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Statistical nonlinear optics
—— Kinetic approach: WT

1.- Homogeneous statistics & instantaneous response:
WT kinetic egn

Thermalization / Anomalous thermalization -- Condensation

2.- Inhomogeneous statistics (& nonlocal response):
Vlasov kinetic eqn

Effective potential

3.- Noninstantaneous response;
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Causality condition




‘Spatial experiment’

Y/ . amplitude of the optical field
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‘Spatial experiment’

Y/ . amplitude of the optical field

material (fiber, photoref...) 5
(Na,Rb ...) a y
fquid (CS,.. 1Oy =-pViy+gt (‘W‘ 1%
liquid crystal 5
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—— Typical size of a soliton, vortex, Ml period

Healing length: A =
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Nonlocal spatial response

0y == Viy+gy Uy (r-r)dr
U (X, Y) nonlocal response (real, even): o

A= \/,B /(g‘(//‘z) . healing length

A : scale of inhomogeneous statistics
A : correlation length
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‘Temporal experiment’

Y/ . amplitude of the optical field

‘ ”H | single mode optical fiber K /\/
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t Noninstantaneous response
C

Mmm O == o +gy[UE) |y t-t)dt
optical fiber {U (t) is causal: U(t)=0 for t<0

A g E o . response time
= A = \/,B/(g\w\z) - healing time

A : scale of inhomogeneous statistics

Z J
1 : correlation time
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Optical wave turbulence

Spatial exp.
VI_asov
WT KE (linear)
Vlasov
‘long-range’
WT KE Vlasov
‘short-range’
WT KE Vlasov

A
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Temporal exp.

Vlasov
. (linear)
Langmuir
(KaV) Vlasov
‘long-range’
Langmuir Langmuir
WT KE Vlasov
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Review: Garnier, Lisak, Picozzi, JOSA B (2012)



Optical wave turbulence

1.- Homogeneous statistics & instantaneous response:

WT kinetic egn
a.- Wave condensation in a trap

b.- Thermalization / Anomalous thermalization

2.- Inhomogeneous statistics & nonlocal response:

Vlasov kinetic eqn
Effective potential

3.- Noninstantaneous response:
Weak Langmuir turbulence kinetic egn
Causality condition

T

WT KE

WT KE

WT KE

Viasov
(linear)

Vliasov

‘i-.... - e )

ong-range

Vliasov

‘short-range’

Vliasov
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Summary of basic results on wave condensation

—— role of a frequency cut-off k,: E_ ~ k.2

|

Wave condensation with a trap V(r)
——> Wave condensation in the thermodynamic limit, D = 2



Wave condensation at equilibrium: theory/numerics
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Beyond Thermodyn. Limit
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WT in atrap V(r)

i0,9 = —aV3yP + V()Y + ylY|*y

(D=2)
2 2
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2110
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WT in atrap V(r)

Basic considerations
0,9 = —aV2P + V(O + v Y2y

(r, z) = Z e (2t (1) €Xp(—iBi2) {m} labels the two numbers (m.,m)

[un@ ui(rydr =85, [parabolic trap: B, = Bo(m, +m, + 1)]

Bt (r) = —aV2u,, (r) + V(r )i, (r)
_(Cm(Z)C-;(Z)) = nm(z)gf,m

N = an(z)

m

E@Q) =Y &)=Y nu() Bu =far|w,r|3dr + fV(r)h/der

Number of particles in the mgde m:
(@ = | [ 60 Durn@dr] ) = (len@P)

Condensation: ny > n,,



WT in a trap V(r)
0 = —aV P+ VIO +YIPIPY  902) = ) c(@)n(0) exp(=ifin2)
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Aschieri, Garnier, Michel, Doya, Picozzi PRA (2011)



WT in atrap V(r)

. 41T
DT = ”
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—Plane-wave expansion & periodic boundary conditions:
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WT in atrap V(r)
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Wave condensation in the thermodynamic limit D=2
thanks to a parabolic trap V(r)=qr?

parabolic trap: g, = Be(m +my, + 1) 7% = 7 Ky
- Kk H

o <B(K) <V o €W Vo

N = (T/R) [, dr [, (ke + ky + Fo — )" dr, \
T —0 . K
;63[0 ”“(vo—;:z)] == v




Wave condensation in the thermodynamic limit D=2

cea_ _T thanks to a parabolic trap V(r)=qr? V)

’ _ﬁx

(T/do fo [0 (K A+ Ry + fo — 1)~ drey \
T i N

N=L |y, - [,"Lln( )]
B [ )

" Sl
T = Po

ft — 0 for a non-vanishing critical temperature @1 = 4aNq/ ng Vi(r)=qr?

