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Quenching and Time Evolution

- Prepare an isolated quantum many-body system in state |), typically eigenstate of H,
= At t = 0 turn on interaction F{,, and evolve system with 7 = Hy + H; :

D, t) = e D)

- Many experiments: cold atom systems, nano-devices, molecular electronics,
photonics : new systems, old questions

Time evolution of observables: (O(t)) = (®,t|0|®, 1))

- Manifestation of interactions

Kinoshita et al ‘06 Greiner et al ‘02 Bloch et al ‘08
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Time evolution of the Kondo peak.

- Time resolved photo emission spectroscopy Newton's Cradle Mott insulator &> superfluid :2d, 1d



Quenching — long time limit, equlibration, thermalization

Time evolution and statistical mechanics: use: |1=> laj(al

(A(t)) = (Dole™ Ae™ ™! g) =Y “(Do|a) Aap(B|Do)e! et

a,f
Z Ada

Does it _ Z (I) 2A — E —
eqU|I|brate7 ‘ 0 ’Oé ‘ oo < >m1crocan( O NEO —
«
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* Long time limit and thermalization: (Gibbs ensemble - GE) t
- is there a limit for local op. A = hm (A(t))? (equilibration)
- Is there a density operator 0 such that 4 — Tr(pA)?

- does it depend only on £, = (®4|H|®), ot on |Pg)? W) € A > By = AE < Bq < Ey+ AE

V)

* Thermalization (ETH and others)

- ETH (non integrable models): Aaa = Tr|a)(a|A = fi(E,), with f smooth funct. of L/,
Deutsch ‘92, Srednicki ‘94, Rigol et al ’08, Lebowitz et al ’10, ...

- In translation inv. systems,t — oo leads to|CY> = |5> , diagonal ensemble, MC ensemble

- Gibbs ensemble: (é(t — 00)) :ETT(Q BH ), with 3 det. by (F7),_, ——TT( —pB H)

- Strong ETH: 77{] [ le:)(i|O:} = fo, 0, (Fays- -, Ea,)aistinet, smooth function
=1

generalization of ETH to projections and non-local measurements (G. Goldstein, NA “14)



Quenching and non-thermalization

Nonequilibrium currents

Two baths or more:

- time evolution in a nonequilibrium set up:

o=

LEAD 1 LEAD 2

H — Hfi'm an H—.r'mp an Hh'mfﬁ—j.rnlu

=
w

Interplay - strong correlations
and nonequilibrium

- What is the time evolution of the current (/(%)) ?

- Long time limit: Under what conditions is there a
nonequilibrium steady state (NESS)? Dissipation mechanism?

Goldhaber-Gordon et al, Cronenwett et al, Schmid et al
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Vip (V)
t <0, leads decoupled, system described by: p,

t =0, couple leads to impurity
t >0, evolve with H(t) = Hy + H;

I(t)

Isteady State(v)
T, '<t< L/v

- Steady state — is there a non-thermal VNESS ? Voltage dependence?
- New effects out of equilibrium? New scales? Phase transitions, universality?

 Domain wall: spin currents, NESS
t — o0, L — o0

* Newton’s Cradle (no NESS)




Wish to study these questions exactly and confront them with experiment
0. Introduction to integrable many body systems and their experimental realization

1. Quench evolution in quantum integrable many-body systems
- Yudson’s contour approach (infinite volume system): (yudson’s5) L = oo, N fixed

- Generalization to thermodynamic systems: (Goidstein, NA '13)
N,L — 0o, n=N/L fixed, t < L/vsy
2. Bosons on the continuous line with short range interactions (Lieb-Liniger model)

- Time evolution of the thermodynamic system (monster formula) B
- Equilibration and GGE for repulsive interaction: e
* Quench from Mott to Lieb-Liniger fluid 0 ' oo

 Newton’s Cradle on the average L
(poor man’s version)

4
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- Non equilibration (NESS): the Domain Wall

- Failure of GGE for attractive Lieb-Liniger, Hubbard Kondo




Quenching in 1-d systems

Physical Motivation:
* Natural dimensionality of many systems:
- wires, waveguides, optical traps, edges
* Impurities: Dynamics dominated by s-waves, reduces to 1D system

* Many experimental realizations: ultracold atom traps, nano-systems..

Special features of 1- d : theoretical
* Strong quantum fluctuations for any coupling strength

* Powerful mathematical methods:
- RG methods, Bosonization, CFT methods, Bethe Ansatz approach

- Bethe Ansatz approach: allows complete diagonalization of H

- Experimentally realizable: Hubbard model, Kondo model, Anderson model,
Lieb-Liniger model, Sine-Gordon model, Heisenberg model, Richardson model..

-BA —— Quench dynamics of many body systems? Exact!

Others approaches: Keldysh, t-DMRG, t-NRG, t-RG
Much work in context of Luttinger Liquid: Cazalilla et al, Mitra et al



The Bethe Ansatz - Review

Example:
* General V - particle state N
N H:—Zai—f—CZ(S(ZC?—SU])
Py = [ e P@) [] o) ) e
. - j:1 - /\L — )\j - 1c
* Eigenfunctions very complicated in general Sij(Ai = Aj) =

* The BA - wave function much simpler:
Product of single particles wave functions /\(x) and S-matrices 5;; ,
i. divide configuration space into N! regions (. {zg1 < -, < zgn}

il particles interact only when crossing: inside a region product of single particle wave funct.
iii. assign amplitude A< to region @

iv. amplitudes related by S-matrices 5,; (e.g. A'3? = 523 A1%3)

—_— FA(f> — EQESN AQ H] f)\Qj (x.7>

v. do it consistently: Yang-Baxter relation

S12 é3 SZ3= S23 S13 S12




Integrabilit

- The model is integrable: infinite number of conserved charges I,, n=1,2,..
- They commute among themselves [, [,,,] = 0
- They commute with the Hamiiltonian  [I,,, H] = 0 typically 2 = H, I =P
N
- The action of the charges on the ei tates: n
! 9 SIENSIAIES: L A AN) =D ()™ [Ads o A

j=1
I,, acting on a particle moves it by an amount that depends on its momentum

i _ O _w _ _O=a)?
e zc]n/d)\ ez)\(x a) /d)\e ie\"” )\(a: a)e 5

by saddle point approximation: A §23
o n—1 512
r=a+c(n—1)\ 13
t] s'9Ng» b
S23 S13 SlQ _ Sl2 S13 5«23 — S
A1 Ao A3 A1 Ag A3
> L

