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Outline D Intro > 2nd > PT > Diag. »

@ Introduction
- DFT and why not only DFT

@ Many- body Perturbation Theory

Wick theorem, and Llnked cluster theorem
@ Derivation of Goldstone diagrams
@ Derivation of Feynman diagrams

@ Reading

@ Szabo and Ostlun, Modern Quantum Chemistry (McGraw-Hill,
1989)
@ Shavitt and Bartlett, Many-body methods in chemistry and physics
(Cambridge University Press, 2009)
@ Lancaster, Blundell, Stephen, Quantum field theory for the gifted
amateur (Oxford University Press, 2014)
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Schrodinger’'s Inheritance

ADb initio“«— parameter free «—

Many electron
Schrodinger equation is an
exponentially complex problem

linear partial differential equation with non polynomial (NP)
complexity (NP hard)

HO(r,,...,r ) = —%ZA ZV”e(r)+Z Z

i=1 ]>l|r_r|

HOP(n,....1,) = EP(N,...T,)
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Schrodinger’s Curse: Y(rq, r,, r,...)

@ One electron: 3D-grid 10x10x10 16 Kbyte
@ Three electrons: 9D-grid 10° 16 Gbye
@ Five electrons: 15D-grid 1030 16.000 Terrabyte

W. Kohn

five electrons

A _. five 3D sets

1923 Vienna "
1940 Canada (Kindert.)
1950 Carnegien Mellon
1984 Santa Barabara
1998 Nobel Preis
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Kohn Sham Density functional and
Hartree-Fock one electron theory

Solve a one-particle Schrodinger equation

(— A+ V(l’)j@ (r)=¢,4,(r) Hg =54,

2m,

N orbitals corresponding to N electrons need to be calculated

{,(r)n=1..N}

Non-linear partial differential equation
complexity N3

t ackage
" imulation
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So what does DFT do

Kohn-Sham DFT
uses a one electron equatio

(_ hz Ay V”e(r) n VHartree(r) 4 ch(r))ﬁz(r) o gn¢n (l")

2m

e /
3 L

Exchange correlation energy
=(r)=r=(p(r),s(r),z(r))

_ = o(r) = |Vp(r)|
(r) = Zn:¢n Vg, s(r)= o(r)¥*
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The problem (no free lunch): Correlation

electron 1 electron 2

Electrons are correlated, when one electron is to the left the
other one will try to avoid this region and move over to the
right and vice versa

This is intrinsically non-local and although in principle do-
able in DFT, it is very difficult to obtain this information
from the density alone
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The problem of DFT: Correlation

electron 1 electron 2 Van der Waals

- electron
nucleus

nucleus 1

+ hole

A¥(r; —r,,rg, ...)

8
=

Cusp for non-equal spin nucleus 2
Exchange for equal spin
+ hole
> r, —r2
>

Electrons are correlated, when one electron is to the left the other one
will try to avoid this region and move over to the right, and vice versa

This is intrinsically non-local and although DFT should be able to handle
this situation, it is very difficult to obtain this information from the
density alone
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Many body Schrbdinger equation

@ Schrodinger equation (SE) for molecules or solids
H\If(xl,. .. ,XN) = EIII(Xl,.. . ,XN)

@ Hamiltonian operator on many-body wave function

IA{—_Z_+ZVRE X?, +Z|I‘ —I'jl

z>3
Hz—’ %,_/

-~

T Vﬂ e Vee

Q@ Hartree-Fock: single determinant product Ansatz

@ Insert into SE and average 7, over all j — Hartree-Fock

U(x1,...,xn) = Ai(x1) - ... - ¥Yn(xN)
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Hartree-Fock approximation

@ N electron coupled equations in one variable:

(T + f/ne + f/eff) % = &5 % with

eff’wz — /d3 ,w |r._(I.)|wZ (X) %(X)
Z/d3 = |r._(rf)|w.(X) i(x')

