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Self-focusing (collapse) of laser beam

Nonlinear medium| <
Laser beam :y
Singularity point

> 2

R : .- :
5,7 T Ay + 4" =0 - 2D Nonlinear Schrddinger Equation.

l

A j— 8—2 i f - -
97 T By ¢ - amplitude of light



Nonlinear Schrodinger Equation

=+ A+ [P = 0

OH
0™

N = /Iu|‘~’d”r -optical power (in optics) or number
of particles (in guntum mechanics)

v - 1 , ) ) .
= /(Iww2 - 5\@"’14)(101“ - Hamiltonian: i: =

Conserved Integrals: SN =2H =0



Mean square width: 4 = [|r|?||2dPr

D=2
Virial theorem?: Ay =8H
= A=4Ht? + cit + ¢
Singularity formation:

H <0 = A‘t—ﬂ;o — 0 — Ifllic}c(}f |L/)‘ — 00

1S.N.Vlasov, V.A Petrishchev, and V.I. Talanov (1971)



Collapse turbulence in Nonlinear Schrodinger
Equation (NLS)

iy + (1 — iae) V2 + (1 + ie|y|*) | |*) = ied
— AN A

D<exl \

Forcing

a ~ 1 -viscosity coefficient

Dissipation

¢ - forcing

Particular case: a=0 and s=0 — NLS with two-photon absorbtion

ihy + V2 + (1 +i€)|[y|* = 0



Collapse turbulence (multiple filamentation or Rogue
waves) in 2D Nonlinear Schrodinger Equation

IP.M. Lushnikov and N. Vladimirova, Optics Letters 35, 1695 (2010).
2Y. Chung and P.M. Lushnikov, Phys. Rev E, 84, 036602 (2011).



Statistical steady state with forcing in 2D
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Collapse turbulence of Nonlinear Schrodinger Equation
In 2D (Lushnikov and Vladimirova, 2010)

iV + (1 —iae) VY + (1 + i€) |2 = ieg)

(a)

Probability density

[ 8(p(rt) | —h)drdt  E e
P(h) o [ drdt oo |




No forcing case D=2: initial random Gaussian field at
t=0 quickly evolves for t>0 into non-Gaussian
random field with power law tails of PDF

iy + (1 — iae) V4 + (1 +ie)|y|[*p = 0
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Spacehomogeneous solution
th = 1o exp(i[to|*/ Pt)

Modulational instability

W = [0+ 8 exp(vt + ikr)] exp(i|vo|* Pt),

: 2
kz p— I'l‘,"f‘,‘o |4/D

mar — D

Forcing either deterministic 4 — 4y, p~1

or stochastic ¢ =¢(¢,r),

((t1,11)E (t2,r2)) = 0(t1 — t2)x(|r1 — r2])



Fluctuations of the background

Correlation length 7., iswellestimatedby  Zeorr = 1/Kias
, 2
2 - . 14/ D
]‘"ma:r = 'D_Ilf'"’o| /

Spatial correlation function is universal for all parameters after rescaling
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Temporal correlation function is also universal for all
parameters after rescaling in units of correlation time:
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Universality of the probablity density function (PDF)
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Universality of multiple collapses in rescaled variables vs.
nonrescaled variables

2D
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Individual collapse

1 r
U(r, t)| = - R : = —, r=

WhereRy(p) 1S the ground state soliton solution

V2R — Ro+ Ryt =0

v = —L:L 1S the slow function of t



Contribution to PDF from individual collapse

7
h|hmal / dt/dr() (h N D/zR (m)>
IL LD+1 1

/d/)/) / ( (h— L(f)D/’R“(/)))

[ dpp 244/D Ry (0)
_/ < >h£+1/D[R (/)] © L(tm(w)l)/‘z —h

= Const h>"YP O (hpax — h) .,

| | |
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v = —L:L 1S the slow function of t



Contribution to PDF from individual collapsea|¢| = hmas

P hlbwas) 229G ()-lz.sfﬁg%gﬁ O (hesage—R)

P(h)

/ df bmaax P ( h l h maxr ) Pm ax ( / brmax )

g 1.—3—-4/D ] & : :
- C()nét I ! / / dl l‘ma.;rO(} bmax — ] L‘)Pmu;lf(} l*'m.a,;z,')

= Const h=3~4 DHm,a;r(} ),

00

Where HII?(L:l‘(h") s } 7:)m.a;l'(h‘m(u.')dh'm.aw IS the prObabIIIty
to have collapse with maximum amplitude above h



Numerical PDF for |¢]

P(h) x

hai+4/D
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2D

Probability to have collapse with maximum amplitude above max|y|
from optimal background fluctuations

Hpax (max |y |)
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2D

Probability to have collapse with maximum amplitude above max|¥|
combined with contribution from single collapse vs. full numerical PDF!
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IP.M. Lushnikov and N. Vladimirova, Optics Letters, 35, 1967 (2010).



