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Some introductory remarks

My lecture series will cover three interrelated topics:
- A primer on gyrokinetic theory and simulation
- Features of linear and nonlinear gyrokinetics
- Recent progress towards a numerical tokamak

I will attempt to present the material in an accessible way

Please feel free to interrupt me if you have a question



Why invent
gyrokinetics?



ITER is one of the 
most challenging 
scientific projects

Plasma turbulence
determines its energy 
confinement time

ITER and plasma turbulence

www.iter.org



Turbulent fluctuations are quasi-2D
Reason: Strong background magnetic field

Use field-aligned coordinates and minimize the simulation volume



ExB drift velocity

(random walk/mixing
length estimates)

potential contourspotential contours
==

streamlines of streamlines of ExBExB velocityvelocity

Typical heat and particle diffusivities are of the order of 1 m2/s. 

Turbulent mixing in a tokamak

GradientsGradients
→→ fluctuationsfluctuations

→→ transporttransport



Gyrokinetic theory:
A brief guided tour



Vlasov-Maxwell equations

Removing the fast gyromotion
leads to a dramatic speed-up

Charged rings as quasiparticles;
gyrocenter coordinates; keep kinetic effects

Dilute and/or hot plasmas are almost collisionless.

Thus, if kinetic effects (finite Larmor radius, Landau damping,
magnetic trapping etc.) play a role, MHD is not applicable,

and one has to use a kinetic description!

What is gyrokinetic theory?

Details may be found in: Brizard & Hahm, Rev. Mod. Phys. 79, 421 (2007)



The gyrokinetic ordering



A brief historical review
A. Bottino



A Lagrangian approach



Guiding center coordinates



Guiding center coordinates (cont’d)



Including fluctuating fields



Resulting Lagrangian 1-form

Eliminate explicit gyrophase dependence via near-identity (Lie) transforms
to gyrocenter coordinates:



Euler-Lagrange equations



Gyroaveraged potentials



Appropriate field equations

Nonlinear integro-differential equations in 5 dimensions...

Reformulate Maxwell’s equations in gyrocenter coordinates:



Major theoretical speedups

� Nonlinear gyrokinetic equations
� eliminate plasma frequency: ωpe/Ωi ~ mi/me x103

� eliminate Debye length scale: (ρi/λDe)3  ~ (mi/me)3/2 x105

� average over fast ion gyration: Ωi/ω ~ 1/ρ* x103

� Field-aligned coordinates
� adapt to elongated structure of turbulent eddies: ∆||/∆⊥ ~ 1/ρ* x103

� Reduced simulation volume
� reduce toroidal mode numbers (i.e., 1/15 of toroidal direction) x15
� Lr ~ a/6 ~ 160 ρ ~ 10 correlation lengths x6

� Total speedup x1016

� For comparison: Massively parallel computers (1984-2009) x107

relative to original Vlasov/pre-Maxwell system on a naïve grid, for ITER 1/ρ* = a/ρ ~ 1000

G.Hammett



Status quo in gyrokinetic simulation

� over the last decade or so, 
GK has emerged as the 
standard approach to 
plasma turbulence

� a variety of nonlinear GK 
codes is being used and 
(further) developed

� these codes differ with 
respect to their numerics, 
physics, parallel scalability, 
and public availability

GYRO   GTC
GEM     GS2

...

GENE
ORB5
GYSELA
ELMFIRE

...

GKV
G5D

...

US

Europe Japan



Extreme computing
in support of ITER:

The GENE code
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GENE is a physically comprehensive Vlasov code:
• allows for kinetic electrons & electromagnetic fluctuations, collisions,  

and external ExB shear flows
• is coupled to various MHD equilibrium codes and two transport codes
• can be used as initial value or eigenvalue solver
• supports local (flux-tube) and global (full-torus), gradient-driven and 

flux-driven simulations

Strong scaling on BG/P

GENE is well benchmarked 
and hyperscalable

http://gene.rzg.mpg.de

The gyrokinetic Vlasov code GENE
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Field-aligned (Clebsch-type) coordinates 
to exploit the high anisotropy of plasma 
turbulence

parallel (z) derivatives taken to be small 
compared to perpendicular (x,y) ones 

δf-splitting:
Apply same approach as in the derivation 
of the GKE and split the distribution 
function

f = F0 + δf
where 
F0: stationary background, 

here: local Maxwellian
δf: fluctuating part with δf/F0 << 1

Concepts for efficiency & flexibility

Lowest-order nonlinearity kept

next order

can be switched on for testing
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Method of Lines:
• turn PDEs into ODEs by discretizing the spatial derivative first
• solve for the continuous time coordinate 

