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Orbital- and eigenvalue-dependent exchange-correlation functionals in Kohn-Sham
methods in order to

$% improve accuracy

#5 get rid of Coulomb self-interactions and self-interactions in general
(qualitatively correct KS spectra, improved input data for TDDFT)

¥ enable description of static correlation (bond formation and breaking)

¢% enable description of Van der Waals interactions
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Orbital-dependent functionals |1 @ ZL60

Interdisziplinares Zentrum far
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Conventional Kohn-Sham methods

Eo =T + Ulpo] + Ez|po] + Ec[po] + / dr vnuc(r) po(r)

T + Unue + Vg [po] + Uy [;00] + @c[PO]] sz — 5@'@'

KS methods with orbital- and eigenvalue-dependent xc-functionals

Eo = TS[{@}] T U[p()] - Ew[{¢z}] + EC[{gs}, {(bs}] T /dr UnUC(r) p(r)

T+ Bouc + Dn[po] + 0 [{0:}] + Bel{es}, {0 1)] &1 = cie
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Exact treatment of KS exchange (g¢y L2826 @
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Exchange energy

_ 1IN ) i) (r") @5 (r)¢i(r)
E:c — _5 sz:/dr dr

-t

op(T)

/dr’ YXo(r,r') v.(r') = t.(r)

Exchange potential v,.(7) =

KS response function xo(r,r’) =4 Z Z ¢z‘(r)¢a((:)i5a€(r’)(bi(r’)

a

i — €a

NORTS 9 PRl

Plane wave methods for solid numerically stable
Gaussian basis set methods for molecules numerically demanding
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[(5) ICFP 6D
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¢% Auxiliary basis set: Electrostatic potential of Gaussian functions

0o(e) = Y v file) with i) = [’ gule!)r

k

¥ Incorporation of exact conditions to treat asymptotic of v, (r)

Jarpa) = =1 with po(r) = 3 v )
k

(droMmO|vz|dHOMO) = (PHOMO|DY " |PHOMO)

3% Balancing of auxiliary and orbital basis sets (uncontracted orbital basis
sets required)
JCP 127, 054102 (2007)

By preprocessing of auxiliary basis set and regularization techniques, EXX
calculations with standard contracted orbital basis sets possible
(aug-cc-pCVxZ, x = 3, 4, 5)
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FLAPW vs. PP EXX band gaps

Band gaps of semiconductors

EXX+VWNc Exp.
FLAPW?  PPb

A. Gorling (University Erlangen—Niirnberg)

?PRB 83, 045105 (2011)
5PRB 59, 10031 (1997)

Trieste 2013

6——— Si T >T 321 326 3.4
| pd r - L 228 235 24
> 5 o Iél))(i(c) "S- I — X 1.44 150
- SiC T =T 7.24  7.37
o 4 o - I > L 6.21  6.30
o 4| o A I - X 244 252 242
T Ve Ge r T 121 128 1.0
8 o Gaas FAAs I - L 0.94 1.01 0.7
g | u r - X 128 134 13
E 11 '.;’ GeAs I' =T 1.74 182 1.63
Y S I - L 1.86 1.93
% 3 2 3 2 5 6 I — X 212 215 2.18
Exp. band gaps [eV] C | 6.26 6.28 7.3
r— L 9.16 9.18
I X 533 5.43
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. Adiabatic-connection fluctuation-dissipation 2N icPo
theorem for DFT correlation energy | L i

60

— —1/da /drdr/ ! / dw [Xa(r,r',z'w) - Xo(r,r’,iw)}
™ Jo |I' o I'/‘ 0

Integration of response functions along complex frequencies

_EO [N foY o A o
Xo(rriw) = =23 o5 3 (WG 1p(r)|U5) (W3 p(r") [ W5)
n;éO — Eo + w
/dw —_* _Z later on  g(r,r’) = !
a? +w? 2 J Ir —r/|
0

—/dw/drdrg r,r’) Yo(r,riw) = /drdr g(r,r’) [p3(r,r’) — £ p(r)p(r’) + p(r)d(r—r’)]

Integration along adiabatic connection

1
EC:/daVc(a) with V() = (W0 ()| Vee|To(a)) — (@o|Vee|Po)
0
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. Adiabatic-connection fluctuation-dissipation 2N icPo
theorem for DFT correlation energy |I L i,

