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ically along non-bridging-z-bonds while spins along zigzag
chains order antiferromagnetically. This state has a vanishing
net moment and preserves the Cb

2 rotation symmetry.
SZx/y: Analogous to the SSx/y phase, there exists a non-

coplanar, skew-zigzag phase with a vanishing net moment
near the AF Kitaev point bordering the SPa� phase that breaks
all C2 symmetries. This phase has the largest projection along
the x(y) direction and this component orders in a skew-zigzag
pattern (these two configurations are degenerate). In the hy-
perhoneycomb lattice, the other two Cartesian spin compo-
nents ensure that the spins are collinear along zigzag chains.
In the H–1 lattice, the y(x) component is also ordered in
the skew-zigzag pattern. This phase is closely related to the
SZx/y phase: these two phases map onto each other under the
(J,K,�) ! (�J,�K,��) classical transformation.

SZb: In the H–1 model, an additional coplanar, skew-
zigzag phase with vanishing net moment exists. This phase
borders the FMa, SZx/y , SPa� , and HK-SZ phases. It
forms ferromagnetic skew-zigzag chains with antiferromag-
netic non-bridging-z bonds and preserves the Ca

2 rotation
symmetry. The component along ĉ vanishes while the pro-
jection along ˆb is the greatest. This phase is closely related to
the SSb phase: these two phases map onto each other under
the (J,K,�) ! (�J,�K,��) classical transformation.
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results
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of applying time-reversal on the odd sublattices maps
(J,K,�) ! (�J,�K,��). Using this transformation, the
classical phase diagrams for � � 0 in Fig. 2 can be inverted to
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2 ]. Under this trans-
formation, ferromagnetic components become antiferromag-
netic, while stripy components become zig-zag (these trans-
formed phases are labeled in Fig. 5). For the spiral and
multiple-Q states, we use an overhead bar (i.e. SPa� versus
SPa� ) to emphasize the close relationship between the �  0

and the � � 0 phases. For the spiral phases, we note that
the Q-vector range remains invariant after this transformation,
while the C2 rotation that the spiral state was invariant under
must now be followed by a time-reversal operation ⇥.

We draw special attention to the SPa� phases found in the
�  0 region because of their close relationship to the experi-
mental magnetic orders (the real-space configuration of these
spiral phases can be seen in Fig. 6 and can be directly com-
pared with those found in Refs. 47 and 48).

The experimental magnetic ordering of the hyperhoney-
comb Li2IrO3

48 possesses the same symmetries as that of
SPa� : following the analysis used in Ref. 48, we discern that
the SPa� phase on the hyperhoneycomb lattice is described
by the magnetic basis vector combination (iAa, iCb, Fc)
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which is identical to that of the experimental magnetic
ordering48, indicating that these two phases are indeed the
same. In addition, the experimental ordering wavevector—
Qexp = (0.57, 0, 0)—lies within the range found in our model
(when expressed using the same definition as Qexp from Ref.
48, the wavevectors found within our present model is (h0
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found in our model. Using the notation defined in
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which only differs from the experimental combination of
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For completeness, we also show the real-space configura-
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the SSb phase: these two phases map onto each other under
the (J,K,�) ! (�J,�K,��) classical transformation.

C. Phase diagrams for �  0 and connection to experimental
results

As mentioned previously, the classical transformation
of applying time-reversal on the odd sublattices maps
(J,K,�) ! (�J,�K,��). Using this transformation, the
classical phase diagrams for � � 0 in Fig. 2 can be inverted to
yield the phase diagrams for �  0 in Fig. 5, where the radial
coordinate now maps to r = ✓ 2 [⇡, ⇡

2 ]. Under this trans-
formation, ferromagnetic components become antiferromag-
netic, while stripy components become zig-zag (these trans-
formed phases are labeled in Fig. 5). For the spiral and
multiple-Q states, we use an overhead bar (i.e. SPa� versus
SPa� ) to emphasize the close relationship between the �  0

and the � � 0 phases. For the spiral phases, we note that
the Q-vector range remains invariant after this transformation,
while the C2 rotation that the spiral state was invariant under
must now be followed by a time-reversal operation ⇥.

We draw special attention to the SPa� phases found in the
�  0 region because of their close relationship to the experi-
mental magnetic orders (the real-space configuration of these
spiral phases can be seen in Fig. 6 and can be directly com-
pared with those found in Refs. 47 and 48).

The experimental magnetic ordering of the hyperhoney-
comb Li2IrO3

48 possesses the same symmetries as that of
SPa� : following the analysis used in Ref. 48, we discern that
the SPa� phase on the hyperhoneycomb lattice is described
by the magnetic basis vector combination (iAa, iCb, Fc)
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FIG. 6. (Color online) Real-space spin configurations of the SP
a

spi-
ral states obtained from simulated annealing with spins projected on
to the ac-plane. The chosen parameter points yield Q = (0.33, 0, 0);
however, we note that the Q-vector in these phases are generally in-
commensurate and are not the same as the peak positions of the struc-
ture factor (see main text and Figs. 11, 12). The black dashed box
enclose the conventional unit cell. Identical colors indicate that the
sublattices share spiral-planes. Shades of blue indicate that the spiral-
planes are aligned with the honeycomb-planes while shades of red
indicate that the spiral-planes are not aligned with the honeycomb-
planes. The handedness of adjacent sites can be readily verified as
being opposite: the spirals counter-propagate. Examples of the pre-
served rotation followed by time-reversal operation (Ca

2 = ⇥ · Ca

2

where ⇥ is the time-reversal operation) are indicated by the dotted
blue lines.

which is identical to that of the experimental magnetic
ordering48, indicating that these two phases are indeed the
same. In addition, the experimental ordering wavevector—
Qexp = (0.57, 0, 0)—lies within the range found in our model
(when expressed using the same definition as Qexp from Ref.
48, the wavevectors found within our present model is (h0

00)

where 0.53 . h0 . 0.80).
For the H–1 Li2IrO3

47, Qexp also lies within the range
found in our model. Using the notation defined in
Ref. 47, the magnetic basis vector combination that de-
scribes the SPa� phase is [i(A,�A)a,�i(C,�C)b, (F, F )c],
which only differs from the experimental combination of
[i(A,�A)a, (�1)

mi(F,�F )b, (F, F )c] in the Sb-component.
For completeness, we also show the real-space configura-

tions of the SPa+ and SPb phases in Figs. 6 and 7 respectively,

Q =
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the projection of the spins along the ˆb direction orders in a
skew-stripy pattern while the ĉ projection vanishes. In the hy-
perhoneycomb lattice, the â projection orders antiferromag-
netically, while in the H–1 lattice, spins order ferromagnet-
ically along non-bridging-z-bonds while spins along zigzag
chains order antiferromagnetically. This state has a vanishing
net moment and preserves the Cb

2 rotation symmetry.
SZx/y: Analogous to the SSx/y phase, there exists a non-

coplanar, skew-zigzag phase with a vanishing net moment
near the AF Kitaev point bordering the SPa� phase that breaks
all C2 symmetries. This phase has the largest projection along
the x(y) direction and this component orders in a skew-zigzag
pattern (these two configurations are degenerate). In the hy-
perhoneycomb lattice, the other two Cartesian spin compo-
nents ensure that the spins are collinear along zigzag chains.
In the H–1 lattice, the y(x) component is also ordered in
the skew-zigzag pattern. This phase is closely related to the
SZx/y phase: these two phases map onto each other under the
(J,K,�) ! (�J,�K,��) classical transformation.