Trans. Invariant systems expected to evolve
- GGE, generalized Gibbs ensemble:

(A(t = 00)) =Tr(pA) with P =2 " exp(— Zﬁn

- Inverse temperatures [3,, determined by initial conditions: Tfr([nﬁ) = (I,)1—0



Time Evolution and the Bethe Ansatz

* A given state |®;) can be formally time evolved in terms of
a complete set of energy eigenstates )

Do) = 3oy [FAVEFXDg)  —— Do, 1) = e D) =) e TN |FA) (FA D)
A

If /7 integrable — eigenstates ) are known via the Bethe-Ansatz

1 ; r) — )\z — A\ )
BA wave function: F*(7) = ZQEsN AQ Hj Fro, (25) - Aj fzi
* Use Bethe Ansatz to study quench evolution and nonequilibrium

* New technology is necessary:

S-matrix S (A —\j) =

- Standard approach: PBC — Bethe Ansatz eqns — spectrum —— thermodynamics

- Non equilibrium entails additional difficulties:

I. Compute overlaps (form factors) ii. Compute matrix elements iii. Sum over complete basis

Progress: J. S. Caux et al, P. Calabrese at al



Yudson’s contour representation

Instead of |Po) = >, |[F*)(F*®g) introduce (directly in infinite volume):

Contour representation of |3)

V. Yudson, sov. phys. JETP (1985)

Computed S-matrix of Dicke model

B) = [ dV PP o)

with: |F'*) Bethe eigenstate

|[F*) obtained from Bethe eigenstate by setting S = / - One quadrant suffices

Y contour in momentum space {\} determined by pole structure of S(\;, — ;)

Note: in the infinite volume limit momenta {\} are not quantized
- no Bethe Ansatz equations, {\} free parameters

then: Do, 1) :/dN)\ e~ IENE PAY (P @)
Y

- Describes systems in the zero density limit
- Generalize to thermodynamic systems with finite density



Interacting bosonic system

Bosons in a 1-d with short range interactions

H = —/dmbT(a:)ﬁ%(:U) —|—c/d:c b (2)b(2)b' (2)b(x)

Equivalently:

Z—+QCZ5 . — 1)

1<l

« Initial condition | : bosons in a
periodic optical lattice (Mott state)

« Initial condition |l : bosons in a
harmonic trap - condensate

¢ = coupling constant

c>0 repulsive
c <0 atftractive

Can be tune by Feshbach resonance




Ultracold Atoms — the Lieb Liniger model

Gas of neutral atoms moving on the line and interacting with short-range interaction

Short range interaction among atoms: V(ry —x2) = cd(x1 — x2)
N
j:1 g<l

Bloch et al ‘08
atoms on the line

Comment:

- Very short range interaction. Is it valid? For low densities, when
[ = L/N < lVan der Vaals

- The description of physics depends on the scale of observation



Bosonic system — BA solution

The N-boson eigenstatestate (Lieb-Liniger ‘67)

A ) = / TT 220 - M) [T ™% bt (uy))0)

i<j J
Eigenstates labeled by Momenta )\, ... )\,
real c>0
- Thermodynamics: impose PBC —> BA eqns —> momenta ,
n-strings ¢ <0
- Dynamics (infinite volume): momenta unconstrained
R ( ) 1 Yi > Y
: Ai — Aj —icsgn(yi — Y
. Yy N — J J — .
Dynamlc factor: Zij<)\z Ag) )\7, — Aj i Szj y'l, < yj
o )\z — )\j + 1c

- The 2-particle S-matrix: Sij(\i — \;)

N —ic enters when the particles cross

- poles of the S-matrixat:  \; = \; + ic

The energy eigenvalues

HAp, - An) =22, A5 A A )




bosonic system: contour representation

“Central theorem” denote:
B @(f)ze($1>£l?2>“°.£€]\[)
20) = [ Bo(@pi () -+ Vi (a)|0) =

. . Ai — A —1csgn(y; — Y N (U — 1
= [ [ @@ [ 2= 9bs — U3) T % w03 () 0)
x,y J A

i — \i —1cC
i<j Lo j
A
.

A3 —

A2

Al T contour accounts
for strings, bound
states

Repulsive ¢ > 0 Attractive c < 0,

It time evolves to:

_) - Ai — Ay —ic sgn(y; — Yy — X2t N (y;—x
|¢O,t>://[\9(x)¢0(x)ﬂ JA._A__(Z,C J)He ittt =ei)pi (y)]0)
x Jy 2 J

1<j J

= Expression contains full information about the dynamics of the system




Yudson — finite density systems

Thermodynamic regime - Expansion of interacting gas -

] i constant density t < [, /v,,, density decreases
Thermodynamic regime - [Vryp Y t> L/vey,

. xcited Luttinger liquid : ansi
N,L — o0, n=N/L fized, t < L/vy,, | = = =18 free expansion
— 1
| : | >
. . : 0 T T L t
Finite size Yudson representation: v
fully interacting regime

« Claim: express any finite-size initial state (defined in a quadrant, e.g. bosons)
D) f L2 dTN [ 1o dr1® (z1..2n5) b (zn) .0 (21)|0),

in finite-size Yudson form (valid for repulsive interactions ¢ > 0) (Goldstein, NA '13)

Do) = 20— o Domne oo N ({0 }) ™ Ry K ) (R ook | [ @0)

- Less powerful than before: need solutions for the Bethe momenta {kn} but not overlaps

Allows the computation of time evolution of observable - (©

G(O,t;x1..xn;y1---yn) = (0]b(y1)..0(yn)( et Qe )bT(wl)--bT(xN)\@



Time evolution of an observable

- Evolution of the observable

GO, t;z1..xn;y1..yn) = (0]b(y1)..b(yn) (et O e HE )bl (21)..bT (xn)]0)
- Inserted Yudson representation twice - overlaps simple plane waves

G(@7t;x17$27 :Ef\“yl? yN) —
— an,...nN N(knl L ) <O‘ b (yl) b (yN) ‘knlan) X

oo o0 nN

X o obin | © | i) X X,y K a )
X (g oo | BT (1) 0T () 0) T €/ —m)!

