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T h e in e q u a lity b e tw e e n th e a rith m e tic m e a n (A M )

a n d g e o m e tric m e a n (G M ) o f tw o p o sitiv e n u m -

b e rs is w e ll k n o w n . T h is a rtic le in tro d u c e s th e

lo g a rith m ic m e a n , sh o w s h o w it le a d s to re ¯ n e -

m e n ts o f th e A M { G M in e q u a lity . S o m e a p p li-

c a tio n s a n d p ro p e rtie s o f th is m e a n a re sh o w n .

S o m e o th e r m e a n s a n d re la te d in e q u a litie s a re

d isc u sse d .

O n e o f th e b est k n ow n an d m ost u sed in eq u alities in
m ath em a tics is th e in eq u ality b etw een th e h arm on ic,
geom etric, an d a rith m etic m ean s. If a an d b are p os-
itive n u m b ers, th ese m ean s are d e¯ n ed , resp ectively, as

H (a ;b) =

µ
a¡ 1 + b¡ 1

2

¶
¡1

;

G (a ;b) =
p
a b; A (a ;b) =

a + b

2
; (1)

an d th e in eq u ality say s th at

H (a ;b) · G (a ;b) · A (a ;b): (2)

M ea n s oth er th a n th e th ree c̀lassical' o n es d e¯ n ed in
(1) are u sed in d i® eren t p rob lem s. F or ex a m p le, th e

root m ean square

B 2 (a ;b) =

µ
a 2 + b2

2

¶1 = 2

; (3)

is o ften u sed in va rio u s con tex ts. F o llow in g th e m a th -
em a ticia n 's p en ch an t for g en era lisation , th e fo u r m ea n s
m en tio n ed ab ove can b e su b su m ed in th e fa m ily

B p (a ;b) =

µ
a p + bp

2

¶1 = p

; ¡ 1 < p < 1 ; (4)
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A substantial part of

the mathematics

classic Inequalities

 by Hardy, Littlewood

and Pölya  is devoted

to the study of these

means and their

applications.

variou sly k n ow n as binom ial m eans, pow er m ean s, or
H Äolder m eans. W h en p = ¡ 1;1; an d 2; resp ectiv ely,
B p (a ;b) is th e h a rm o n ic m ea n , th e a rith m etic m ea n , a n d

th e ro ot m ea n sq u are. If w e u n d ersta n d B 0 (a ;b) to m ean

B 0 (a ;b) = lim
p! 0

B p (a ;b);

th en

B 0 (a ;b) = G (a ;b): (5)

In a sim ilar vein w e can see th at

B 1 (a ;b) := lim
p! 1

µ
a p + bp

2

¶
1 = p

= m ax (a ;b);

B ¡1 (a ;b) := lim
p! ¡1

µ
a p + bp

2

¶
1 = p

= m in (a ;b):

A little calcu la tion sh ow s th at

B p (a ;b) · B q (a ;b) if p · q: (6)

T h is is a stron g gen era liza tio n of th e in eq u ality (2 ). W e
m ay say th a t for ¡ 1 · p · 1, th e fam ily B p in terpolates

b etw een th e th ree m ean s in (1) a s d o es th e in eq u a lity
(6) w ith resp ect to (2).

A su b sta n tial p art o f th e m a th em a tics cla ssic In equali-

ties b y G H a rd y, J E L ittlew o o d a n d G P Äo ly a is d ev oted
to th e stu d y o f th ese m ea n s an d th eir a p p lication s. T h e
b o ok h as h a d q u ite a few su ccessors, an d yet n ew p ro p -
erties o f th ese m ean s con tin u e to b e d iscovered .

T h e p u rp o se of th is a rticle is to in tro d u ce th e read er to
th e logarithm ic m ean, som e o f its ap p lica tion s, a n d so m e
very p retty m ath em atics arou n d it.