Critical collapse of 2D s .
Nonlinear Schrodinger Equation: i A+ |Y[*p =0

Self-similar solution near singularity

\I/(X: {) =2 \I/(I 1) r — (172 4+ y‘2>1/2
1 o |
V(rot) = TV (), L,

] Y dl
. . p = Z“ = LQ IL/ )
Soliton solution of NLS: Jo (')
AV -V +|VIPV =0

B 1/2
Li=[ 2% e — ¢
In|In(t. — 1)

1G. Fraiman (1985); M. Landman, G. Papanicolaou, C. Sulem, and P. Sulem (1987);
A. Dyachenko, A. Newell, A. Pushkarev and V.E. Zakharov (1992).

LogLog law!:




A little of history of 2D NLS collapse

- 1962 G.A. Askaryan: Self-focusing of laser beam

- 1964 R.Y. Chiao, E. Garmire and C.H. Townes: self-trapping of laser beam,
Townes soliton, collapse above threshold

- 1970 V.I. Talanov: lens transform

- 1971 S.N.Vlasov, V.A Petrishchev, and V.I. Talanov: Virial theorem and exact
proof of collapse formation

- 1985 E.A. Kuznetsov and S.K. Turitsyn: conformal symmetry and Noether
theorem

- 1985 G@G. Fraiman : “almost” log-log scaling of collapse

- 1987 M. Landman, G. Papanicolaou, C. Sulem, and P. Sulem: log-log scaling of
collapse

- 1992 A. Dyachenko, A. Newell, A. Pushkarev and V.E. Zakharov: collapse
turbulence

- 1993 V.M. Malkin: collapse in terms of the excess of number of particles above
critical

- 2006 F. Merle and P. Raphael: exact proof of existence of log-log scaling



But simulations failed to confirm log-log law in a convincing way?!
although the exact proof of the existence of log-log scaling was given?

Example of NLS simulations: 010

L (t) depends on initial conditions

218 ~— Numerics, (N-N_J/N_= 37%H
w— NUMerics, (N-NC)/NC =21%
e NUMEFICS, (N-NC)INc =13%,
Numerics, (N-N:)/Nc = 8%
os= Logl?g Law

—
O ———mwaao

(=]

052 01.4 06 OY8 1
tC — t x 107

1See e.g.: N.E. Kosmatov, V.F. Shvets and V.E. Zakharov (1991);
G. D. Akrivis, V.A. Dougalis, O.A. Karakashian, and W.R. McKinney (2003).

2F. Merle and P. Raphael (2006).



Singularity Formation in Keller-Segel Model
of Bacterial Aggregation

E. Coli clusters in Petri dish



Reduced Keller-Segel equation

dp

L~ = Ap—V(pV
5 — D=V (pVe)
0= Ac+ p.

P - bacterial density
¢ - concentration of chemoattractant

Also describes the collapse of the Brownian gas
of self-gravitating particles (0 iIs density and ¢
IS the gravitational potential).



Collapse classification for Keller-Segel egn

M.P. Brenner, P. Constantin, L.P. Kadanoff et. al. (1999).

D<?2 — global existence of solution
D=2 — critical collapse
D>2 — supercritical collapse

For D=2 critical number of cells N, =8n

For N>N, positive-definite quantity = / T pde
Turns to zero In a finite time which means formation
of collapse



D=2. Self-similar collapsing solution of Keller-Segel equation?:

| 8
= 2 (- 9\
L(t)* (1 +y?)?

c=—2In(1 + v?),

t—f

— te

«N1po (D L 2 o516,
I v —2In(t. —t)

Much bigger correction to /t. —t compare with LoglLog
In NLS!