Thermod. limit P > Ng=const
g — 0

We also need a truncated potential: Vj < oc

Density of states: y .
p(3) = A f ﬁD I’k 03 — Ky — Ke — %) ffp d°K = Jo " dk, fo o dr,

p(3) = ﬁ/‘fzfm 3 <V
p(3) =0 for 3 > Vi p(B) v, Ky

\—f dv’p'n}q:Tf d3 p(/3 V; \Kx

(V(r)=0 — p(p) =const) V, 0 Ve

Aschieri, Garnier, Michel, Doya, Picozzi PRA (2011)
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Wave condensation in a parabolic trap V(r) = gr2: Numerics

45

Power (dB)
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Energy equipartition: 2 =0
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2004" s
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Wave condensation in a parabolic trap V(r)=qr?: Numerics
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WT KE & thermalization

- ‘Trapping’ of incoherent Wave_packets Pitois, Lagrange, Jauslin, Picozzi, PRL (2006)

- Spontaneous polarization of unpolarized light  Picozzi, Opt. Exp. (2008)

- Condensation induced by coherence absorption  Picozzi, Rica, EPL (2008)

- Supercontinuum generation NI’?S RJ
E o ' /f
o- 10+ "J‘?\\ ------ |\\ |
S -20' 4 L My (b).
b 2 ; -
1.5
E 1
N

0 i
-150 -100 -50 0 50 100 15
v =y (THz)

Barviau, Kibler, Coen, Picozzi OL (2008

)

Barviau, Kibler, Kudlinski, Mussot, Millot, Picozzi OE (2009)
Barviau, Kibler, Picozzi PRA (2009)

)

Barviau, Garnier, Xu, Kibler, Millot, Picozzi, PRA (2013



Thermalization — ‘Trapping’ of incoherent wave-packets

ijdt L/J — dettL/) + U('L/) ‘2_|_hZ‘L/J L/)

= 2 7]
= O,;W” + U;w

optical fiber

tho
b ; M_\ @
1 “Trapping’
e

Pitois, Lagrange, Jauslin, Picozzi PRL (2006)



Trapping of incoherent wave-packets

_ ( ( —eq
a)j(z):_'a)njda)/_' n;dw 05 Py
(|\/| :3) v i .
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| S | 2
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Thermalization — ‘trapping’

T
ajw? + (A + uj)w — p;

kj((,d) — Oéj(,dg + U;W

LEA( N\
nt(w) =

Lagrange multiplier: P = const

@,(2) = [on,deo/[n,de .
Wit =—(Atuy)/2a,

S

LI r_teq _— . i .r_*E'q — e
2P + > . Nju; /oy
[ eqN = g =L 1
W) = —A=

Z , N, J,fI Y

N; = [nj(z,w)dw



Thermalization — Trapping of incoherent wave-packets

Ao A,

2((‘)3 -+ "U-El(")f)/-lg = —(fk‘g(")tt/-lg - "}(‘442|2 + K

U,
ot @
, ‘trapping’

A1[?) Ay

{5(5)3 +uto)A = —a0u Ay +y(JAL)P + K

optical fiber
Uy
| eq) 2P + Zz N; 'u»g;f{“tf
(W) = =\ = —
\ Zz i\l’if Qg
- \
Q2 Lagrange multiplier: P = const

L. Landau and E. Lifchitz, Statistical Physics, Sec. 10:
« An isolated system at equilibrium can only exhibit a uniform motion
of translation as a whole, while any macroscopic internal motion is not possible. »

Pitois, Lagrange, Jauslin, Picozzi, PRL (2006)



Thermalization does not necessarily occurs...

— The Fermi-Pasta-Ulam Problem: A Status Report,
Ed. by G. Gallavotti, Lecture Notes in Physics (Springer, New York, 2007)

~ i

1.- Truncated RJ

ioy =0t +iadly + poly +ly[ v

2.- Anomalous thermalization

0y =0ty +iaddy +|y v

3.- Integrable 1D-NLS

0y =0ty +|u[ w



1.- Truncated Rayleigh-Jeans Dispersion of a PCF

. 10
E of - - - -
2 3 4 |2 2 of
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Barviau, Garnier, Xu, Millot, Picozzi, PRA (2013)