SZb: In the H–1 model, an additional coplanar, skew-
zigzag phase with vanishing net moment exists. This phase
borders the FMa, SZx/y , SPa� , and HK-SZ phases. It
forms ferromagnetic skew-zigzag chains with antiferromag-
netic non-bridging-z bonds and preserves the Ca

2 rotation
symmetry. The component along ĉ vanishes while the pro-
jection along ˆb is the greatest. This phase is closely related to
the SSb phase: these two phases map onto each other under
the (J,K,�) ! (�J,�K,��) classical transformation.

C. Phase diagrams for �  0 and connection to experimental
results

As mentioned previously, the classical transformation
of applying time-reversal on the odd sublattices maps
(J,K,�) ! (�J,�K,��). Using this transformation, the
classical phase diagrams for � � 0 in Fig. 2 can be inverted to
yield the phase diagrams for �  0 in Fig. 5, where the radial
coordinate now maps to r = ✓ 2 [⇡, ⇡

2 ]. Under this trans-
formation, ferromagnetic components become antiferromag-
netic, while stripy components become zig-zag (these trans-
formed phases are labeled in Fig. 5). For the spiral and
multiple-Q states, we use an overhead bar (i.e. SPa� versus
SPa� ) to emphasize the close relationship between the �  0

and the � � 0 phases. For the spiral phases, we note that
the Q-vector range remains invariant after this transformation,
while the C2 rotation that the spiral state was invariant under
must now be followed by a time-reversal operation ⇥.

We draw special attention to the SPa� phases found in the
�  0 region because of their close relationship to the experi-
mental magnetic orders (the real-space configuration of these
spiral phases can be seen in Fig. 6 and can be directly com-
pared with those found in Refs. 47 and 48).

The experimental magnetic ordering of the hyperhoney-
comb Li2IrO3

48 possesses the same symmetries as that of
SPa� : following the analysis used in Ref. 48, we discern that
the SPa� phase on the hyperhoneycomb lattice is described
by the magnetic basis vector combination (iAa, iCb, Fc)
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FIG. 6. (Color online) Real-space spin configurations of the SP
a

spi-
ral states obtained from simulated annealing with spins projected on
to the ac-plane. The chosen parameter points yield Q = (0.33, 0, 0);
however, we note that the Q-vector in these phases are generally in-
commensurate and are not the same as the peak positions of the struc-
ture factor (see main text and Figs. 11, 12). The black dashed box
enclose the conventional unit cell. Identical colors indicate that the
sublattices share spiral-planes. Shades of blue indicate that the spiral-
planes are aligned with the honeycomb-planes while shades of red
indicate that the spiral-planes are not aligned with the honeycomb-
planes. The handedness of adjacent sites can be readily verified as
being opposite: the spirals counter-propagate. Examples of the pre-
served rotation followed by time-reversal operation (Ca

2 = ⇥ · Ca

2

where ⇥ is the time-reversal operation) are indicated by the dotted
blue lines.

which is identical to that of the experimental magnetic
ordering48, indicating that these two phases are indeed the
same. In addition, the experimental ordering wavevector—
Qexp = (0.57, 0, 0)—lies within the range found in our model
(when expressed using the same definition as Qexp from Ref.
48, the wavevectors found within our present model is (h0

00)

where 0.53 . h0 . 0.80).
For the H–1 Li2IrO3

47, Qexp also lies within the range
found in our model. Using the notation defined in
Ref. 47, the magnetic basis vector combination that de-
scribes the SPa� phase is [i(A,�A)a,�i(C,�C)b, (F, F )c],
which only differs from the experimental combination of
[i(A,�A)a, (�1)

mi(F,�F )b, (F, F )c] in the Sb-component.
For completeness, we also show the real-space configura-

tions of the SPa+ and SPb phases in Figs. 6 and 7 respectively,
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the projection of the spins along the ˆb direction orders in a
skew-stripy pattern while the ĉ projection vanishes. In the hy-
perhoneycomb lattice, the â projection orders antiferromag-
netically, while in the H–1 lattice, spins order ferromagnet-
ically along non-bridging-z-bonds while spins along zigzag
chains order antiferromagnetically. This state has a vanishing
net moment and preserves the Cb

2 rotation symmetry.
SZx/y: Analogous to the SSx/y phase, there exists a non-

coplanar, skew-zigzag phase with a vanishing net moment
near the AF Kitaev point bordering the SPa� phase that breaks
all C2 symmetries. This phase has the largest projection along
the x(y) direction and this component orders in a skew-zigzag
pattern (these two configurations are degenerate). In the hy-
perhoneycomb lattice, the other two Cartesian spin compo-
nents ensure that the spins are collinear along zigzag chains.
In the H–1 lattice, the y(x) component is also ordered in
the skew-zigzag pattern. This phase is closely related to the
SZx/y phase: these two phases map onto each other under the
(J,K,�) ! (�J,�K,��) classical transformation.

SZb: In the H–1 model, an additional coplanar, skew-
zigzag phase with vanishing net moment exists. This phase
borders the FMa, SZx/y , SPa� , and HK-SZ phases. It
forms ferromagnetic skew-zigzag chains with antiferromag-
netic non-bridging-z bonds and preserves the Ca

2 rotation
symmetry. The component along ĉ vanishes while the pro-
jection along ˆb is the greatest. This phase is closely related to
the SSb phase: these two phases map onto each other under
the (J,K,�) ! (�J,�K,��) classical transformation.

C. Phase diagrams for �  0 and connection to experimental
results

As mentioned previously, the classical transformation
of applying time-reversal on the odd sublattices maps
(J,K,�) ! (�J,�K,��). Using this transformation, the
classical phase diagrams for � � 0 in Fig. 2 can be inverted to
yield the phase diagrams for �  0 in Fig. 5, where the radial
coordinate now maps to r = ✓ 2 [⇡, ⇡

2 ]. Under this trans-
formation, ferromagnetic components become antiferromag-
netic, while stripy components become zig-zag (these trans-
formed phases are labeled in Fig. 5). For the spiral and
multiple-Q states, we use an overhead bar (i.e. SPa� versus
SPa� ) to emphasize the close relationship between the �  0

and the � � 0 phases. For the spiral phases, we note that
the Q-vector range remains invariant after this transformation,
while the C2 rotation that the spiral state was invariant under
must now be followed by a time-reversal operation ⇥.

