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.a strong magnetic field .




MagnetoHydroDynamics (MHD)
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The three inviscid (v = n = 0) quadratic invariants

KEZE

; / (VZ+B2)dy" : total energy (direct cascade)

{ H.=(1/2) [V-Bdy" :cross-helicity (direct cascade)

H, = 1 / A-Bdv : magnetic helicity (inverse cascade)
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Regimes of turbulence

A:iA A AN
MHD is non invariant under
Galilean transformation
B = B() —|_ Eb
Wave (weak) turbulence
(e<<1)

B=B0—|—b

--------------------------------

B=Db

[sotropic (strong)
turbulence

Anisotropic (strong) turbulence




Alfvén wavepackets

The main difference between neutral fluids and MHD
1s the presence of Alfvén waves  [Alfvén, Nature, 1942]

8,z T B, .Vz* = — 77 . Vz* —VP,
V.zt =0 7zt = u =+ b are the Elsisser fields

"

Wavepackets interact nonlinearly on a crossing time : t,~A / B,
[[roshnikov, Soviet Astron., 1964; Kraichnan, Phys. Fluids, 1965]

V{A Teddy ™ Azt

Z+

W, = Bk,

7~

— Stochastic collisions of wavepackets



Weak Alfvén wave turbulence

Incompressible MHD equations:

atZi:F By . Vzi = —z". VZ:t —VP,
By, >>z*
o e a 2y Z?
1 collision:  ze(t +7a) ~ ze(t) + a5 " ~ z(t) Fragt

Ajzp ~ Ta22 /0,1 (distorsion of the wavepacket)

N 2
. . z t
N stochastic collisions: »_ Az ~7azoy/—
=1

2

. . . 2 7',,,.
Cumulative distorsion of order 1 defines T, : =z~ mé é
12 Tha
Ttr ~ —— "5
Hence the spectrum: | E(kL, k) ~ v/eBok k" With: € ~ 22/7,

[Galtier et al., J. Plasma Phys., 2000]



Weak Alfvén wave turbulence

w,(k) =B k),

Three-wave interactions :

WA (k)= w,(p) - w(q) o {k//: Py-4y
k=p+q k=p+q

—> q,=0

No transfer along the uniform magnetic field !



Weak Alfvén wave turbulence

[Galtier et al., J. Plasma Phys., 2000]

» Asymptotic theory (B,=> t00; 1,<<t_,): (ki >>k))
L=> K,

8Ei(ku_, kH)
ot

g2 . k
= B—// COS2¢SII19 ——LE:F(q_L,O) [k.J_E:i:(p_L’k”)_pJ_E:I:(k_L,k_”)] dpJ_d(]J_
0 A q1

= no transfer along B, hence :  E*(k,, k) = EX(kL)fs(k))

—> exact stationary solutions:
Ei(kL) ~ k™

n,+n =-4

- anomalous scaling in k, "

Generic behavior !
[Connaughton et al., Phys. D, 2003]
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Weak Alfvén wave turbulence

* First signature with direct numerical simulations:

0.1

" [Boldyrev & Perez, PRL, 2009]

E(k)~k,?-
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B, ~ 5b
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e Indirect signature in the Jupiter's magnetosphere (Galileo/NASA)

magnetic

Callisto , R

Ga|i|gy<\

spin
axis
_axis |

" [Saur et al., A&A, 2002]



Weak Alfvén wave turbulence

* Role of the slow mode (q,=0 is not weak turbulence):

6Ei k ,k
L7 / / cos? sin§ "= E¥(q.,0) [k E*(pu, ) — pLE*(k, b)) dpoda
H_/
N .
5123 [Bigot et al., PRE, 2011] dynamlcs may be given

E(t)

% """" e by strong turbulence

n,,+ ny = -4 | always valid

O—- N N pOY

E'(k.,k,=0) <E"(k;.k,>0): n,,=ny =-2

O—- N N>

4 - — -

0| E*(k,,k,=0) > E*(k k,>0): [Mn="5/3
1 * nW_ -7/3

" 10 ~ Kolmogorov scaling (with intermittency)

foring . 8 qed
orcing ;. decay
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Weak Alfvén wave turbulence

