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Turbulence under
a strong magnetic field



MagnetoHydroDynamics (MHD)

: total energy (direct cascade)

: cross-helicity (direct cascade)

: magnetic helicity (inverse cascade)

H. Alfvén



Regimes of turbulence

B = Bo + εb B = b
Wave (weak) turbulence

(ε<<1)
Isotropic (strong) 

turbulence

B = Bo + b  
Anisotropic (strong) turbulence

MHD is non invariant under
Galilean transformation



Alfvén wavepackets

z–
z+

B0

The main difference between neutral fluids and MHD
 is the presence of Alfvén waves

Wavepackets interact nonlinearly on a crossing time : τA ~ λ / B0 

  Stochastic collisions of wavepackets

λ

B0 .
[Alfvén, Nature, 1942] 

τeddy ~ λ / z±ωΑ
 = B0 k//

[Iroshnikov, Soviet Astron., 1964; Kraichnan, Phys. Fluids, 1965]



Weak Alfvén wave turbulence

z– z+

B0

Incompressible MHD equations: 

τA ~ λ// / B0 

λ//

B0 .

τeddy ~ λ⊥/ z±

λ⊥

1 collision: 

N stochastic collisions: 

(distorsion of the wavepacket)

Cumulative distorsion of order 1 defines τtr :

Hence the spectrum:

B0  >> z±

[Galtier et al., J. Plasma Phys., 2000]

With:



Weak Alfvén wave turbulence

z– z+

B0

λ//

λ⊥ωΑ(k) = B0 k//

ωΑ(k) = ωΑ(p)  - ωΑ(q)
k = p + q

k//
 = p// - q//

k = p + q

q// = 0

=>

No transfer along the uniform magnetic field !

Three-wave interactions :



• Asymptotic theory  (B0 +∞; τA<< τnl) :

    no transfer along B0, hence :

   exact stationary solutions:
            E±(k⊥) ~ k⊥n±

 n+ + n- = -4

   anomalous scaling in k⊥–7/3

[Galtier et al., J. Plasma Phys., 2000]
Weak Alfvén wave turbulence

(k⊥ >> k//) 

[Connaughton et al., Phys. D, 2003]
Generic behavior ! E+=E-=E

k⊥–7/3

k⊥–2n+ = n- 



Weak Alfvén wave turbulence

• First signature with direct numerical simulations:

• Indirect signature in the Jupiter’s magnetosphere (Galileo/NASA)

[Boldyrev & Perez, PRL, 2009]

B0 ~ 5b

[Saur et al., A&A, 2002]

E(k⊥) ~ k⊥-2



Weak Alfvén wave turbulence

• Role of the slow mode (q//=0 is not weak turbulence):

dynamics may be given 
by strong turbulence

[Bigot et al., PRE, 2011]
B0 ~ b

B0 ~ 5b

B0 ~ 15b

5123

E±(k⊥,k//=0) < E±(k⊥,k//>0) : 

E±(k⊥,k//=0) > E±(k⊥,k//>0) : 

n2D + nW = -4

n2D= -5/3
nW= -7/3

~ Kolmogorov scaling (with intermittency)

n2D = nW = -2

always valid

forcing decay



Weak Alfvén wave turbulence

[Bigot et al., PRE, 2008]

nW ≈ -7/3n2D ≈ -5/3

Electric current 
[Meyrand et al., 2013]



Observation of weak MHD turbulence

SOHO/ESA Ni I 676.8 nm

[Abramenko, ApJ, 2005]

EB//(k⊥) ~ k⊥
−7/3 

X-ray activity  
-7/3

EB//(k⊥) ~ k⊥
−2 

B//

SDO/NASA

104 km-1

Moderate active region Strongly active region

[Cazayus et al., in preparation]



Application to solar coronal heating

UV, X

Predictions:

[Bigot et al., A&A, 2008]



Solar wind turbulence



Solar wind turbulence

= kVSW/2π

[Sahraoui et al., PRL, 2009]

Magnetic spectrum

Cluster/ESA

• Physics at low frequency (f<1Hz) governed by MHD
  waves and anisotropy are observed

• Physics at high frequency (f>1Hz)  ≠ MHD
  spectra between  k-2.5  and  k-8/3

  absence of intermittency

[Kiyani et al., PRL, 2009]

f <1Hz 

f >1Hz 



E ~ k-5/3
[Galtier, PRE, 2008]Kolmogorov’s law for Hall MHD :

[Biskamp et al., PRL, 1996]

20482

[Sahraoui et al., PRL, 2009]

Eb
 ~ k-7/3

Solar wind turbulence at f >1Hz



Whistler wave turbulence

• Expansion in ε:    Β (x,t) = Bo e// + εb(x,t)    with   0 < ε << 1

• Complex helicity decomposition (whistler waves)  : ωw
 = diB0 k//k

• Leads to the wave amplitude equation:

[Galtier & Bhattacharjee, Phys. Plasmas, 2003; Galtier, J. Plasma Phys., 2006]

…

(three-wave interactions)

matrix of 9 indices (but symmetric)

• Kinetic equations:



Whistler wave turbulence

[Galtier, J. Plasma Phys., 2006]

              

(k⊥ >> k//) Eb ~ k⊥–2.5 k//
–0.5

Ev ~ k⊥–2.5 k//
–0.5

E ~ k⊥–2

(k// /k) ωci

whistler branch



Wave turbulence in geophysics



Origin of Earth’s magnetic field ?

      Inner core Outer core   

Mantle 

Lithosphere

Liquid metal
2200 km

780 000 years ago => very slow time-scale !

VKS experiment :
(Cadarache)

[Monchaux et al., PRL, 2007]



Incompressible rotating MHD

Coriolis force Laplace force

: magneto-inertial length

Two inviscid invariants:



Geophysical conditions

R0 ~ 10-5 :  Rossby number

Re ~ 108  :  Reynolds number

Rm ~ 500 :  Magnetic Reynolds number

U0 = 0.5 mm/s

L0 = 103 km

Ω0 = 7 10-5 s-1

ν = 10-6 m2/s

η = 1 m2/s

Rossby number = small parameter for weak turbulence

=>

d = b0/Ω0 ~ 100 m – 1 km

Ω0 , b0



Dispersion relation in the outer core

magnetostrophic wave (R)

inertial wave (L)

Alfvén wave  

very slow
time-scale !
τm<103 y

τΙ~10 h

1 km – 10 km

1 year



Dispersion relation in the outer core

magnetostrophic wave (R)

inertial wave (L)

Alfvén wave  

very slow
time-scale !
τm<103 y

τΙ~10 h

ωnl ~ k⊥1/4

weak 
turbulence

1 km – 10 km

1 year

τnl0=L0/U0 ~ 100 years

ωnl ~ k⊥3/2

Ev ~ k⊥–2.5 k//
–0.5

[Galtier, PRE, 2003]



For exoplanets (>1000) ?

magnetostrophic wave (R)

inertial wave (L)

Alfvén wave  

ωnl ~ k⊥1/4

weak 
turbulence

ωnl ~ k⊥3/2



Weak turbulence theory
[Galtier, in preparation]

weak transfer

three-wave interactions:
+
+

+
+
+
+

+

+



Summary

• Waves and turbulence are ubiquitous in astrophysics

• Weak (Hall) MHD turbulence relevant for understanding:
- solar/stellar coronal loops
- Jupiter’s and Saturn’s magnetospheres
- solar wind (f >1Hz)
- geodynamo (Earth and exoplanets)

New book in wave turbulence !