_ Korepin, Bogoliubov,
- Need matrix elements: <kn1 an| © |C]n1 ---QnN> Izergin, Slavnov, Kitanine..

)
- Consider observable: (&) — eawa with: Quy = / b (2)b(2) dz
Charge between x andy.

(O(t)) - generating function of density correlation function



Time evolution of an observable

. Yy
Consider: Qay E/ b' (2)b(2)dz Charge between x andy.

- Thermodynamic limit [, N — oo, t— 00 <K L/ Utyp

27 =X 2T
o Expl-—t (v = x? ) . _ 3 2
_(e —12) fdxldyl xp( 4T()’ X ) -(Exp(l(ylz_;l)x)—Exp(l(ylz_;l)y)) 5 1. Up to o ,]_/c
(27) i 2. All
l. ( ) expectation
Exp(— y§ —x§ ) o o values taken
’{f dx, dy, jo_ . '(EXP(W)—EXP(WD]X w.r.t initial state
| 3. Valid for any
x<sgn(y2—yl)sgn(xz—xl)b+(y1)b+(y2)Exp iﬂf,o(z)dz)Exp(iﬂfp(z)dzjb(xl)b(x2)>— initial state
i 2 2 l 2 2
N o ) P ) R T
B e L

[ 2 2
EXP(—M(% —X

Yi—X%

)) o Exp(—i(yg —xg))
f dx, dy, -Exp(w) f dx, dy, 4TT

. EXP(—l(yzz_;z)y) X

><<sgn(y2 —y,)sgn(x, —x,)b* (y,)b* (y2)Exp(inj‘p(z)dz)Exp(in)j‘p(z)dz)b(xl)b(x2 )>+ .....



Time evolution- flow chart

Monster Expression valid for any time and any initial state

- Some applications:

Initial state translational invariant Initial state not translational invariant
example: Mott insulator example: Newton’s cradle, Domain wall

o~

Equilibrates to local GGE (c >0)

Equilibrates but not to local GGE (c < 0)

- Local GGE generally fails when bound states
(strings) are present: att-LL, Hubbard, Anderson,
Kondo, Sine-Gordon ...( XXZ exception? Prosen ‘15)

Universal correlations (if low YY entropy) Goldstein, NA 13

v

System does not equilibrate:
currents, /ocal entropy production



Evolution to NESS: Domain wall

Example: time evolution from a non-trans. invariant initial state (no equilibration)

oo

o (z+50)b' () |0)

2
e T /o

(na/2)"*

with: ¢ (z) =

P

yi

8

>

Domain wall:

strongly breaks
trans. Invariance

4\/] \\/} \\/)

- System evolves to NESS P X,

s

E

ye

Lieb-Robinson

bound
ound -

\

l
l

l.\DI)—l

\

o~
S N

-4
1
+7rc

o o~

o~

0

=

E
e

(G Goldstein, NA '13)

oo

Z

m* (8% /ot /2)% /1 o (27msz /1)

) r <K —\/8t?/c
Outside the cone

—7;) Nonequilibrium steady state (NESS) o0 <K |z| <t
Independent of x, 1 ; interaction effects
rfe(Ja) +
—z*/A %ﬁﬁErfc(ﬁ) — €7 /A) T ~1

/N

ET‘fC(ﬁ))ETfC (ﬁ)) A=8t?/o +0/2

Outside the cone

Crossover regime
Tr >

N =

(1

8t2 /o



Evolution to GGE: trans. invariance, diagonal ensemble

GGE if: 1. Diagonal ensemble 2. Operator can be expanded

i. For trans. invariant initial states :  (©) (t — oo0) = Trpp©

pp =) puy {ki}) ({k}l with  p = [({k}|®o)

ii. The diagonal element can be Taylor expanded (~ GETH) \< 7/ \ L
{EHO kY =coter Y kiteind kikj+c Y K2+ M

iii. Thus:

<@> — Cp + C1 <Il> +Cl,1 <I%> + Co (IQ> + ..
with: Il ZP{A} Zkz, > — Zp{k} Zkikj, (IQ> = Zp{k} Zk?

iv. Equivalently: —
q y <@> T?“,O GGE @ Actually need also short

_ Z Bl correlations among [,
with  PGGE ™ € "

v. For string-momenta Taylor expansion may break down



Time evolution- interaction quench from a Mott state

Example: Quenchlng from a Mott insulator to a Lieb-Liniger Liquid (GGE):

F=0 Do) = H/ (2 + 1) bl () 0)

J_—OO 6—:02/0

(ro/2)"
t =00 |®g) = PGGE How to describe?

with o (z) =

_,> | /7 m ﬂK

- GGE corresponds to a pure state: tr [@ PGG E] - <];:0

with the eigenstate |]20> given by pp(k), pe(k) satisfying (Caux) :

1 1 2
k) = doK (k j — ¢
pt (k) 27T+27T/ qK (k. q) pp (@) with K (k,q) ERNTE
- But <In>t:O _ <In>t—>oo Finaldistributiog% 12
pp (k) = —exp { ——-

L /2)\2 n! —> 7
L/dk kknzlntZO-:_(_> e { =
pp (k) t=0=71\5) =@ pr(k)=o— for > /o




Time evolution — interaction quench from a Mott state

Can compute various correlation functions:

1. (bt (0) 5 (0) b (0 ~2/d’“1/d’“2 (1) k2 = F2)”

2 ;
= cok1
2 2Vmcio o oc? Brf oc? [
= — — X -
2 2 P\ )78\ Vg 7 1
= gz 0

Suppression of density correlations, measurable by Time of Flight experiments

2. (b1 (0)b" (0) ' (0)b(0)b(0)b(0)) =6 [ dkydkadksf (k1) f (k2) f (k3) (k“f_kjm (kg’fjl;’§;>+02 (k<k_k—l§>+