2.- Anomalous thermalization

i0.A = —07A —iad} A+ |APA
Jo = (Zaw)_n(zaq_w)
q=2/3«
- ] Ny (Mg — Jop)gyy (R, — J, 1 l | 1
dg??(m,f.)= / (Mg w) mI( w] ml) n B B
3 || |l — w1 |w+w; —q| Nw No—Jo Noy Nep — Juy
10° f@) z=30L,
- 10~
= 107
107°
ﬂ:::_‘j10
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_ 107
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107" :
0 ek 2 e Kinetic equation
10° @) z=2000L, - Initial condition
107
g 0 Numerics: NLS
10°°
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-20 _ 20
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2.- Anomalous thermalization J, =n(z,w)—n(z,q¢—w)
9o, 2) = I /Hw(;-fw—fw)ﬂml(;-fwl—le)( | N 1 I )dwl
1 w]

37 o —wi||o+w; —q| Nw Nw—Jw Nwy Nep —

0:520  S@)/Ty =5 [loglne(@)]do  N/Ty= 5z [1'(0) dw

n'oc(w) = J, /2 + [1+ 1+ N2 /4)/\

10 Iogw[n(u})]

-40 -30 —20 —-10 0 10 20 30
w []
(o) [ra ] . . .
Suret, Randoux, Jauslin, Picozzi, OL (2010)
Michel, Suret, Randoux, Jauslin, Picozzi, PRL (2010)
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3.- Integrable 1D — NLS

IO,y = 0wy +‘l//‘21//

! ; E\

,[::]: 10—14 i ‘! ;:;:;.f -

é - | / 7

= - / :_::\{f

Od 0j4 | 0.8
z
/(917@.1 (2) 1 [7 o
— —/ dz’///da)24/l/(z’) cos(AK(Z — 2)) 8 (@1 + @ — @3 — @)
dz 2 Jo

N(2) = Dy (2)14,(2)n4,(2) + ey (2)14,(2)0y,(2) — Dy, (2) 14, (2)0e,(2) — No, (2) ey, (2) Ny, (2)

N~

sin(Akz) — 76(AK) — WT kinetic eq. — 9,n, =0

L —> 0

Suret, Picozzi, Randoux,, Opt. Exp. (2011)



Optical wave turbulence

1.- Homogeneous statistics & instantaneous response:
WT kinetic egn
Thermalization / Anomalous thermalization
Wave condensation in a trap

2.- Inhomogeneous statistics & nonlocal response:
Vlasov kinetic eqn

Viasov
Effective potential O, . ,
P / A WT KE linear
Vlasov
‘long-range’
1 WT KE ViIasov
‘short-range’
WT KE Viasov
x(/
3.- Noninstantaneous response: A

Weak Langmuir turbulence kinetic egn
Causality condition



‘Soliton turbulence’ Focusing nonlinearity
Ié?zl// — axxl/j T iWil/j

|so|2
)
Modulation Y
instability
75 J7 45 o0z
Inelastic soliton
collisions
lfnz . . ’7”'2
Big solitons become
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= —
&
&
F24 JT 2 5Oz ’§ J7 E%2 60

V.E. Zakharov, et al., Pis'ma Zh. Eksp. Teor. Fiz. 48 (1988) 79 [JETP Lett. 48 (1988) 83

B. Rumpf, A.C. Newell, Phys. Rev. Lett. (2001)

B. Rumpf, A.C. Newell, Physica D (2003)

B. Rumpf PRE (2004)

R. Jordan, B. Turkington, C. Zirbel, Physica D (2000)
R. Jordan, C. Josserand, Phys. Rev. E (2000)




Focusing: Liquid crystal experiment

u Microscope

T [2

1001

101 102
k [mm-1]
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400071
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3000
2000

04 0.2 0 0.2 04
X [mm]

U. Bortolozzo, J. Laurie, S. Nazarenko, and S. Residori
J. Opt. Soc. Am. B, (2009)



Highly nonlocal nonlinear regime (A=\/ﬂ/9\w\2j
oo
zaﬂ»+3@m¢+ﬁﬂl/ Ulx —2') [0 (z,2) do’ = o= 100A

U(X) is Gaussian

3 : 0 .
X 1 0 M 000 500 X [Cj\] 500 1000

Spectrum (Log,,-scale):

spectra

o]
2}
4t
s}
-8}

21000 0 000 e

X [A] Picozzi, Garnier, PRL (2011)



Why a coherent soliton is not generated?