T h e log arith m ic m ea n o f tw o p ositive n u m b ers a a n d b

is th e n u m b er L (a ;b) d e¯ n ed as

L (a ;b) =
a ¡ b

lo g a ¡ log b
for a 6= b; (7)
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The logarithmic

mean always falls

betwen the

geometric mean

and the arithmetic

mean.

w ith th e u n d ersta n d in g th at

L (a ;a ) = lim
b! a

L (a ;b) = a :

T h ere are oth er in terestin g rep resen tation s for th is o b -
ject, an d th e rea d er sh o u ld ch eck th e valid ity of th ese

form u las:

L (a ;b) =

Z
1

0

a tb1¡td t; (8)

1

L (a ;b)
=

Z
1

0

d t

ta + (1 ¡ t)b
; (9)

1

L (a ;b)
=

Z
1

0

d t

(t + a )(t + b)
: (1 0)

T h e log arith m ic m ea n alw ay s falls b etw een th e geom et-
ric a n d th e a rith m etic m ea n s; i.e.,

G (a ;b) · L (a ;b) · A (a ;b): (1 1)

W e in d icate th ree d i® eren t p ro o fs of th is an d in v ite th e
read er to ¯ n d m ore.

W h en a = b; all th e th ree m ea n s in (1 1) are eq u al to a :

S u p p ose a > b; a n d p u t w = a = b: T h e ¯ rst in eq u ality in
(11 ) is eq u ivalen t to say in g

p
w · w ¡ 1

lo g w
for w > 1:

R ep lacin g w b y u 2 ; th is is th e sa m e a s say in g

2 log u · u 2 ¡ 1

u
for u > 1 : (1 2)

T h e tw o fu n ction s f (u ) = 2 lo g u ; a n d g (u ) = (u 2 ¡ 1 )= u

are eq u al to 0 a t u = 1; a n d a sm a ll calcu la tio n sh ow s
th at f 0(u ) < g0(u ) for u > 1: T h is p rov es th e d esired
in eq u ality (12 ), a n d w ith it th e ¯ rst in eq u a lity in (11).
In th e sa m e w ay, th e seco n d o f th e in eq u a lities (11) can
b e red u ced to

u ¡ 1

u + 1
· lo g u

2
for u ¸ 1 :
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In this form we

recognize it as one

of the fundamental

inequalities of

analysis:

t ≤ sinh t for all

t ≥ 0.

an d p roved b y calcu latin g d erivatives.

A seco n d p ro o f go es a s fo llow s. T w o a p p licatio n s of th e
arith m etic-geom etric m ea n in eq u ality sh ow th at

t2 + 2t
p
a b + a b · t2 + t(a + b) + a b

· t2 + t(a + b) +

µ
a + b

2

¶2

for a ll t ¸ 0 : U sin g th is on e ¯ n d s th atZ
1

0

d t

(t + a + b
2
)2

·
Z

1

0

d t

(t + a )(t + b)
·

Z
1

0

d t

(t +
p
a b)2

:

E valu a tion of th e in tegrals sh ow s th at th is is th e sa m e

as th e assertion in (1 1).

S in ce a an d b are p o sitive, w e can ¯ n d rea l n u m b ers
x an d y su ch th a t a = e x an d b = e y : T h en th e ¯ rst

in eq u ality in (11 ) is eq u iva len t to th e statem en t

e (x + y )= 2 · e x ¡ e y

x ¡ y
;

or

1 · e (x¡ y )= 2 ¡ e (y¡ x )= 2

x ¡ y
:

T h is can b e ex p ressed also as

1 · sin h (x ¡ y )= 2

(x ¡ y )= 2
:

In th is form w e recogn ise it a s on e of th e fu n d am en tal
in eq u alities of an a ly sis: t · sin h t for all t ¸ 0 : V ery
sim ila r calcu lation s sh ow th a t th e seco n d in eq u a lity in
(11 ) can b e red u ced to th e fa m ilia r fa ct tan h t · t for

all t ¸ 0:

E ach of ou r th ree p ro o fs sh ow s th a t if a 6= b; th en
G (a ;b) < L (a ;b) < A (a ;b): O n e o f th e rea son s for th e



587RESONANCE ⎜ June  2008

GENERAL  ⎜ ARTICLE

The logarithmic

mean plays an

important role in

the study of

conduction of heat

in liquids flowing in

pipes.

in terest in (11 ) is th a t it p rov id es a re¯ n em en t of th e
fu n d am en tal in eq u ality b etw een th e geom etric an d th e
arith m etic m ean s.

