)

The Abdus Salam

(CTP International Centre
for Theoretical Physics

N

2585-6

Joint ICTP-TWAS School on Coherent State Transforms, Time-
Frequency and Time-Scale Analysis, Applications

2 - 20 June 2014

Coherent states, (discrete) frames and sampling on manifolds
Theory

J. Guerrero
Univ. Granada
Spain

Strada Costiera, 11 - 34151 - Trieste - Italy « Tel. +39 0402240111 « Fax. +39 040224163 « sci_info@ictp.it « www.ictp.it
ICTP is govemned by UNESCO, IAEA, and ltaly, and it is a UNESCO Category 1 Institute



Basic aspects of Sampling and Reconstruction Theorems Bibliography
0000000000
0000000000

Coherent states, (discrete) frames and
sampling on manifolds: Theory

Julio Guerrero and Manuel Calixto

Joint ICTP-TWAS School on Coherent State Transforms,
Time-Frequency and Time-Scale Analysis, Applications

UNIVERSIDAD DE

MURCIA




Basic aspects of Sampling and Reconstruction Theorems Bibliography

0000000000
0000000000

Index

Basic aspects of Sampling and Reconstruction Theorems
Reconstruction of functions: continuos case
Reconstruction of functions: discretization and sampling

Bibliography



Basic aspects of Sampling and Reconstruction Theorems

Whittaker-Shannon Theorem

If f is a bandlimited function, f € Ur, i.e., the support of its
Fourier transform f is contained in [—wy, wp], and if
th=nT,Vn e Z,wy = F; then f can be reconstructed from its

samples

+oo
f(ty=>_ f(ta)hr(t—tn),
with
sin(th)'

hr(t) = sinc(wnt) = ont
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e If fis not bandlimited (f ¢ UT then the prewous formula
provide us with a function f € U7 minimizing || — f||. f is
the orthogonal proyection Py, f of f over Ur.

e Whittaker-Shannon sampling theorem can be generalized
to other spaces Wy, such that f € Wy can be recovered
from the sampled values {f(gn), gn € Q}. A signal f ¢ Wy
can be aproximated by its orthogonal projection f = Pw, f
over Wo.



Basic aspects of Sampling and Reconstruction Theorems Bibliography
00

Coherent States. Basic ingridients

Let G a group of “movements”. For instance:
o Affine Group G = R" x R acting on R:

x—gx=ax+b xeR,g=(ab)c G=R" xR

e Rotation Group G = SO(3) acting on R®

X—gX¥=xX,%xeR® g=R(a,b,7) € G= SO(3)

(c, B,7) Euler angles.
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e Let H be a Hilbert space of “finite energy signals” «) and let

U : G- Lin(H)
g+~ U(9)

be a unitary and irreducible representation of G in #:

U(gg') = U(g)U(g'), U(g™") = U'(g)
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e Let consider the Hilbert space

12(G,dg) = {(V: G~ C/ / W(g)[2dg < oo} |,
G

where d(g'g) = dg is the left invariant Haar measure.
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Admissible Vector

Admissible Vector: A non-zero function ~ € ‘H is an admissible
(or "fiducial vector®) if:

r(9) = (U(g)hy) € L*(G, dg).
That is, if

C,=(I(9),19) = / 9)dg = /| 977 Pdg < .
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Coherent States

Coherent States: Given a unitary and irreducible representation
U of G an a nonzero function v € H admissible, a system of
Coherent States (CS) in ‘H associated with G is defined as the
set of functions in the orbit of v under G:

79 =U(9)V, g € G

It could well happen that ~ is invariant under a nontrivial
subgroup H C G, i.e., U(h)y = v, Yh € H (usually up to phase).
In these cases, to avoid redundancy, we introduce the concept
of “admissibility modulo H”.
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Coherent States |l

It could also happen that there does not exist admissible
vectors since

/I ) Pdg = 00, ¥y € H

(for instance, for the continuous series of representations of a
non-compact semisimple group). In these cases, we can still
define a set of coherent states by restricting ourselves to a
quotient space G/H, with H a suitable subgroup of G.
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Admissibility mod(H, o)

e Consider the homogeneous space Q = G/H, with H a
closed subgroup. Then the nonzero function ~ is
admissible mod(H, o) (with o : Q — G, a Borel section),
and the representation U is square integrable mod(H, o), if
the condition

0< /Q {(U(a(q)) 1) Pdg < oo, ¥ € H,

holds, where dq is a quasi-invariant measure on Q.
o Coherent states indexed by Q:

Yo(q) = U(a(9))v, q € Q, over-complete set in H.
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Resolution operator

e The frame or resolution operator A, = [ 76(q)) (Vo(q)|dq is
positive, bounded and invertible.