We draw special attention to the SPa� phases found in the
�  0 region because of their close relationship to the experi-
mental magnetic orders (the real-space configuration of these
spiral phases can be seen in Fig. 6 and can be directly com-
pared with those found in Refs. 47 and 48).

The experimental magnetic ordering of the hyperhoney-
comb Li2IrO3

48 possesses the same symmetries as that of
SPa� : following the analysis used in Ref. 48, we discern that
the SPa� phase on the hyperhoneycomb lattice is described
by the magnetic basis vector combination (iAa, iCb, Fc)
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FIG. 6. (Color online) Real-space spin configurations of the SP
a

spi-
ral states obtained from simulated annealing with spins projected on
to the ac-plane. The chosen parameter points yield Q = (0.33, 0, 0);
however, we note that the Q-vector in these phases are generally in-
commensurate and are not the same as the peak positions of the struc-
ture factor (see main text and Figs. 11, 12). The black dashed box
enclose the conventional unit cell. Identical colors indicate that the
sublattices share spiral-planes. Shades of blue indicate that the spiral-
planes are aligned with the honeycomb-planes while shades of red
indicate that the spiral-planes are not aligned with the honeycomb-
planes. The handedness of adjacent sites can be readily verified as
being opposite: the spirals counter-propagate. Examples of the pre-
served rotation followed by time-reversal operation (Ca

2 = ⇥ · Ca

2

where ⇥ is the time-reversal operation) are indicated by the dotted
blue lines.

which is identical to that of the experimental magnetic
ordering48, indicating that these two phases are indeed the
same. In addition, the experimental ordering wavevector—
Qexp = (0.57, 0, 0)—lies within the range found in our model
(when expressed using the same definition as Qexp from Ref.
48, the wavevectors found within our present model is (h0

00)

where 0.53 . h0 . 0.80).
For the H–1 Li2IrO3

47, Qexp also lies within the range
found in our model. Using the notation defined in
Ref. 47, the magnetic basis vector combination that de-
scribes the SPa� phase is [i(A,�A)a,�i(C,�C)b, (F, F )c],
which only differs from the experimental combination of
[i(A,�A)a, (�1)

mi(F,�F )b, (F, F )c] in the Sb-component.
For completeness, we also show the real-space configura-

tions of the SPa+ and SPb phases in Figs. 6 and 7 respectively,
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the projection of the spins along the ˆb direction orders in a
skew-stripy pattern while the ĉ projection vanishes. In the hy-
perhoneycomb lattice, the â projection orders antiferromag-
netically, while in the H–1 lattice, spins order ferromagnet-
ically along non-bridging-z-bonds while spins along zigzag
chains order antiferromagnetically. This state has a vanishing
net moment and preserves the Cb

2 rotation symmetry.
SZx/y: Analogous to the SSx/y phase, there exists a non-

coplanar, skew-zigzag phase with a vanishing net moment
near the AF Kitaev point bordering the SPa� phase that breaks
all C2 symmetries. This phase has the largest projection along
the x(y) direction and this component orders in a skew-zigzag
pattern (these two configurations are degenerate). In the hy-
perhoneycomb lattice, the other two Cartesian spin compo-
nents ensure that the spins are collinear along zigzag chains.
In the H–1 lattice, the y(x) component is also ordered in
the skew-zigzag pattern. This phase is closely related to the
SZx/y phase: these two phases map onto each other under the
(J,K,�) ! (�J,�K,��) classical transformation.

SZb: In the H–1 model, an additional coplanar, skew-
zigzag phase with vanishing net moment exists. This phase
borders the FMa, SZx/y , SPa� , and HK-SZ phases. It
forms ferromagnetic skew-zigzag chains with antiferromag-
netic non-bridging-z bonds and preserves the Ca

2 rotation
symmetry. The component along ĉ vanishes while the pro-
jection along ˆb is the greatest. This phase is closely related to
the SSb phase: these two phases map onto each other under
the (J,K,�) ! (�J,�K,��) classical transformation.

C. Phase diagrams for �  0 and connection to experimental
results

As mentioned previously, the classical transformation
of applying time-reversal on the odd sublattices maps
(J,K,�) ! (�J,�K,��). Using this transformation, the
classical phase diagrams for � � 0 in Fig. 2 can be inverted to
yield the phase diagrams for �  0 in Fig. 5, where the radial
coordinate now maps to r = ✓ 2 [⇡, ⇡

2 ]. Under this trans-
formation, ferromagnetic components become antiferromag-
netic, while stripy components become zig-zag (these trans-
formed phases are labeled in Fig. 5). For the spiral and
multiple-Q states, we use an overhead bar (i.e. SPa� versus
SPa� ) to emphasize the close relationship between the �  0

and the � � 0 phases. For the spiral phases, we note that
the Q-vector range remains invariant after this transformation,
while the C2 rotation that the spiral state was invariant under
must now be followed by a time-reversal operation ⇥.

We draw special attention to the SPa� phases found in the
�  0 region because of their close relationship to the experi-
mental magnetic orders (the real-space configuration of these
spiral phases can be seen in Fig. 6 and can be directly com-
pared with those found in Refs. 47 and 48).

The experimental magnetic ordering of the hyperhoney-
comb Li2IrO3

48 possesses the same symmetries as that of
SPa� : following the analysis used in Ref. 48, we discern that
the SPa� phase on the hyperhoneycomb lattice is described
by the magnetic basis vector combination (iAa, iCb, Fc)
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FIG. 6. (Color online) Real-space spin configurations of the SP
a

spi-
ral states obtained from simulated annealing with spins projected on
to the ac-plane. The chosen parameter points yield Q = (0.33, 0, 0);
however, we note that the Q-vector in these phases are generally in-
commensurate and are not the same as the peak positions of the struc-
ture factor (see main text and Figs. 11, 12). The black dashed box
enclose the conventional unit cell. Identical colors indicate that the
sublattices share spiral-planes. Shades of blue indicate that the spiral-
planes are aligned with the honeycomb-planes while shades of red
indicate that the spiral-planes are not aligned with the honeycomb-
planes. The handedness of adjacent sites can be readily verified as
being opposite: the spirals counter-propagate. Examples of the pre-
served rotation followed by time-reversal operation (Ca

2 = ⇥ · Ca

2

where ⇥ is the time-reversal operation) are indicated by the dotted
blue lines.

which is identical to that of the experimental magnetic
ordering48, indicating that these two phases are indeed the
same. In addition, the experimental ordering wavevector—
Qexp = (0.57, 0, 0)—lies within the range found in our model
(when expressed using the same definition as Qexp from Ref.
48, the wavevectors found within our present model is (h0