T h e log arith m ic m ean p lay s an im p ortan t role in th e
stu d y o f co n d u ctio n of h ea t in liq u id s ° ow in g in p ip es.
L et u s ex p lain th is b rie° y. T h e ° ow of h ea t b y stead y
u n id irectio n al con d u ction is gov ern ed b y N ew ton's law

of cooling : if q is th e rate o f h eat ° ow alon g th e x -ax is
across an area A n o rm a l to th is a x is, th en

q = k A
d T

d x
; (1 3)

w h ere d T = d x is th e tem p eratu re g rad ien t a lo n g th e x

d irectio n an d k is a con stan t ca lled th e th erm al co n -
d u ctiv ity of th e m ateria l. (S ee, fo r ex am p le, R B h a tia,
F ourier S eries, M a th em atica l A sso ciation o f A m erica,
p .2, 200 4.) T h e cro ss-sectio n al area A m ay b e con sta n t,

as for ex a m p le in a cu b e. M ore often (a s in th e ca se of
a ° u id trav ellin g in a p ip e) th e a rea A is a variab le. In
en gin eerin g calcu la tio n s, it is th en m o re co n v en ien t to
rep la ce (1 3) b y

q = k A m

4 T

4 x
; (1 4)

w h ere 4 T is th e d i® eren ce of tem p era tu res a t tw o p oin ts
at d istan ce 4 x a lo n g th e x -a x is, an d A m is th e m ean

cross section o f th e b o d y b etw een th ese tw o p o in ts. F or
ex a m p le, if th e b o d y h as a u n ifo rm ly ta p erin g rectan g u -
la r cross sectio n , th en A m is th e a rith m etic m ean o f th e

tw o b o u n d a ry areas A 1 an d A 2 :

C o n sid er h ea t ° ow in a lo n g h ollow cy lin d er w h ere en d
e® ects are n eglig ib le. T h en th e h ea t ° ow ca n b e ta ken

to b e essen tia lly rad ial. (S ee, fo r ex a m p le, J C ran k : T he
M athem atics of D i® usion, C laren d on P ress, 197 5). T h e
cross-section a l area in th is ca se is p rop o rtio n al to th e
d istan ce from th e cen tre o f th e p ip e. If L is th e len gth
of th e p ip e, th e a rea of th e cy lin d rica l su rfa ce at d ista n ce
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x from th e a x is is 2 ¼ x L : S o, th e total h eat ° ow q acro ss
th e sectio n o f th e p ip e b ou n d ed b y tw o coa x ial cy lin d ers
at d istan ce x 1 an d x 2 from th e ax is, u sin g (13 ), is seen

to satisfy th e eq u a tio n

q

Z x 2

x 1

d x

2¼ x L
= k 4 T ; (1 5)

or,

q =
k 2 ¼ L 4 T

lo g x 2 ¡ lo g x 1

:

If w e w ish to w rite th is in th e form (14) w ith x 2 ¡ x 1 =

4 x ; th en w e m u st h ave

A m = 2¼ L
x 2 ¡ x 1

log x 2 ¡ log x 1

=
2 ¼ L x 2 ¡ 2¼ L x 1

lo g 2 ¼ L x 2 ¡ lo g 2 ¼ L x 1

:

In oth er w ord s,

A m =
A 2 ¡ A 1

lo g A 2 ¡ lo g A 1

;

th e lo garith m ic m ean of th e tw o a rea s b ou n d in g th e
cy lin d rical section u n d er co n sid era tion . In th e en g in eer-
in g literatu re th is is called th e logarithm ic m ean area.