0</r O)16)Pdg = (A ) < o0, Vip € H.

o If the operator A is bounded, then the set
Ss = {lo(q))> 9 € Q} is a frame, and a tight frame if A, is
proportional to the identity, A, = A/, A > 0.

e We shall restrict to the case where v generates a frame
(that is, A" is bounded).
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Sampling operator

¢ Define the sampling or analysis operator, or generalized
Bargmann-Fock (GBF) transform :

T,: H— L2(C?7 dq)
P — \U'y(q) = (Tww)(q) = <’70(q)‘1/1>-

(Yo(q)1¥): wavelet coefficients o GBF representation of .

e T, is unitary from 7 into L2(Q, dq) = T,(*) (GBF space)
which is a Reproducing Kernel Hilbert space with
reproducing kernel (yy(q)l7s(q)) = B(a,9').
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Reconstruction Formula

e The inverse map T~/_1 provide us with the reconstruction
formula. Given V., € [3(Q, dq):

Adl) = /Q ) (rglt) g = /O V,(q) q) 0g =

A Al) = [) = T, 0, = /Q V(@A () 4.

e This formula expands the signal ¢ in terms of the dual
frame S, = {A; 75(q)), 9 € Q} with coefficients
v,(q) = (T,¥)(9)-

e These expressions acquire a simpler form when A, is
proportional to the identity operator (tight frame).
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Discrete Frame or Resolution operator

e For numerical treatment, the resolution operator A, is
discretized, by restricting the integral to a sum over a
discrete subset Q C Q:

A, = / @) e@ldd — A=Y g (g,
Q greQ

S = {19k) = No(q))> K € 2}
HS = Span(S).

¢ In general, the operator A does not coincide with the
original A,, and %S # # (although there are important
cases where it does).
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Admissibility and Frame condition
e The nonzero function ~ is admissible if:

0< > Hale) <oo, WoeH
ke

In this case A is positive, bounded and invertible.
e The set S is a frame if there exist 0 < b < B < oo such
that:

blo? < D [akl)? < Bllv|?, Vi € H.

gkeQ

ie. 0<b< <1<p1|£|4ﬂ’;>p> <B<ox, WYWeH

In this case A~ is also bounded, and #S = H.
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Sampling and synthesis operators

The sampling operator 7is now:

T:. H—?
Y— T(¥) = {{qk[¥), gk € Q}.

T* : 0> — 7 is the synthesis operator.
Itturns outthat A=7T*T.
The frame condition can be written as:

bl < T*T < B,

where /is the identity operator in #.
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Reconstruction formula for the discrete case

e dual Frame: S ={|dk)=A""|qk), gk € Q}

e Reconstruction formula:

) = > WklGw),

gkeQ

with W, = (qk|y): wavelet coefficients o data.

e The reproducing kernel property of the GBF space allows
to identify:

Data W(zx) = (z|¢) wavelet coefficients
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Resolution of the identity

e Resolution of the identity:

TIT = (el =TT = > lak)(al =1
ke a€Q

where 7,7 = (T*T)~'T* is the left-pseudoinverse of 7.

e The operator P = T77+ acting on /2 is an orthogonal
projector into the range of 7.
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sinc-type function (Z«(q))

« In the GBF space, the reconstruction formula reads:

V(g) = (qlv) = > (@) Vk = D Zx(q)Vk
k€ ke
e This is a sinc-type reconstruction formula, with sinc-type
function  =4(q) = (q|Q)-

e The formulas obtained correspond to Oversampling, when
we have more data than necessary to exactly recover the
original function.
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Undersampling

e The case when there are not enough data to fully
reconstruct the original signal is named Undersampling. In
this case only a partial reconstruction is possible.

¢ S does not generate a discrete frame, and the operator
A = T*T is not invertible. But we can buid another
operator from 7T
B=TT".

o If the subset S is free (made of linearly independent
vectors), then B is invertible.

e Discrete Reproducing kernel (B):

By = <C]k’CI/> Gram Matrix.
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Undersampling

e We need the Right-Pseudoinverse of T
T =TTT)"' = TT," = le.

e Ps = 7,7 T is the orthogonal projector onto the subspace
#HS.

e Dual pseudo-frame : |gx) = Z B;an).-
geQ
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Resolution of the proyector Ps

The dual pseudo-frame provides a resolution of the projector
Ps.

TAT = 1@l = T(T7) = D 19k {(Gkl =
gke qkeEQ



Basic aspects of Sampling and Reconstruction Theorems Bibliography
0000000000
000000000 e

Partial reconstruction ¢ of the signal ¥

Using the resolution of the projector Ps, acting on the
signal ¢ on the GBF space:

) = Ps|v)

U(q) = (qlP) = > (qla)Vk = D Lk(q)Vk-

gkeQ grkeQ

where L,(q) are Lagrange-type interpolating functions:
Lk(q) = (alak). Lk(aqr) = ou-

The quadratic error is:

T2
ez L0— U7 WlI—Psly)
(8= e Tol2
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