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VECTOR DERIVATIVES

CARTESIAN. di=dxi{+dyj+dzk; dv = dxdy dz
Vi — Q ot ¢ ‘9’12

Gradient. o + 6y i+ >
Divergence. V.v = ?& + ‘;Zy + (;i;
Curl. va:(‘?} %’L),+(%?lz %)f—l—(%—%%)lé
Laplacian. Vi = 6 o Iy g;f + _g;

SPHERICAL. dl =drf + rd80 +rsinfd$@; de=risinfdrdfdp

Gradient.  Vi= at SF I gga +- sxln 5 d¢¢
Divergence. Vey = -———a—(r v) + —— 669 (sm 0v,) + sxln . ?91;;
Curl. Vxy= ne[ae(s‘“ Ov,) — d

+rlmoag — a0+ g0 - 58

. " 1 i 1 ¢ ot 1 9%
Laplacian. V2t = ?dr( dr) + rlsineae(smede) + 7 7Zsin? 0 92

CYLINDRICAL d1=drf+rd¢q§+dz$- dt = rdrdgd:
1 a:

Gradient. Vit = at Pt — ¢ +
i o ﬁ_l_.é. 1 5’”«# (;’D,
Divergence. Vv = - (rv,) + = qu + 5
_[1dv, dv, dv, Ov,7
Curl. Vxv= 735""E?}+ T Gr]'ﬁ
Ira v, .
+ L — G
: 2, 1 0 ot 1 d% | 9%
Laplacian. V2t = e ("B‘;) + ~1557 + =

YECTOR IDENTITIES

TRIPLE PRODUCTS

(D) A«BXxCO)=B-(CxA)=C-(A XxB)
2 Ax(BXxC)=B(A-C)—C(A.B)

PRODUCT RULES

@ V(fe) = f(Vg) + g(VS)

4 VA-B)=Ax

) V(A= /(7

(VxB)+B><(V><A)+(A-V)B+(B-V)A
A+ A (V)

(6) Ve(AXxB)=B-(VxA)—A-(VxB)
N VXA =f(VXA—-AxXV]
(8) VXx(AXxB)=(B-VA—(A-V)B+ AV -B)— BV -A)

SECOND DERIVATIV
% V- (VxA=0

a0y vxvnH=0
(I Vx(VxA=

ES

V(V - A) — VA

FUNDAMENTAL THEOREMS

Gradient Theorem:

[ - at=r®) - s

Divergence Theorem: J V+Adr= § ] A-da
volume surface

Curl Theorem: J. (V x A) - da = A dl
surface
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Scaling in Geophysics
Michael Manga
May 2011

Some notes for the derivations of equations from conservation of mass, energy and momen-
tum

The governing equations of fluid mechanics follow from conservation principles of classical physics (con-

servation of mass, lincar and angular momentum, energy). These equations are in general not sufficient
to describe fluid motions, and we will additionally need to use equations of state and constitutive relations.

These notes are only a short summary of results.

1. Useful integral relations

Gauss’s divergence theorem

/u-ndS:/V-udV
5 v

where S includes all surfaces bounding volume V and n is a unit normal vector to the surface S pointing
outwards from the volume V. This expression is also valid if u is a second-rank (or higher-order) tensor.

Stokes theorem

}[u-dl:/VAu-nds
C 5

where dl is tangent to the curve C' and points in a direction consistent with the right-hand rule, and n
is a unit normal to the surface S: for example, if n points out of the page, dl is in the anticlockwise
direction. In words, Stokes theorem states that the normal component of the curl of a vector field u over
a surface S is equal to the integral of the tangential component of u around the boundary C.