If in stead of tw o co ax ia l cy lin d ers w e co n sid er tw o co n -
cen tric sp h eres, th en th e cro ss-sectio n al a rea is p rop o r-
tio n al to th e sq u are of th e d istan ce fro m th e cen tre. In
th is case w e h av e, in stead o f (15 ),

q

Z x 2

x 1

d x

4 ¼ x 2
= k 4 T :

A sm all calcu la tio n sh ow s th at in th is ca se

A m =
p
A 1 A 2 ;

th e g eo m etric m ean o f th e tw o areas b ou n d in g th e a n -
n u la r section u n d er con sid eration .
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T h u s th e geom etric an d th e loga rith m ic m ean s are u sefu l
in ca lcu lation s related to h eat ° ow th rou g h sp h erica la n d
cy lin d rical b o d ies, resp ectively. T h e la tter relates to th e

m ore com m o n p h en om en on o f ° ow th rou g h p ip es.

L et u s retu rn to in eq u alities related to th e lo ga rith m ic
m ea n . L et t b e a n y n o n zero rea l n u m b er. In th e eq u a lity
(11 ) rep la ce a a n d b b y a t an d bt; resp ectiv ely. T h is gives

(a b)t= 2 · a t ¡ bt

t(log a ¡ log b)
· a t + bt

2
;

from w h ich w e g et

t(a b)t= 2
a ¡ b

a t ¡ bt
· a ¡ b

lo g a ¡ lo g b
· t

a t + bt

2

a ¡ b

a t ¡ bt
:

T h e m id d le term in th is eq u ality is th e lo ga rith m ic m ea n .

L et G t an d A t b e d e¯ n ed as

G t(a ;b) = t(a b)t= 2
a ¡ b

a t ¡ bt
;

A t(a ;b) = t
a t + bt

2

a ¡ b

a t ¡ bt
:

W e h ave a ssu m ed in th ese d e¯ n itio n s th a t t 6= 0: If w e
d e¯ n e G 0 a n d A 0 as th e lim its

G 0 (a ;b) = lim
t! 0

G t(a ;b);

A 0 (a ;b) = lim
t! 0

A t(a ;b);

th en

G 0 (a ;b) = A 0 (a ;b) = L (a ;b):

T h e read er can verify th a t

G 1 (a ;b) =
p
a b; A 1 (a ;b) =

a + b

2
;

G
¡ t(a ;b) = G t(a ;b); A

¡ t(a ;b) = A t(a ;b):
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We have an infinite

family of inequalities

that includes the

AM–GM inequality,

and other interesting

inequalities.

F or ¯ x ed a an d b; G t(a ;b) is a d ecrea sin g fu n ctio n of
jtj; w h ile A t(a ;b) is an in crea sin g fu n ction o f jtj: (O n e
p ro of of th is can b e ob ta in ed b y m a k in g th e su b stitu tion

a = e x ; b = e y :) T h e la st in eq u ality o b tain ed a b ove can
b e ex p ressed as

G t(a ;b) · L (a ;b) · A t(a ;b); (1 6)

for all t: T h u s w e h ave an in ¯ n ite fam ily of in eq u alities
th at in clu d es th e arith m etic{ geom etric m ean in eq u ality,
an d oth er in terestin g in eq u alities. F or ex am p le, ch o os-
in g t = 1 an d 1 = 2; w e see from th e in fo rm a tio n ob ta in ed

ab ove th a t

p
a b · a 3 = 4 b1 = 4 + a 1 = 4 b3 = 4

2
· L (a ;b)

·
µ
a 1 = 2 + b1 = 2

2

¶2

· a + b

2
: (1 7)

T h is is a re¯ n em en t of th e fu n d am en ta l in eq u ality (11).
T h e secon d term on th e rig h t is th e b in o m ial m ean

B 1 = 2 (a ;b): T h e secon d term o n th e left is o n e o f a n oth er
fam ily of m ean s ca lled H einz m eans d e¯ n ed as

H º (a ;b) =
a º b1¡ º + a 1¡º bº

2
; 0 · º · 1 : (1 8)