Q T/eﬁ depends on orbitals: solve self-consistently

@ HF is variational: true groundstate energy is lower
the difference is defined as correlation energy

Q@ in DFT: T/eﬁ is a local potential and a functional of density only

(and not orbitals)
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Many-body perturbation theory

@ True many-body wave function can be expanded
in terms of reference (HF/DFT) orbitals

@ Single reference (discussed here)
- Using one set of orbitals (Slater determinant, SD)

— This captures mostly “dynamic” correlation or fluctuations
(quantum chemistry jargon)

Q@ Multi reference:

- e.g. at transition states convergence starting from one SD is slow
- expand in multiple SDs

- This captures also staftic correlation
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Quantum Chemistry methods: Cl expansion

CDO (Dla (Dg.b Converges slowly
with number of
excitations

a a

Not size extensive,
b if truncated

Ground state orbitals:
HF determinant
or KS determinant

he,(r) =¢,4,(r)

Scales combinatorial
Single Double

excitation excitation

32 orbitals/ 8 elect.

i i 32
— | = 10%°
()

J

coefficients
M
D1, 15, 7510) = Qo+ ) T'D] + > TEOF + ..
1.a ij,ab
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Second quantization D It > 2nd » PT > Diag. >

@ Creation operator: adds states on right column of SD:

& 1) =1 vr(x1) |
A | Yi(x1)  r(x1)
G | en(x) | = Vi(x2) Yr(x2) ‘
Vi(x1) i(x1) Yr(x1)
g | (%) Ye(x1) | y
C; (x < = | i(x2) %( 2) Yr(x2)
Vilx2) drlx2) Vi(x3) j(x3) Yr(xs)

@ Acting twice with the creation operator yields always 0
At At
C;i ¢ Yo
Takes care that we do not generate two particles in one orbital
(Fermions, so occupancies are 1 or 0)

@ Interchanging the order, changes the sign

this is a property of Slater determinants as you might recall (anti-
symmetry), hence the operators observe:

Atat_ A+ a+
6 ¢ = —C¢ ¢

9/23/2015 13



Second quantization: annihilation operator (1)

@ Annihilation operator: removes rightmost state in SD

Yi(x1) i(x1)  Yr(x1)
Cj | Yi(x2) i(x2) vi(x2)
Yi(x3) Yj(x3) Yr(x3)

Pi(x1)  Yi(x1)  r(x1)
Vi(x2) Yi(x2) Yr(x2)
Vi(x3) Yi(x3) Pr(xs)

| Yi(x1)  Yr(xa)
Yi(x2) Yr(x2)

Q@ If required columns need to be brought to left most side and sign
changed accordingly

Remember, swapping two columns in the Slater determinant changes
it's sign
We just discussed this

@ So again, interchanging the order, changes the sign

&ty = — 8¢
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Second quantization (2) Do » 2nd » PT > Diag.)

@ Rules to concatenate operators (algebra) follow from
definition of Slater determinant and previous slides

{ehel} =0 {&,e} =0  {&,¢} = by

where {A,B}=AB+ BA
@ In chemistry and solid state physics, one replaces the vacuum
ground state by the Hartree-Fock N particle ground state:

Héf\ =& ...y

P1(x1)  ao(x1) ... Pn(x1)
(0

3) — wl(:X2) wz(.xz) N(x2)

bilxn) Yolxy) ... Gn(xy)

@ Vacuum state (zero electrons): | )
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The Particle/hole picture

@ Instead of vacuum state we define the groundstate to be the one
occupied by N electron

)
@ Index convention:
1,7, k... hole excitation occupied in GS of ﬁg gi < €EF
a,b,c,... particle excitation unoccupied in GS of Hy €&, > €F

Q@ It is often convenient to introduce
Particle/hole quasiparticle creation/annihilation operators

at=é  g=¢é
1

{ijy =65  {a',b} = du

Q@ Be careful, do not mix creation/annihilation
qguasiparticle creation/annihilation operators

it = ¢ for ¢; <ep

« ¢; and
a,t
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Second quantization: Summary

