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Angular diameter distance

Left: ΩΛ = 0, ΩK = -0.8 (dotted), -0.3 (short dashed), 0 (solid), 0.3 (dot-dashed), 0.8
(long dashed)
Right: ΩK = 0, ΩΛ = -0.8 (dotted), -0.3 (short dashed), 0 (solid), 0.3 (dot-dashed), 0.8
(long dashed)
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Supernovae 1a 15

Figure 4. Hubble diagram for the Union2.1 compilation. The solid line represents the best-fit cosmology for a flat ΛCDM Universe for supernovae alone.
SN SCP06U4 falls outside the allowed x1 range and is excluded from the current analysis. When fit with a newer version of SALT2, this supernova passes the
cut and would be included, so we plot it on the Hubble diagram, but with a red triangle symbol.

Table 4
Assumed instrumental uncertainties for SNe in this paper.

Source Band Uncertainty Reference

HST WFPC2 0.02 Heyer et al. (2004)
ACS F850LP 0.01 Bohlin (2007)
ACS F775W 0.01
ACS F606W 0.01
ACS F850LP 94 Å Bohlin (2007)
ACS F775W 57 Å
ACS F606W 27 Å
NICMOS J 0.024 Ripoche et. al. (in prep), Section 3.2.1
NICMOS H 0.06 de Jong et al. (2006)

SNLS g, r, i 0.01 Astier et al. (2006)
z 0.03

ESSENCE R, I 0.014 Wood-Vasey et al. (2007)
SDSS u 0.014 Kessler et al. (2009)

g, r, i 0.009
z 0.010

SCP: Amanullah et al. (2010) R, I 0.03 Amanullah et al. (2010)
J 0.02

Other U -band 0.04 Hicken et al. (2009a)
Other Band 0.02 Hicken et al. (2009a)

The Union2.1 data-set of SN1A’s (Suzuki et al ’11).
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Supernovae 1a
20

Figure 5. ΛCDM model: 68.3%, 95.4%, and 99.7% confidence regions of the (Ωm,ΩΛ) plane from SNe Ia combined with the constraints from BAO and
CMB. The left panel shows the SN Ia confidence region only including statistical errors while the right panel shows the SN Ia confidence region with both
statistical and systematic errors.

Figure 6. wCDM model: 68.3%, 95.4%, and 99.7% confidence regions in the (Ωm, w) plane from SNe Ia BAO and CMB. The left panel shows the SN Ia
confidence region for statistical uncertainties only, while the right panel shows the confidence region including both statistical and systematic uncertainties. We
note that CMB and SN Ia constraints are orthogonal, making this combination of cosmological probes very powerful for investigating the nature of dark energy.

( Suzuki et al ’11 )

20

Figure 5. ΛCDM model: 68.3%, 95.4%, and 99.7% confidence regions of the (Ωm,ΩΛ) plane from SNe Ia combined with the constraints from BAO and
CMB. The left panel shows the SN Ia confidence region only including statistical errors while the right panel shows the SN Ia confidence region with both
statistical and systematic errors.

Figure 6. wCDM model: 68.3%, 95.4%, and 99.7% confidence regions in the (Ωm, w) plane from SNe Ia BAO and CMB. The left panel shows the SN Ia
confidence region for statistical uncertainties only, while the right panel shows the confidence region including both statistical and systematic uncertainties. We
note that CMB and SN Ia constraints are orthogonal, making this combination of cosmological probes very powerful for investigating the nature of dark energy.Cosmological parameters Ωm and ΩΛ Ωm and w of dark energy.
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CMB radiation spectrum

Line = blackbody at T = 2.728K ( 10GHz = (3cm)−1 ).
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Density perturbation spectrum
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Comparing density fluctuation spectra as function of k [h/Mpc] in different gauges:
comoving gauge (blue), longitudinal gauge (red) and spatially flat gauge (green)
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Einstein’s equations

The constraints

4πGa2ρD = −(k2 − 3K )Φ (00)
4πGa2(ρ+ P)V = k

(
HΨ+ Φ̇

)
(0i)

}
(scalar)

8πGa2(ρ+ P)Ω =
1
2

(
2K − k2

)
σ(V ) (0i) (vector) .

