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Latin squares



The 16 card trick

Take the aces, kings, queens & jacks from a standard pack and
arrange them in a 4× 4 array so that each row and column
contains one card of each suit and one card of each rank.

♠A ♥K ♦J ♣Q
♥Q ♠J ♣K ♦A
♣J ♦Q ♥A ♠K
♦K ♣A ♠Q ♥J

Each solution is the superposition of two latin squares

♠ ♥ ♦ ♣
♥ ♠ ♣ ♦
♣ ♦ ♥ ♠
♦ ♣ ♠ ♥

A K J Q

Q J K A

J Q A K

K A Q J

These squares are orthogonal mates.
When we overlay them each ordered pair of symbols occurs once.
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Transversals

A transversal of a latin square is a set of entries which includes
exactly one entry from each row and column and one of each
symbol.

♠ ♥ ♦ ♣
♥ ♠ ♣ ♦
♣ ♦ ♥ ♠
♦ ♣ ♠ ♥

A K J Q

Q J K A

J Q A K

K A Q J

Alon et al. [1995] lamented that

“There have been more conjectures than theorems on
latin transversals in the literature.”
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Graph theoretic interpretation

A latin square is equivalent to a proper edge colouring of Kn,n with
n colours.

Then a transversal is a rainbow perfect matching.



Graph theoretic interpretation

A latin square is equivalent to a proper edge colouring of Kn,n with
n colours.

Then a transversal is a rainbow perfect matching.



Graph theoretic interpretation

A latin square is equivalent to a proper edge colouring of Kn,n with
n colours.

Then a transversal is a rainbow perfect matching.



Graph theoretic interpretation

A latin square is equivalent to a proper edge colouring of Kn,n with
n colours.

Then a transversal is a rainbow perfect matching.



Our story begins...

The first results on transversals were due to Euler in a memoir to
the academy of sciences in St Petersburg on 8th March 1779.
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The first theorem

Theorem: A latin square has an orthogonal mate iff it can be
decomposed into disjoint transversals.
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Some squares have ’em, some squares don’t
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Theorem: [Euler] The addition table for Zn has a transversal iff
n is odd.

Conjecture: [Ryser] Every latin square of odd order has a
transversal.

Conjecture: [Brualdi] Every latin square has a near transversal.
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Partial transversals

How close can we get to Brualdi’s conjecture that every latin
square has a near transversal?

At least two claimed proofs have been shot down.

A partial transversal of length m is a set of m entries, no two of
which share a row, column or symbol.

Theorem: [Shor ’82, Hatami/Shor ’08] A latin square of order n
has a partial transversal of length at least n − O(log2 n).
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Ryser’s conjecture

Ryser’s original conjecture was that the number of transversals is
congruent to n mod 2.

Theorem: [Balasubramanian ’90] Even order LSs have an even
number of transversals.

However, the odd case of Ryser’s original conjecture fails.
So it has been weakened to “odd order LS have transversals”.

If true, it is barely so:

1 2 3 4 5
2 1 4 5 6
3 4 6 2 1
4 5 1 6 3
6 3 5 1 2

1 2 3 4 5 6 7
2 1 4 3 6 7 5
3 4 1 2 7 5 6
4 5 6 7 1 2 3
5 3 7 6 2 1 4
6 7 2 5 3 4 1
7 6 5 · 4 3 2

Conjecture: A d-dimensional latin hypercube of order n has a
transversal unless d and n are even.



Ryser’s conjecture

Ryser’s original conjecture was that the number of transversals is
congruent to n mod 2.

Theorem: [Balasubramanian ’90] Even order LSs have an even
number of transversals.

However, the odd case of Ryser’s original conjecture fails.
So it has been weakened to “odd order LS have transversals”.

If true, it is barely so:

1 2 3 4 5
2 1 4 5 6
3 4 6 2 1
4 5 1 6 3
6 3 5 1 2

1 2 3 4 5 6 7
2 1 4 3 6 7 5
3 4 1 2 7 5 6
4 5 6 7 1 2 3
5 3 7 6 2 1 4
6 7 2 5 3 4 1
7 6 5 · 4 3 2

Conjecture: A d-dimensional latin hypercube of order n has a
transversal unless d and n are even.