D,

Ground state orbitals:
HF determinant
or KS determinant

he,(r) =¢,4,(r)

9/23/2015

a ab
D D!
Single Double
excitation excitation
é\a-l_éicl)o
atite, btjtatito,

Fermions:
i+i+q)0 — O
@+a+CDO — 0

Anticomm. relat.
{a,bp} =0
{a*,b*} =0

{a*, b} =84

All intricacies of

Fermions are
taken care off

17



Some examples of useful operators

Occupation number operator for state p

=5 A +I\ =5 A
*

N, = ¢, ¢, N; =1 number of holes

Density matrix operator

One electron potential

For local potential, basis set transformation to real space yields

v(r) é.¢. =v(A, A, =66
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Coulomb operator

Two particle density matrix and Coulomb potential
A + A +l\ A y _ pq A + A +A A
To give some feeling what this means, consider

A + A + A A _ A + A A +A

LIJ) VP VP

Basis set transformation from atomic orbitals to real space yields

—(W|&.T & &t e W) = —(P|A," Ay |P)

1 1
r-r) (r—r)
Density-density interaction (with particle self-interaction removed)

Again, the density operator in real space is analogous to that in
the atomic basis
i =67 6
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Perturbation Theory > Intro > 2nd > PT > Diag. >

@ Hamiltonian split into reference and perturbation part

Fa

ﬁ=T+vne+‘%ﬁ+Ze_%H

o~

Hy H;
@ In second quantization

> ~ A - 1 S S ~ ~ ~
Hy = E Epc;[)cp H, = 5 E Vha ;L, gcrc — E Ugc;r,cq
p

pgrs pPq

with  vzs = (palVaelsr) = [ [ dxax 05 (0¢) b ()05 (0

v — x|
P = p|Veitlg) = /d}mp;(x)( eff%)( )

@ Reference Hamiltonian is diagonal in its own eigenfunctions

@ Usually reference is Hartree-Fock, but DFT is also possible
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Interaction picture for time dependent PT

@ Split time evolution: . By
_ operators evolve according to reference Hij(t) = el0tH e Hot (1)

9 .
- states evolve according to perturbation iz [¥1(1)) = Hur(1) [¥1(1)) (2)
@ Time evolution operator
Ur(t, to) [W1(to)) = [W1(t))

- time derivative using (2)

i%fh(t,to) W (ko)) = Hyr (DT (t, to) |1 (ko))

- integrate
t
Ur(t,tg) =1 —i/ dt’ Hy; (U (t, to)
t
~ iterate i

~

t t t/
Ur(t,tg) = 1—1/ dt’Hu(t’)Jriz/ dt’f dt” Hyy () Hi (¢ — 3. ..
to to to

= i(—i)n f dtl...dtnﬁu(tl)...ﬁu(tn)

n=0 t>t1 > >t >t0
9/23/2015 21



Gell-Man — Low theorem (1) into > 2nd > PT > Diag. >

@ Perturbation is slowly turned on from t=—c to 0
f{l (t) _ eiﬁotentﬁle—if{gt

Q@ 7 >0 but small, system in groundstate (GS) at any time ¢
@ GS of reference evolves into GS of interacting system

[T) = Uy (0, —c0) |@)

_ insertinto SE  (Hy + Hi) |¥) = (Ey + AE) |¥)

- and project onto GS of reference:

(@|Ho|¥) | (@|H:|V)
(®[¥) (®[¥)

(<I>\?Igﬁn(0, —0)[®) | (<I>II?1(P)57n(0, —00)|®)
(®|Up(0, —00)|®) (®|Up(0, —00)|®)
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Gell-Man — Low theorem (2)

@ Correlation energy can be written as vacuum expectation value
(VEV) of reference state (HF/DFT):

(@|Ho|Y)  (@IF])
@[v) " (@)