+

10, + B0 + 'yl/ff " Ulx — X)) (2, x')dx" =0 p=N/L

width of the soliton: /
{amplitude of the soliton: ¢7 al ~+B/y

[ > O otherwise the self-consitent potential would be smoothed-out by the nonlocal potential

a<yB/y/c  A=B/lyp)
a/Jp <A\/o

a> A

a<<\/ﬁ

—> The small amplitude soliton would not be able to feel its self-induced potential

—> The formation of an IS leads to an increase of the kinetic energy



‘Short-range’ Vlasov egn

—+00

?:82: '@ — _\301’3 ﬂ"’ + P}IT / U(I!) |17|2 (IL L — I’) dx’!

B(z,x,&) = ((z,x + {;'/‘2)-?._.6.1*(;_ T —&/2)) (i) Weak nonlinearity
(i0.B(x.€) = —230%B(x.€) + 7P(x.€) +7Q(2.£) N(z.z) = B(z,2,0) = (Jo(z, z)])
{P@.) = Ble&) [ U@V =+ €/2) = N -y - ¢/2)]dy

fU(-y) Bz —y/24+&/2,y)B(z —y/2.§ —y) — Bz —y/2. £+ y)B(x —y/2 — £/2. —y)|dy

ng(z, 2) = /B(:_:, x, &) exp(—ik&) d (i) Quasi-homogeneous statistics:6 = A,/ A « 1

B(x,€) = BO(cx,€) = & [0 (ex) exp(ik€) dk
fé)znk(;r: 2) + Opwi (2, 2) Opnp(x, 2) — O, 2) Opng(x, z) =0




‘Short-range’ Vlasov eqn

Viasov
% WT KE (linear)

~ Vlasov
long-range

11 WTKE -
: Mo/

(O.ng (@, 2) + Opiog, (@, 2).0pnp (@, 2) — Opiop (., 2).Opng (@, 2) =0
wk(x, 2) = w(k) + Vi(x, 2) : renormalization of the frequency

Vil 2) = (QE)d /(1 t+ Up—ie) e (@, 2) K = @
N(z,2) = [ nw(x,z)dk

Hvi = [ w(k) ng(x) dedk + 2(2 saeyd J ) e (@ ) Uk, — oo Mgy () didley ey

WT KE

Viz,2) = 23N(x, 2)
Ulx)=d(x)




‘Long-range’ Vlasov eqn (o /A » 1)
0 = —BBoatp — 7 /+xU( ) WP — ) di’
B(z, x,¢) = (-a;"-*(:.1?—|—{;'/§)-¢'f!*(:.$ —£/2))
(i0,B(2,€) = —2B02B(x,£) +vP(z,£) + 1Q(,£) N(z,z) = B(z,2,0) = (| (z,2)|*)
L Pa.€) O [ VWV —y+¢/2) - N -y - ¢/2)]dy

&) = B,
\Q(z,§) = [U{y}[B(;v—y/2+5/2.y}B($—y/2.§—y) — Bz —y/2,6+y)B(x —y/2—&/2.—y)|d vy

ng(z, 2) = /B(,::. r,§) exp(—ik&)dS  quasi-homogeneous statistics: €=/ A «1

B(x,€) = BO(cx,€) = & [0 (ex) exp(ik€)dk|  |U(x) = U (ex)

[82-1/1,;;(;1:: 2) + Opwr(x, 2) Opng (e, 2) — Opwp(a, 2) Opng(x, z) =0

@k(xr Z) — /6k2 o V(:E? Z)
9 Vir,z) =~ / Ulr — 2" )N (2, z) da’




‘Long-range’ Vlasov eqn

Viasov
) .
A\ WT KE (linear)
11 WTKE Vlasov
‘'short-range’
WT KE Vliasov

"o/a

Kﬁznk(xj 2) + Opwi (a0, 2) Opnp (e, 2) — Opwr(x, 2) Opng(x, z) =0
C‘}k:(xv Z) — BkQ R V(ﬂf, Z)
Vie,z) =~ / U(x — 2" )N(2', z) da’

N(z.2) = = f ez, 2) dk

N 2T




Vlasov eqn

O.np(x, 2) + Opwi (@, 2).0pnp(x, 2) — Opwr (@, 2).Opgng(x, 2) =0

{m = Ot (@, 2) = wlk) +V (z.2)
b= —0e0 w‘(k) = s K ~ “i ng(x
Vi, 2) =1 / (@ —a') N, 2) d’
N@.2) = —— [ ng(w. 2) dk RN
(27)d > N

0 2
k

The particles trap themselves into a spiralling behavior (‘phase-mixing’)