Ryser’s conjecture

Ryser’s original conjecture was that the number of transversals is
congruent to n mod 2.

Theorem: [Balasubramanian ’90] Even order LSs have an even
number of transversals.

However, the odd case of Ryser’s original conjecture fails.
So it has been weakened to “odd order LS have transversals”.

If true, it is barely so:

1 2 3 4 5
2 1 4 5 6
3 4 6 2 1
4 5 1 6 3
6 3 5 1 2

1 2 3 4 5 6 7
2 1 4 3 6 7 5
3 4 1 2 7 5 6
4 5 6 7 1 2 3
5 3 7 6 2 1 4
6 7 2 5 3 4 1
7 6 5 · 4 3 2

Conjecture: A d-dimensional latin hypercube of order n has a
transversal unless d and n are even.



Ryser’s conjecture

Ryser’s original conjecture was that the number of transversals is
congruent to n mod 2.

Theorem: [Balasubramanian ’90] Even order LSs have an even
number of transversals.

However, the odd case of Ryser’s original conjecture fails.
So it has been weakened to “odd order LS have transversals”.

If true, it is barely so:

1 2 3 4 5
2 1 4 5 6
3 4 6 2 1
4 5 1 6 3
6 3 5 1 2

1 2 3 4 5 6 7
2 1 4 3 6 7 5
3 4 1 2 7 5 6
4 5 6 7 1 2 3
5 3 7 6 2 1 4
6 7 2 5 3 4 1
7 6 5 · 4 3 2

Conjecture: A d-dimensional latin hypercube of order n has a
transversal unless d and n are even.



Ryser’s conjecture

Ryser’s original conjecture was that the number of transversals is
congruent to n mod 2.

Theorem: [Balasubramanian ’90] Even order LSs have an even
number of transversals.

However, the odd case of Ryser’s original conjecture fails.
So it has been weakened to “odd order LS have transversals”.

If true, it is barely so:

1 2 3 4 5
2 1 4 5 6
3 4 6 2 1
4 5 1 6 3
6 3 5 1 2

1 2 3 4 5 6 7
2 1 4 3 6 7 5
3 4 1 2 7 5 6
4 5 6 7 1 2 3
5 3 7 6 2 1 4
6 7 2 5 3 4 1
7 6 5 · 4 3 2

Conjecture: A d-dimensional latin hypercube of order n

has a
transversal unless d and n are even.



Ryser’s conjecture

Ryser’s original conjecture was that the number of transversals is
congruent to n mod 2.

Theorem: [Balasubramanian ’90] Even order LSs have an even
number of transversals.

However, the odd case of Ryser’s original conjecture fails.
So it has been weakened to “odd order LS have transversals”.

If true, it is barely so:

1 2 3 4 5
2 1 4 5 6
3 4 6 2 1
4 5 1 6 3
6 3 5 1 2

1 2 3 4 5 6 7
2 1 4 3 6 7 5
3 4 1 2 7 5 6
4 5 6 7 1 2 3
5 3 7 6 2 1 4
6 7 2 5 3 4 1
7 6 5 · 4 3 2

Conjecture: A d-dimensional latin hypercube of order n has a
transversal unless d and n are even.



Entries not in transversals

#trans-free entries Order=2 3 4 5 6 7 8 9
0 1 1 1 2 54 267932 19270833530
1 11 13165 18066
2 26 1427 1853
3 12 253 54
4 1 12 508 21
5 6 89 7
6 1 8 65 7
7 3 33 1
8 4 48 1
9 25
10 1 27 1
11 1 9
12 1 2 6 9
13 1 2
14 2
16 1 1 1 27
18 1
20 1
28 1
36 6 1
64 33

Total 1 1 2 2 12 147 283657 19270853541
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The Delta Lemma

Suppose L is a LS of order n. Index the rows, columns and symbols
by Zn.