(BlH50,(0,~0)[@)  (@IH1(0)0y (0, ~0)|2)
(®[0,(0,—00)@)  (8]0,(0, ~00)|®)

FEy+ AFE

@ Time evolution operator contains infinite sum and integrals:

Uy(t,to) = > (—i)" / dty...dtn Hi(t1) ... Hi(ty)

n=0 t>t1>. >t >t

- All operators in the interaction picture, I omitted from now

@ Nice, however, recipe needed to evaluate VEV
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Wick's theorem (1) D o » 2nd > PT 7 Diag. )

@ Normal ordering operator reorders into normal order
Normal order: all creation operators are to the right and all
annihilation operators are to the left

Nipgh = —g"p

@ The sign is given by the number of required
permutations p and is —17

@ The great thing: VEV of normal ordered operators vanishes

1

(B|AB|®) = (B|AB|®) — (®|N[AB]|®) = (B|AB — N[AB]|®) =: (D|AB|®)

p . >

—0

@ This makes live reasonably easy
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Wick's theorem: contraction (2)

@ Contraction = difference between arbitrary and normal order

) . o
AB := AB — N[AB]
The contraction is always a scalar (and very often zero ©)

M1 M1 M1

1
pG=0  pg"' =pd' — (=4'p) =d,, P'G=0 p'g' =0

Contraction only yields a finite value if the annihilation operator
IS to the left and creation operator is to the right

[

pq" = p§" — (=4"p) = dpq

9/23/2015

Since contractions are scalars, they can be also placed into the
normal ordering operator, and moved around:

The normal order is defined for the quasiparticle operators

25



Wick's theorem (3): Full contractions

Q@ Extended to more than two operators:

A A

ABC...=N [}136‘ ...+ all possible contractions of ABC ...

@ e.g. with 4 operators

ABCD = NI[ABCD]+ N[ABCD]+ N[ABCD] + N[ABCD] + N[ABCD] +
— - — Eee =l

A

N[ABCD] + N[ABCD] + N[ABCD] + N[ABCD] + N[ABCD]

@ Contractions are numbers; can be pulled out of product:
1 1

N[ABCD] = —AC x N[BD]

@ For a VEV, only fully contracted terms survive

1 1 1 1 1 i

A A A A

(®|ABCD|®) = ABCD — ACBD + ADBC

9/23/2015 26



Wick's theorem applied: 15t order PT

(@[ H1(0)Uy(0, —00)|®)

Energy contains term ([0, (0, —oc)|®) :valuate for U = 1
- Let us consider only Coulomb term for now:

1 At s s
=5 D Vaigclees

pqgqrs

s an AL N R A
- 4 operators:  (®|ABCD|®) = ABCD — ACBD + ADB
) M M 1 1
- contractions:  pG=0  pi’' =pi' — (=§'p) =6,y PG=0 PG =0

- only non-vanishing: annihilation to left and same creation to right
- the right operator, must be hole-creation operators: it = ¢

— SO.

[mH o]

(‘I’|H1 ZVZ zjkTZT+ Zvjﬁjl%TlT _ __ZVZJ ZVU

‘Ukl 17kl

- We will see later, that this can be obtained by simpler reasoning
but anyhow, this derivation is exact
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2" order PT: Time dependent operators

Q@ VEVs in Gell-Man — Low theorem:
(‘I’\ﬁfgﬁn(&—w)l@) N (‘I’Iﬁl(f))ﬁn(()a —00)|®)
(®|U,(0, —00)|®) (@|Uy(0, —00)|®)

Eo+ AE =

Upy(t,to) = Y _(—i)" / dt1...dt, Hi(t1) ... Hi(ty)

n=0 t>t1>...>tn >to
@ Perturbation applied at time t.

_ iflpt _nt L pagtats o o—iHot
H1 =e % E Vgr' €pCyCrise

pQ?"S

6iiI3Igt _ Z |p'> <p’| oEiet
!