C lea rly

H 0 (a ;b) = H 1 (a ;b) =
a + b

2
;

H 1 = 2 (a ;b) =
p
a b;

H 1¡ º (a ;b) = H º (a ;b):

T h u s th e fam ily H º is yet an o th er fam ily th at in terp o -
la tes b etw een th e a rith m etic an d th e geom etric m ean s.
T h e read er can ch eck th at

H 1 = 2 (a ;b) · H º (a ;b) · H 0 (a ;b); (1 9)
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for 0 · º · 1 : T h is is an o th er re¯ n em en t of th e a rith m etic{
geom etric m ea n in eq u a lity.

If w e ch o ose t = 2¡n ; fo r an y n atu ral n u m b er n ; th en w e
get from th e ¯ rst in eq u ality in (16 )

2¡n (a b)2
¡ (n + 1) a ¡ b

a 2
¡ n ¡ b2

¡ n
· L (a ;b):

U sin g th e id en tity

a ¡ b =
³
a 2

¡ n ¡ b2
¡ n

´³
a 2

¡ n

+ b2
¡ n

´³
a 2

¡ n + 1

+ b2
¡ n + 1

´
¢¢¢

³
a 2

¡ 1

+ b2
¡ 1
´
;

w e get from th e in eq u a lity a b ov e

(a b)2
¡ (n + 1 )

nY
m = 1

a 2
¡ m

+ b2
¡ m

2
· L (a ;b): (2 0)

S im ila rly, from th e seco n d in eq u a lity in (1 6) w e g et

L (a ;b) · a 2
¡ n

+ b2
¡ n

2

nY
m = 1

a 2
¡ m

+ b2
¡ m

2
: (2 1)

If w e let n ! 1 in th e tw o form u la s ab ove, w e ob tain a
b eau tifu l p ro d u ct form u la:

L (a ;b) =

1Y
m = 1

a 2
¡ m

+ b2
¡ m

2
: (2 2)

T h is ad d s to ou r list of fo rm u las (7){ (10) for th e loga -
rith m ic m ean .

C h o osin g b = 1 in (22 ) w e g et after a little m an ip u lation
th e rep resen tation fo r th e loga rith m fu n ction

log x = (x ¡ 1)

1Y
m = 1

2

1 + x 2 ¡ m
; (2 3)

for a ll x > 0 :
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There are more

analytical delights in

store; the logarithmic

mean even has a

connection with the

fabled Gauss

arithmetic-geometric

mean.

W e can tu rn th is argu m en t aro u n d . F or a ll x > 0 w e
h ave

log x = lim
n ! 1

n
¡
x 1 = n ¡ 1

¢
: (2 4)

R ep lacin g n b y 2 n ; a sm all calcu la tion lead s to (2 3) from
(24 ). F rom th is w e ca n ob ta in (2 2) b y a n oth er little
calcu lation .

T h ere are m ore a n aly tical d eligh ts in store; th e log arith -
m ic m ea n even h as a con n ectio n w ith th e fab led G au ss
arith m etic{ geom etric m ean th at a rises in a tota lly d i® er-
en t con tex t. G iven p ositiv e n u m b ers a a n d b; in d u ctively
d e¯ n e tw o seq u en ces a s

a 0 = a ; b0 = b

a n + 1 =
a n + bn

2
; bn + 1 =

p
a n bn :

T h en f a n g is a d ecreasin g , an d f bn g an in creasin g, se-
q u en ce. A ll a n an d bn are b etw een a a n d b: S o b oth
seq u en ces con verge. W ith a little w ork on e can see
th at a n + 1 ¡ bn + 1 · 1

2
(a n ¡ bn ) ; a n d h en ce th e seq u en ces

f a n g an d f bn g co n v erg e to a com m o n lim it. T h e lim it

A G (a ;b) is called th e G au ss arith m etic{ geom etric m ean .
G a u ss sh ow ed th at

1

A G (a ;b)
=

2

¼

Z
1

0

d xp
(a 2 + x 2 )(b2 + x 2 )