The dynamical equations

scalar : k2 (Φ−Ψ) = 8πGa2PΠ(S) (i ̸= j)

Φ̈ + 2HΦ̇ +HΨ̇ +

[
2Ḣ+H2 − k2

3

]
Ψ = 4πGa2ρ

[
1
3

D + c2
s Ds + wΓ

]
(ii)

vector : k
(
σ̇(V ) + 2Hσ(V )

)
= 8πGa2PΠ(V )

tensor : Ḧ(T ) + 2HḢ(T ) +
(

2K + k2
)

H(T ) = 8πGa2PΠ(T ) .
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Einstein’s equations

Energy momentum conservation

Ḋg + 3
(
c2

s − w
)
HDg + (1 + w)kV + 3wHΓ = 0

V̇ +H
(
1 − 3c2

s
)

V = k
(
Ψ+ 3c2

sΦ
)
+

c2
s k

1+w Dg

+ wk
1+w

[
Γ− 2

3

(
1 − 3K

k2

)
Π
]

 (scalar)

Ω̇ +
(

1 − 3c2
s

)
HΩ = − w

2(1 + w)

(
k − 2K

k

)
Π(V ) (vector) .

The Bardeen equation

Ψ̈ + 3H(1 + c2
s )Ψ̇ +

[
3(c2

s − w)H2 − (2 + 3w + 3c2
s )K + c2

s k2
]
Ψ

= 8πGa2P
[
HΠ̇ + [2Ḣ+ 3H2(1 − c2

s/w)]Π− 1
2

k2Π+
1
2
Γ

]
.
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Bardeen potential

Sketch of the Bardeen potential in the matter dominated era.
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CMB anisotropies

Caclulated and measured CMB anisotropies
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. . . . . .

Liouville equation

F = f̄ (v) + F (t , x, v ,n) , F = F +Φv
df̄
dv

.

For massless particles, no collisions

(∂0 + ni∂i)F = ni∂i(Φ + Ψ)v
df̄
dv

(∂0 + ni∂i)M = −ni∂i(Φ + Ψ) , M =
π

a4ρ̄

∫
v3Fdv

Integral solution:

M(t , x,n) = M(ti , x − n(t − ti),n)−
∫ t

ti

dt ′ni∂i(Φ + Ψ)(t ′, x − n(t − t ′))

= M(ti , xi ,n)− (Φ + Ψ)(t , xi) +

∫ t

ti

dt ′∂t′(Φ + Ψ)(t ′, x(t ′))

In Fourier space: M(t , k,n) =
∑
ℓ

(−i)ℓ(2ℓ+ 1)Pℓ(µ)Mℓ(k, t)

∂tMℓ + k
ℓ+ 1
2ℓ+ 1

Mℓ+1 − k
ℓ

2ℓ+ 1
Mℓ−1 =

1
3
δℓ1k(Φ + Ψ) .
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. . . . . .

Boltzmann equation

Collision term

C[F ] =
df+
dt

− df−
dt

= aσT ne

[
1
4

D(r)
g −M− niV (b)

i +
1
2

nijM ij
]
,M ij ≡ 3

8π

∫
nijM(n)dΩn

nij = ninj −
1
3
δij , aσT ne = κ̇

(∂t + ikµ)M = ikµ(Φ + Ψ) + κ̇

[
1
4

D(r)
g −M− iµV (b) − 1

2
M2P2(µ)

]
Integral solution

M(t0, k, µ) =
∫ t0

0
dteikµ(t−t0)S(t , k) , with

S = −e−κ(Φ̇+Ψ̇)+g
(
Φ+Ψ+ k−1V̇ (b) +

1
4

D(r)
g +

1
4
M2

)
+k−1ġV (b)− 3

4k2

d2

dt2 (gM2)

g = κ̇e−κ is the visibility function.

Mℓ(t0, k) =
∫ t0

0
dtjℓ(k(t0 − t))S(t , k)

⟨Mℓ(t0, k′)M∗
ℓ′(t0, k

′)⟩ = (2π)3δ(k.k′)δℓℓ′Mℓ(k) , Cℓ =
2
π

∫
dk
k

k3Mℓ(k)
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Optical depth and visibility function

The optical depth κ (left) and the visibility function g (right).
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Polarization

e−

A quadrupole anisotropy on the last scattering surface induces polarisation.
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E- and B-polarization

A E-polarization pattern (left) is compared with B-polarization. The function Ẽ = B̃ is
indicated in grey scale, and the polarization directions are drawn. E-polarization is
tangential along the dark negative regions while it is radial from the white white positive
regions. The B-polarization pattern ban be obtained by rotating the polarization
directions by 45o.
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Scattering

(∂t + ni∂i)V = C[V] +

 S
0
0

 , V =

 M
Q+ iU
Q− iU


C[V] = κ̇

[
1
10

∫
Ωn′

2∑
m=−2

Pm(n,n′)V(n′)− V(n)

+

[
1

4π

∫
Ωn′M(n′) + n · V(b)

] 1
0
0

 .