- 20 o<1
Strong suppression of three body decay rates, measurable through I3
trap loss or third moment of particle number (Bouchoule‘10) —> -
9x2i
L 13653 cto>1

3 (p@pO) =+ pew (<) or 136

4m2e2]? o

Gaussian decay of density-density function



Newton’s Cradle - simplified

Positi
i averaged momentum

Kinoshita, T. Wenger, D. S. Weiss, distributions

Nature (2006)

a 05

t (ms)

0 0.5 1.0
Normalized optical thickness

500 1,000

1,000 500

0
Z (um)

Poor man’s
version

— Y




Newton’s Cradle

Initial state: several moving boxes within a larger container
— poor man’s version of Weiss’ experiment

L >

Vi V.,
Ll e 0@ @ L

€

n

System does not equilibrate, but long time average is a diagonal ensemble
c(BA—E)T _ 1

1 [t . | 1
©)r = dt<\If|eZHt@e_7’Ht]\If>=f;; TE—E (LINAIeIR) (s] W)
=) (T A (A[O]N) (A | ¥)
A

GGE for the average - match conservation laws:

LL in a box (Gaudin)

U (|1, kn]) =) C{e}db (er ki, en [kn)
{e}

2n
. 1
L / dkpp k) k* Z L; / (k + 5%) All even charges are conserved {12, }

Solution for final quasi-particle density

055 (5 (i ) s (- )




Initial state:

I
Two boxes of length [ each containing /\ bosons V vV
in a given initial state p* moving towards each %ﬁ <£': ]
other at speed |/ [

Newton’s Cradle in a box

. 1 2k g kp
L) =0k - (1425 ) o)
d
i T—TCL(ZC,T) k n
2. pBEC (ZU) — ]_C—ll—a,(ZC,T) x:E’T:E Caux etal ‘12
a(x,7) = 2T J1—2iz (AVT) Ji42ix (4V/7)

x sinh (27z)

v

- The velocity distribution (measurable): [ (v, t) — /d:l?e_i 2 ® <bT (513) b (O)>t

- The field-field correlation given in terms of the occupation probability [ (k) =

Pp (k)
pt (k)

dk —ikx
<b]L (.CIZ) b (O>>t—>oo - %f (k) ¢ ’ “ (k) CxXp (—:E / du f (k) Pu (k)> Korepin, Izergin ‘87
with:
—u—+1c 1 c
2o (k) _i—kj—_iceXp (—/dsﬂs)K(u,s)ps <k>) ~1 w(k)=exp (—g/qu (k,q>f<q>) K (k,q) = (k_;gﬂg



Newton’s Cradle in a box
L
The velocity distribution: | Vl é/ |
/ [

P (v,t) = /daze_i%x (b (z) b(0)),

p' -ground state —» P (v) ~ Ay 2;_ Z (=1 arctan 4; ;(v)

p'  -BEC

Hry, Hry,
1 + 2 1
Z(U_VKL) HL+Z(U+VKL)

(G Goldstein, NA ’1 5)

2

exp (—2F,/mc) Vv v Cr =
e )<i2ikF)+2> Frp =4kpAL Ki = <1_GL )> Y kAL (14 exp (—22))

l o1 G 2G —2G
Ap=t(1+2m (12 2)) Bi=go—ar  Gr=2B, Hi— 2 (l4ep(-E))+2m 1 -, &P (2200 /me)
L e L 5= T —of 2T me me

Aii(v) = CL ((1 — FL




Failure of GGE for models with strings

- Thus far: Evolution of repulsive (¢ > () Lieb-Liniger —> GGE, GGGE, eftc
- Not so for ¢ < 0, attractive Lieb-Liniger

Failure of GGE for systems with bound states

e.g. Attractive Lieb - Liniger, Gaudin-Yang, Hubbard, sine-Gordon...

- Momenta fall into n-string configurations (bound states): k; = ko + — e

5 (n—27), 7=1..n

- Described by n-string densities, p7 (k)

- GGE determine by: <Ii>final =1r {pGGEIi} = <IZ- (t = 0)> = <I7j>inz'tia,l — ZQ

oo 1 . 1—l n
Need to solve: | I, {/01197 wa .p = Z Z Ji' (%) Z n—2j)"" = Iy

n=0 [=0

Contribution to I' of single ~- (k L ic 2.>i: i kH(z‘) E) ", o Integral over Jn_/dkpn (k)
n-string centered at ko : ;0 2 ; (n=2) ; ’ ! (2 2 (=2 positions : g

j=1

- Claim: There are infinitely many solutions, each corresponding to different correlation functions

Local GGE fails: Need full time evolution Does GGE require non-local charges? Mazur??



2. The Heisenberg Chain: Theory and Experiment

The XXZ Hamiltonian

The phase diagram

Quench from initial
states: Recall GGE fails

H = JZOJ 03+1 T OJ O]+1 T A(OJ OJ+1 - 1)

A=-1 LL A=1

“gapped, F " critical regime ~ gapped, AF

‘\I/()> = (9(711 > No > nN) HO';?:‘(D
n1n2°"TLMj
e.g. -- L O O A | -
1431 4 I 141

Time evolution: 2 flipped spins
a

33

10 Jt=0
Theory: 0 b
-10
b
19 0 ms
Experiment: of A
Munich group 13 __ |

Jt=0.5 Jt=1.0 Jt=1.5 a Jt=2.0 J=6.0 m1
. —_
". - 'E:i &"“@ ,:§
u 0 =
LT & p ?
r =
-33 0
40 ms 60 ms 80 ms 120 ms 1
o " .ﬁ-' =0




Eigenstates of the Heisenberg

Eigenstates of the XXZ (M flipped spins)

=Y S| ]00m; —my) + s(ks, k;)0(m; —ma)] | [ e 0, 10)

m;}  i<] j
1 _|_ eik¢+ikj . 2A€ikj

s(ki kj) = et (kisks) —

—4JZ — cos k;)

. 1 1

ity il

my,msa
k= <k —



Time evolution of the XXZ magnet

s

i. Criticalregion —1 < A < () A=—cosp (0<p< 5)

