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Mechanism for maximal CP violation

Notation:

Lmass = −ℓ̄LMℓℓR +
1

2
νTL C−1MννL + H.c.

U
†
ℓMℓM

†
ℓUℓ = diag

(

m2
e ,m

2
µ,m

2
τ

)

UT
ν MνUν = diag (m1,m2,m3)

Mixing matrix U = U
†
ℓUν
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Mechanism for maximal CP violation

Observation 1: Harrison, Scott (2002)

(∗) |Uµj | = |Uτ j | ∀j = 1, 2, 3 ⇒
{

cos θ23 = sin θ23 =
1√
2

sin θ13 cos δ = 0

sin θ13 6= 0 ⇒ θ23 = 45◦, δ = ±90◦

Compatible with global fits at 2σ (3σ)

Observation 2:

If Uℓ = Uω and Uν real then U = U
†
ℓUν has property (∗)

Uω ≡ 1√
3





1 1 1
1 ω ω2

1 ω2 ω



 ω =
−1 + i

√
3

2
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Mechanism for maximal CP violation

Proof: Uν = (Rjk) with Rjk real ⇒

Uµj = (U†
ωR )µj =

1√
3

(

R1j + ω2R2j + ωR2j

)

Uτ j = (U†
ωR )τ j =

1√
3

(

R1j + ωR2j + ω2R2j

)

Therefore, it follows that Uτ j = U∗
µj .
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Charged-lepton sector

E =





0 1 0
0 0 1
1 0 0



 , A =





1 0 0
0 −1 0
0 0 −1



 , C =





1 0 0
0 ω 0
0 0 ω2





[φℓR ]0 = φ1ℓ1R + φ2ℓ2R + φ3ℓ3R ,

[φℓR ]1 = φ1ℓ1R + ωφ2ℓ2R + ω2φ3ℓ3R ,

[φℓR ]2 = φ1ℓ1R + ω2φ2ℓ2R + ωφ3ℓ3R ,

S : ℓR → AℓR , φ → Aφ

T : ℓR → EℓR , φ → Eφ

S, T generate 3-dimensional irrep of A4

Walter Grimus (University of Vienna) Maximal CP Violation in Lepton Mixing



Charged-lepton sector

Transformation property of bilinears: A4

[φℓR ]j
S−→ [φℓR ]j

[φℓR ]j
T−→ ω2j [φℓR ]j

Yukawa Lagrangian of charged leptons:

L(ℓ)
Y = −

3
∑

j=1

hj D̄jL [φℓR ]j−1 + H.c.

T : DL → C 2DL

Charged-lepton Yukawa Lagrangian looks very similar to the one of
some A4-based models, however, roles of DL and ℓR reversed!
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Charged-lepton sector

Mass matrix of the charged leptons: VEVs vj = 〈φ0
j 〉0

Mℓ = diag (h1, h2, h3)
(√

3Uω

)

diag (v1, v2, v3)

U
†
ωMℓ diagonal if h1 = h2 = h3

Our model: equality of Yukawa couplings
Usual A4 models: equality of VEVs

The equality of the hj is achieved by assuming invariance of L(ℓ)
Y

under
T ′ : DL → EDL, ℓR → CℓR

Therefore, in the following we shall use

h1 = h2 = h3 ≡ h, U
†
ωMℓ =

√
3 h diag (v1, v2, v3)

Walter Grimus (University of Vienna) Maximal CP Violation in Lepton Mixing



Charged-lepton sector

No VEV alignment of Higgs doublets!

me =
√
3 |hv1|

mµ =
√
3 |hv2|

mτ =
√
3 |hv3|

Fine-tuning of VEVs:

|v1| : |v2| : |v3| = me : mµ : mτ
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Charged-lepton sector

Side remark:

Basis transformation DL = UωD
′
L ⇒

L(ℓ)
Y = −

∑

k=e,µ,τ

h D̄ ′
kLφk ℓkR + H.c.