- All states except for p,q,rs are encountered in both exponentse

i . e"t Z qu( Lspt) ( I}elsqt) (cre 1s?~t) (Cse—isst)
pqrs %r—/ :f(r

— insert

:|:'1[:I0t i

=6p (t)
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Wick's theorem applied: second order (1)

@ Second order: ((I)\ﬁl(O)(?TSI)(O, —00)|P)

— time evolution operator in first order: U{)(0, —o0) / dty H(t1)
- then perturbation at =0, where

Hq(t) = e”t% Z qu( i 15?'5) ( At lsqt) (cre ier t) (Cse—iast)
<@

pgrs _\/—’ :c:(t)
@ Many contractions non-vanishing, one for instance:

:ép (1)

0
: 1 U At at A
> / A 3 VRV el (n)el () (0)eu(t)

—00

d

pqrstuvw

0 | 1 |
—i / dtle"’tl Y vRyiee "L’l‘gérésél(tl) T(t1)| o(t1)éw(t1)

—OQ pqrstu'vw
0 1 1

= i / dtleﬂtl S VBV e (t)ed] ()l (t)énch (1)
—00 pqrstuvw
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Wick's theorem applied: second order (2)

|
f dt; eﬂtl S vEv e lﬂgarasa;f (1y)é T(tl)ef,,, (1) (1)

pqrstu'vw

— —1/ dtq entl Z quV,,_f)ﬁ A;rgcw(tl)ésél( )Czcv(tl)érél(tl)

pqrstu'vw

@ Contractions reordered to pairs with even number of swaps
sign does not change

Q Operator order within contraction must not be changed
- é*éw(tl) creation after annihilation non-zero for holes p=w=i, g=v=j

- ésé;‘ (t1) annihilation after creation non-zero for particles s=t=a, r=u=b

@ Time integration yields energy denominator

0 ij1/ab
—i/ dtq et — Z Vab —iejty pieats ,—igjtn piepts _ }Z Vab Vl,]
4i~gite;i—eq—ep+i
B 'cja,b ijab i+ J a p 17
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Gell-Man — Low theorem & Wick theorem

@ Correlation energy can be written as vacuum expectation value
(VEV) of reference state (HF/DFT):

(@|Ho|Y)  (@IF])
@[v) " (@)

(BlH50,(0,~0)[@)  (@IH1(0)0y (0, ~0)|2)
(®[0,(0,—00)@)  (8]0,(0, ~00)|®)

FEy+ AFE

@ Time evolution operator contains infinite sum and integrals:

Uy(t,to) = > (—i)" / dty...dtn Hi(t1) ... Hi(ty)

n=0 t>t1>. >t >t

Q@ Wick theorem is used to evaluate all encountered vacuum
expectation values (VEV)
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Goldstone diagrams D Iniro > 2nd > PT > Diag. >

@ Contractions
— Pauli principle is exactly observed

- There are many contractions, tedious to go through all

@ Bookkeeping using Goldstone diagrams
—~ Coulomb operator — wiggly line with left/right vertex at equal time

- One-electron potential — dashed blob with incoming/outgoing vertex
p q D
VEielehe e, = vh ey =

S r q
- At each vertex one incoming and one outgoing line

-~ For lines that finish and start at same time —
sum over occupied states

1 b ! 1 o]
1inAnE A AnAtn ) .
52:‘63@9%Tﬂ= %% 52:‘6}’%]3*%*: i OO
] J 1
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Goldstone diagrams D Iniro > 2nd > PT > Diag. >

@ Bookkeeping using Goldstone diagrams
— Coulomb operator and dashed blobs

p q p
VEeletee, = v Epq =
S r q
~ Order is given by the number of Coulomb line + dashed blobs

- Essentially draw all conceivable closed diagrams with n Coulomb
lines & dashed blobs (Coulomb is always horizontal; equal time)

- Then there are simple rules to convert the diagram to an algebraic
equation

- Specifically rules for
- Pre-factors (related to symmetry)
- Denominator (coming from integration over time)