Pm(n,n′) =

 Y2m(n)Y ∗
2m(n

′) −
√

3
2 Y2m(n) 2Y ∗

2m(n
′) −

√
3
2 Y2m(n) −2Y ∗

2m(n
′)

−
√

6 2Y2m(n)Y ∗
2m(n

′) 3 2Y2m(n) 2Y ∗
2m(n

′) 3 2Y2m(n) −2Y ∗
2m(n

′)

−
√

6 −2Y2m(n)Y ∗
2m(n

′) 3 −2Y2m(n) 2Y ∗
2m(n

′) 3 −2Y2m(n) −2Y ∗
2m(n

′)
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. . . . . .

Total angular momentum method

sGℓm(x,n) = (−i)ℓ
√

4π
2ℓ+ 1

eik·x
sYℓm(n)

M(t , x,n) =

∫
d3k
(2π)3

∞∑
ℓ=0

2∑
m=−2

M(m)
ℓ (t , k)0Gℓm(x,n)

Q± iU =

∫
d3k
(2π)3

∞∑
ℓ=2

2∑
m=−2

(
E (m)
ℓ (t , k)± iB(m)

ℓ (t , k)
)

±2Gℓm(x,n) .

sGℓm(−rn,n) =
∞∑
j=0

(−i)j
√

4π(2j + 1) sf (ℓm)
j (kr) sYjm(n) .

sf (ℓm)
j (x) ≡

j+ℓ∑
L=|j−ℓ|

(−i)L+ℓ−j 2L + 1
2j + 1

⟨L, ℓ; 0,m|j ,m⟩⟨L, ℓ; 0,−s|j ,−s⟩jL(x)

α
(ℓm)
j ≡ 0f

(ℓm)
j

ϵ
(ℓm)
j ± iβ(ℓm)

j ≡ ±2f (ℓm)
j
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. . . . . .

Total angular momentum method

α
(00)
ℓ (x) = jℓ(x)

α
(10)
ℓ (x) = j ′ℓ(x) , α

(1 ±1)
ℓ (x) =

√
ℓ(ℓ+ 1)

2
jℓ(x)

x

α
(20)
ℓ (x) =

1
2
[3j ′′ℓ (x) + jℓ(x)], α

(2 ±1)
ℓ (x) =

√
3ℓ(ℓ+ 1)

2

(
jℓ(x)

x

)′

α
(2 ±2)
ℓ (x) =

√
3(ℓ+ 2)!
8(ℓ− 2)!

jℓ(x)
x2 = ϵ

(20)
ℓ (x)

ϵ
(2 ±1)
ℓ (x) =

1
2

√
(ℓ− 1)(ℓ+ 2)

[
jℓ(x)
x2 +

j ′ℓ(x)
x

]
ϵ
(2 ±2)
ℓ (x) =

1
4

[
−jℓ(x) + j ′′ℓ (x) + 2

jℓ(x)
x2 + 4

j ′ℓ(x)
x

]
,

β
(20)
ℓ (x) = 0

β
(2 ±1)
ℓ (x) = ±1

2

√
(ℓ− 1)(ℓ+ 2)

jℓ(x)
x

β
(2 ±2)
ℓ (x) = ±1

2

[
j ′ℓ(x) + 2

jℓ(x)
x

]
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Total angular momentum method

The functions ℓ2|α(00)
ℓ |2 (top),

ℓ2|α(10)
ℓ |2 (middle) and ℓ2|α(20)

ℓ |2
(bottom) are shown as function
of ℓ for fixed x = 100. These
are the kernels relevant for the
scalar temperature anisotropies.
Their amplitude and shape will
determine how strongly the cor-
responding source terms in the
Boltzmann eqn. influence the fi-
nal anisotropy spectrum.
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Total angular momentum method

The functions ℓ2|α(11)
ℓ |2 (top),

ℓ2|α(21)
ℓ |2 (middle) and ℓ2|α(22)

ℓ |2
(bottom) are shown as function
of ℓ for fixed x = 100. These
are the kernels relevant for vec-
tor, α

(11)
ℓ and α

(21)
ℓ , and tensor,

α
(22)
ℓ , temperature anisotropies.
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Total angular momentum method

The functions ℓ2|ϵ(21)
ℓ |2 (top) and

ℓ2|ϵ(22)
ℓ |2 (bottom) are shown as

function of ℓ for fixed x =
100. These are the kernels rele-
vant for E–polarization of vector
and tensor modes respectively.
Since ℓ2|ϵ(20)

ℓ |2 = ℓ2|α(22)
ℓ |2 this

kernel for scalar E–polarization
is not re-plotted. Note that the
vector E–polarization kernel is
very small and the scalar kernel
is still about a factor of 5 larger
than the tensor kernel.
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Total angular momentum method

The functions ℓ2|β(21)
ℓ |2 (top) and

ℓ2|β(22)
ℓ |2 (bottom) are shown as

function of ℓ for fixed x = 100.
These are the kernels relevant
for B–polarization of vector and
tensor modes respectively. Note
that the vector B–polarization
kernel is much larger than the
tensor one. This is the oppo-
site of what we found for E-
polarization.
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. . . . . .