Reparametrize: A — u, k — «

. - sinh(1=22 _ ;
;o . sinh e sl o) - S T )
e — — o _ sinh( 52 + ip)

Sl 2 4J sin® p

E(k) — E(a) =

cosh o — cos

The contour expression of the initial state:

‘\Ifo> = 9(77,1 > Ny > ??,N) HO';:|0>
J

Expanded in terms of eigenstates

do; sin p sinh(#-%y)
U,) = / J ‘ ' ' 2 m;—mn;
o) {%j:} Yj 1;[[ 2T 2sinh _O‘j‘gw sinh _O‘j;W | lzl[sinh(wgaj )]
sinh(=5~ — ip) N
< TL60m: —mj) + o(m; —m)| [[ o7, 10)

sinh (=5~ + i)



Evolution of the XXZ magnet

The contour:

Ima
2imT

21T-iy

2ip
a1,a2,...aN

ai1,02,...0aN

The time evolved state:

{m;} 2 1<J

Sln s .
> H Z)\+a 77@7 nje ZE(aJ)tO';'; | |O>
+gin (S5 ) ’

>

Rea

daj sinh A i
. : O(m; —m;)+
Z/ L5 27T 2sin O‘j;v‘ sin aj_z}‘]H[ ( 2




Evolution of the XXZ magnet

i. /\ < —1 Ferromagnetic regime The contour:

A Ima

A = —coshA—=)\>0

IA—Q
2
1 —ZA;O‘ 4 2A

. sin
ezkz 5
sin

5
sin(44592 4 4)) - 0

2
4.J sinh? \
CcosS & — cosh A

sin( 1592 — 4 )\) n o

Reparametrize:  s(k1,k2) —

E(k) — E(a) = —

The time evolved state

da; sinh A\ sin( <5 —i))
W(t :5 / J . : O(m; —m;) + E O(m,; —m;
. Sin(M; ) "




Evolution of the XXZ magnet

Some results - Jocal magnetization and bound states

- Spin currents

Start from _ _
Wo) =040 (7+1| )

Calculate:

M(n,t) = ((t)|o, |¥(2))
I(n,t) = i{(W(t)|(og 0y — 0 00y) [P (2))

For different values of anisotropy A

- as the anisotropy increases the weight of the bound states increases



Contour Shift and Bound States

+ Imo : s Imo,
S S - OL02
a2*=0.1+2ik ﬁ a2*=a1+2ik
\’ 1 2ih a0 \Gs/ t 2ik
-7T | i 01,02 7r R -7T§ | i 01,02 T,
: 10 . Rea 10 . Rea
-il -il

1.0 . _ . |
v (m 1, M 2,t) —\Ijmagn(mlam%t)_'_\ljbound(ml7m2t)
210 Jit=1.0 <= t=74 ms c
| Jt=0| 1=0.5 Ht=1.0 It=1.5 I=20| g —
t " a 9 - = 33 1=6.0| m "
I " | W | W el
L o . -~ J::-#- ,'.':E
10 0 0 .;::::- ?
b 10 0ms 40 ms 60 ms 80 ms 120 ms 1 #':' ;
- 3 & -
I o o |
0 X " l l::.. . .?é, :"U
-33 0
-10 0

b. T. Fukuhara et al, Nature 502, 76 (2013)



Observables

. Local Magnetization M (n,t) = (U (t)|oZ|¥())

Vo) =070 R ARZ 1 ! A (cf. Ganahl et al. '12)

y |

-— space —

—010001W —‘“111“‘

L.

¥y)
space

Vbound sinh A
Yoo nd _ (|A| = cos p) = H|A] = cosh A)

Umi gn B Sln( nj ) Umagn Slnh(n)\)




Evolution of the XXZ magnet

Spin currents - evolution

0.30;

Spin Currents/J
o
o

0.30
0.25

0.20}

Spin Currents/J
©
o

o
—
o

0.05}

0.00=_

- A=0.9
- A=1.2
-~ A=15
—-— A=20

12




. Staqgqgerd Maqgnetization (Order Parameter)

M (t)

Quench across a QCP /A = oo — \A\ <1

t . 1

‘\Ifo>:0' O'(—)I_U 2‘ll>:

t

i

{

X

Staggered Magnetization

- A=04
- A=1.2

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

Staggered Magnetization

10

11

12



Outlook

Conclusions:

» Time evolution at infinite volume; no need for spectrum of Hamiltonian or overlaps
- Takes into account existence of bound states w/o sums over strings

* Time evolution at finite volume, finite density (need spectrum, no need for overlaps)
* Evolution calculable for all coupling regimes, for all initial states (asymptotic equilibrium or not)

To do list:

* Generalize to other integrable models:

Anderson model (Adrian Culver), Lieb-Liniger + impurity, Gaudin-Yang (Huijie Guan),
Sine-Gordon model, spin-boson (Colin Rylands), Kondo Model (Roshan Tourani),
Multi-dot (Huijie Guan, Chris Munson)

* Approach to nonequilibrium steady state (Adrian Culver)

 Correlation functions (Garry Goldstein)

Big Questions: (Being Boltzmann?)

* What drives thermalization of pure states? Canonical typicality, entanglement entropy
(Lebowitz, Tasaki, Short...)

* General principles, variational? F-D theorem out-of-equilibrium? Heating? Entanglement?

* What is universal? RG Classification?



Time scales in the Bosonic system

o W

Time scales:
Thermodynamic regime - t < £ t > £ Expansion of interacting gas -
constant density v y  density decreases
excited Luttinger ll(]llld free expansion
Interaction ~ — — l
time | : : >
0 T T L t
T Y —2 v
C fully interacting regime




Evolution of a bosonic system: saddle point app

Corrections to long time asymptotics -
Stationary phase approx at large times (carry out )\ - integration)

* Repulsive — only stationary phase contributions (on real line);  (cf. Lamacraft 2011)

Ly §i — & —icsgn(§ — &) S ie2t—ig;a;
¢( :2_t’xt> 47th H j Te

i — & —1c

= Attractive — contributions from stationary phases and poles.

e. g for two particles:
Pole contributions from deformation of contours — formation of bound states

I & — & —ic sgn(& - 52) 623‘ iE2t—il > >

t)y=25 :
¢(€,ZC7 ) 5[47_(_1/{/_ 51_52_?:0 —|_ ?
+209(f2 — ¢1) eifft—iéla;l—i(gl—ic)Qt—{—i(gl—ic)(2t§2—x2)}
4t

Bound states (string solutions) appear naturally

- repulsive correlations depend on & = 35 only (light cone propagation)

- attractive correlations maintain also ¢ dependence (bd. states provide scales) .