- Sign
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Goldstone diagrams — pre-factors symmetries

Swapping left/right vertices of Coulomb interaction, yields the same
Goldstone diagram (symmetry of Coulomb interaction)

- Interchange, generally corresponds to a distinct contractions (left two

cases)
. a .
=1 ] J
L ij A dpaiatns = L i AAD AR AN
Vv zl‘jb&aTijTﬁ’f - Swap at t=h, L Vai Vi igbablatityt =
a b 1

swap at t=0 \l, swap at t=0 J,

— b ) i
L i AR AR A EDEAEA t t=t 1. N DU U
j'& b e AT A P . SW&p a ]_\ J'L b S A ~ Y y o
Z ‘/ba, VL? Jzaba’TbT.]T?’T - | 7 Z‘/ba’ Igia%zabbTaTzT]lT =
=V.i a J b

- All 2" contractions from interchanging the left/right vertex in the
Coulomb operator cancel the factor ()" from Coulomb operators

- However, if the entire diagram has left/right symmetry, a factor 1
prevails (only half of the contractions are distinct)
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Goldstone diagrams — time integration (1)

@ Time evolution operator has a specific time order

Uy(t,to) = Y _(—i)" / dty...dt, Hi(t1) ... Hi(tp)

n=0 t>t1>.. >t >t
@ Transform to time differences between two interactions:

to,1 = 0 —
l1g = lh — 12
tn—l,n — ln—1 — 1n

- 80 O—tp=to1+ti2+...+th—1n
- for state a created at ¢ and annihilated at 0 the phase factor is

e €a0 .e Ealn — e €ato,1 e Eal1,2 ..e aln—1,n

@ Energy of state a occurs in the exponent of every time interval in

which the state propagates
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Goldstone diagrams — time integration (2)

Q@ Integrating each interval from 0 to oo yields an energy
denominator for k-th interval (counted from top):

1
Z&‘g‘— Zsa+kin

1eHy, ac Py,
- sum of hole states — sum of particle states in that time interval

- small imaginary part from slowly turning perturbation on

Q@ e.g. MP2 direct diagram:

1 Vv

2 gi+ei—eq—6Ep+in
ijab i + g a b+ 17

L H={i,j},P = {a,b}

- factor 2 from left/right symmetry of diagram
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Goldstone diagrams — Fermion sign

@ Ordering contracted operators in pairs using P swaps:

| 1]
ABC...Z=(-1)YACBZ...

- same sign for all 2" contractions of one Goldstone diagram

- sign can be determined from topology and is give by

(_1)E+h

- [ ... number of closed loops in Fermion connections,

— & ... number of hole lines

@ e.g.: third order diagram:

\" b Vacv_bkvj’i

a —(—1 243 tk " jc Vab
k( ) i'j%:l)c(85+€k—€a—gc)(53'+€j—Ea—Eb)

(2 loops, 3 holes, no left/right symmetry of whole diagram)
9/23/2015 37




Linked cluster theorem (1) o » 2nd > PT > Diag

Q@ VEVs in Gell-Man — Low theorem:

(@ HoUp(0, —00)|®) N (®|H1(0)Uy(0, —00)|®)

Fo+ AFE = - -
(®|Uy(0, —00)|®) (®|Un (0, —00)|®)

- Diagram is disconnected , if diagram is not connected to last H,(0):

H,(0) OO0 = [ ] Vi
= f dty Y ViZigitit e VE Rk = ZV” » 2

ﬂ-l(tl) OO —00 ijkl ij

- disconnected parts separate into independent factors, so:

(®|H,(0)T, (0, —00)|®) = (Z connected dlagrams) (Z disconnected diagrams)
_ numerator containing Ho = Eo— Y_;eilt+ Y, cqd'a

(®|H, [7'77(0, —o0)|®) = Ey ( Z disconnected diagra,ms)
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Linked cluster theorem (2)

