformation properties of
the mock theta functions.

Similar identities have been found for other mock theta functions.

Level 1 Appell function

The level 1 Appell function was studied by Appell (1884), Lerch (1892)
and others.

For fixed 7 € H{ we define a function p of two complex variables u, v by
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where g = exp(27iT), a = exp(27iu), b = exp(27wiv) and J(v) is the
Jacobi theta series

I(v)=9(viT) =Y (~1)"b'q"/2
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The Mordell integral
We define the function h by

TiTX2 =27 2%

h(z) = h(z; 1) == /R ° dx,

cosh x
with z € C and 7 € H.
This function was studied by Mordell (1920).
As a function of z it is the unique holomorphic function satisfying

h(z)+ h(z 4+ 1) = — 2 emi(z+1/2P/7
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Furthermore, it satisfies

h(i; —1) = V=ite "E/Th(z; 7).
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Near Jacobiness

These properties show that u behaves nearly like a Jacobi form of weight
1/2 with two elliptic variables.

Its failure to transform exactly like a Jacobi form depends only on the
difference u — v.

Properties of v

The function p has the symmetry property
i, v) = (v, u),

the elliptic transformation properties

wlu+1,v) =—p(u,v)
aflbqfl/{u(u +7,v) = —p(u,v) — 1-871/2131/2(771/87

and the "modular” transformation properties

ulu,vir +1) = G (v, v)

with {y = exp(27i/N).

The non-holomorphic part

We can construct a second, but now non-holomorphic, function R whose
“non-Jacobiness” matches that of u

R(uim) = Y {sen(v) = E((v+Imu/y)y/2y) J(-1)2a="q ™12,

I/E%+Z

where y = Im 7 and E is the odd entire function, defined by

E(z) = 2/ e ™ du.
0



Properties of R

This function has the elliptic transformation properties

R(u+1) = —R(u)
a_lq_1/2R(u +7)=—R(u) + 2a-1/2g71/8,

and the modular transformation properties

R(u;7+1) = gglR(u; T)

1 o2 u 1
- miu /TR ) = —R(u hu: 7).
—e (T, 7_) (u;7) + h(u; 7)
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A mock Jacobi form

So /i transforms like a Jacobi form of weight 1/2 and index (7' 1;).

Of course, 1 is no longer holomorphic.
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Properties of 1

If we now set
w(u,v;7) = p(u,v;7) + éR(u —v;7),

then [i is symmetric in u and v and satisfies the elliptic transformation
properties

f(u+1,v;7)=a *bg Y?0(u+7,v;7) = —i(u, v; 7)
and the modular transformation properties
A, viT+1) = G u, vi7),
m (u’ Y. 1) = —V—ire "I, vi 7).

10/18

A period integral

In applications we usually specialize the elliptic variables u and v to torsion
points: elements of Q7 + Q.

This kind of specialization done on Jacobi forms, gives functions of 7,
which are modular forms up to a rational power of g.

For u = ar — 3, with a, 8 € R, |a] < 1/2, we get

,wia27+2wia(,@+1/2)R( By =— oo ga+1/2,,6+1/2(2)d

e T - Z,
7 /=i(z+7)

with

ga,g(Z) — Z qu/2/2e27riuﬁ7
vea+Z

a unary theta function of weight 3/2.



Higher level Appell functions

For | € Z~ the level | Appell function A, is defined by

In ln n+1)/2bn
Al(u,v) = Al(u,v; 1) :—al/zz 1—aq )

neZ

where as usual a = exp(27iu), b = exp(2wiv) and g = exp(27iT).

For | =1 we have
Al(ua V) = ﬁ(v)ﬂ(ua V)'

Transformation properties of A,

Using the correction term for p we can now find a correction term for A,
to get A; which has the elliptic transformation properties

Al(u+1,v) = (-1)'A(u,v),
Al(u,v+1) = A(u, v),

A(u+7,v) = (-1)a'b q"?A(u,v),
Alu,v+71)=atA(u,v),

and the modular transformation properties

Alu, vt +1) = Alu, v; 7),

A, (E K; —l> = Te”"(2"_'”)”/7/3/(u, v T).

T T T

We see that A, transforms as a Jacobi form of weight 1 and index (7'8)

and we could call A; a mixed mock Jacobi form.
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Reduction to level 1
We can reduce the study of these functions to the case / = 1, with the

equations

-1
Alu,v;7) = Z a*Ar(lu, v + kT + (1 = 1)/2; IT),
k=0
A, vir) = 7202 ST Al (v + )1 (1= 1) 21 /)
kmod /

The first one follows from

1 I4x+...+x71
1—x 1—x!

Y

and the second one from

% Z e27rink/l:

kmod/

1 if n=0mod]/,
0 otherwise.
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Examples

Using these results we can find the transformation properties of the mock

theta function f.
We set
. IOO

=g o [ ED ar

gr)y= > ng"

n=1mod6

with

Then f is a harmonic weak MaaB form of weight 1/2 on Tp(2).
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The rank generating function

We can also apply these results to the rank generating function

(_1)nq3n2/2+n/2

R(wiq) = 23"

(9) %
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We take w = { # 1 a root of unity and add a correction term

ﬁ(C; q) = q_1/247€((; q) — 17"2(41/2 . C_I/Q)\@ feo j((zz)—i_T)dz,

with g(7) = 3",z n (12) ¢"/2q™/2,

Then R(C; q) is a harmonic weak MaaB form of weight 1/2 on some
congruence subgroup of SL>(Z) (of finite index).
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