The Boltzmann equation

Ṁ(m)
ℓ + k

[√
(ℓ+ 1)2 − m2

(2ℓ+ 3)
M(m)

ℓ+1 −
√
ℓ2 − m2

(2ℓ+ 1)
M(m)

ℓ−1

]
= S(m)

ℓ + κ̇[P(m)
ℓ −M(m)

ℓ ]

with

S(0)
ℓ = −δℓ1k(Ψ + Φ)

S(±1)
ℓ = −δℓ2

i√
3

kσ±

S(±2)
ℓ = δℓ2

1√
3

kḢ±2

P(0)
ℓ = δℓ0M(0)

0 + V (0)
b δℓ1 + δℓ2

1
10

[M(0)
2 −

√
6E (0)

2 ]

P(±1)
ℓ = V (±1)

b δℓ1 + δℓ2
1
10

[M(±1)
2 −

√
6E (±1)

2 ]

P(±2)
ℓ = δℓ2

1
10

[M(±2)
2 −

√
6E (±2)

2 ]
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. . . . . .

The Boltzmann equation

Ė (m)
ℓ + k

[√
[(ℓ+ 1)2 − 4][(ℓ+ 1)2 − m2]

(2ℓ+ 1)(2ℓ+ 3)
E (m)
ℓ+1 −

2m
ℓ(ℓ+ 1)

B(m)
ℓ

−
√

(ℓ2 − 4)(ℓ2 − m2)

(2ℓ+ 1)(2ℓ+ 3)
E (m)
ℓ−1

]
= −κ̇[E (m)

ℓ +
√

6P(m)
ℓ ]

Ḃ(m)
ℓ + k

[√
[(ℓ+ 1)2 − 4][(ℓ+ 1)2 − m2]

(2ℓ+ 1)(2ℓ+ 3)
B(m)

ℓ+1 +
2m

ℓ(ℓ+ 1)
E (m)

ℓ

−
√

(ℓ2 − 4)(ℓ2 − m2)

(2ℓ+ 1)(2ℓ+ 3)
B(m)

ℓ−1

]
= −κ̇B(m)

ℓ
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. . . . . .

The integral solution

M(0)
ℓ (t0)

2ℓ+ 1
=

∫ t0

tin

dte−κ(t0,t)
[
ik(Ψ + Φ + κ̇V (b))α

(10)
ℓ (x)

+κ̇

(
M(0)

0 α
(00)
ℓ (x) +

1
10

[M(0)
2 −

√
6E (0)

2 ]α
(20)
ℓ (x)

)]
M(±1)

ℓ (t0)
2ℓ+ 1

=

∫ t0

tin

dte−κ(t0,t)
[
− ik√

3
σ±α

(2 ±1)
ℓ (x) + κ̇V (b)

± )α
(1 ±1)
ℓ (x)

+
κ̇

10
[M(±1)

2 −
√

6E (±1)
2 ]α

(2 ±1)
ℓ (x)

]
M(±2)

ℓ (t0)
2ℓ+ 1

=

∫ t0

tin

dte−κ(t0,t)
[

1√
3

kḢ±2 +
κ̇

10
[M(±2)

2 −
√

6E (±2)
2 ]

]
α2 ±2
ℓ (x)

E (m)
ℓ (t0,n)
2ℓ+ 1

= −
√

6
∫ t0

tin

dte−κ(t0,t) κ̇

10
(M(m)

2 −
√

6E (m)
2 )ϵ

(2m)
ℓ (x)

B(m)
ℓ (t0,n)
2ℓ+ 1

= −
√

6
∫ t0

tin

dte−κ(t0,t) κ̇

10
(M(m)

2 −
√

6E (m)
2 )β

(2m)
ℓ (x)

(1)
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Spectra (5)

⟨M(s)
ℓ (k)M(s)∗

ℓ (k′)⟩ ≡ (2π)3δ3(k − k′)M(s)
ℓ (k)

⟨E (s)
ℓ (k)E (s)∗

ℓ (k′)⟩ ≡ (2π)3δ3(k − k′)E (s)
ℓ (k)

⟨B(s)
ℓ (k)B(s)∗

ℓ (k′)⟩ ≡ (2π)3δ3(k − k′)B(s)
ℓ (k)

