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The Logarithmic Mean

Rajendra Bhatia

The inequality between the arithmetic mean (AM)

and geometric mean (GM) of two positive num-
bers is well known. This article introduces the
logarithmic mean, shows how it leads to refine-
ments of the AM—-GM inequality. Some appli-
cations and properties of this mean are shown.
Some other means and related inequalities are

discussed.

One of the best known and most used inequalities in
mathematics is the inequality between the harmonic,
geometric, and arithmetic means. If a and b are pos-
itive numbers, these means are defined, respectively, as

H(a,b) = (#) N ;
Gla,b) — +Jab, Afab) =2 ; b (1)
and the inequality says that
H(a,b) < G(a,b) < A(a,b). (2)

Means other than the three ‘classical’ ones defined in
(1) are used in different problems. For example, the
root mean square

a2+b2 1/2
) , 3)

Bo(a,b) = ( .

is often used in various contexts. Following the math-
ematician’s penchant for generalisation, the four means
mentioned above can be subsumed in the family

a?l +bP

Bp(a,b) = (T) l/p, —oo < p<oo, (4)
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A substantial part of

the mathematics
classic Inequalities

by Hardy, Littlewood
and Polya is devoted
to the study of these

means and their
applications.

variously known as binomial means, power means, or
Holder means. When p = —1,1, and 2, respectively,
B,(a,b) is the harmonic mean, the arithmetic mean, and
the root mean square. If we understand By(a, b) to mean

Bo(a,b) = ;l;iE%Bp(a’ b),

then
BO(aub) - G(aub) (5)
In a similar vein we can see that
Py pp\ /P
Boso(a,b) = lim (a ;r ) = max(a, b),
p—00
Py pp\ /P
B_w(a,b) = lim (a ;r ) = min(a, b).
p——00

A little calculation shows that
Bp(au b) < Bq(aa b) it p<q. (6)

This is a strong generalization of the inequality (2). We
may say that for —1 < p < 1, the family B, interpolates
between the three means in (1) as does the inequality
(6) with respect to (2).

A substantial part of the mathematics classic Inequali-
ties by G Hardy, J E Littlewood and G Pélya is devoted
to the study of these means and their applications. The
book has had quite a few successors, and yet new prop-
erties of these means continue to be discovered.

The purpose of this article is to introduce the reader to
the logarithmic mean, some of its applications, and some
very pretty mathematics around it.

The logarithmic mean of two positive numbers a and b
is the number L (a,b) defined as
a—b

L(a,b) = —— for a #b, (7)
log a —log b
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with the understanding that
L(a,a) = %im L(a,b) = a.
—a

There are other interesting representations for this ob-
ject, and the reader should check the validity of these
formulas:

1
L(a,b) = /atbltdt, (8)
0

1 ! dt
L(a.b) /0 tat+ (L= ©)

1 o0 dt
L(a.b) /O (t+a)t+b) (10)

The logarithmic mean always falls between the geomet-

ric and the arithmetic meauns; i.e.,
Ga,b) < L(a,b) < Afa,b). (11)

We indicate three different proofs of this and invite the
reader to find more.

When a = b, all the three means in (11) are equal to a.
Suppose a > b, and put w = a/b. The first inequality in
(11) is equivalent to saying

Vw <

w—1
for w > 1.

log w
Replacing w by u?, this is the same as saying

u?—1
U

The two functions f(u) = 2 log u, and g(u) = (u®—1)/u
are equal to 0 at v = 1, and a small calculation shows
that f'(u) < ¢'(u) for u > 1. This proves the desired
inequality (12), and with it the first inequality in (11).
In the same way, the second of the inequalities (11) can
be reduced to

2logu < for w> 1. (12)

,— 1 log u
U < logu

< for uw >1.
w41 2

The logarithmic
mean always falls
betwen the
geometric mean
and the arithmetic
mean.
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In this form we
recognize it as one
of the fundamental

inequalities of
analysis:

t < sinh ffor all

t>0.

and proved by calculating derivatives.

A second proof goes as follows. Two applications of the
arithmetic-geometric mean inequality show that

t2 4 2tVab +ab < t* +t(a +b) + ab

2
b
§ﬂ+wa+m+<a;>

for all £ > 0. Using this one finds that
o dt o dt o dt
Tbg S - ., ___ S - —
o (t+ %) o (t+a)t+b) o (t+Vab)?

Evaluation of the integrals shows that this is the same

as the assertion in (11).

Since a and b are positive, we can find real numbers
x and y such that a = €® and b = €Y. Then the first
inequality in (11) is equivalent to the statement

e —eY

T =1y

elzty)/2 <

or

elT=v)/2 _ (y—)/2
1<

=y
This can be expressed also as

- sinh (z — y)/2.
T (r—y))2

In this form we recognise it as one of the fundamental
inequalities of analysis: t < sinh ¢ for all t > 0. Very
similar calculations show that the second inequality in
(11) can be reduced to the familiar fact tanh ¢ < ¢ for
all t > 0.