=
2

¼

Z ¼ = 2

0

d 'p
a 2 co s2 ' + b2 sin 2 '

: (2 5)

T h ese in tegrals called èllip tic in tegrals' a re d i± cu lt on es
to evalu ate, an d th e fo rm u la ab ove relates th em to th e

m ea n valu e A G (a ;b): C lea rly

G (a ;b) · A G (a ;b) · A (a ;b): (2 6)

S om ew h at u n ex p ected ly, th e m ean L (a ;b) ca n also b e
realised a s th e o u tcom e of a n itera tion closely rela ted to
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th e G a u ss iteration . L et A t a n d G t b e th e tw o fa m ilies
d e¯ n ed earlier. A sm all ca lcu lation , th at w e leav e to th e
read er, sh ow s th at

A t + G t

2
= A t= 2 ;

p
A t= 2 G t = G t= 2 : (2 7)

F or n = 1;2 ;::: ; let t = 2 1¡n ; an d d e¯ n e tw o seq u en ces
a0n a n d b0n as a 0n = A t; b

0

n = G t; i.e.,

a01 = A 1 =
a + b

2
; b01 = G 1 =

p
a b;

a02 = A 1 = 2 =
a 01 + b01

2
; b02 = G 1 = 2 =

p
A 1 = 2 G 1 =

p
a 02 b

0

1 ;

...

a0n + 1 =
a 0n + b0n

2
; b0n + 1 =

q
a 0n + 1 b

0

n :

W e leav e it to th e read er to sh ow th at th e tw o seq u en ces
f a0n g an d f b0n g con verge to a com m on lim it, a n d th at
lim it is eq u al to L (a ;b): T h is g iv es o n e m ore ch aracter-
isation of th e loga rith m ic m ea n . T h ese co n sid era tio n s
also b rin g h o m e a n oth er in terestin g in eq u a lity

L (a ;b) · A G (a ;b): (2 8)

F in a lly, w e in d ica te yet an o th er u se th at h as recen tly

b een fou n d for th e in eq u a lity (11 ) in d i® eren tial geom -
etry. L et k T k 2 b e th e E u clid ean n orm on th e sp ace of
n £ n com p lex m atrices; i.e.,

k T k 22 = tr T ¤T =

nX
i;j = 1

jtij j2 :

A m a trix v ersion of th e in eq u ality (11) say s th a t for all
p o sitive d e¯ n ite m a trices A a n d B an d for all m atrices

X ; w e h av e

¯̄̄̄
A 1 = 2 X B 1 = 2

¯̄̄̄
2
·

¯̄
¯̄
¯̄
¯̄Z 1

0

A tX B 1¡td t

¯̄
¯̄
¯̄
¯̄
2

·
¯̄
¯̄
¯̄
¯̄A X + X B

2

¯̄
¯̄
¯̄
¯̄
2

:

(2 9)

Somewhat

unexpectedly, the

logarithmic mean

can also be

realized as the

outcome of an

iteration closely

related to the

Gauss iteration.
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T h e sp ace H n of all n £ n H erm itia n m a trices is a real
vector sp ace, an d th e ex p on en tia l fu n ctio n m ap s th is
on to th e sp a ce Pn co n sistin g of allp ositiv e d e¯ n ite m atri-

ces. T h e latter is a R iem a n n ia n m an ifold . L et ±2 (A ;B )
b e th e n atu ra l R iem an n ian m etric on Pn : A v ery fu n d a -
m en tal in eq u ality ca lled th e exponential m etric increas-

ing property say s th a t fo r all H erm itian m atrices H a n d
K

± 2
¡
e H ;e K

¢
¸ jjH ¡ K jj

2
: (3 0)

A sh ort a n d sim p le p ro of o f th is can b e b ased o n th e ¯ rst

of th e in eq u alities in (2 9). T h e in eq u a lity (3 0) cap tu res
th e im p orta n t fact th at th e m an ifold Pn h as n o n p o sitive
cu rvatu re. F or m ore d etails see th e S u gg ested R ea d in g .
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