⟨E (s)
ℓ (k)M(s)∗

ℓ (k′)⟩ ≡ (2π)3δ3(k − k′)F (s)
ℓ (k)

(2ℓ+ 1)2C(M)
ℓ ≡ (2ℓ+ 1)2⟨|aℓm|2⟩ =

2
π

2∑
s=−2

∫
dkk2M(s)

ℓ (k)

(2ℓ+ 1)2C(E)
ℓ ≡ (2ℓ+ 1)2⟨|eℓm|2⟩ =

2
π

2∑
s=−2

∫
dkk2E (s)

ℓ (k)

(2ℓ+ 1)2C(B)
ℓ ≡ (2ℓ+ 1)2⟨|bℓm|2⟩ =

2
π

2∑
s=−2

∫
dkk2B(s)

ℓ (k)

(2ℓ+ 1)2C(ME)
ℓ ≡ (2ℓ+ 1)2⟨a∗

ℓmeℓm⟩ =
2
π

2∑
s=−2

∫
dkk2F (s)

ℓ (k)
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Spectra: WMAP data (7 year)
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Spectra: Atacama Cosmology Telescope data (2011)
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The CMB E-polarization spectrum

WMAP 7 year, Larson et al. 2009
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The CMB polarization spectrum
8

sion, we adopt the thermal-dust component of the PSM
as a template; the PSM predicts that other sources of
contamination are subdominant at 95GHz in the QUIET
fields. We estimate the dust power contribution in our
fields by evaluating both the PSM power spectrum and
the PSM-QUIET cross-spectrum using the PCL pipeline.
The possible contamination is only relevant in the first
bin (25 ≤ ! ≤ 75) of the field CMB-1. In this bin, the
PSM power amplitude is 0.087µK2 (0.070µK2) for the
EE (BB) spectrum, while the corresponding cross power
is 0.060 ± 0.035µK2 (0.016 ± 0.027µK2). Taking into
account the relative weights of the individual fields, we
therefore estimate that the dust-emission contribution to
the first EE bin in the final co-added spectrum (Table
3) is < 0.04µK2, more than a factor two smaller than
the statistical uncertainty. All other spectra and mul-
tipole ranges have negligible contributions. Fitting the
PSM model as a template to CMB-1 in the map do-
main using the ML pipeline, we find a best-fit amplitude
of A = 0.62 ± 0.21. This corresponds to a 3 σ corre-
lation with the thermal-dust PSM component, which at
the same time agrees with the PSM prediction (A = 1) at
1.8 σ. Consistent results are obtained by taking the ratio
of the cross-power to the PSM power including the full
multipole range, with an amplitude of A = 0.66 ± 0.25.
The three other fields all have best-fit amplitudes consis-
tent with zero. We note as a caveat that the uncertainty
in the PSM itself is not taken into account in this analy-
sis, and the results depend critically on this model as the
detected foreground levels are well below the statistical
errors of the measured power spectra themselves.

8. CONCLUSIONS

We have presented the CMB polarization power spec-
tra from the 95-GHz QUIET observations. The EE spec-
trum has been measured between ! = 25 and 975, and
the first three acoustic peaks were seen with high signal-
to-noise ratio, consistent with ΛCDM predictions. The
BB spectrum was found to be consistent with zero, with
a 95% C.L. upper limit on the tensor-to-scalar ratio of
r < 2.7 (PCL) or 2.8 (ML), depending on pipeline. In
Figure 6, we provide an up-to-date overview of the cur-
rent state of the CMB polarization field, comparing the
results from various experiments31. In one of the fields,
we found a correlation with the dust component of the
Planck Sky Model. The excess power due to this com-
ponent was still small compared to the statistical errors
of the power spectra. Finally, we have demonstrated the
lowest level of instrumental systematic errors to date. We
conclude by noting that part of the role of this experi-
ment was to serve as a pathfinder to demonstrate that
MMIC arrays were capable of reaching r ! 0.01; this has
been successfully achieved.

Support for the QUIET instrument and opera-
tion comes through the NSF cooperative agreement
AST-0506648. Support was also provided by NSF
awards PHY-0355328, AST-0448909, PHY-0551142,