[Bigot et al., PRE, 2008]
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Observation of weak MHD turbulence

/

(photosphere)

-

Jul 14,2000, 9:12 UT

Moderate active region 7 Strongly active region
SDO/NASA 3.01 Jul 13,2000 g _
3 i E //(k ) ~ k 713
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Application to solar coronal heating

Photospheric surface

Coronal medium

Photospheric surface| .~

-
A T — Hinode (SOT) Resolved Unresolved
Large scales Small inertial scales
TRACE Solar Orbiter E transf
. nergy transfer Energy cascade
Phoftosphenc - towards > tgv)\//ards
orcing the corona the small scales

via the Alfvén waves
A v

Turbulent viscosities
evaluation Vv,

Energy

Description : MHD equations Asymptotic equations of Alfvén wave
turbulence

J

&

[Bigot et al., A&A, 2008]

uy, = S0H U B MO L7 kms™!
Predictions:
[F2| = 1249 H?B U3 B> MY6 Jm 257!



Solar wind turbulence




* Physics at low frequency (f<1Hz) governed by MHD
- waves and anisotropy are observed

Solar wind turbulence

102

* Physics at high frequency (>1Hz) # MHD &

— spectra between k%> and k3

—_

absence of intermittency

inertial range @ dissipation range ?

2| s f>1Hz

—=— STAFF-SC By

—v—FGM Bz

=~ STAFF-SC Bx -

—=—STAFF-SC Bz i

| [Kiyani et al., PRL, 2009]
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Magnetic spectrum
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[Sahraoui et al., PRL, 2009]



Solar wind turbulence at f >1Hz

(,+v-V)v==VP:+Db-Vb+ vAv dI=C/(1)pi
(0,+v-V)b=b-Vv—d;V X[(V XDb) Xb]|+ nAb

Kolmogorov’s law for Hall MHD :  [Galtier, PRE. 2008]

e = ([(5v)” + (9b)?J6v,) — 2([ov - sblab,) | B~k

3
Hdg{[(3 x b) x 9b),) | Bk

[Sahraoui et al., PRL, 2009]

[Biskamp et al., PRL, 1996]
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Whistler wave turbulence

[Galtier & Bhattacharjee, Phys. Plasmas, 2003; Galtier, J. Plasma Phys., 2006]
e Expansionin €: B (x,t) =Boe, + €b(x,t) with 0<€<<1
e Complex helicity decomposition (whistler waves): o, = d.B, k k

e [ eads to the wave amplitude equation: (three-wave interactions)

g AAA
ata:z——/ng G

pM Mkp:qaz\p% e k15, k dp dq,

. matrix of 9 indices (but symmetric)

 Kinetic equations:

Ogp (k) = d232/ Z

Ap,Aq
Sp:Sq

S¢g _ ¢Sp (2 8
X (1_5A52§_8p2 _Sq )2< Ao klI £AP> (1 _|_w2—32>
A

(i aw (oo (Gén)am
L+&°2 ) i) N1y an, () \14¢,%7/ ax, (@)

(sm Vi

- ) (Ak + App + Agq)?

x g3 (K)ay (P)ay’ (0)3(k pg )0k g dp da. (3.23)




nT?/Hz

Whistler wave turbulence

e

N

{82__
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frequency (Hz)

[Galtier, J. Plasma Phys., 2006]

v 251, 0.5
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Wave turbulence in geophysics
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Origin of Earth’s magnetic field ?