Evolution of Super-radiance (Dicke model)

M 2-level atoms located at x=0 in a waveguide: S,Z_L, 1=1..M

H, = / (ib}(az)axbL(x) — z'b}[.i(x)awbR(x)) —/c/2 (s+(bL(0) +br(0)) + S~ (b} (0) + bE(O))

)

Unfold: Jaynes-Cummings, Tavis-Cummings model

H = —i/d:z; b (2)0,b(z) — /e (STBH(0) + STbT(0)) .  s* = fji

Prepare system in an excited state e.g. Excite N < M atoms, no photons

B 1/2
o) = (St ) (590




Evolution of Super-radiance (Dicke model)

<p(Z)>;=2

20

1.5

]
!
]
1
1
/
i
;g
]
I}
1
I
I}
/

\
\
\
\
\
\
\“._
v 5
\
\
\
\
\
\

<Np>;

(j(z,t =2)) att=2for
M =6, N 3 (blue, dotted),

N = 2 (dashed) and N = 1 (red)
for the non-chiral model

The total photon number (N, ),
forc=1,M=6,N=3 (blue), N =

(black) and N = 1
also corresponding expressions

ignoring cooperative eects

Note:
at< \ > = CN2(1 + M — N)e—cN(lJrM N)t
(4

Dicke cooperative effect: decay rate ~ N ? (rather than ~ N for incoherent decay)




Evolution of Super-radiance (Dicke model)

Time evolution of the photon current:

(7(2)), = (Pole™ """ p(2)e"*|@o) with p(z) = b'(2)b(2)

Time evolution of photon number

(%), = [ d= ol

Expand in eigenstates (Rupasov and Yudson) and use Yudson representation

N
S 1 2icl(x; — x;) A,
5 = [ (1 - j ) &M% f (g, 2, (O, ) [0)
(27’(’)%N2 g )\ —)\ ‘|‘ZC 31;‘[1
with
rT( \j, 1) = Al (z;) — %5* photon-atom creation operator
j
A —icM/2sgn(x;)
fg,mj) = = N, +icM )2 ’ photon-atom scattering



Time evolution “Renormalization Group”

“Dynamic” RG interpretation

» Universality out of equilibrium

» Can view time evolution as RG flow ¢ ~ In(Dy/D)

- As time evolves the weight of eigenstate contributions varies, time successively

“integrates out” high energy states

c<0

(Condensed bosons) —00 «

c=10

c>0

» 00 (Free fermions)

 Are there “basins of attraction” for perturbations flowing to dynamic fixed points

— OO

(Condensed bosons) _C <0

c=20
®

c>0

oo (Free fermions)

perturbations

€.g. non-local interaction

What is beyond ¢ = occ ?

Thermalization?

/ey o

:'.t:h-i@lllu-ﬂtﬂ

— ,,_:_\'_j_ pre-thermalization

thermal state




Quench action for time averaged quantities

(G)T dt (0| etHLLtQe—iHLLt b)) =
- TEA SO (0|3 0161 (s 9
=TI QAON AT,

Quench Action

e S G (C L)

Pp

“Time average diagonal ensemble”

Squench = 5 log (I(® | {E})]) + 55 ({p ({k})})

5108 (@ | D) = [ 1(0)p(0k) cauxetal



What do we want to do?

Want to calculate (I) EX o ’ ‘ T ‘P

Y

Here = f b* (

Exp((xQ ( ))Genemtmg function

We can compute:




Time evolution — low entropy intial state,

Generically:
If a system equilibrates and reaches GGE — what are the experimental signatures?

i. GGE can be reduced to a pure state PGGE = ‘Eo> <Eo

ii. Define ©Ogp(z)=exp (ﬁ/ bT (2)b(2) dz)
0
- for hard core bosons (Tonks-Girardeau gas)
el —1 1 sin(k —q) 5 1 )
T 1+ ec(k) k—q V1 + es(a)

Slavnov ‘10

tT,OGGE@ﬂ(x) = <Eo O3 (x) |/Z0> = det (I—I—

jii. Expand in 3, X :

— trpacep(z)p(0) T

Short distance

p(x)p(0)

iv. Generic initial state
low YY entropy

Note: exponential decay:
finite YY entropy of Power Law _
initial state ~ finite T t'




Keldysh

» Time evolution of expectation values:

0(1)0 (t) = <(I)0‘€th O G—th‘(I)0> = <(I)(), t‘ é ‘(I)(), t>
Non-perturbative Keldysh:

— (DY Db O e SIS OS] dt

carried out on the Keldysh contour (', with separate fields for the top
and bottom lines:

@) t =10
[P0) t =0




1. Boson Svystems - experiments

Bosons in optical traps

)

Superfluid Mott insulator fransition

Imaging of density cloud using a CCD

Bloch et al (Nature 2005, Rev Mod Phys 2008)

2 uI"lJJ"‘d ‘|' I | . £
: %, | s Al Lt 1’ t
-l gy [l Al

Density and noise correlation functions



What to calculate?

* We shall study: VaYaVaVi

1. Evolution of the density '

Ch(x,t) = (p(x,1)) Time of Flight experiment

competition between quantum broadening and attraction  Hanbury-8rown Twiss effect

Measure: Cs5(x1,x2,1)

- two sources: originally stars

2. Evolution of noise correlation Free bosons Cs(z,—x) ~ cosx
Free Fermions Ca(x, —z) ~ —cosx
. _ <p($1,t)p(a}2,t)>
C(2 (5517 L2, t) = (p(z1,t)) (p(za,t)) 1 - Two bosons:

Similar, but time dependent

time dependent Hanbury Brown - Twiss effect Many bosons:

= repulsive bosons evolve into fermions More structure: main peaks, sub peaks

 attractive bosons evolve to a condensate Effects of interactions?