31 For the EE spectrum of QUIET, we show the mean of the
spectrum from the two pipelines (after scaling to q = 1) as a suc-
cinct visualization. For BB, the results from the two individual
pipelines are indicated by the vertical extent of the QUIET-W
points.
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Fig. 6.— Summary of published CMB polarization EE
power spectrum (top) and 95% C.L. upper limits on BB
power (bottom) measured by different experiments (Leitch et al.
2005; Montroy et al. 2006; Sievers et al. 2007; Wu et al. 2007;
Bischoff et al. 2008; Brown et al. 2009; Chiang et al. 2010;
Larson et al. 2011; QUIET2011) as well as the result reported in
this paper (QUIET-W). The QUIET-W points, spanning the first
three acoustic peaks in the EE power spectrum, bridge the large
(! ! 200) and small (! " 400) angular-scale measurements made
by previous experiments. For visualization purposes, the mean of
two pipeline spectra (scaled to q = 1) is shown for QUIET-W for
EE. For BB, the results from the two individual pipelines are in-
dicated by the vertical extent of the QUIET-W points. The solid
line in the upper panel shows the ΛCDM EE spectrum; the dashed
and dotted lines in the bottom panel show the BB spectrum from
gravitational waves (for r = 0.1) and lensing, respectively.
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Acoustic peaks
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Acoustic peaks

The position of the first peak as function of ΩΛ. In the solid line we vary ΩK , leaving all
other parameters fixed, for the dashed line we vary Ωm and ΩΛ keeping K = 0 fixed.
For the dotted line we vary ΩΛ and Ωm again with K = 0 at fixed Ωmh2. The fixed
parameters are ΩK = 0, h = 0.72, Ωbh2 = 0.022, Ωm = 0.25, ns = 0.96, τri = 0.085.
Therefore, all the curves cross at ΩΛ = 0.75.
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Acoustic peaks

Left: the asymmetry of even and odd peaks and its dependence on Ωbh2. Ωbh2 = 0.02
(solid line), Ωbh2 = 0.03 (dotted) and Ωbh2 = 0.01 (dashed).
Right: Ωbh2 = 0.02 is fixed and three different values for the matter density are
chosen, Ωmh2 = 0.12 (solid), Ωmh2 = 0.2 (dashed) Ωmh2 = 0.3 (dotted). A smaller
value of Ωmh2 boosts the height especially of the first peak due to the early integrates
Sachs-Wolfe effect. The peaks are also somewhat shifted since DA depends on Ωm.
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FIG. 25: As Fig. 24 but exploring correlations between the other parameters. The parameter ✓ is approximately 100
times the ratio of the sound horizon to the angular diameter distance, and is very well constrained by the observed
acoustic peak positions and nearly constant along the degeneracy [38]. Changes in ⌦m shift the angular scale of the
CMB peak locations, though not very strongly, which is compensated by a shift in sound horizon at recombination
due to a change in the physical matter density ⌦mh2 [34]. However a change in physical matter densities changes

the amplitudes of the acoustic peaks, so ⌦bh
2 and ns also have to change for partial compensation.

fiducial model, very accurate for close models, and only increases the error for models that are very di↵erent (by an
amount that goes to zero as the interpolation accuracy parameter is increased). This is equivalent to interpolating
the di↵erence between the Cl and a fiducial Cf

l , and adding the interpolated result to Cf
l calculated with dense l

sampling3. This interpolation scheme has been implemented in the January 2012 version of camb, and numerical
interpolation errors are compared in Fig. 28. The accuracy of the MCMC sampling results using this scheme is shown
in Figs. 26 and 27, and is generally at a level . 5% of the error bar size with default high accuracy settings for Planck.
This interpolation scheme is significantly more accurate for near-fiducial models, and as such high accuracy settings
no longer need to increase the l sampling density; it is therefore faster than the high accuracy settings of October
2011 used in the bulk of this paper (and higher accuracy; the sampling density could be further decreased slightly to
gain additional speed advantage).

We conclude that the default high accuracy settings should be adequate for analysis of the standard ⇤CDM model
at Planck sensitivity, and the January 2012 interpolation scheme achieves this at somewhat higher speed than using
an interpolation scheme without error correction. Data analysis and physical model uncertainties are likely to be
much larger than numerical issues.

3 The interpolation is actually done on l(l + 1)Cl/2⇡ as this is more nearly constant on small scales.

(Howlett et al. 2012)
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Neutrinos

Massless neutrinos(solid) and neutrinos with mass mν = 2eV (dashed lines). In the left
hand panel Ωcdmh2 = 0.12 is fixed while on the right hand side Ωmh2 = 0.144 is fixed.
In all curves Ωtot = 1, Ωbh2 = 0.022 and h = 0.7. Keeping Ωmh2 fixed, adding neutrinos
acts a bit like a lower matter density, since the neutrinos are not yet fully non-relativistic
at decoupling.
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Cosmological parameters

WMAP 7 year, Larson et al. 2009
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Cosmological parameters

WMAP 7 year and ACT
data
J. Dunkley et al. 2010

BSZ
3000 = themal SZ power

at ℓ = 3000
Ap = Poisson noise in IR
sources
at ℓ = 3000
Ac = clustered IR
sources
at ℓ = 3000
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Cosmological parameters

2D marginalized limits (68% and
95% CL) for ns, plotted at the pivot
point k0 = 0.015/Mpc, and the
running of the index dns/d ln k , for
ACT+WMAP, compared to WMAP.
This model has no tensor fluctua-
tions. A negative running is pre-
ferred, but the data are consis-
tent with a power-law spectral index,
with dns/d ln k = 0.
J. Dunkley et al. 2010.