Define ∆ : L→ Zn by ∆(r , c , s) = r + c − s.

Lemma: If T is a transversal of L then

∑
(r ,c,s)∈T

∆(r , c , s) =

{
0 if n is odd

n/2 if n is even.

This immediately shows that Zn has no transversal when n is even.
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The highlighted cell is not in any transversal.
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Theorem: For all orders n > 3 there is a LS containing an entry
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Suppose n is odd. Alter the cyclic LS as follows
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Restrictions on transversals

Theorem: [Egan/W.’12] For any odd m > 1 there is a LS of
order 3m in which there is a (m − 1)×m subrectangle that is not
hit by any transversal.

Question: Is there some ε > 0 such that, for all n, we can find a
LS(n) with at least εn2 transversal-free entries?

For every order n > 4 there is a LS containing a maximal set of
either 1 or 3 disjoint transversals.

Theorem: [Evans’06] For every n there exists a LS with no set of
more than (n + 1)/2 disjoint transversals.
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the covering radius is the smallest r such that
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Covering Radius

For a set of points in a metric space,
the covering radius is the smallest r such that
the space is covered by the balls of radius r about the points.

Now apply this to Sn using the Hamming metric.



A permutation game

Consider the following permutation game.

1. I choose a set of permutations P ⊆ Sn.

2. You choose a permutation σ ∈ Sn.

3. I choose a permutation τ ∈ P that is closest to σ
(in the Hamming metric)

4. I score the number of positions that τ agrees with σ.

Example:

P =


1 2 3 4 5
1 2 4 5 3
2 1 5 3 4

σ = 3 4 1 5 2

Question: What is the smallest I can make |P| and still
guarantee that I score at least k? (Say min |P| = f (n, k)).

Theorem: f (n, 1) = bn/2c+ 1.
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A permutation game

Conjecture: [Kezdy/Snevily] If n is even then f (n, 2) = n,
whereas if n is odd then f (n, 2) > n.

This conjecture implies Ryser’s conjecture AND Brualdi’s
conjecture!

If there is a LS without a transversal then f (n, 2) ≤ n
. . . simply take the rows of the LS as your permutations.

This shows that KS⇒Ryser.
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KS⇒Brualdi

Suppose we have a LS(n) with no near transversal.

Use its rows as n permutations in Sn, we find that every other
permutation either
(a) agrees with some row in at least 3 places; or
(b) agrees with at least two rows in 2 places.

Extend each row by putting symbol n + 1 at the end.
I claim each permutation in Sn+1 now agrees with some row in at
least 2 places.

But that would mean f (n + 1, 2) ≤ n, contradicting the KS
conjecture. Hence KS⇒Brualdi.
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What’s known?

n 3 4 5 6 7 8 9 10

f (n, 2) 6 4 6 6 ≤ 8 ≤ 8 ≤ 10 ≤ 10

Theorem: [Cameron/W.’05]

f (n, 2) ≤


n if n is even,
5
4n + O(1) if n ≡ 1 mod 4,
4
3n + O(1) if n ≡ 3 mod 4.

(In particular f (n, 2) ≤ 4
3n + O(1) for all n).

For lower bounds, we can’t say more than
f (n, 2) > f (n, 1) = 1

2n + O(1).
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New results

I f (n, 2) ≤ n + O(log n) for all odd n > 3.

Used the Latin square from the “book proof” of bachelors.

I f (3m, 2) ≤ 3m + 2 for all odd m ≥ 3.
Used the Latin square with large subrectangle of
transversal-free entries.

I If n is an odd multiple of 3, then there is a LS(n) with no set
of more than n/3 + 2 disjoint transversals.
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Further work

1. Improve upper and lower bounds for f (n, 2).

2. Very little is known about f (n, s) for general s, although we
do know f (n, s) ≤ O(n log n) for fixed s.

3. Consider the case where the set of permutations is in fact a
group. Some results here, but much we don’t know. . .
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Our story ends...