Evolution of a bosonic system: density

Density evolution: (p(x0,t)) = (Po(1)[bT (0)b(20)|Po(t))
(Time of flight experiment)

+ Example: Two bosons o)z = | @o(er.a)b! (o0l (02)10)  _

(yl—w1)2+ (yo2 — 3?2)2

Do (t))2 = f [ O(x1, 20) —"—— (1 — eV/Titd(ys — y1 ezt Derfe (Tl t)>> bT (y1)b" (y1)|0)

with Oé(t) = 2ct — i(yl — $1) - Z'(92 - 51?2)

1f7 1 xq zota
Initial state  |o,) — — / e S5 B b ()b () 0)
i. Initial condition: a > o /I. Initial condition: a < O

osr '\

o \ \
06F \

041

Strong dependence on initial state



Evolution of repulsive bosons into fermions: HBT

Density - Density correlation: /ong time asymptotics - repulsive:

® Bosons turn into fermions as time evolves (forany ¢ > 0)

® Can be observed in the noise correlations: (dependence on ¢ onlyvia & = 1/2t )

Co(@1, 22, t) = C2(&1,&2) = <;’Z§%§?§§B> — 1,

Fermionic correlations evolve

®* Fermionic dip develops for any repulsive interaction on time scale set by 1/c2



Emergence of an asymptotic Hamiltonian

Long time asymptotics - repulsive:

® Bosons turn into fermions as time evolves (forany ¢ > () (cf. Buljan et al. '08)
. ) — XN; —1c sgn(y; — v, S N2 N\ (s — s
wi = [ ] foone T v | G V GO0
Z<j ! J J J

>\-—)\~—ic\/z_fsgn(y-—y~) e
— (I) J v I e N5 A=A (Y —; )/ V't be 0
|, J o === 10 w)lo)

N LLA@(f)®o(f e~ %A A (Wi - %)/fnsgn yj)HbT(yj)\m |

1<

_ eiﬂé't/m,kAx e(f)¢o(f)]jch(xj)\o>.

where
H@f = — [ ¥ (x)0%c(c)

Hi

A, antisymmetrizer

- In the long time limit repulsive bosons for any ¢ > (0 propagate under the
influence of Tonks — Girardeau Hamiltonian (hard core bosons=free fermions)

- The state equilibrates, does not thermalize
- Argument valid for any initial state @

® Scaling argument fails for attractive bosons (instead, they form bound states)



Evolution of a bosonic system: noise correlations

Noise correlations — starting from a lattice

Repulsive bosons

i
i

02(57 _5)

3 particles

5 particles -

\

10 particles

Fermionicdipas & — 0
Structure emerges at {a =0

Attractive bosons

2 particles Co(€, —€)/t

e

BETAN JAT 9
Blue - short times
/ Violet - longer
; ﬁ ‘! % Magenta - longest
NN : 1 —a
central peaks increase with time
- weight in the bound states
increases
3 particles
Blue - short times

Violet - longer
aaaaaa Magenta - longest

£a

peaks diffuse — momenta redistribute




Evolution of a bosonic system: noise correlation

Noise correlations - starting from a condensate

Repulsive bosons Attractive bosons

Two (blue) and three bosons, Three bosons, at times: tc® = 20; 40; 60



Evolution of the LL bosonic system — thermodynamic limit

Wish to study the system in the limit: excited Luttinger liquid

free expansion

—— |

b + ; S
0 T T L t
"

N,L =00, n=N/L fized, t < L/vyy,,

fully interacting regime

Finite size Yudson representation :

‘(I)O> — sz:_oo ZnN__oo ({k }) ‘knl nN> (km---knw‘ ‘(I)O> :

Allows the computation of the time evolution of an observable - §

G(O,t:z1..xn;y1-.yn) = (0b(y1)..b(yn) eOe ™ b (11)..bT (2 x)[0)



Time evolution — Diaginal ensemble, GGGE and GGE

* For translationally invariant initial states, ¢ > ()

i. The system equlibrates, the limit ¢ — o< is well defined

ii. The system equilibrates to a diagonal ensemble
2
pD—Z! (t=0)[N)]7 [{Ai}) ({AiH]
iia. The system obeys GGE (if no long range correlations present in initial state)

~Saul,

No long range correlations: (L, Imyeeor) = (It ) (Ipny) -+
iib. The system obeys “generalized” GGE (if long range correlations present)

The conserved charges: [, |\) = Z AT

PGGE = 65619 , N ;
with Tr[I;mp] = (Im) (t = 0)

ﬁGGGE — eXp |: Z Amimes... m1Im2 :|

mimso..

* For sufficiently non-translationally invariant initial states (e.g. domain wall)

iii. System does not equilibrate, does not reach diagonal ensemble



Time evolution — Diagonal ensemble and GGE

GGE if: 1. Diagonal ensemble 2. Operator can be expanded \< 7 A\

I. The diagonal element can be Taylor expanded (~ ETH)

A | | B
({k:} ©{ki}) = co +C1Zkz‘+c1,1 Zkz—kj-‘chZkf-l—.. : :
ii. So for trans. invariant initial states : (©) (t — oco) = Trpp®©

pp =D _puy {ki}) ({k:}|  with pr = |({k}|@o)[?

lii. Thus: <@> — Cg + C1 <Il +011<Ii?>+02 I2>+

with: (L) = ppy 2 ke (I2) =Y pay D kikyr () =D by YK

iv. Equivalently: oD = Ppecce = Z Lexp Z Ormimmg.. Ly Iy -
mims..
with { Q. m,... } determined from Ty (I, I. ..pcccr] = ImIm,...) (t =0)

v. GGGE —> GGE for short range correlations in initial state

i Loy eons) = (L) I .