Each of our three proofs shows that if a # b, then
G(a,b) < L(a,b) < A(a,b). One of the reasons for the
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interest in (11) is that it provides a refinement of the
fundamental inequality between the geometric and the
arithmetic means.

The logarithmic mean plays an important role in the
study of conduction of heat in liquids flowing in pipes.
Let us explain this briefly. The flow of heat by steady
unidirectional conduction is governed by Newton’s law
of cooling: if q is the rate of heat flow along the z-axis
across an area A normal to this axis, then

q=FkA o (13)
where d7'/dz is the temperature gradient along the z
direction and k is a constant called the thermal con-
ductivity of the material. (See, for example, R Bhatia,
Fourier Series, Mathematical Association of America,
p.2, 2004.) The cross-sectional area A may be constant,
as for example in a cube. More often (as in the case of
a fluid travelling in a pipe) the area A is a variable. In
engineering calculations, it is then more convenient to
replace (13) by

q=FkA, Nl (14)
where AT is the difference of temperatures at two points
at distance Az along the z-axis, and A,, is the mean
cross section of the body between these two points. For
example, if the body has a uniformly tapering rectangu-
lar cross section, then A,, is the arithmetic mean of the
two boundary areas A; and As.

Consider heat flow in a long hollow cylinder where end
effects are negligible. Then the heat flow can be taken
to be essentially radial. (See, for example, J Crank: The
Mathematics of Diffusion, Clarendon Press, 1975). The
cross-sectional area in this case is proportional to the
distance from the centre of the pipe. If L is the length
of the pipe, the area of the cylindrical surface at distance

The logarithmic
mean plays an
important role in
the study of
conduction of heat
in liquids flowing in
pipes.
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x from the axis is 2z L. So, the total heat flow ¢ across
the section of the pipe bounded by two coaxial cylinders
at distance x; and zo from the axis, using (13), is seen
to satisfy the equation

2 g
q/ kAT, (15)
vy 2mxL
or,
k2nL AT
g

N log 29 — log =,

If we wish to write this in the form (14) with zo — 1 =
Az, then we must have

A — ol To — T 2nLxo — 2w Laq

log o0 — log 1 a log 27 Lxo — log 2w Ly

In other words,

B Ag — Ay
" log Ay — log A’

the logarithmic mean of the two areas bounding the
cylindrical section under consideration. In the engineer-
ing literature this is called the logarithmic mean area.

If instead of two coaxial cylinders we consider two con-
centric spheres, then the cross-sectional area is propor-
tional to the square of the distance from the centre. In
this case we have, instead of (15),

q/ L~ kAT,
e 4TT

A small calculation shows that in this case

Am = A1 Ay,

the geometric mean of the two areas bounding the an-

nular section under consideration.
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Thus the geometric and the logarithmic means are useful
in calculations related to heat flow through spherical and
cylindrical bodies, respectively. The latter relates to the
more common phenomenon of flow through pipes.

Let us return to inequalities related to the logarithmic
mean. Let ¢ be any nonzero real number. In the equality
(11) replace a and b by a’ and b’, respectively. This gives

@yt < =0tV
~ t(loga—logb) — 2
from which we get
t(ab)t/Qa_b < a—b a' + o' a—b

<t .
at — bt ~ loga—loghb — 2  at—bt

The middle term in this equality is the logarithmic mean.
Let G; and A; be defined as

—b
Gu(a,b) = t(ab)/?=

at_bt’
a + bt a—b
At(a,b) = 1 9 ot — bt.

We have assumed in these definitions that ¢t # 0. If we
define G and Ay as the limits

Go(a,b) = lim Gy(a,b),

t—0
Ag(a,b) = lim Ai(a,b),

t—0
then
Go(a,b) = Ao(a,b) = L(a,b).
The reader can verify that
a-+b

9 )
= At(a, b)

Gi(a,b) = Vab, Ai(a,b) =
G _(a,b) = Gila,b), A _4(a,b)
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We have an infinite

family of inequalities

a

that includes the
AM-GM inequality,
nd other interesting
inequalities.

For fixed a and b, Gy(a,b) is a decreasing function of
|t|, while A;(a,b) is an increasing function of |t|. (One
proof of this can be obtained by making the substitution
a = €e" b =e") The last inequality obtained above can
be expressed as

Gi(a,b) < L(a,b) < Ai(a,b), (16)

for all t. Thus we have an infinite family of inequalities
that includes the arithmetic—geometric mean inequality,
and other interesting inequalities. For example, choos-
ingt = 1 and 1/2, we see from the information obtained

above that
3/411/4 1/413/4
\/_ab < a”’ b+ a b

2

< L(a,b)

1/2 1/2\ 2
< (%) < aer_ (17)

2 2

This is a refinement of the fundamental inequality (11).
The second term on the right is the binomial mean
Bis2(a,b). The second term on the left is one of another
family of means called Heinz means defined as

B ayblfy+alfyby

Hy(a,b) = 5 , 0<v <L (18)
Clearly
b
Holah) = Hyah) = 2

Hyjo(a,b) = ab,
Hyi y(a,b) = Hy(a,b).
Thus the family H, is yet another family that interpo-

lates between the arithmetic and the geometric means.
The reader can check that

Hyjn(a,b) < Hy(a,b) < Hola,b), (19)
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for 0 < v < 1. This is another refinement of the arithmetic—
geometric mean inequality.