Time Solver:

Linear system:

• Iterative eigenvalue solver
based on PETSc/SLEPc/Scalapack lib’s
→ solve for largest abs/re/im eigenvalues
→ gain insight in linear stability/physics 

• Explicit Runge-Kutta (ERK) schemes

Numerical methods – Time stepping scheme

Full eigenvalue spectrum 
of linear GK       operator
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Time Solver:

(Full) Nonlinear system:

• Several ERK methods, e.g. 4th order

Numerical methods – Time stepping scheme (cont’d)

Linear stability regions for 
low-order ERK schemes

• Optimum linear time step can be precomputed
using iterative EV solver

• Adaptive CFL time step adaption for nonlinearity
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• GENE is a Eulerian code, representing the 5D distribution function on a 
fixed grid in (x, v║,µ)

trapped/passing
boundary

Gauss-Legendre or Gauss-Laguerre knotsµ-velocity space:
equidistant gridv║-velocity space:
equidistant grid pointsparallel direction z:

equidistant grid in Fourier spacetoroidal direction y:
equidistant grid (either configuration or Fourier space)radial direction x:

Phase space discretization
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Phase space discretization (cont’d)

• 4th order finite differences are basic choice
• however, the more elaborate Arakawa-scheme is employed, if 

possible [A. Arakawa, JCP 135, 103 (1997), reprint]

Exception: 
spectral methods are employed in the 
• y direction - always
• x direction - depends on the type of operation (local/global)
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� Local: in the radial direction

� Simulation domain small compared to machine size; 

thus, constant temperatures/densities and fixed gradients

� Periodic boundary conditions; allows application of spectral methods

� Global: adding nonlocal features in the radial direction

� Consider full temperature & density profiles; radially varying metric

� Dirichlet or v. Neumann boundary conditions

� Heat sources & sinks

Local vs. global GENE

Global sim. domain

Local sim. domain

ρ*=ρs/a << 1

a



Local approach:

Spectral methods 

• derivatives:

• Gyroaverage & field 
operators can be given 
analytically:  

T
(x) / T

0

Global approach:

• derivatives: 
finite difference 
scheme, typically 4th

order

• Use interpolation 
schemes for

with gyromatrix

gyroaverage & field operators

Local vs. global GENE: Numerics



Gyro-averaging procedure in more detail

• discretize gyro-angle integration
• coordinate transform
• interpolation between grid-cells required

• here: 1-dimensional problem (y remains in Fourier space)
• use “finite-elements” which allows easy extraction of gyro-

averaged quantities at original grid points (~ Hermite polynomial interpol.)

Gyromatrix is constructed at initialization only:



Boundary conditions - overview

Not required (if collisions are neglected)µ-velocity space:

Dirichlet b.c.v║-velocity space:

quasi-periodic parallel direction z:

periodictoroidal direction y:

local: periodic
global: Dirichlet

v. Neumann

radial direction x:

magnetic shear tilts the 
simulation box → phase 

factor

[Beer, PoP ’95]

T

r

T

r
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Full domain:

� Radially dependent heat source/sink in whole domain (density and 
parallel momentum are unaffected)

Localized sources:

� Krook operator, , to damp fluctuations close to the 
boundaries

� Heat source model (cmp. Grandgirard et al., PPCF ’07)

and floating boundary conditions

Source and sink models in GENE

Example of a heat source profile:



Magnetic geometry
• arbitrary flux-surface shapes can be considered as long as the metric          

is provided to compute expressions like

• simple choice: circular concentric flux surfaces

• others can be read in via interfaces to TRACER/GIST (field line tracer) 
and the equilibrium code CHEASE



Input: GENE Launcher



Output: GENE Diagnostics Tool





Summary and outlook



Some outroductory remarks

Goal of this first lecture:
Introduction to gyrokinetic theory and simulation

More info:
Review by Brizard & Hahm, 2007
http://gene.rzg.mpg.de

Topic of next lecture:
Linear and nonlinear gyrokinetics “in action”