Interacting Bosons in a box

The Lieb-Liniger model with hard boundary conditions: (Gaudin ‘71)

L 0 v(ry =0,z9,..2n) =0
Hyp =/d.7: {Bl.bf (z)d:b(x)+c (bJ‘ (z)b(x)) } U (21, T9, .y = L) =0
0

The wave functions are of the form:

Okl knl) =Y C{e} D (e k|, en [kn]) & = *1
: {e}
with:

%B(kl,---kN) = ZA(P) eizk"i"“, T <29 < .. <IN
P

A(P) = Hi<j (1 + kpz.i—ckpj)

— ) . ic
C(ermen) = M6 Tie; (1 - smrism)
satisfying the BA equations

k;L = 7mz-+Z (arctan (kz E kj) + arctan (ki -Ic-kj)) k; = éi | k; |

JF1




Quenching — long time limit, thermalization

Time evolution and statistical mechanics:

(A(t))

(Dole T Ae™ M1 @g) = 3 (Bo|a) Aag(B|B)e! Fe 0"
a,f

* Long time limit and thermalization: (Gibbs ensemble - GE)

- is there a limit for local op. A = hm (A(t))? (equilibration)

- is there a density operator p such that A — Tr(pA)?
- does it depend only on £, = (®,|H|®), not on |®y)? (ETH)

V)

— ?
A= Za |Ca|2Aaa — <A>microcan(EO) = . ZOAEA Aaa

NEy,AE W) € A ¢ By — AE < E, < Eg + AE

* Scenarios of thermalization (ETH and others)

- Diagonal matrix elements of physical operators A.. = (¢.|A|Y.) do not fluctuate much
around constant energy su rface (ETH-eigenstate thermalization hypothesis, Deutsch 92, Srednicki 94)

- Overlaps |C,|* = (1| ®0)|* do not fluctuate on the energy surface for reasonable IC

- Both fluctuate but are uncorrelated

 Thermalization: in translationally inv. Systems,? — ©© leads to |a)) = |3), diagonal ensemble
- Assume ETH (for non integrable models): (| A|a) = f(E, ), with f smooth function

- > Gibbs ensemble: (A(t — c0)) = Tr(e "7 A)z-1 with (HYi—g = Tr(e_BHH)Z_1



Newton’s Cradle: BEC initial state

BEC described by (Caux):

Tig—a(x,T)
BEC; tdr; k :
(I)— :L‘:—,Ti_:%

l1+a(z,T1) c

A

a(I,T) ISIDQ}:T(“;"’I)J]‘ sz 4\/—) Jl-f-‘)gm 4\/_

. 1 2n
Combine with L/dkP,{ (k)K" = L /P;, (k) (k + §Vz‘)

We find:

L, 1
ph(k)=Y" o (prC (k + = V) + pHEC (k— §v,.))

L

BEC BEC n

@ 00 @




Time evolution of an observable

Where:

Fou (X, v gy =i 1R (00 (V= XF)) [eXp (z’(Y—X)-a:

27 Y - X

Gao (X,Y,t) = exp (7, (Y _2tX) ﬂ?) exp (i (Y2t— X?2) /2t)

Gy (X, Y, 1) = exp (Z (Y - X) y) exp (—i (Y2 — X?) /21)

2t !

i (V2 _ y2 vy
Fa:x(XvYat)Eexp( é;t’(_YX a ))exp (Z(Y 2tX) x)

_ 4 2 v2 : B _
Fa,y(XaYat)Eexp( it/_YX X%) exp(Z(Y Z;X) y)

- The time evolution is expressed:
i. in terms of these time dependent functions
ii. correlation functions in initial states

- Valid for any initial state

2t

)

i(Y —X)-y

2t

)



Time evolution of an observable

. Yy
Consider: Qay E/ b' (2)b(2)dz Charge between x andy.
- Thermodynamic limit [, N — oo, t— 00 <K L / Viyp
- After a long long calculation ..... a monster expression:
(exp (&Qxy (t)) =1+ f dXdY Fy 4, (X,Y,t) x (G Goldstein, NA °13)

x <bT (Y) exp [z I dzmbt (2) b (z)] b (X)> +
—+ de]_dXQdY]_dYQ X Fa,acy (Xl, Yl,t> Fa,:z:y (XQ, Yg,t) X
x <Sgn (Ya — Y1) bt (Y1) bl (V) & Jx1 42707 (2)b(2)

. Yo
_7:2023 f dX1dY1dXodYs {Faaﬂﬁ (Xla Y17 t) Ga,m (X27 Y27 t) _

_Fa,y (Xl;Ylat) Ga,y (XZaYQvt)} <59n (92 —yl) Al )
+ + i [X1 dzmbt (2)b(2) expectation
sgn (r2 —x1) - b (y1) b (y2) e /X1 '

values taken
o fjg dzﬂ-bT(z)b(z)b (X1)b (X2)> B w.r.t initial state

— 525, [ dXdY G x (X, ;1) (b (¥) et [ d=mb ()b,
[7o dvsgn (w = v) p (v) sgn (v = Y) sgn (v — X)) +
2% [dXdY Ga., (X,Y,1) <bT (V) et Jx dzmbf ()b(2).
: ffooo dvsgn (y —v) p(v) sgn (v — Y ) sgn (v — X)> + ... lupto: o, 1/c?




Non-thermalization: Integrable systems, Nonequilibrium systems

* Not all system thermalize in the long time limit: Integrability, GETH, GGE
Rigol, Cazallila. Mussardo..

- Integrable models possess an infinite number of non trivial conserved charges /,,

- For example, in the case of the Lieb-Liniger model:  [,,[{k}) = Z(kj)”|{k}>

J
- The generalized ETH: («a|A|a) = f(I1,,12.0,...) -smooth function, together with
assumption of diagonal ensemble, Ieads to:

- GGE, generalized Gibbs ensemble:

(A(t — 00)) = Tr(pA)  wih p=2Z"exp(~ Zﬁn

- Inverse temperatures [3,, determined by initial conditions: Tr([n 0) = (In)i—0

- If GGE is valid it provides a short cut to time evolution (see later)

- But is GGE always valid for integrable systems? Usually not! (see later)

* Not all systems equilibrate in the long time limit : breaking tranlational inv.
If initial state sufficiently non-translational invariant = no diagonal ensemble
- NESS? nonequilibrium steady state (point-wise!) in the long time limit? How to describe p¢?
- Another scenario: Oscillatory motion : average may exist, or not
- Entropy production, currents