Vlasov eqn

{ﬂﬁ' = 5kw &"Jk(ac, z) (k) +V (x,2)
= —0aWw ) /8sk2

/ x—x) ,2) dx’

! /nk(a: ) dk

N(x, z) = 2

e invariant under the transformation (2, k) — (-2, —k)

N = @2m) [ (. 2) dedk
Hy, = [[w(k) ng(x, 2) dedk + 5 [ V(z)N(x) da
dM—fff dxdk

o fIn| is an arbitrary functional of ng(x. 2) (f = log( ))




Soliton solution of the ‘long-range’ Vlasov eqn
y=ax+vz  hwrly) dni(y) —Oywr(y) Oxni(y) +v0ynk(y) =0

B }? — i:{‘.} + kt’ 92 e " - -
i } | L f— \j —_ -L/ / -L/ r — / r . '?2 J \j
b=kt /(23)} p.y) =0 = V() (y) = Vy) +v7/(45)

Oph(p.y) Dynp(y) — Dyh(p.y) Dpnp(y) = 0
— Bernstein, Green, Kruskal, PR ’57

Any function n,(y) = f(h + const) is solution of this equation| |Hasegawa, Phys. Fluids 775

—=> Ux) =d(x)

h < —v2/(453) |N(y) = L [ (y)dp VW)
) . /2 2 /(7 ‘ 9 ‘ S
pe=/V/8—?/(45?) s

= @nyvB) [T+ V)R ety dn) Vy) = [Uy — ) N() dy \fm

FN) = 2 exp(=M) F(t)dt = £(F) Fyx Fy = [ Fy(t— ) Fa(y) dy £(Fy % Fy) = L£(Fy) L(Fy)
N(z) = n(2mo%) ? exp[—2?/(20%)] U(x) = (2m0?)~ Y2 exp(—a?/(20?)
Wt (h) ~ (—h = 0®/(48) %3 a=(1+(0/ox)) " U@ =5@) ety 0 T

(o 02) = Qu [eay N*(o 4+ 02) = Alk + 0/ (20))2]* 2
Qo = 2032 (a7t + 1)/[T(a™" + 1/2)T(1/2)(car) "]

Co = (QW)Q 20"{{111 “(o 2+U?\;)_%

Picozzi, Garnier PRL (2011)




Soliton solution of the ‘long-range’ Vlasov eqn
Ohwr(y) Oyni(y) — Oyon(y) Oknp(y) +voyni(y) = 0
{\ () = n(2ro%) "2 exp[—a?/(20%)]
U(r) = (2m0*) 71/ exp(—a?/(207)
ni(x +vz) = Qu [cayN(x +v2) — 3(k +v/(25))?]
Qo = 2702T (™" + 1)/[T(a™" + 1/2)T(1/2)(car) "]

a=(1+ (0/01\:)2)_1 Cp = (QW)%—%aj{.-lﬂ_“(aQ +a?\,.)—%

[y

1_
>

2

Soliton solu[t}ion

— @], )| U = -3 [JU@ —2) [p(x)]* [ (2")] du da’
5 N E = B[|0)? da
= 5 -4
. g U/E| = 1.5
;’—‘t 10 'S -
= 8’ -8
> -
o 5
= -10 g
0 _ 1o [ERY I i |}
—1000 0 1000 -5 0 5

x [A] kK [A™']

BI> — V(x) = 0| )
k. ~+JV/B (V(x) — yU # N = (ypL/0o)[ Uy(& — )Ny (&) d¥ ~ pr/U) k7! ~ AJo/L




Simulation ‘long-range’ Vlasov eqn.

500
X 0
-500

500
X 0
-500

Intensity: 5000 5(2) (h)
o
Z 3000 w0
S -8
S-10

0 3
k [AT]

Picozzi, Garnier PRL (2011)



Good agreement NLS vs long-range-Vlasov
—> In the nonlinear regime: H,, ~ 10 H;,

Focusing Defocusing
NLS Vlasov NLS Vlasov




‘Long-range’ Vlasov egn

This Vlasov eqn should provide an ‘exact’ statistical
description of the random nonlinear wave

Highly nonlocal nonlinearity

/\

(i) Weak NL: Closure (i) Quasi-homogeneous statistics
[U(x —a')|(a', 2)Pde’ ~ [U(x — a')N(a/, z)da’

Gaussian statistics (CLT)

A <<o

2
Ul

(0.0 = =010 — Y1 / o U2y [ (¢, 2 — ') da’

Oong(x, 2) + Opwp(, 2) Opnp(x, 2) — Opwp (2, 2) Opnp(, 2) =0
S nlw,z) = Bk = V(2. 2)
Vie.s) =7 [ U = )NG.2) d

- 1
N(z, z) = 5 / ng(x, z) dk

v

—> Rigorous proof...?