. 1 o’e)
E. = 2—;/Oda/drdr’ |r—1r’|/0 dw [xa(r,r',z'w) — Xo(r,r’,z’w)}

60

Required input quantities are xo(7,r’,iw) and x. (7, 7', iw)

KS response function Xo(r,r’,iw)

OCC unocc

Xo(r, ', iw) = —42 Z oy s $i(0)a()a(t)ei(r)

Response functions . (r,r’,iw) from EXX-TDDFT
Xo =Xo+ aXoFiXa  Xao=[1-aXFu ' Xo

Xo = Xo [Xo — aHp] ' Xo  with XoFpXo = Hy,
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OEP-like equation for sum fux(w, 7, ") of Coulomb and EXX kernel

/d’r// /d’l"/” XO("'; ')"//,CU) fHX(wa rﬂa ’T‘///) XO(T,I: r’,w) — hHX(w’ r, ’I"/)

with

hix(w, 7, 7)) = 1Y T(P)A(w) [A + B + Al A(w)Y (7')

4

+ 0 iYT(r)A(w)e  [A+ B+ Ale A (w)Y(r)

+ y: y: Y Yia(r)Aia(w) ol _:).X‘j> Gilr)9s(r) + -+

ea_ ]

€p — €4

F S Vel =y )

Aia,jo = 2(ai|jb) — (ablj7) Bia,jo = 2(ai|bj) — (aj|bi)
Nia,jb = 05 {pal O~ — Oxlp) — dab (il 0 * — Oxlep;)
Aia,jb = 5ia,jbﬁ €ia,ib = Oia,jb €ia = Oia,jb(€a — €;)
Yia(r) = ¢i(r)da(a)
hu(r,r,w) =YT(r)A\(w) C A(w)Y (7) with Clia,jb = (ta|jb)
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RI-EXXRPA method | B L2 60

E. / dw/da/drdr r— Xa(r v’ iw) — xo(r,r' zw)}

Representation of X (iw), hx(iw) in Rl basis set with respect to Coulomb norm

Xo=[1-aXoFu "'Xo = X,=Xo[Xo—aHu] X
(using Fry = Xy " Hu, X )

_1 oo 1
Ee= 5 /dw / do Tr[s—lxo [Xo — aHp] 'Xo — s—lxo}
T 0

with
Xo(iw) = DTA(U,U)D with Dia,h = (gpigpa|fh)cou| and >\7;a,jb = 5z’a ;

and

H(iw) = 1 D'A(iw) [A+B+A] A(iw)D + (iw)? 1 D'A(iw) e ' [A+B+A] e ' A(iw)D
+ Wi(iw) + W1 (iw) + Wa(iw) + W3 (iw)
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o o%e) 1
E. = 2_1 /dw / do Tr[s—lxo [Xo — aHy] 'Xo — s—lxo}
T 0

N|—=
Q_

: : : 1
Orthonormalize RI basis set, i.e. make S = E, and use Xg = —(—Xy)2 (—Xp)
carry out analytic integration over coupling constant

E. = 2; deo Tr | (—Xo (i) 2 U(iw) (=7 (i) |1+ 7(iw) |41 ) U i)™ (~Xo (ic0)) 2

| I |

with  (—Xo(iw)) ™ 2 H(iw)(—Xo (iw)) "2 = U(iw) 7(iw) U (iw)

@ Complete exchange kernel can be treated (RI-EXXRPA+)

@ N? scaling
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RI2-dRPA method @ ICP‘E o

RI12-dRPA

L oo 1
B — _t /dw / do Tr[s—lxo [Xo — aHy] "X, — s—lxo}
27 Jo 0

For dRPA, with second Rl approximation and S = E, Hy simplifies to

Hy = X0Xo

With spectral representation Xg(iw) = —V (iw) o (iw) V' (iw)

E. S /Ooodw Tr[In[1 + o (iw)] — o(iw)]

:27'('

@ Only KS response function X(iw) required

e N* scaling
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Self-consistent direct RPA @ — 0G0

ICP»

Optimized-effective-potential equation for vdRFA

[ xolrr') o) = A

5EdRPA 5¢ ( ) 5EdRPA Se
- dRPA (. s c s
with te Z /dr s(r) dvg(r) i Z des  Odug(r)

S

vIRPA is represented in auxiliary basis set

dRPA __ ,dRPA
XO V. = tc
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60

vIRPA for neon atoms

0.2
0.15
0.1

~—~

0.05

-0.05 |

dRPA
Ve (a.u.