2. Useful vector identities involving gradients (V)
V- (Va) = V%
V(ab) = aVb+bVa
V2(ab) = aV +2(Va) - (Vb) + bV2a
V- (ab)=(Va)-b+aV-b

V- (aVb) = aV?h+ Va - Vb

VA(Va)=0
V-(VAa)=0
V-(aAb)=(VAa)-b—a-(VAb)
V A(ab) =VaAb+aVAb

VA(VAa)=V(V-a)-V3a
3. Reynolds transport theorem

In order to derive an equation for conservation of momentum, the Reynolds transport theorem will be

useful:
D ox
=z Xdv| = 24V (ux)| dv
Dt !:/\-/(t) v} /v(:) ]i ot +V( )] a

4. Conservation of mass

Conservation of mass leads to the continuity equation

dp
pel il . =0
7 TV (o)
where u is the fluid velocity, p is density, and ¢ is time. If the fluid is incompressible (i.e. the density
does not change)
V.ou=0.
Fields (e.g. in this case u) that are divergence-free are often called solenoidal. The magnetic field is
another example of a solenoidal field.
Often it is useful to consider derivatives in a frame of reference moving with the fluid (these are called
madterial or convective derivatives). Denoting the material derivative with a capital D we have
DX 08X
Dt = Bt +u-VX.

The material derivative of the variable X is the rate of change of X following the fluid.

5. Conservation of energy




The internal energy density at a point within a fluid is
B8 e
4 p) pe.

Here the first term represents the kinetic energy of the fluid and the second describes molecular-level
energy.

In a frame of reference moving with the fluid, conservation of energy requires that

D u-u )
— —— +pe}dV] = work done by external forces
Di L/v(p) (p 2 P ] v

+ energy flux across boundaries
6. Conservation of linear momentum
Conservation of momentum leads to

time-rate-of-change of momentum of some body = sum of forces acting on body

(this is Newton’s second law). The term of the right-hand side includes both body forces (e.g. gravity)
and surface forces.

Again, we consider a volume element moving with the fluid:

D
D av| = / v+ / tdS.
Dt [ V(t)pu } v P8 s

Here S is the surface bounding V' and t characterizes surface forces/area.

Let

t=n-T
where n is the unit normal vector and T is the stress tensor. This allows us to apply the divergence
theorem to the surface integral. We use the Reynolds Transport theorem to bring the D/Dt under the
integration sign on the LHS so that everything involves only volume integrals; since V/(¢) is arbitrary we

get
8(pu)
ot
If p is constant (i.e. the fluid is incompressible, V - u = 0), then

£V (puu)=pg+ V- T

p[a—u+UvVu] =pg+V T
ot

This equation is called Cauchy’s equation of motion.

This equations has 9 unknowns (T has 9 unknowns, and u has 3 unknowns), but there are only 4 equa-

tions (3 from the Cauchy equation, 1 from conservation of mass). This is clearly a problem. The solution
is to use constitutive relations to relate T and u.

7. Conservation of angular momentum

3

We can go through the math for conservation of angular momentum. We find that we get an additional
constraint on T, namely that T must be symmetric (and thus has “only” 6 components).

8. Constitutive relationship for a newtonian fluid

We just eite the result here.
Tirst we write the stress tensor as the sum of an isotropic part and a deviatoric stress

T = —pl + 7(a, Vu,....)
where p is pressure, I is the identity matrix (§;; in index notation), and 7 is the deviatoric stress tensor.
We can write Vu as the sum of symmetric and antisymmetric parts
1 1 r
Vu = 3 [Vu+ (V) ] +5 [VuA (Vu) ]
E+Q

where E is the rate-of-strain tensor and £ is the vorticity tensor.

For a newtonian fluid we assume that (recall that we said T must be symmetric)
T « B
= c:B

where ¢ is a 4th rank tensor with 81 components. It turns we can simplify ¢ to only 2 components so
that in the end we get
T = {—p+ MrE)I + 2pE

where A and p are coefficients of viscosity and it can be shown that they must both be positive.

Note that 7E = ¥ - u so that if the fluid is incompressible we get the famous Navier-Stokes equations

p[%—‘: +u»Vu:l = pg — Vp + uVu

and
V-u=0

We now have only 4 equations and 4 unknowns! Of course, solving these equations is still not easy, in
part because the equations are non-linear.

9. Boundary conditions

1. On a solid surface we have a no-slip condition, u = 0

9. Across a fluid-fluid interface, the normal component of velocity, u- n, is continuous (this is called
the kinematic condition)

3. Across an interface, the tangential component of velocity is usually continuous (dynamic condition)

These conditions are generally valid except near contact lines.