00)

where 0.53 . h0 . 0.80).
For the H–1 Li2IrO3

47, Qexp also lies within the range
found in our model. Using the notation defined in
Ref. 47, the magnetic basis vector combination that de-
scribes the SPa� phase is [i(A,�A)a,�i(C,�C)b, (F, F )c],
which only differs from the experimental combination of
[i(A,�A)a, (�1)

mi(F,�F )b, (F, F )c] in the Sb-component.
For completeness, we also show the real-space configura-

tions of the SPa+ and SPb phases in Figs. 6 and 7 respectively,
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the projection of the spins along the ˆb direction orders in a
skew-stripy pattern while the ĉ projection vanishes. In the hy-
perhoneycomb lattice, the â projection orders antiferromag-
netically, while in the H–1 lattice, spins order ferromagnet-
ically along non-bridging-z-bonds while spins along zigzag
chains order antiferromagnetically. This state has a vanishing
net moment and preserves the Cb

2 rotation symmetry.
SZx/y: Analogous to the SSx/y phase, there exists a non-

coplanar, skew-zigzag phase with a vanishing net moment
near the AF Kitaev point bordering the SPa� phase that breaks
all C2 symmetries. This phase has the largest projection along
the x(y) direction and this component orders in a skew-zigzag
pattern (these two configurations are degenerate). In the hy-
perhoneycomb lattice, the other two Cartesian spin compo-
nents ensure that the spins are collinear along zigzag chains.
In the H–1 lattice, the y(x) component is also ordered in
the skew-zigzag pattern. This phase is closely related to the
SZx/y phase: these two phases map onto each other under the
(J,K,�) ! (�J,�K,��) classical transformation.

SZb: In the H–1 model, an additional coplanar, skew-
zigzag phase with vanishing net moment exists. This phase
borders the FMa, SZx/y , SPa� , and HK-SZ phases. It
forms ferromagnetic skew-zigzag chains with antiferromag-
netic non-bridging-z bonds and preserves the Ca

2 rotation
symmetry. The component along ĉ vanishes while the pro-
jection along ˆb is the greatest. This phase is closely related to
the SSb phase: these two phases map onto each other under
the (J,K,�) ! (�J,�K,��) classical transformation.

C. Phase diagrams for �  0 and connection to experimental
results

As mentioned previously, the classical transformation
of applying time-reversal on the odd sublattices maps
(J,K,�) ! (�J,�K,��). Using this transformation, the
classical phase diagrams for � � 0 in Fig. 2 can be inverted to
yield the phase diagrams for �  0 in Fig. 5, where the radial
coordinate now maps to r = ✓ 2 [⇡, ⇡

2 ]. Under this trans-
formation, ferromagnetic components become antiferromag-
netic, while stripy components become zig-zag (these trans-
formed phases are labeled in Fig. 5). For the spiral and
multiple-Q states, we use an overhead bar (i.e. SPa� versus
SPa� ) to emphasize the close relationship between the �  0

and the � � 0 phases. For the spiral phases, we note that
the Q-vector range remains invariant after this transformation,
while the C2 rotation that the spiral state was invariant under
must now be followed by a time-reversal operation ⇥.

We draw special attention to the SPa� phases found in the
�  0 region because of their close relationship to the experi-
mental magnetic orders (the real-space configuration of these
spiral phases can be seen in Fig. 6 and can be directly com-
pared with those found in Refs. 47 and 48).

The experimental magnetic ordering of the hyperhoney-
comb Li2IrO3

48 possesses the same symmetries as that of
SPa� : following the analysis used in Ref. 48, we discern that
the SPa� phase on the hyperhoneycomb lattice is described
by the magnetic basis vector combination (iAa, iCb, Fc)
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FIG. 6. (Color online) Real-space spin configurations of the SP
a

spi-
ral states obtained from simulated annealing with spins projected on
to the ac-plane. The chosen parameter points yield Q = (0.33, 0, 0);
however, we note that the Q-vector in these phases are generally in-
commensurate and are not the same as the peak positions of the struc-
ture factor (see main text and Figs. 11, 12). The black dashed box
enclose the conventional unit cell. Identical colors indicate that the
sublattices share spiral-planes. Shades of blue indicate that the spiral-
planes are aligned with the honeycomb-planes while shades of red
indicate that the spiral-planes are not aligned with the honeycomb-
planes. The handedness of adjacent sites can be readily verified as
being opposite: the spirals counter-propagate. Examples of the pre-
served rotation followed by time-reversal operation (Ca

2 = ⇥ · Ca

2

where ⇥ is the time-reversal operation) are indicated by the dotted
blue lines.

which is identical to that of the experimental magnetic
ordering48, indicating that these two phases are indeed the
same. In addition, the experimental ordering wavevector—
Qexp = (0.57, 0, 0)—lies within the range found in our model
(when expressed using the same definition as Qexp from Ref.
48, the wavevectors found within our present model is (h0

00)

where 0.53 . h0 . 0.80).
For the H–1 Li2IrO3

47, Qexp also lies within the range
found in our model. Using the notation defined in
Ref. 47, the magnetic basis vector combination that de-
scribes the SPa� phase is [i(A,�A)a,�i(C,�C)b, (F, F )c],
which only differs from the experimental combination of
[i(A,�A)a, (�1)

mi(F,�F )b, (F, F )c] in the Sb-component.
For completeness, we also show the real-space configura-

tions of the SPa+ and SPb phases in Figs. 6 and 7 respectively,
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the projection of the spins along the ˆb direction orders in a
skew-stripy pattern while the ĉ projection vanishes. In the hy-
perhoneycomb lattice, the â projection orders antiferromag-
netically, while in the H–1 lattice, spins order ferromagnet-
ically along non-bridging-z-bonds while spins along zigzag
chains order antiferromagnetically. This state has a vanishing
net moment and preserves the Cb

2 rotation symmetry.
SZx/y: Analogous to the SSx/y phase, there exists a non-

coplanar, skew-zigzag phase with a vanishing net moment
near the AF Kitaev point bordering the SPa� phase that breaks
all C2 symmetries. This phase has the largest projection along
the x(y) direction and this component orders in a skew-zigzag
pattern (these two configurations are degenerate). In the hy-
perhoneycomb lattice, the other two Cartesian spin compo-
nents ensure that the spins are collinear along zigzag chains.
In the H–1 lattice, the y(x) component is also ordered in
the skew-zigzag pattern. This phase is closely related to the
SZx/y phase: these two phases map onto each other under the
(J,K,�) ! (�J,�K,��) classical transformation.

SZb: In the H–1 model, an additional coplanar, skew-
zigzag phase with vanishing net moment exists. This phase
borders the FMa, SZx/y , SPa� , and HK-SZ phases. It
forms ferromagnetic skew-zigzag chains with antiferromag-
netic non-bridging-z bonds and preserves the Ca

2 rotation
symmetry. The component along ĉ vanishes while the pro-
jection along ˆb is the greatest. This phase is closely related to
the SSb phase: these two phases map onto each other under
the (J,K,�) ! (�J,�K,��) classical transformation.