-0.1
-0.15

-0.2

Exact

SC-dRPA ———
PW92 LDA —— ]
PBE

0.01

0.1 1
r(a.u.)

10

dRPA correlation potential qualitatively correct in contrast to LDA and GGA

A. Gorling (University Erlangen—Niirnberg)

correlation potential

Trieste 2013
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dRPA correlation potentials Il @ L2690
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dRPA
V. for C2 H2

TP W W e
0.2 7 dRPA ]
VC
04 | :
VX

= 06 |

©
= -0.8 ¢ U -
_1 L 4
12t |
1.4 | |
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Deviations of total energies from CCSD(T) energies, AE = EMethod _ pCCSD(T)

Orbital basis: aug-cc-pCVTZ RI basis (for E. and vxc): aug-cc-pVTZ/MP2-fit

0.06

CCSD —— 0.34
0.05 F EXXRPAREXX —*— b 032 F
EXXRPARIRPA —=— 0.31

0.04 | - 0.3 K

0.03 | z 0.09 [
0.02 |

0.01 |

Energy difference to CCSD(T) [Hartree]
o
RMS [Hartree]
o fefololoNoRoNo)
cooocoocoooo®
SNORGOON0O =
T T T T T T T T T N N T T T
o

_0.01 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
& & & O o CoQ CQ QO Q ks 4 Q O’ Ak . % e %y %, & &
T 0O Y Y S s O P OO, §, e X 2 R ey
0% 0% o) A, 1, @6\ @
N % N, %
v + 2 o, G,
S
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Deviations of total energies from CCSD(T) energies, AE = EMethod _ pCCSD(T)

Orbital basis: aug-cc-pCVQZ RI basis (for E. and wvyc): aug-cc-pVQZ/MP2-fit

0.06

CCSD —— 0.37
MP2 —— 0.36
0.05 F  EXXRPAREXX —*— 9 '

EXXRPA@dRPA —&— '
0.34

o
w
ol

0.04

0.03

o o
o w
O =W

0.02

0.01

RMS [Hartree]
OO0«

Energy difference to CCSD(T) [Hartree]

[eclololNoNoNoNo o]
O—-NWPHrOIOO N

-0.01
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%

Deviations of reaction energies from CCSD(T) reaction energies

Orbital basis: aug-cc-pCVTZ
RI basis (for E; and wvyc): aug-cc-pVTZ/MP2-fit
3.5

N
o

N
T

RMS [kcal/mol]
o
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%

Deviations of reaction energies from CCSD(T) reaction energies

Orbital basis: aug-cc-pCVQZ
RI basis (for E; and wvy): aug-cc-pVQZ/MP2-fit
3.5

N
o

N
T

RMS [kcal/mol]
o
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o DCP Dissociation of Hs @ /cp o0

Orbital basis: aug-cc-pCVQZ RI basis (for E. and wvyc): aug-cc-pVQZ/MP2-fit
-0.75

EXXRPA ——
SC-EXXRPA ——
FCl ——

‘08 [~ HF

-0.85
-09

-0.95

E[a.u]

-1.05 ]

11 -

1.15 -

1.2 ! ! ! ! ! ! ! ! !
2 3 4 5 6 7 8 9 10

ra.u.]

Dissociation limit of other molecules (CO, No, etc.) is also treated correctly
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Coupling constant integrand @ L 60

interface Controlled Proc

"e:hernie

1
E.= [da V.(«)
0

HF-RPA " HF-RPA

V() [a.u.]
S
o
Vo) fau]
S
o

-0.2|——— r=144a, -0.2|——
. =6.0 a, — r=6.0 a,
_ r=100a ——r=1004a
- 0 _ 0 |
0.25 2008, 0.25 _ (-200a
' r=39.0 aov 'r=30‘.0 a, | | |
0 T T T 0 :

El
S,

3

>O

— 7 . .
0251 1—(ialia)
I L | L | L | I | I | I | L | !
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
coupling strength coupling strength
HL ( )
Ve(a) V%«
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c{%ﬁ DCP D'SSOC|atlon Of N2 @ ICPE ﬂ
Orbital basis: avtz Rl basis: avtz
'108 | HF | | | | | |
+ X
EXX  x *xx*xxxxx*****
-108.2 CCSD = e |
RI-EXX-RPA o] ﬁx*‘*m‘**
-108.4 | -
-108.6 ¢ .