1p.M. Lushnikov, Phys. Lett. A (2010). S.1. Dejak, P.M. Lushnikov, Y.N. Ovchinnikov, and
I.M. Sigal. Physica D 241 1245-1254 (2012).



Comparison with numerics for Keller-Segel equation:

0.015

Numerical simulation vs Analytic expression (paper 2010)
1] T ] .
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Corrected L(t) scaling®:

L(t) =2¢ 3 Vi, — fexp{ — \/_ n G(t. ) 4+ 0In a

9 T 27
—14+2b+2M(1 —blnz)
+

hIn | (Inx)?
422 L (1-) & ( 3 ) }

z=+—2mIplt.—t) — M,

Here

a-‘

| | I M+ 1 b 1 1
[* = —In L-(; — —] In* aop + :_ l]l(l() - :— (]ll In — -+ _> )

2 ag  In+

)

L= L(/())- ag = alt ) = —L(fn)()r[«(’u)~

1S.A. Dyachenko, P.M. Lushnikov and N. Vladimirova, AIP Conf. Proc. 1389, 709-712 (2011)
S.A. Dyachenko, P.M. Lushnikov and N. Vladimirova, Nonlinearity (2013)




Numerics vs. analytic up to O(1/x) terms (S. Dyachenko, P. Lushnikov and

0.015

0.01

0.005}

Numerical simulation vs Analytic expression (leading term only)
T T T o————

— Gauss. m = 4.1

== Analytic

Gauss, m=4.25

Analytic

Gauss, m=4.15 .
''''' Analytic
Gauss, m=42

®  Analytic 2010

0.002

L 1 !
0.004 0.006 0.008 00

1 ! 1
1 0012 0.014 0.016
-t

0.018

N. Vladimirova, 2011):

—— L(t) from
numerics with
different masses

..... L(t) from
2010 analytic

up to
O(1/x) terms

ooztc — 1



Numerics vs. analytic up to O(1/x?) terms

Numerical simulation vs Analytic expression ( 2 terms)
T T T *

== ;
& Az ; —— L(t) from
3 numerics with
. 2l different masses
A el I I L(t) from
2010 analytic
S22 L(t) from
T up to
a O(1/x?) terms
0 0.002 0.004 0.006 0.008 (i(-)'! 0012 0.014 0.016 0.018 0.02

t. — 1



Numerics vs. analytic up to O(1/x3) terms

0015

Numerncal simulation vs Analytic expression (3

terms)

0.01

0.005 }-

— Gauss, m=4.1
''''' Analytic
Gauss, m=4.15
== Analytic
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== Analytic
Gauss, m=425
= Analytic
*  Analytic 2010
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2010 analytic
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O(1/x3) terms
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But simulations failed to confirm log-log law in a convincing way?!
although the exact proof of the existence of log-log scaling was given?

Example of NLS simulations: 010

L (t) depends on initial conditions

218 ~— Numerics, (N-N_J/N_= 37%H

w— NUMerics, (N-NC)/NC =21%

e NUMEFICS, (N-NC)INc =13%,
Numerics, (N-N:)/Nc = 8%

: : os= Logl?g Law .

0.2 04 06 0.8 1

tc — t x 107

—
O ———mwaao

(=]

1See e.g.: N.E. Kosmatov, V.F. Shvets and V.E. Zakharov (1991);
G. D. Akrivis, V.A. Dougalis, O.A. Karakashian, and W.R. McKinney (2003).

2F. Merle and P. Raphael (2006).



Can we develop perturbation theory
for 2D NLS collapse beyond log-log
scaling?

Answer Is Yes



Start from the review of the standard theory

Blow-up variables

r /"‘ dt’
—_— qr =
S ] ()

and lens transform

1 L 5.5
U(r,t) = 2V (p, m)e L

; p ,1'3 9
= VA VRV -V + V]V + =P’V =0,

where | 3= —L’Ly - adiabatically slow small parameter

Looking for solution in the form

V=W+Vi+...



In adiabatic approximaiton of slow [

/-

VEVo = Vo + Vo Vo + 7p*Vo = 0




Approximation through ground state soliton R(p)

Vo= R(o)+A5°| 4 0(5?)