Yukawa couplings flavour-diagonal!
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Neutrino sector—model I

symmetry DL ℓR φ νR η φν

S 1 A A 1 1 1
T C 2 E E C 2 C 2 1
T ′ E C 1 E E 1

Multiplets of model I and their transformation properties

Same field content as in A4 model of He, Keum, Volkas (2006)

Yukawa Lagrangian of the neutrinos: Type I seesaw model

L(ν)
Y =

−yνD̄Lφ̃ννR +
1

2
y

3
∑

j=1

ηjν
T
jRC

−1νjR

+y ′
(

νT2RC
−1ν3Rη1 + νT3RC

−1ν1Rη2 + νT1RC
−1ν2Rη3

)

+ H.c.
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Neutrino sector—model I

Neutrino mass matrix: 〈ηj〉0 = sj ⇒MR determined by VEVs sj

MD ∝ 1
M−1

ν has typical form of ∆(27) models (Ma (2006)):

M−1
ν =





ζa c b

c ζb a

b a ζc



 with ζ∗ = y/y ′
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Neutrino sector—model I

Symmetry group of the model:

Neutrino sector: ∆(27) generated by E , C
Charged-leptons: A4 + T ′

Column with ℓR in table:
suggests AC to be a generator of the symmetry group, has sixth
root of unity −ω2 in its diagonal
Might naively guess ∆(108) ≡ ∆(3× 62) to be the symmetry
group. However, beyond the symmetries listed in the table, the
model possesses an accidental 2 ↔ 3 interchange symmetry:

D2L ↔ D3L, ℓ2R ↔ ℓ3R , φ2 ↔ φ3, ν2R ↔ ν3R , η2 ↔ η3

Therefore, the full symmetry group is ∆(216) = ∆(6× 62).
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Neutrino sector—model I

Generalized CP: need real Mν for real Uν

CP :

{

DL → iCD∗
L , ℓR → iSCℓ∗R , νR → iCν∗R ,

φ → Sφ∗, φν → φ∗
ν , η → η∗,

S =





1 0 0
0 0 1
0 1 0





Renders Yukawa couplings, in particular ζ∗ = y/y ′, real!
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Neutrino sector—model I

VEVs of the scalar gauge singlets: 〈ηj〉0 = sj

Vη =

3
∑

j=1

(

µ |ηj |2 + λ1 |ηj |4
)

+ λ2

(

|η1η2|2 + |η1η3|2 + |η2η3|2
)

+M1 (η1η2η3 + H.c.) +M2

(

η31 + η32 + η33 + H.c.
)

+λ3

(

η∗1
2η2η3 + η∗2

2η1η3 + η∗3
2η1η2 + H.c.

)

Need reals VEVs sj !
At minimum of V : arg sj = ωpj with pj integer,
p1 + p2 + p3 = 0mod 3
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Neutrino sector—Model II

Model II: type II seesaw

Scalar gauge triplets: ∆ =

(

∆+/
√
2 ∆++

∆0 −∆+/
√
2

)

L(∆)
Y

=
1

2
ỹ

3
∑

j=1

DT
jLC

−1ε∆jDjL

+ỹ ′
(

DT
2LC

−1ε∆1D3L +DT
3LC

−1ε∆2D1L +DT
1LC

−1ε∆3D2L

)

+ H.c.

Neutrino mass matrix: 〈∆0
j 〉0 = δj

Mν =





ỹδ1 ỹ ′δ3 ỹ ′δ2
ỹ ′δ3 ỹδ2 ỹ ′δ1
ỹ ′δ2 ỹ ′δ1 ỹδ3



 =





ζa c b

c ζb a

b a ζc



 Ma (2006)
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Predictions for ν masses and lepton mixing

For definiteness, discussion of model I:

Weak basis: M(w)
ν = UT

ℓ MνUℓ with Uℓ = Uω

M(w)
ν

−1
= U†

ωM−1
ν U∗

ω =





ζ̄ā c̄ b̄

c̄ ζ̄b̄ ā

b̄ ā ζ̄ c̄





3ā = (ζ − 1) (a+ b + c)