C. Phase diagrams for �  0 and connection to experimental
results

As mentioned previously, the classical transformation
of applying time-reversal on the odd sublattices maps
(J,K,�) ! (�J,�K,��). Using this transformation, the
classical phase diagrams for � � 0 in Fig. 2 can be inverted to
yield the phase diagrams for �  0 in Fig. 5, where the radial
coordinate now maps to r = ✓ 2 [⇡, ⇡

2 ]. Under this trans-
formation, ferromagnetic components become antiferromag-
netic, while stripy components become zig-zag (these trans-
formed phases are labeled in Fig. 5). For the spiral and
multiple-Q states, we use an overhead bar (i.e. SPa� versus
SPa� ) to emphasize the close relationship between the �  0

and the � � 0 phases. For the spiral phases, we note that
the Q-vector range remains invariant after this transformation,
while the C2 rotation that the spiral state was invariant under
must now be followed by a time-reversal operation ⇥.

We draw special attention to the SPa� phases found in the
�  0 region because of their close relationship to the experi-
mental magnetic orders (the real-space configuration of these
spiral phases can be seen in Fig. 6 and can be directly com-
pared with those found in Refs. 47 and 48).

The experimental magnetic ordering of the hyperhoney-
comb Li2IrO3

48 possesses the same symmetries as that of
SPa� : following the analysis used in Ref. 48, we discern that
the SPa� phase on the hyperhoneycomb lattice is described
by the magnetic basis vector combination (iAa, iCb, Fc)

68,

c

a

C
a
2

(a) H–0: SP
a

+ (b) H–1: SP
a

+

c

a

C
a
2

(c) H–0: SP
a

� (d) H–1: SP
a

�

FIG. 6. (Color online) Real-space spin configurations of the SP
a

spi-
ral states obtained from simulated annealing with spins projected on
to the ac-plane. The chosen parameter points yield Q = (0.33, 0, 0);
however, we note that the Q-vector in these phases are generally in-
commensurate and are not the same as the peak positions of the struc-
ture factor (see main text and Figs. 11, 12). The black dashed box
enclose the conventional unit cell. Identical colors indicate that the
sublattices share spiral-planes. Shades of blue indicate that the spiral-
planes are aligned with the honeycomb-planes while shades of red
indicate that the spiral-planes are not aligned with the honeycomb-
planes. The handedness of adjacent sites can be readily verified as
being opposite: the spirals counter-propagate. Examples of the pre-
served rotation followed by time-reversal operation (Ca

2 = ⇥ · Ca

2

where ⇥ is the time-reversal operation) are indicated by the dotted
blue lines.

which is identical to that of the experimental magnetic
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the projection of the spins along the ˆb direction orders in a
skew-stripy pattern while the ĉ projection vanishes. In the hy-
perhoneycomb lattice, the â projection orders antiferromag-
netically, while in the H–1 lattice, spins order ferromagnet-
ically along non-bridging-z-bonds while spins along zigzag
chains order antiferromagnetically. This state has a vanishing
net moment and preserves the Cb

2 rotation symmetry.
SZx/y: Analogous to the SSx/y phase, there exists a non-

coplanar, skew-zigzag phase with a vanishing net moment
near the AF Kitaev point bordering the SPa� phase that breaks
all C2 symmetries. This phase has the largest projection along
the x(y) direction and this component orders in a skew-zigzag
pattern (these two configurations are degenerate). In the hy-
perhoneycomb lattice, the other two Cartesian spin compo-
nents ensure that the spins are collinear along zigzag chains.
In the H–1 lattice, the y(x) component is also ordered in
the skew-zigzag pattern. This phase is closely related to the
SZx/y phase: these two phases map onto each other under the
(J,K,�) ! (�J,�K,��) classical transformation.

SZb: In the H–1 model, an additional coplanar, skew-
zigzag phase with vanishing net moment exists. This phase
borders the FMa, SZx/y , SPa� , and HK-SZ phases. It
forms ferromagnetic skew-zigzag chains with antiferromag-
netic non-bridging-z bonds and preserves the Ca

2 rotation
symmetry. The component along ĉ vanishes while the pro-
jection along ˆb is the greatest. This phase is closely related to
the SSb phase: these two phases map onto each other under
the (J,K,�) ! (�J,�K,��) classical transformation.

C. Phase diagrams for �  0 and connection to experimental
results

As mentioned previously, the classical transformation
of applying time-reversal on the odd sublattices maps
(J,K,�) ! (�J,�K,��). Using this transformation, the
classical phase diagrams for � � 0 in Fig. 2 can be inverted to
yield the phase diagrams for �  0 in Fig. 5, where the radial
coordinate now maps to r = ✓ 2 [⇡, ⇡

2 ]. Under this trans-
formation, ferromagnetic components become antiferromag-
netic, while stripy components become zig-zag (these trans-
formed phases are labeled in Fig. 5). For the spiral and
multiple-Q states, we use an overhead bar (i.e. SPa� versus
SPa� ) to emphasize the close relationship between the �  0

and the � � 0 phases. For the spiral phases, we note that
the Q-vector range remains invariant after this transformation,
while the C2 rotation that the spiral state was invariant under
must now be followed by a time-reversal operation ⇥.

We draw special attention to the SPa� phases found in the
�  0 region because of their close relationship to the experi-
mental magnetic orders (the real-space configuration of these
spiral phases can be seen in Fig. 6 and can be directly com-
pared with those found in Refs. 47 and 48).

The experimental magnetic ordering of the hyperhoney-
comb Li2IrO3

48 possesses the same symmetries as that of
SPa� : following the analysis used in Ref. 48, we discern that
the SPa� phase on the hyperhoneycomb lattice is described
by the magnetic basis vector combination (iAa, iCb, Fc)
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being opposite: the spirals counter-propagate. Examples of the pre-
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where ⇥ is the time-reversal operation) are indicated by the dotted
blue lines.

which is identical to that of the experimental magnetic
ordering48, indicating that these two phases are indeed the
same. In addition, the experimental ordering wavevector—
Qexp = (0.57, 0, 0)—lies within the range found in our model
(when expressed using the same definition as Qexp from Ref.
48, the wavevectors found within our present model is (h0
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47, Qexp also lies within the range
found in our model. Using the notation defined in
Ref. 47, the magnetic basis vector combination that de-
scribes the SPa� phase is [i(A,�A)a,�i(C,�C)b, (F, F )c],
which only differs from the experimental combination of
[i(A,�A)a, (�1)
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As mentioned previously, the classical transformation
of applying time-reversal on the odd sublattices maps
(J,K,�) ! (�J,�K,��). Using this transformation, the
classical phase diagrams for � � 0 in Fig. 2 can be inverted to
yield the phase diagrams for �  0 in Fig. 5, where the radial
coordinate now maps to r = ✓ 2 [⇡, ⇡

2 ]. Under this trans-
formation, ferromagnetic components become antiferromag-
netic, while stripy components become zig-zag (these trans-
formed phases are labeled in Fig. 5). For the spiral and
multiple-Q states, we use an overhead bar (i.e. SPa� versus
SPa� ) to emphasize the close relationship between the �  0

and the � � 0 phases. For the spiral phases, we note that
the Q-vector range remains invariant after this transformation,
while the C2 rotation that the spiral state was invariant under
must now be followed by a time-reversal operation ⇥.