Ruth Durrer (Université de Genève, DPT & CAP) CMB Trieste, July 2012 39 / 48



. . . . . .

Cosmological parameters

2D marginalized limits (68% and
95% CL) for the tensor-to-scalar ra-
tio r, and the scalar spectral index
ns, for ACT+WMAP data. By mea-
suring the ℓ > 1000 spectrum, the
longer lever arm from ACT data fur-
ther breaks the ns - r degeneracy,
giving a marginalized limit r < 0.25
(95% CL) from the CMB alone. The
predicted values for a chaotic infla-
tionary model with inflaton poten-
tial V (ϕ) ∝ ϕp with 60 e-folds are
shown for p = 3, 2, 1, 2/3; p > 3
is disfavored at > 95% CL.
J. Dunkley et al. 2010.
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Cosmological parameters

Constraints on the effective number of relativistic species, Neff. Left: One-dimensional
marginalized distribution for Neff, for data combinations indicated in the right panel.
(Standard model: Neff = 3.04, dotted line). Right: 2D marginalized distribution for
Neffand equality redshift zeq, showing that Neff can be measured separately from zeq.
Neff is bounded from above and below by combining the small-scale ACT
measurements of the acoustic peaks with WMAP measurements. The limit is tightened
by adding BAO and H0 constraints, breaking the degeneracy between Neff and the
matter density by measuring the expansion rate at late times.
J. Dunkley et al. 2010. Neff = 5.3 ± 1.3 (CMB alone).
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Cosmological parameters

2D marginalized limits (68% and
95% CL) for the primordial helium
mass fraction YP and the number
of relativistic species Neff. The two
are partly degenerate, as increasing
Neff or YP leads to increased damp-
ing of the power spectrum. The
predicted standard-BBN relation be-
tween Neff and YP is indicated. The
concordance Neff = 3.04, YP = 0.25
model lies on the edge of the two-
dimensional 68% CL, and a model
with Neff = 0, YP = 0 is excluded at
high significance.
J. Dunkley et al. 2010.
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Cosmological parameters

ΛCDM and extended model parameters and 68% confidence intervals from the ACT
2008 data combined with seven-year WMAP data.

Parameter(a) ΛCDM ΛCDM ΛCDM ΛCDM ΛCDM ΛCDM
+ dns/d ln k + r + Neff + YP + Gµ

100Ωbh2 2.214 ± 0.050 2.167 ± 0.054 2.246 ± 0.057 2.252 ± 0.055 2.236 ± 0.052 2.240 ± 0.053
Ωc h2 0.1127 ± 0.0054 0.1214 ± 0.0074 0.1099 ± 0.0058 0.152 ± 0.025 0.1166 ± 0.0061 0.1115 ± 0.0055
ΩΛ 0.721 ± 0.030 0.670 ± 0.046 0.738 ± 0.030 0.720 ± 0.030 0.711 ± 0.031 0.730 ± 0.029
ns 0.962 ± 0.013 1.032 ± 0.039 0.974 ± 0.016 0.993 ± 0.021 0.974 ± 0.015 0.963 ± 0.013
τ 0.087 ± 0.014 0.092 ± 0.016 0.087 ± 0.015 0.089 ± 0.015 0.087 ± 0.015 0.087 ± 0.015
109∆2

R 2.47 ± 0.11 2.44 ± 0.11 2.37 ± 0.13 2.40 ± 0.12 2.45 ± 0.11 2.43 ± 0.11
dns/d ln k 0 −0.034 ± 0.018 0 0 0 0
r 0 0 < 0.25 0 0 0
Neff 3.04 3.04 3.04 5.3 ± 1.3 3.04 3.04
YP 0.25 0.25 0.25 0.25 0.313 ± 0.044 0.25
Gµ 0 0 0 0 0 < 1.6×10−7

σ8 0.813 ± 0.028 0.841 ± 0.032 0.803 ± 0.030 0.906 ± 0.059 0.846 ± 0.035 0.803 ± 0.029
Ωm 0.279 ± 0.030 0.330 ± 0.046 0.262 ± 0.030 0.280 ± 0.030 0.289 ± 0.031 0.270 ± 0.029
H0 69.7 ± 2.5 66.1 ± 3.0 71.4 ± 2.8 78.9 ± 5.9 69.5 ± 2.3 70.6 ± 2.5