Slowing down of thermalization
due to a highly nonlocal interaction

Vlasov
O :
ﬁl )
/ A WT KE inear
Viasov
‘long-range’
1+ WIKE Vlasov

‘short-range’
WT KE Viasov

/s

——> Campa, Dauxoix, Ruffo — Phys. Rep. 480, 57 (2009)
Statistical mechanics and dynamics of solvable models with long-range interactions



Slowing down of thermalization
due to a highly nonlocal interaction

- ovfzd // Q (g, My Ty Tky) Thirog O(Ry + kg — kg — k)0 (.*’35('15% + kg — k3 — '152)) dkydkqydks

1
Q(Npey Mgy s Moy y Moy ) = nklnkznhgnk(nk + nka — nk‘2 nhl)

Tiazs = g (["’712 + U+ Ups + U kz)

?ELRJ L
! Bek? — p

U(z) = cUO (cx)
1U(k) = UO(k/2)
kj=k+cr; (j=1,2,3)
Ay 2242 N .
(—/ QMg Nisrery s Metercn nHﬂM%M)[[ (D)(nl — K2) + U (H,l + Ka) + QU(D)(RQJ}
X 0(23skK1 - Ka) dridRg

() N =

dng/ng ~ 1/ g

—> A highly nonlocal interaction slows down the dynamics

inonloc loc (US/A )2d -2

Review: Garnier, Lisak, Picozzi, JOSA B (2012)



Optical wave turbulence

1.- Homogeneous statistics & instantaneous response:
WT kinetic egn
Thermalization / Anomalous thermalization
Wave condensation in a trap

2.- Inhomogeneous statistics & nonlocal response:
Vlasov kinetic eqn
Effective potential

3.- Noninstantaneous response:
Weak Langmuir turbulence kinetic egn

Causality condition O/A | V(L?esa%v
Langmuir
(KdV) Vlasov
‘long-range’
11 Langmuir Langmuir
WT KE Vlasov

tC/A



Noninstantaneous nonlinearity : Spectral incoherent solitons

+00
_le

(t—f—

[ (2.

df

R(t)

=0 fort <0

800

— 600~

1™ 400
N 200

-g%OO

600 ==

z [Lnl ]

200

0 2000

0 [1/1:d]

4000 6000

Picozzi, Pitois, Millot, PRL (2008)



Noninstantaneous nonlinearity : Weak Langmuir turbulence

+00

10,0 = — 3,00 + v / Rt —t) |0 (2.t) dt’

—00

Rw) = Uw) + igw)

Ulw) = —P QE""'Z dw'  even

R(t)=0tfort <0

gw) = P EF%E(M" odd
B(t, 7,2 (Wt +7/2) V" (t — 7/2))

19.B(t. 1) = —2B32B(t,7) +y P(t.T) + y O(t, 7)
P(1,7) = B(t, 7) / KON —0+7/2)= N(t — 0 — 7/2)]db

O(t, 1) = f YO[Bt —0/2+7/2,0)B(t —0/2, 7 —6)

—B(t—0/2, T +0)B(t —0/2 — /2, —0)]d0



Noninstantaneous nonlinearity : Weak Langmuir turbulence
+00
10,0 = — 3,00 + v / Rt —t) |0 (2.t) dt’ R(t)=0tfort <0

—00

—

R(w) = Ulw) + ig(w)

Blt,m.2) = (W(t +7/2) ¥ (t — 7/2))
+00

ne(t, z) = / B(t, 7, 2) exp(—iwT)dT

B(t,7,2) = B (:T T, 5::3‘) + O(g) e =1./A;

Y o0
- ny,(t, 2) / g(w — ) ng(t, 2) do’

/I 00

N = 2m)7 !t [ny(t, 2) dw dt S

e Reversible: (z,w) — (—z, —w)

(2m)~t [log[ng(t, z)] dw dt

® [(t) even — g¢g(w)=0 —— ‘short-range’ Vlasov

Musher, Rubenchik, Zakharov
Weak Langmuir turbulence
Phys. Rep. 252, 177 (1995)