We draw special attention to the SPa� phases found in the
�  0 region because of their close relationship to the experi-
mental magnetic orders (the real-space configuration of these
spiral phases can be seen in Fig. 6 and can be directly com-
pared with those found in Refs. 47 and 48).

The experimental magnetic ordering of the hyperhoney-
comb Li2IrO3

48 possesses the same symmetries as that of
SPa� : following the analysis used in Ref. 48, we discern that
the SPa� phase on the hyperhoneycomb lattice is described
by the magnetic basis vector combination (iAa, iCb, Fc)
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which is identical to that of the experimental magnetic
ordering48, indicating that these two phases are indeed the
same. In addition, the experimental ordering wavevector—
Qexp = (0.57, 0, 0)—lies within the range found in our model
(when expressed using the same definition as Qexp from Ref.
48, the wavevectors found within our present model is (h0
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which only differs from the experimental combination of
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jection along ˆb is the greatest. This phase is closely related to
the SSb phase: these two phases map onto each other under
the (J,K,�) ! (�J,�K,��) classical transformation.

C. Phase diagrams for �  0 and connection to experimental
results

As mentioned previously, the classical transformation
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must now be followed by a time-reversal operation ⇥.
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�  0 region because of their close relationship to the experi-
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spiral phases can be seen in Fig. 6 and can be directly com-
pared with those found in Refs. 47 and 48).
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Predominance of the Kitaev interaction in a three-dimensional honeycomb iridate:

from ab-initio to spin model
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The recently discovered three-dimensional hyperhoneycomb iridate, �-Li2IrO3, has raised hopes for the real-
ization of dominant Kitaev interaction between spin-orbit entangled local moments due to its near-ideal lattice
structure. If true, this material may lie close to the sought-after quantum spin liquid phase in three dimensions.
Utilizing ab-initio electronic structure calculations, we first show that the spin-orbit entangled basis, jeff = 1/2,
correctly captures the low energy electronic structure. The effective spin model derived in the strong coupling
limit supplemented by the ab-initio results is shown to be dominated by the Kitaev interaction. We demonstrated
that the possible range of parameters is consistent with a non-coplanar spiral magnetic order found in a recent
experiment. All of these analyses suggest that �-Li2IrO3 may be the closest among known materials to the
Kitaev spin liquid regime.

Introduction – Kitaev’s exact solution of a quantum spin-
liquid on a spin-1/2 honeycomb model has spurred consider-
able interest in the search for a material realization[1, 2]. Of
particular focus is the family of quasi-two-dimensional (2D)
honeycomb iridate materials ↵-A2IrO3 (A = Na, Li, here-
after ↵AIO), where iridium (Ir) ions form decoupled layers of
honeycomb lattices[3, 4] and have been argued to host spin-
orbital entangled jeff = 1/2 degrees of freedom[5–7]. Due
to the interplay of strong atomic spin-orbit coupling (SOC)
and correlation effects, these jeff = 1/2 moments in the ideal
↵AIO structure interact in the highly anisotropic manner de-
scribed by the Kitaev model[8]. In addition to these Kitaev-
type exchanges, the symmetries of the ideal structure also per-
mit additional exchanges that generate a plethora of interest-
ing phases of matter[9]. In reality, however, these materials
possess sizeable monoclinic distortions that deform the octa-
hedral oxygen cages surrounding Ir ions[4, 10]. These distor-
tions lower the symmetry of the system and therefore com-
plicate the description of these materials. Thusfar, a consen-
sus on the minimal model required to describe this family of
2D honeycomb iridates has yet been reached; a distortion-free
analog of these honeycomb iridates may offer a more direct
path towards the realization of Kitaev physics.

The timely discovery and synthesis[11, 12] of the hyper-
honeycomb �-Li2IrO3 (hereafter �LIO) may present such
an exciting opportunity. Much like its 2D counterpart, the
Kitaev model on this ideal, 3D honeycomb lattice supports
an exact spin liquid ground state[13–16]. In addition, the
distortion-free, classical pseudospin-1/2 model on the hyper-
honeycomb lattice also supports a myriad of complex mag-
netic phases[17]. Moreover, interesting topological phases
have been predicted on this lattice[18]. These previous re-
sults illustrate the possibilities that may be realizable in �LIO;
however, the use of the jeff = 1/2 degrees of freedom in the
low-energy description of �LIO has not been justified micro-
scopically. Furthermore, whether the near-ideal structure of
�LIO can give rise to a simple minimal pseudospin model
dominated by the Kitaev exchange has sofar not been valided.
Also, with the recent experimental observation of a magnetic

spiral order in �LIO, any minimal model and its accompa-
nying parameters must also be capable of predicting the ob-
served order: this provides a stringent test of feasibility for
any model describing �LIO.
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FIG. 1. (Color online) Phase diagram of the J-K-� model repro-
duced from Ref. [17], overlaid with the joint probability density of
the exchange interactions estimated from ab-initio results for �LIO;
see main text for details. The intensity of the blue overlay indicates
the likelihood of �LIO belonging in that region of parameter space:
the darker a region is, the more probable it is. The most probable re-
gion lies close to the ferromagnetic Kitaev region, with small J and
� as perturbation. The green SPa� spiral phase constitues a large
part of this region. Remarkably, this phase is consistent with the
magnetic order observed in the experimental work of Ref. [11]. For
detailed discussion of the other phases, see Supplementary Materials
and Ref. [17].

In this letter, we tackle these issues by combining results
of our ab-initio electronic structure calculations and a strong-
coupling theory to arrive at a jeff = 1/2 model to describe
�LIO. From our ab-initio band structure results, we find that
the low-energy states can be described in terms of localized
jeff = 1/2 states because of the large atomic SOC present in
Ir. In fact, the magnitude of SOC in the paramagnetic state is
enhanced by the electron interactions in Ir d orbitals, which is
consistent with recent observations in several 4d and 5d transi-
tion metal compounds[19–21]. To go beyond the limitation of
ab-initio calculations in treating electron interactions, we em-
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Recently, realizations of Kitaev physics have been sought in the A2IrO3 family of honeycomb iridates, origi-
nating from oxygen-mediated exchange through edge-shared octahedra. However, for the je⇥ = 1/2 Mott insu-
lator in these materials exchange from direct d-orbital overlap is relevant, and it was proposed that a Heisenberg
term should be added to the Kitaev model. Here we provide the generic nearest-neighbour spin Hamiltonian
when both oxygen-mediated and direct overlap are present, containing a bond-dependent o⇥-diagonal exchange
in addition to Heisenberg and Kitaev terms. We analyze this complete model using a combination of classical
techniques and exact diagonalization. Near the Kitaev limit, we find new magnetic phases, 120⌅ and incommen-
surate spiral order, as well as extended regions of zigzag and stripy order. Possible applications to Na2IrO3 and
Li2IrO3 are discussed.