3b̄ = (ζ − 1)
(

a + ω2b + ωc
)

3c̄ = (ζ − 1)
(

a + ωb + ω2c
)

ζ̄ =
ζ + 2

ζ − 1

a, b, c , ζ real ⇒ ā, ζ̄ real, c̄ = b̄∗

Same mechanism in Mohapatra, Nishi (2012)
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Predictions for ν masses and lepton mixing

Theorem: Grimus, Lavoura (2003)

M(w)
ν

−1
=





x y y∗

y z w

y∗ w z∗



 with x and w real

Then M(w)
ν

−1
is diagonalized by

U ′ =





u1 u2 u3
w1 w2 w3

w∗
1 w∗

2 w∗
3



 with uj ∈ R
and

U ′†M(w)
ν

−1
U ′∗ = diag

(

1

µ1
,
1

µ2
,
1

µ3

)

with µj = ǫjmj , ǫj = ±1
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Consequences of the theorem:

1 |Uµj | = |Uτ j | ∀j = 1, 2, 3

2 The ǫj correspond to the Majorana phase factors

Effective mass in (ββ)0ν decay:

mββ =
∣

∣

∣

∑3
j=1 u

2
j µj

∣

∣

∣ =
∣

∣

∣

∑3
j=1 u

2
j ǫjmj

∣

∣

∣
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Predictions for ν masses and lepton mixing

Counting of parameters and predictions:

4 real parameters in M(w)
ν

−1

9 physical quantities: three masses, mixing angles, phases ⇒

9− 4 = 5 predictions:

s223 = 1/2, δ = ±π/2, Majorana phases 0 or π

Extra relation from
(

M(w)
ν

−1
)

11

(

M(w)
ν

−1
)

13
= ζ̄ āb̄ =

(

M(w)
ν

−1
)

22

(

M(w)
ν

−1
)

23

Only equality of moduli of both sides physically meaningful!
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Predictions for ν masses and lepton mixing

Abbreviation: Uj ≡ u2j = |Uej |2

Extra relation





∑

j

U2
j

m2
j

+
∑

j<j ′

2UjUj ′

µjµj ′









∑

j

Uj (1− Uj)

2m2
j

−
∑

j<j ′

UjUj ′

µjµj ′





=





∑

j

(1− Uj)
2

4m2
j

+
∑

j<j ′

−1 + Uj + Uj ′ + UjUj ′

2µjµj ′





×





∑

j

(1− Uj)
2

4m2
j

+
∑

j<j ′

1− Uj − Uj ′ + UjUj ′

2µjµj ′





U3 = sin2 θ13, U2 = cos2 θ13 sin
2 θ12, U1 = cos2 θ13 cos

2 θ12
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Predictions for ν masses and lepton mixing

Model I: Lightest neutrino mass as a function of sin2 θ12
blue: = normal, red = inverted
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Predictions for ν masses and lepton mixing

Model I: mββ versus lightest neutrino mass
blue = normal, red = inverted
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Predictions for ν masses and lepton mixing

Model II: Lightest neutrino mass as a function of sin2 θ12
blue = normal, red = inverted
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Predictions for ν masses and lepton mixing

Model II: mββ versus lightest neutrino mass
blue = normal, red = inverted
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Conclusions

1 Observation: Uℓ = Uω, Uν real ⇒
|Uµj | = |Uτ j | ∀j = 1, 2, 3

2 Predictions: δ = ±90◦, θ23 = 45◦, Majorana phases 0 or π

3 Models: Seesaw type I or type II

4 Minimal VEV alignment: real VEVs of gauge singlet scalars

5 No FCNI

6 Neutrino sector has ∆(27) symmetry

7 One additional prediction from that symmetry:
Lightest ν mass as function of θ12, θ13, ∆m2

21, ∆m2
31
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