Noninstantaneous nonlinearity : Spectral incoherent solitons

+00
10,1 = — B0y + / R(t —t') [ (2, t) dt R(t)=0tfort <0
.
~ oo N 2m) 7" | ng(2) dw
D.ny(2) = —ny(2) / glw — g (2)dw'’ = [
7 o0 S=[lnp (3:)] d*
800 _ O
|
= 800 :
400 R""‘“jl Vi
—
N 200 R““‘“mﬁ.\&
-5%00 0 5000
600~ -\ m
— I \
- 400 Ml \ Bl
| _| | | | \ (| [
= 1) N
200 S
v bl
oL—2 t 5 \ Rt
-2000 0 2000 4000 6000
s 5 o [1/t d]

Picozzi, Pitois, Millot, PRL (2008)



Quantitative agreement: NLS Langmuir
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Z (units of L

50

100

Z(unnsofLNg
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: -1
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Michel, Kibler, Picozzi, PRA (2011)



Spectral incoherent solitons: Experiment

* Incoherent wave source with a spectral width of 20 THz (at A=630nm):
— ASE of a dye amplifier pumped by frequency-doubled Nd:YAG laser (5ns — 25Hz)

« Use of a conventional PM optical fiber (loss~2.3km-")

Comparison with numerics

‘N N
T o4 0 _
= 0 S P=BW é L=300m
% 10 \\:\(5’\“‘ E ‘10
2 B e 5 20
O —4W e >
S o BEMW Ty O &

0}
?'; 6. . g_ -30
= =30 © )

w -40
0 50 100 150 200 0 1 2 3 4
Effective Length Leff [m] Power [W]
+ oo
i, = —F Og) + -@:’Jf () |2 (2t —t7) dt’,

. o oo
don(z.w) = ;ﬂ{r:,w}f Yilw —w)n(z,w) dw

T —o0

Picozzi, Pitois, Millot, PRL (2008)



Korteweg-de Vries eqn

. Vlasov g(w‘)1 |
U/ A : (linear) My,
Langmuir - T
(KdV) Vlasov W
‘long-range’
1 + Langmuir Langmuir
M,
Nw(2)
WT KE Vlasov no

tc/ A W

~ —+00
D.ng(2) = “ng,(2) / g(w — W g (2)dw'

e =Awy/Aw <1 ny(2) =no+ ne(2)
n,(z) = 27 (22) + O g(w) = g'9(9)

y 0% Yn N
.71 (2) = T2 OuM(2) = () ia(2) + O (2)

T T O

00 +00 5
9= —/ wy(w)dw, gs = —/ w”g(w)dw

m |E




Temporal long-range Vlasov egn

Viasov
o, |
/ A Langmuir {ines)
(KaV) Vlasov
‘long-range’
(e Langmuir Langmuir
WT KE Vlasov

t(/A



Temporal long-range Vlasov egn

+00
0.1 = —BiOpt) + i) / R(t —t) || (2, 1) dt
R(t) = cRY(ct)  B(t,7,2) = BOY(ct, 7,22) + O(e)

BO(ct,7,22) = (2m) 7! | -n.fu)(et, £2) exp(-in) dw

O.ng(t, z) + Ok (t,2) Oy, (t, 2) — ati{:w(t, z2) O ng(t,z) =0
ho(t,z) = k(W) +V(t.2)  k(w) = Bw?
V(. z) = ’7'/ R(t —t)N(t', z) dt’ N(t,z) = B(t,7 =0,2) = 2m) ™" [ nu(t, ) dw

N = 2m)7 [[ng(t, 2)dwdt M = [ fin]dwdt

R(t) is causal - 1
N N Ult) :2—_/( w) exp(iwt)
R(w) = Ulw) +ig(w) .

G(t) = ;/guu ) exp(iwt)

. (t, 2) + Ok, (t, 2) Oy (t, 2) — OV (t, 2) Ounw(t, 2) = O Val(t, 2) Oung(t, 2)
Vi(t, 2) =~ [ U(t—t') N( to2)di! Vgt z) =~ [ G—t)N(#, z) dt’
Hy, = [[ E(w z)dtdw + 5 [ Vi (t, 2)N(t, z) dt



‘Long-range’ incoherent modulational instability
0.4 = 50uA A [ Rt — 1) AP ) dE = 0
_ d.n,(t, z) + Owﬁw(t_?) Ony,(t, z) — c'?tﬁtw(t, 2) Oy (t,z) =0
ko(t,2) = k() +V(t,2)  Ew)= w2 >0