If we choose t = 27", for any natural number n, then we
get from the first inequality in (16)

a—b

27" (b 2—(n+1)
(a ) ann _ b27n

< L(a,b).

Using the identity

a_b — (a27n . bQin) (GQ*”L + bQin) (a27n+1 + b27n+1) o
(GRETE

we get from the inequality above

it n 27m b27m
@ [ < Lat) 0)

m=1
Similarly, from the second inequality in (16) we get

n

a +b H a +b

L(a,b) <
(0.b) < T :

(21)

m=1

If we let n — oo in the two formulas above, we obtain a
beautiful product formula:

[ee]

a® " "

L(a,b) = 5

m=1

(22)
This adds to our list of formulas (7)—(10) for the loga-
rithmic mean.

Choosing b = 1 in (22) we get after a little manipulation
the representation for the logarithm function

e 2
log x = (v — 1) [[ 5= 23
og (l’ )m:1 1+x2—m7 ( )

for all z > 0.

RESONANCE | June 2008 W

591



GENERAL | ARTICLE

There are more

analytical delights in
store; the logarithmic

mean even has a
connection with the
fabled Gauss

arithmetic-geometric

mean.

We can turn this argument around. For all z > 0 we
have

log x = lim n (xl/” ~1). (24)
Replacing n by 2", a small calculation leads to (23) from
(24). From this we can obtain (22) by another little
calculation.

There are more analytical delights in store; the logarith-
mic mean even has a connection with the fabled Gauss
arithmetic—geometric mean that arises in a totally differ-
ent context. Given positive numbers a and b, inductively
define two sequences as

ay — a, b():b

an + by
Ap+1 — Ta anrl - anbn-

Then {a,} is a decreasing, and {b,} an increasing, se-
quence. All a, and b, are between a and b. So both
sequences converge. With a little work one can see
that a1 — b, < % (a, — by,), and hence the sequences
{a,} and {b,} converge to a common limit. The limit
AG (a,b) is called the Gauss arithmetic—geometric mean.
Gauss showed that

1 7 g/oo dz
AG(a,b) T Jo /(a2 + 22) (b2 + 22)

_ E/W de (25)
20042 2qin2 g
™ Jo \/acosgoer sin” ¢

These integrals called ‘elliptic integrals’ are difficult ones
to evaluate, and the formula above relates them to the
mean value AG(a,b). Clearly

Gla,b) < AG(a,b) < A(a,b). (26)

Somewhat unexpectedly, the mean L(a,b) can also be
realised as the outcome of an iteration closely related to
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the Gauss iteration. Let A; and G; be the two families
defined earlier. A small calculation, that we leave to the
reader, shows that

Ar+ G
o = Az ApGi= G (27)
Forn =1,2,..., let t = 21" and define two sequences
al and bl as al, = Ay, b, = Gy e,
b —
a’l = Ala; , blliGli ab,
a’y + b
ay = Ayp=— 5 Lol = G = \/A1pG) = \/abb},

/ /
/ o an + bn b/ o / b/
an+1 - 2 ) n+1 an+1 n:

We leave it to the reader to show that the two sequences
{al,} and {b],} converge to a common limit, and that
limit is equal to L(a,b). This gives one more character-
isation of the logarithmic mean. These considerations
also bring home another interesting inequality

L(a,b) < AG(a,b). (28)

Finally, we indicate yet another use that has recently
been found for the inequality (11) in differential geom-
etry. Let ||T||2 be the Euclidean norm on the space of
n X n complex matrices; i.e.,

n
1703 = e = 3 Joy .
ij=1

A matrix version of the inequality (11) says that for all
positive definite matrices A and B and for all matrices
<

1
‘ / AlX Bt
0 2

X, we have

[A2xB 2], <

‘AXJrXB
2

(20)

Somewhat
unexpectedly, the
logarithmic mean
can also be
realized as the
outcome of an
iteration closely
related to the
Gauss iteration.
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The space H, of all n x n Hermitian matrices is a real
vector space, and the exponential function maps this
onto the space IP,, consisting of all positive definite matri-
ces. The latter is a Riemannian manifold. Let 62(A, B)
be the natural Riemannian metric on P,,. A very funda-
mental inequality called the exponential metric increas-
ing property says that for all Hermitian matrices H and
K

52 (" %) 2 |1H - K], (30)

A short and simple proof of this can be based on the first
of the inequalities in (29). The inequality (30) captures
the important fact that the manifold P, has nonpositive
curvature. For more details see the Suggested Reading.
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