The honeycomb family of iridium oxides[1–11] has at-
tracted a considerable amount of attention [12–20] due to
the possibility they lie near a realization of Kitaev’s exactly
solvable spin-1/2 honeycomb model[21]. This model hosts
a number of remarkable features: a Z2 spin liquid with gap-
less Majorana fermions and (non-Abelian) anyonic excita-
tions under an applied magnetic field. No symmetry prin-
ciple excludes terms besides the Kitaev, so additional inter-
actions are generically expected. From microscopic calcu-
lations of exchange mediated through the edge-shared oxy-
gen octahedra, it has been proposed that a pure Kitaev model
of je⇥ = 1/2 spins was the appropriate description[22]. It
was further suggested that direct overlap of the d-orbitals
generalizes this to a Heisenberg-Kitaev (HK) model[13], lin-
early interpolating between an isotropic Heisenberg model
and Kitaev’s bond-dependent exchange Hamiltonian. Exten-
sive study of the HK model[23–28] has shown a variety of fas-
cinating phenomena, including an extended spin liquid phase
and quantum phase transitions into several well-understood
magnetic ground states. While present, the zigzag phase seen
in Na2IrO3 [2, 4, 6] is di⇤cult to stabilize within the HK
model; one must resort to additional t2g-eg exchange paths[18]
or further neighbour hoppings[14]. In light of this puzzle one
may question whether the HK model provides an adequate de-
scription of the honeycomb iridates even at the nearest neigh-
bour level.

In this Letter, we show that when applied to the honey-
comb iridates the HK model is incomplete, explicitly deriving
the je⇥ = 1/2 spin model from a multiorbital t2g Hubbard-
Kanamori Hamiltonian. Considering the most idealized crys-
tal structure, an additional spin-spin interaction beyond the
HK model must be included: bond-dependent symmetric o⇥-
diagonal exchange. The complete spin Hamiltonian has the
form

H =
⇤

⌃i j⌥⇧�⇥(⇤)

⌅
J�S i · �S j + KS ⇤i S ⇤j + �

�
S �i S ⇥j + S ⇥i S �j

⇥⇧
, (1)

where J is Heisenberg exchange, K is the Kitaev exchange,
and � denotes the symmetric o⇥-diagonal exchange. On each
bond we distinguish one spin direction ⇤, labeling the bond

FIG. 1: Crystal structure of the honeycomb iridates A2IrO3
with Ir4+ in black, O2� in white, and A = Na+,Li+ in gray.
For the Kitaev and bond-dependent exchanges we have
denoted the yz(x) bonds blue, the zx(y) bonds green and the
xy(z) bonds red.

�⇥(⇤) where � and ⇥ are the two remaining directions. Ex-
amining the phase diagram using a combination of classical
arguments and exact diagonalization, we find that with the in-
clusion of � new magnetic phases are stabilized near the Ki-
taev limits: an incommensurate spiral (IS) and 120⌅ order, in
addition to extended regions of zigzag and stripy order.

Microscopics.– We first construct a minimal model of a
honeycomb lattice of Ir4+ ions surrounded by a network of
edge-sharing oxygen octahedra. The Ir4+ 5d levels are split
into an eg doublet and t2g triplet by large crystal field e⇥ects,
leaving a single hole in the t2g states. Within the t2g mani-
fold, the orbital angular momentum behaves as an le⇥ = 1
triplet, with large spin-orbit coupling splitting this into an ac-
tive je⇥ = 1/2 doublet and filled je⇥ = 3/2 states. Because of
significant on-site interactions, localized je⇥ = 1/2 spins pro-
vide an e⇥ective model for the low-energy physics. To per-
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FIG. 3. (Color online) (a,b) Band structrue and density of states (DOS) projected onto the je↵ states in the presence of SOC (a) without and
(b) with the on-site Coulomb interaction Ue↵ = 3.0eV. (c) shows the schematic shape of the je↵=1/2-like Wannier orbital constructed from the
je↵=1/2-dominated bands near the Fermi level. Dashed and solid circles depict the Wannier orbitals from calculations without and with finite
Ue↵ , respectively. Weights of the central je↵=1/2 and nearest-neighboring je↵=3/2 tail in the orbital are shown in (d) as a function of Ue↵ .

Ue↵ (eV) 0.0 1.5 3.0
�t2g 0.401 0.482 0.516
t1 Z +0.085 +0.077 +0.064

X +0.083 +0.074 +0.058
|t2| Z 0.238 0.255 0.270

X 0.260 0.276 0.289
t3 Z -0.162 -0.119 -0.060

X -0.153 -0.110 -0.055

TABLE I. Magnitude of SOC within the Ir t2g states and t2g hopping
terms from Wannier orbital calculations in the presence of Ue↵ . We
adopt the coordinate system such that t2 is negative for both Z and X
bonds. By symmetry, t2 is positive for the X’ bonds.

the NN sites. Similar features have been reported in ↵NIO
and ↵LIO[26, 27], which mirrors the remnant molecular or-
bital character originating from the t2g hopping[28]. As Ue↵

is included and �t2g is enhanced, the jeff = 1/2 character be-
comes more dominant while je↵ = 3/2 components on the
NN sites decreases as shown in Fig. [figure][3][]3(c) and (d).
The jeff = 1/2-like Wannier orbital is more localized accord-
ingly, which makes the low-energy description of �LIO in
terms of the localized jeff = 1/2 states more feasible in the
strong coupling limit.

t2g Wannier orbital hopping amplitudes – For a detailed un-
derstanding of how the near-ideal structure of �LIO is man-
ifested in the electronic band structure, we calculated the Ir
t2g hopping amplitudes from the Wannier orbitals in the ex-
perimental structure. Table [table][1][]I shows the magni-
tude of the three largest hopping terms—t1, t2, and t3—
as the value of Ue↵ changes (Ueff = 0.0 eV, 1.5 eV, and
3.0 eV, and SOC is included in the calculation); see Fig. [fig-
ure][4][2147483647]4 and Ref. [29] for illustration of these
hopping processes. Since the Ir-Ir bond lengths and Ir-O-
Ir bond angles are similar on the two inequivalent bonds of

�LIO (X and Z bonds), the values of their respective hop-
ping amplitudes are expected to be similar. Indeed, by com-
paring the hopping amplitudes between the two inequivalent
NN bonds, we observe small anistropies between the X and
Z bonds (< 10%) regardless of the value of Ue↵ . Since the
presence of trigonal distortions differentiate the Z bond from
the X bonds, the small anisotropy in the hopping amplitudes
reflects the close-to-ideal structure of �LIO.