Vit,z) =~ f R(t —t)N(t', z) dt’ N(t,z) = B(t,7 = 0,2) = 2m)7" [ nu(t, 2) dw

Stability analysis:

ne(t,z) =n +e,(t,2) eult,z) < nd

D.€,(t, 2) —2Pwose,(t, z2) —yO.n’ [dt'O,R(t— 1) [ dwe,(t,z) = 0
Fourier-Laplace transform

En(QN) = [°dz [T22dt exp(—Az — i) e, (¢, 2)

~ +00 ngj
. 27[3921%(9)]_00 SR = NAw/lr? + A

AQ) = |0 (-\/zgwoé(m - zmw)

=
‘Landau damping’

{E(W) = U(w) + ig(w) A(§2)
RIA()] is even /\

0 Q)
Kibler, Michel, Garnier, Picozzi, OL (2012)




‘Long-range’ incoherent modulational instability

NLS

400L L 1000 LHL

-0.5 0 05 0 510 -0.5 0 05 0 510
Frequency It) Frequency It)

Ok for the linear regime... = Nonlinear regime ?



Incoherent solitons in the defocusing regime

Focusing NL
NLS Viasov

o
%0.5 M
0

0
e]0]0] LD

N(t) Nt

DEFocusing NL
NLS Viasov

1
%o.s M
0

0051

= '1 8
500 LD

i
500 LD

i

Q 0051 10 0 1000_51

o N(t) © Nt

Michel, Kibler, Garnier, Picozzi PRA (2012)




Incoherent solitons in the defocusing regime

Causality = spectral shift
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Incoherent solitons in the defocusing regime

N

Spatial case: Focusing DEFocusing
10 N(z) (a) 10 (b)
5
5
° N> < e
4 \
_5 \~,<~~~§s~\~ 0 a
-1000-500 0 500 1000 ~--..-1000-500 O ' 500 1000
X el X

Temporal case ?

Non-inertial frame of reference: ¢ =2, 7 =1 — afz?, Q=w-—az
ainw (t Z)+2/8'QaTnf3(T: f)_a’T ‘/eﬁ(T: 5) 8{27&9(7} 5) =0
— Ver(r.§) =V(1.§) +ar

. (A) CONSTANT (B) CONSTANT
Analogy with an elevator: VELOCITY ACCELERATION
® o
®
®
® o ..




Incoherent solitons in the defocusing regime

Spatial case: Focusing DEFocusing
10 (a) 10 (b)
5
5 -
0 - - ’ .
e R =4 - o>
\ ’ . .
\‘, U e P
-5
-1000-500 0 500 1000 -1000-500 ©0 500 1000
X X

Non-inertial frame of reference: £ =2, 7 =1 — Q:Bzgﬁ Q=w-—az

Oen (t, 2)+2800:n0(7. &) =07 Ve (7. £) Dana(T,€) =0

—> Vg (1,8) =V (1,§) + a1 ——— V(r)= —yR*N ————.
Temporal case: Focusing (o <0) DEFocusing (o >0)
10 10
5 5
of— of=="
-5 =5 /Veff(’f)
-800  -400 0 400 800  -400 0 400

Michel, Kibler, Garnier, Picozzi PRA (2012)



Summary

Spatial Temporal
Vlasov o/ \/(!.aso)v
. Inear
Hasselmann (inear) Al Langmuir
Vlasov (KdV) ~ Viasov
long-range’ long-range
Viasov 1 ' :
Hasselmann o e Langmuir Langmuir
Hasselmann Vlasov Hasselmann Vlasov

2 1
o/ /s

Toward a wave turbulence formulation of statistical nonlinear optics
Garnier, Lisak, Picozzi JOSA B (2012)

Review:



Extension to disordered systems...?

10 = _VQQ/J + V(r)y + T/JQ?/J Y(r,t) = Zcm(t) U (T) exp(—iwmt)
( 471"“
Om,(‘., — dﬁldﬂgdﬁgé Wi, T Wiy — Wiy — ,4,)
X ‘W&ftlﬁ?gfi‘,g ‘Qn&nnl Mo Mgy \TU ( ‘|‘ n,,;,2 n;} — n;gl)
ST -
2 +—3 dk10(Wi, — W&)‘Unm(n)‘Q(nm — M)
Wo
Vwsnams = | Ut (P, (Pt (7)
~ 1
Un,k.:l (n) — d/’{' W&felﬁ’n’ N
\ bu(

_, | Disorder prevents thermalization?
Thermalization and condensation on Anderson modes?

—> In collaboration with C. Conti (Rome) and C. Michel (Nice)