BSZ
3000 (µK2) < 10.2 < 12.3 < 10.0 < 12.1 < 13.0 < 8.8

Ap (µK2) 16.0 ± 2.0 14.9 ± 2.2 16.0 ± 2.0 15.1 ± 2.1 15.0 ± 2.1 16.1 ± 1.9
Ac (µK2) < 8.7 < 10.4 < 8.0 < 11.1 < 11.2 < 7.4
−2 ln L 7500.0 7498.1 7500.1 7498.7 7498.8 7500.1

(a) For one-tailed distributions, the upper 95% CL is given. For two-tailed distributions
the 68% CL are shown. J. Dunkley et al. 2010.
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Degeneracy

On left lines of equal angular diameter distance are
indicated. R = DA/DA(ΩΛ = 0.7,Omm = 0.3, h =
0.7). Below on the left: ΩK > 0 (dashed), ΩK < 0
(dotted) and ΩK = 0 (solid), with fixed DA, Ωmh2,
Ωbh2. On the right: three spectra with K = 0, fixed
Ωmh2, Ωbh2, but different DA (the squares indicated
in the top panel on the K = 0 line).
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Degeneracy

WMAP 7 year, Larson et al. 2009
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FIG. 8: Idealized forecast parameter constraints from Planck power spectra only, varying As, ns, ⌦bh
2, ⌦ch

2, ⌧, ✓,
and ⌦K with flat priors, and H

0

, ⌦m and ⌦
⇤

being derived parameters. Points show samples from the expected
posterior if the unlensed power spectra were observed, the black contours the better constraint obtainable in reality
accounting for power spectrum lensing. Adding lensing reconstruction information could further shrink the extent of

the degeneracy by a factor of roughly two.

FIG. 9: Minimum e↵ective chi-squared values for non-flat geometries, in the presence of both lensing and noise,
using high accuracy and varying the value of lSampleBoost. Note that here we use all l > 2 to make this figure

comparable to Fig. 7.

change in the geometrical e↵ect from averaging through last-scattering.
At low accuracy, the numerical errors are, on the whole, less than the quoted accuracy of 0.3%. There is a small

‘drift’ at low accuracy; however, even including this drift, the errors are still generally significantly below 0.3% at high
l. The small ‘drift’ disappears with high accuracy calculations.

We can quantify how much these numerical errors a↵ect the w-h degeneracy by looking at the minimum e↵ective

Lifting the degeneracy with
CMB lensing
(Planck forecast).
(Howlett et al. 2012)
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Degeneracy

A spectrum of purely scalar perturbations
with ns = 0.96 (solid) is compared to
one with a tensor contribution of r = 0.3
(dotted). The cosmological parameters of
the two models differ somewhat but are all
within 2 sigma of the ’concordance values’:
Scalar model:
(h = 0.73, Ωbh2 = 0.0225,
Ωmh2 = 0.135, τ = 0.1, ns = 0.96)
Model with tensors, r = 0.3:
(h = 0.8, Ωbh2 = 0.023,
Ωmh2 = 0.118, τ = 0.1, ns = 1.0, nT = 0)
These two models cannot be distinguished
from their temperature anisotropies.
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Conclusions and outlook

The CMB anisotropies and polarization are a superb cosmological tool.

Their theory is simple (to a big extent linear) physics and we can compute them to
high accuracy.

Their precision measurements have revolutionized cosmology from an ’order
magnitude’ to ’precision’ science.

They provide a unique window to the very high energy physics of inflation.

And there is more to come... New data from
Planck, QUIET, CG, KUPID, EBEX, COSMOSOMAS, QUIJOTE...
may discover

B-polarization ⇒ gravitational waves from inflation.
Additional ’neutrino’ species.
Sources like topological defects, primordial magnetic fields...
Other unexpected events of the early Universe.

Stay tuned!
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Ruth Durrer (Université de Genève, DPT & CAP) CMB Trieste, July 2012 48 / 48



. . . . . .

Conclusions and outlook

The CMB anisotropies and polarization are a superb cosmological tool.

Their theory is simple (to a big extent linear) physics and we can compute them to
high accuracy.

Their precision measurements have revolutionized cosmology from an ’order
magnitude’ to ’precision’ science.

They provide a unique window to the very high energy physics of inflation.

And there is more to come... New data from
Planck, QUIET, CG, KUPID, EBEX, COSMOSOMAS, QUIJOTE...
may discover

B-polarization ⇒ gravitational waves from inflation.
Additional ’neutrino’ species.
Sources like topological defects, primordial magnetic fields...
Other unexpected events of the early Universe.

Stay tuned!
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