ﬂ 3=0

—R+V*R+R’=0




V; - has the imaginary part because of slow dependence of 5 on T :

Mo o
Z or = 88
Also we need to make sure that 1/ has only outgoing waves for

p — 00

In analogy with Gamov a-decay theory introduce nonself-adjoint
problem ) ) R )
V3Vo — Vo + [Vo|* Vo + Z—pQVO —iv(B)Vy =0,

where 3, can be determined from the balance of the norm of V

as
v~ e T/VPB

= g, = —]\[CXp[ ] M = 45.056.



Basic ordinary differential equation (ODE) system
of the standard theory:

(

Br = —M exp |~z |, M = 45.056. .

< LBL'H — —d,

- ]'f 1
{77 Jo 2@y

Asymptotic solution near collapse time t, :

- 1/2
L=|2n be — ¢
In|In (. — 1)

1G. Fraiman (1985); M. Landman, G. Papanicolaou, C. Sulem, and P. Sulem (1987);
A. Dyachenko, A. Newell, A. Pushkarev and V.E. Zakharov (1992); V. F. Malkin (1993).



But simulations failed to confirm log-log law in a convincing way?!
although the exact proof of the existence of log-log scaling was given?

Example of NLS simulations:

L (t) depends on initial conditions

— Numerics, (N-NC)/NC = 37%H

w— NUMerics, (N-NC)INC =21%

e NUMEFICS, (N-NC)INc =13%,
Numerics, (N—N:)/Nc = 8%

N

e . TR

—

= = =| oglog Law
) 0.2 04 06 0.8 1
t — t x 10~
&

1See e.g.: N.E. Kosmatov, V.F. Shvets and V.E. Zakharov (1991);
G. D. Akrivis, V.A. Dougalis, O.A. Karakashian, and W.R. McKinney (2003).

2F. Merle and P. Raphael (2006).



Modifying the standard theory

L(t) is not universal but <o

B.(B) is universal:

0

=0.01

Br = —M exp |~ 5

|

-0.015 -1
L,
’
=002 H w— Numerics, (N-NC)'rNC =37% -
— NUMENCS. (N-NC)JNC =21%
— NUMEncs, (N—NC).ch =13%
— NUMeErics, (N-NCVNC = 8%
— NUMErics, (N-NC)(NC =7%
----- Standard Result
= = = New Result
-0.025 : 4 .
0.05 01 0.15 0.2 0.25



T R 7
L ook at V‘Z%—VO—I—|V()|2V0+Z'P2%_i”(’8)%:0’

as the Schrodinger equation with the effective potential U:

a2 15 13 ‘
Ulp) = —[Vol* + 7¢°

and complex eigenvalue E:
Ur

EF=-1-— lI/(d)
0

1.0
= 2 turning points p, and p, of WKB:

Pa ~ 1




Solution near

[V| - from numerics
——  Vy—soliton with 3
R - ground state
soliton with 3 =10

o~ 7.4 Vo = |V| to the left from Py
b — I «f

B =0.073



Oscillating tail is given by the linear combination of confluent
hypergometric functions of the first and second kinds:

VPP (il 1060 + e 1VPRUE it 1iyB).
cre 1 1(2+12»\/ﬂ’—d’ ,&\/Tp)+cge (2+1,2\/B, ,z\/,_p)

Matching asymptotics and using WKB give

| 212Ap =1 BHE o
VolB.p) = —ge a ;cos{ =8 12 111/)+¢)0J- P> py
Here Ap =352 IS determined by the asymptotic
of ground state soliton g () = 22—,

pl/2
= Asymptotics of complex solution

AN R R, gl/2 o |
31/5‘?‘ 261/% — exp |- 1 P> —iB Y2 np—ido|, p> ps.
—,n./ ; /)

V(B,p) =




Introducing the number of particles to the left of the second turning point

Ny = / || (lI'—...n / |V| pdp.

r<ppL P<pb

and balancing the flux of particles through that point

ANy dN,, dN,
=0 IV "V +1e:e.] | s=04 — = —
praad o= dr "7 dp

—.  New basic ODE system

[ ac: ¢ 6 ey L g s
;"37. = —M [l + (.".1‘,.43 + Co ,;32 =+ (_'.'3,."3“; = (_'.'43.%3('1 €8 3?4+ O ( 3())] : exp I:—Tl%] A
< L3 L” —_ }
= t dt’
\ 0 L2(t)

1N,
Here _(d’_; =M [1+c18+ c2B8% + 3B’ + caB* + ¢e58° + O(8°)]

c1 =4.793, co = 52.37, c3 = 296.99, ¢4 = —4660.87, c5 = 10540.4



L(t) is not universal but

Returning to previous Figure

B.(B) is universal:

B, =

—M exp [—

s
'{31/2

|

0

-0.005-

=001

=-0.015-

=0.02H

— NUMENCs, (N-N‘:).‘Nc =
— NUMercs. (N-NC)INC -
=13%
s NUMeErics, (N-NC)INC =
=7%

m— Numerics, (N-N_}'N
c [

— NUmerics. (N=N_}'N
C [

----- Standard Result
= = = New Result

21%

8%
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1
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1
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B, = —M [1 + 18+ a8 + 38> + 4B + cs3° + O(ﬁ“)] - exp [—
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Finding asymptotic of a new basic ODE system

,d,. = —ﬂ~[ [l = (?1‘,.'73 + Co ,132 =+ C3‘.~"33 + ('.'4’,.'34 +Cx ,"35 + O ( ',:'36)]_1 exp [—7?/—2] A

{ LSLH - _v"’:))f

T = t dt’
\ 0 LZ(t")

8 9

L 2m3e® [ 1 4 2047%c; 1204+6m%c; 840 +427%c; + 7les 6720 + 3367%¢c; + 87y

+—=+ - + - + +

T e ' xr x

+60-—180 + 302472¢c; + 727 co + 7¢s 5 604800 + 3024072¢; + 7207 ¢ + 107°%¢4
10 pll

+()'(i528()() + 33264072%¢; 4+ 79207 + 1107%¢3 + 78¢y % 79833600 + 399168072 ¢ + 9504074 o + 13207%¢3 + 127%¢4
J_.l-z .‘l"3

1037836800 + 5189184072%¢; + 123552074 o + 1716078 ¢y + 15678 ¢y + 7'l 1
+ I.l-l T O TI.T)




ta e 0 1
¢ T
t(,—t:/dtszzdfr:/Lz —d3
dp
3
/in[ [1+eB+ B+ esf’ + eaB* + c5 3’+0(3")]oxp[31/](13
)

Using p() from the inversion of previous expression and
Inverting that equation



Asymptotic of new basic ODE system?

”

/"37- — _1\~[ [1 —+ (f‘l“:'j —+ Co ';'32 -I— (_‘.'3;53:; —+ Cy ,."34 - Cs /'35 ‘|— O(I,"’_gﬁ)]_l exp [_71%:' a

< L:;L'” — —,A“Ag,

[t odr
= .]o L2(1)

I 27 (t. — t) b [1 i 21 +4In3 —4Inln A)
\InA—4In3+4Inln A (In A)?
14 —48InIn A + 48(Inln A)? + 48 In 3 — 96(In A)(In 3) + 48(In 3)2 + i72¢, (Inln A)*
- . = +0 | ———
(In A)3 (In A)*
A= —3”£ In |[2m(t. — )]/ i M = 44.773 Bo = B(to), c1 =4.793...,¢0 = 52.37
4 2;7:‘ Z ¢ L(fo) R 1 5 veey /i 9 s AID . 2 &
- V— (2.)’3 . w(,’ N 2033 (20 :L 72c;) . 128./* (2()7;3 + 7o) | 234 (84073 + 4;2;:5(-1 4 ;TT(-._))>
: 1 T4 8 T (%

L P.M. Lushnikov, S.A. Dyachenko and N. Vladimirova, Phys. Rev. A (2013).



Simulations vs. analytic 001
0.009F
12 0.008
I 27(t. — t)
ImA—-—4In3+4Inln A e
0.006
—1 0.005}
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|
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Simulations vs next order analytic
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Simulations vs. analytic — larger interval starting from
the initial Gaussian pulse
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Conclusion

- Strong turbulence in NLS is determined by near singular collapses.
Background fluctuations seed collapse. Relation between amplitude and
correlation length of these fluctuations is universal. Tails of PDF for
are dominated by the strong turbulence in NLS is determined by near singular
collapses.

-Self-similar solution of Nonlinear Schrodinger equation

- Nonperturbative modification of standard leading order loglog scaling allows
detailed numerical verification of self-similar solution. New analytical scaling
Is in excellent agreement with simulations for amplitudes only 3 times above
the initial laser pulse amplitude

- Standard loglog scaling dominates only for amplitudes above
100
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