The evolution of the NN hopping amplitudes as we in-
clude on-site Coulomb interactions can be seen in Table [ta-
ble][1][]I. As Ueff increases, |t2| increases while t1 and t3 de-
crease. Such behavior is understood in terms of the enhanced
hybridization between the Ir t2g and oxygen p states in the
presence of Ue↵ . Inclusion of Ueff pushes the jeff=3/2 states
down energetically so that they become closer to the oxygen
p states. This leads to increased hybridization between the
Ir t2g and oxygen p states, which yields the enhancement of
oxygen-mediated t2 (and the reduction of t1 and t3).

Strong-coupling minimal model and experimental spiral
phase – Having validated the use of the jeff = 1/2 basis
and the similarity of hopping amplitudes between inequiva-
lent bonds, we can now construct an effective model to de-
scribe the low-energy properties of �LIO in the large-U limit.
Following the derivation in Ref. [9], we start with localized
jeff = 1/2 states then perform a strong-coupling expansion
using NN t2g hopping amplitudes. In the presence of Hund’s
coupling JH , we arrive at a NN, jeff = 1/2 model with highly
anisotropic pseudospin exchanges

H =
X

hiji2↵(��)

J↵Si · Sj + K↵S↵
i S↵

j + �↵(S�
i S�

j + S�
i S�

j ),

where Si is the jeff = 1/2 pseudospin on site i, ↵ labels the
NN hiji bond by its Kitaev component, and � and � denote
the two non-Kitaev components of the hiji-bond. The ex-
changes J , K, and � are functions of the hopping ampltiudes

9

the projection of the spins along the ˆb direction orders in a
skew-stripy pattern while the ĉ projection vanishes. In the hy-
perhoneycomb lattice, the â projection orders antiferromag-
netically, while in the H–1 lattice, spins order ferromagnet-
ically along non-bridging-z-bonds while spins along zigzag
chains order antiferromagnetically. This state has a vanishing
net moment and preserves the Cb

2 rotation symmetry.
SZx/y: Analogous to the SSx/y phase, there exists a non-

coplanar, skew-zigzag phase with a vanishing net moment
near the AF Kitaev point bordering the SPa� phase that breaks
all C2 symmetries. This phase has the largest projection along
the x(y) direction and this component orders in a skew-zigzag
pattern (these two configurations are degenerate). In the hy-
perhoneycomb lattice, the other two Cartesian spin compo-
nents ensure that the spins are collinear along zigzag chains.
In the H–1 lattice, the y(x) component is also ordered in
the skew-zigzag pattern. This phase is closely related to the
SZx/y phase: these two phases map onto each other under the
(J,K,�) ! (�J,�K,��) classical transformation.

SZb: In the H–1 model, an additional coplanar, skew-
zigzag phase with vanishing net moment exists. This phase
borders the FMa, SZx/y , SPa� , and HK-SZ phases. It
forms ferromagnetic skew-zigzag chains with antiferromag-
netic non-bridging-z bonds and preserves the Ca

2 rotation
symmetry. The component along ĉ vanishes while the pro-
jection along ˆb is the greatest. This phase is closely related to
the SSb phase: these two phases map onto each other under
the (J,K,�) ! (�J,�K,��) classical transformation.

C. Phase diagrams for �  0 and connection to experimental
results

As mentioned previously, the classical transformation
of applying time-reversal on the odd sublattices maps
(J,K,�) ! (�J,�K,��). Using this transformation, the
classical phase diagrams for � � 0 in Fig. 2 can be inverted to
yield the phase diagrams for �  0 in Fig. 5, where the radial
coordinate now maps to r = ✓ 2 [⇡, ⇡

2 ]. Under this trans-
formation, ferromagnetic components become antiferromag-
netic, while stripy components become zig-zag (these trans-
formed phases are labeled in Fig. 5). For the spiral and
multiple-Q states, we use an overhead bar (i.e. SPa� versus
SPa� ) to emphasize the close relationship between the �  0

and the � � 0 phases. For the spiral phases, we note that
the Q-vector range remains invariant after this transformation,
while the C2 rotation that the spiral state was invariant under
must now be followed by a time-reversal operation ⇥.

We draw special attention to the SPa� phases found in the
�  0 region because of their close relationship to the experi-
mental magnetic orders (the real-space configuration of these
spiral phases can be seen in Fig. 6 and can be directly com-
pared with those found in Refs. 47 and 48).

The experimental magnetic ordering of the hyperhoney-
comb Li2IrO3

48 possesses the same symmetries as that of
SPa� : following the analysis used in Ref. 48, we discern that
the SPa� phase on the hyperhoneycomb lattice is described
by the magnetic basis vector combination (iAa, iCb, Fc)

68,
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FIG. 6. (Color online) Real-space spin configurations of the SP
a

spi-
ral states obtained from simulated annealing with spins projected on
to the ac-plane. The chosen parameter points yield Q = (0.33, 0, 0);
however, we note that the Q-vector in these phases are generally in-
commensurate and are not the same as the peak positions of the struc-
ture factor (see main text and Figs. 11, 12). The black dashed box
enclose the conventional unit cell. Identical colors indicate that the
sublattices share spiral-planes. Shades of blue indicate that the spiral-
planes are aligned with the honeycomb-planes while shades of red
indicate that the spiral-planes are not aligned with the honeycomb-
planes. The handedness of adjacent sites can be readily verified as
being opposite: the spirals counter-propagate. Examples of the pre-
served rotation followed by time-reversal operation (Ca

2 = ⇥ · Ca

2

where ⇥ is the time-reversal operation) are indicated by the dotted
blue lines.

which is identical to that of the experimental magnetic
ordering48, indicating that these two phases are indeed the
same. In addition, the experimental ordering wavevector—
Qexp = (0.57, 0, 0)—lies within the range found in our model
(when expressed using the same definition as Qexp from Ref.
48, the wavevectors found within our present model is (h0

00)

where 0.53 . h0 . 0.80).
For the H–1 Li2IrO3

47, Qexp also lies within the range
found in our model. Using the notation defined in
Ref. 47, the magnetic basis vector combination that de-
scribes the SPa� phase is [i(A,�A)a,�i(C,�C)b, (F, F )c],
which only differs from the experimental combination of
[i(A,�A)a, (�1)

mi(F,�F )b, (F, F )c] in the Sb-component.
For completeness, we also show the real-space configura-

tions of the SPa+ and SPb phases in Figs. 6 and 7 respectively,
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      Intra-chain Γ interaction is important for the 
stabilization of incommensurate spiral order  

in the 1D quantum model

Decoupled Chain Limit - DMRG

      Inter-chain Γ interaction may be important for 
CZC (coupled zig-zag chain) model in 3D ? 

will need 3D quantum model



Why do we care (no spin liquid) ?

  This is a benchmark for Kitaev interaction

 The Kitaev interaction may be dominant in 
the 3D materials, irrespective of details 

Pressure exp (Takagi); gapless spin liquid ?

 Finite temperature signatures

 Engineering Kitaev limit (relative strength of  
Ir-Ir and Ir-O-Ir exchanges) 

 Need understanding of Quantum Model