-108.8

Energy [hartree]

-109

-109.2

-109.4
15 2 2.5 3 3.5 4 4.5 5 5.5

r [oohr]

Special treatment of singularity in w-Integrand ( —7 ' In[|1 + 7(iw)|] + 1)
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%

Twisting of ethene @ £ 60

Orbital basis: avqz Rl basis: avqz
_77.8 T T T T T T T T

-77.9

-78

-78.1

-78.2

-78.3

Energy [Hartree]

-78.4

-78.5

_786 - | | | | | | | | ]
0 20 40 60 80 100 120 140 160 180

Torsion angle [degree]

HF B3LYP —=—
EXX —— RI-EXXRPA+ —=—
CCSD —=— MCSCF —=—

A. Gorling (University Erlangen—Niirnberg) Trieste 2013 26 / 30




: ég — RI-EXXRPA for noncovalent bonds .
eém DCP [.":éﬁ':ff'élﬂii.iﬁ"&”o"le's"s'es-E a

Interaction energies in kcal/mol

Complex BasisCCSD(T) dRPA dRPA EXXRPA+  EXXRPA+ MP2 CCsD *

@EXX  @DRPA QEXX @dRPA
3 3.00 2.36 2.41 2.84 2.89 3.00 2.75
(NH;), 4 2.52 2.57 2.83 2.99 3.11
CBS 3.5 2.62 2.64 2.81 3.02 3.18 2.88
3 483 3.95 4.03 4.81 4.92 4.72 4.60
(H,0), 4 4.25 4.33 4.91 5.07 5.02
CBS 5.07 4.40 4.46 4.92 5.09 5.21 4.74
3 1537 13.65 13.95 15.56 15.90 15.08  14.65
(HCONH,), 4 14.32 14.67 16.01 16.42 15.57
CBS 16.11 14.75 15.06 16.28 16.67 1586  15.28
3 1786 15.51 16.03 18.28 18.73 1761 17.08
(HCOOH), 4 16.41 16.98 18.79 19.34 18.23
CBS 18.81 16.97 17.49 19.06 19.60 18.61  17.92
3 138 0.99 0.99 1.44 1.33 1.47 1.04
(CoH,), 4 1.08 1.05 1.55 1.42 1.55
CBS 1.48 1.16 1.05 1.64 1.44 1.60 1.14
3 144 1.23 1.16 1.34 1.50 1.59 1.26
C,H,-C,H, 4 1.31 1.21 1.42 1.56 1.64
CBS 150 1.37 1.22 1.49 1.58 1.67 1.31
3 050 0.31 0.32 0.41 0.41 0.46 0.38
(CH,), 4 0.35 0.36 0.44 0.44 0.48
CBS 053 0.37 0.35 0.44 0.44 0.53 0.41
RMS 3 1.19 0.97 0.19 0.39 0.13 0.45
RMS  CBS 0.93 0.73 0.19 0.37 0.15 0.51

a CBS obtained via F12-CCSD
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5 EXXRPA correlation functional combines accuracy at equilibrium
geometries with a correct description of dissociation (static correlation)
and a highly accurate treatment of VdW interactions

@b EXXRPA correlation functional is self-interaction free

#5 Self-consistent dRPA yields qualitatively reasonable correlation potentials
in contrast to conventional KS methods

¢ Promising starting point for further developments, e.g., completely
self-consistent EXXRPA method or inclusion of correlation in kernel

Orbital-dependent functionals open up fascinating new possibilities in DFT
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Orbital-dependent functionals @ 1EP0 ol
Historic development of DFT T

Ground state energy of an electronic system
Eoy=Ts+U+E,+ E.~+ [ dr vpu.(r)p(r)

Thomas-Fermi-Dirac
Eo = Ts[pl+ Ulpl +Ez[p] + Ec[p]+ [ dr vnue(r)p(r)
0L /op(r) = p
Conventional Kohn-Sham
Eo = Ts[{¢i}]+ Ulp] +Exlp] + Eclp]+ [dr vyuc(r)p(r)
[T+ Opue + 01 + O + 0] = €55
Kohn-Sham with orbital dependent functionals
Bo = T {6+ Ulpl+ Bul{6: ] +Bol{g: )+ dr vpuelr)p(r)
[T+ bnue + 0 + Do + Deldi = €50
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