Subchron
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VKS experiment :

[Monchaux et al., PRL, 2007]

780 000 years ago => very slow time-scale !
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Incompressible rotating MHD

Coriolis force Laplace force

] ¢t

K_H - N\
— 420 xu+u-Vu=-VP, +bg-Vb+b-Vb+rVu,

ot
ob 2
Qo = Qoé” ; bg = boé”
by .
d = Qy - magneto-inertial length
Two inviscid invariants: (5B

o= [wwteaiav,

Ezi/(u2+b2)dV, 4 Bgc :QO-/(bxu)dV—(V—Fn)/(j-W)dV,

1 a-b m
H:_/ a-b-2PY gy OH . [bxwdv—2y [G-b)dV.
2 d | ot




Geophysical conditions

Q,,b,
U, = 0.5 mm/s
L,= 103 km R, ~ 105 : Rossby number
Q,=7107s"! => R, ~10% : Reynolds number
= 106 m2 |
v =10"ms R, ~ 500: Magnetic Reynolds number
n=1m?/s

d=Dby/2, ~ 100m — 1km

Rossby number = small parameter for weak turbulence



Dispersion relation in the outer core

sk QO
W= wp = % (—3A+\/1+k2d2)

100,000 ET T T , :
- Alfvén wave :
_ w=skybo |
10.000 E J
- inertial L ]

T~10h - ertial wave (L)
1.000 E ws_s = 28Q0k”/k |
A i |
ki bo » |
0.100 =3 .
0.010 E ;
1 year - magnetostrophic wave (R) :
0001 o fn . Wi = Skykdbo/2 1

0.01 0.10 100 10.00

d

1 km - 10km

100.00

very slow
time-scale !

T, <10y



Dispersion relation in the outer core

Sk QO
Ww=wi = % (_SA_|_ V1+ k2d2)
100.000 £ T
"E ~k kT Alfvén wave -
~ [Galtier, PRE, 2003] w = sk bO P
10.000 & ”_’_ / d
- inertial wave (L i
T~v10h = (L)
1.000 £ ws‘_s = ZSQOkH/k .
kd W - weak :
k) bo - turbulence . ]
0.100 & Rt |
0.010-5""' 5
lyear/ e "
0.001 ol wg = sk kdbo /2
0.01 0.10 100 10.00

T0~Lo/Uy ~ 100 years
1 km-10km

100.00

very slow
time-scale !

T, <103y



For exoplanets (>1000) ?

sk Q()
w=wi = % (—3A+\/1+k2d2)
100.000E " " T TTT T T
: Alfvén wave
§ W = Sk”bo
10.000 &
- inertial wave (L) —=7w,, ~ k2
1000 Wiy = 28Q0ok) /k ‘ N
kd " E weak )
k| bo - turbulence .-
0.100 & T
0.010 ¢
: netostrophic wave (R)
0.001 | wi =skjhdbo/2
0.01 0.10 1.00 10.00 100.00

kd



Weak turbulence theory

[Galtier, in preparation]

Oqa (k) = (3.28)

me2d? sin o\ 2 §208y2 80 2 X:q - §X:p
64 b2 / Z <Tk) k2p2q2(Ak + App + Aqq)QgAngz; é.Az ki
0 Ap,Aq [

2

—skd

_s2 —s,,2 —sq2 _s2 —sp2 —sq2 2 wA s Sp Sq —sA + V14 k2d?
(2+§A pr §Aq _§A _£Ap —§Aq ) ( A—s2> qA(k) qu(p) qu((I) ( i )
14+&,
w§ Wy wy!
_Sg 5 - o 2. s - .2 s 6(Qk,pq) Ok,pq AP dq .
M+&7)aak) 1 +67)gx (p) (144" gy (a)

A """ three-wave interactions: B+

10.000 Zi’ Z_T_ .

Inertial wave

FAE e

0010k %Dx % 4 D +
:E Magnetostrophic wave Z+ ] Weak traHSfer
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Summary
* Waves and turbulence are ubiquitous in astrophysics

* Weak (Hall) MHD turbulence relevant for understanding:
- solar/stellar coronal loops
- Jupiter's and Saturn’s magnetospheres
- solar wind (f >1Hz)
- geodynamo (Earth and exoplanets)
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