Q@ VEVs in Gell-Man — Low theorem:

(8[HoUy (0, ~o0)|®) | (@] (0)0,(0, ~0)|)
(B[T,(0,—c0)l)  (@[T,(0,—0)]®)

Eo—I—AE:

— numerators:

(®|H, (O)U (0, —00)|®) = (Z connected dlagrams) (Z disconnected diagrams)
(®|HoU,(0, —00)|®) = Ey ( Z disconnected diagrams)
- denominators, same as numerator without last H.,(0):
t = 0 ....... V%J
(®]U,(0, —00)|®) = (Z disconnected dlagrams) = Z L

- (diverging) disconnected diagrams cancel
@ correlation energy: AE = (Zconnected diagra,ms)
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Hartree-Fock reference (1)

@ Inclusion of effective interaction; in first order:
fom0 S - 9
- effective interaction is subtracted in H,

Q@ Effective interaction in Hartree-Fock:

A-]- A~ L p?, A-I- zp A-'- ~
o qu pC qu pC

b

@ First order term is therefore zero in HF:
OO + @ - OO - @ =
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Hartree-Fock reference (2)

@ In 2" order already 11 diagrams containing Veff:

SRR TN
Q“O+Q:+§+@

~ sign from Veff is given explicitly, sign related to topology not

- in HF: Veff cancels all 9 diagrams containing non-propagating
connections (on the same Coulomb line)| only MP2 remains

@ In DFT diagrams need to be included
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Propagators (1) D o> 2nd > PT »Diag. )

@ Evaluating Goldstone diagrams requires Coulomb matrix

var= [ [ axax w5 ) = o )

- expensive: O(N®) in time, O(N*) in memory
@ Some dlagrams can be evaluated more conveniently, e.g. Hartree

OO = 31U =5 % [ amara i gl

— % / / dx; dxz (ng‘(xl)wi(xl)) o im' (sz‘(xﬂwi(xﬂ)

1 1
= 5 // dx;dxs GO(XlOJX].O)

r] — 1o

GO (XQO, XQO)

- G, Green's function for equal time t = charge density

Go(xt,x t Z%(X)% )
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Propagators (2)

@ For “connections” propagating in time:

1 0 1 1
= —(—i)/ dt //// dX1 dX2 dX3 dX4
2 —0 vy —r3| [r2 — 1”4|

D YEG)¥iCxs)e Y )i el
Z,lp X5 wj X4 1€J+n)tz¢b X2 ) (iep+m)t

& J\ J/

=—Go (x4t, x20) =+Go (X20, X4t)

— n arbitrarily small, put in time dependent operators
@ Define propagator:

(=D i (el =) for ¢ <

Go(xt,x't) :={ - /
O(X X ) —|—Z¢a(X)¢;(X’)6(_wa_n)(t_t) otherwise.
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Feynman diagrams (1)

@ In Goldstone diagrams time stands out (treated specially)
Up(t,to) = Y _(—1)" f dtq ... dt, Hi(t1) ... Hi(tp)
n=0 t>41>... >t >to

- equal footing desired, e.g. in frequency domain
requiring [ dt;... [ dt, instead of [, _ _, dt;...dt,

Q@ Example of MP2 direct diagram

- every H, in U introduces time variable & imaginary unit;
do the same for last H.(0):

O:D [ anis f[f[f e asaxans i T

t1>ﬁ3
Go(z1t1, x3t3) Go(xsts, v1t1) Go(wat1, xat3) Go(watz, x2t1)

— drop constraints on integration times, respecting double counting

(i) m = 3—1/_2 dt,dts /// dx; dxp dx3 dx4 6(t1) |r1(__i)t.2| |r3(__i)r4|

Go(z1t1, zats) Go(xats, z1t1) Go(zaty, z4t3) Go(zats, zaty)
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Feynman diagrams (2)

o [ = e s e 2

Go(z1t1, x3t3) Go(zsts, x1t1) Go(zaty, xats) Go(zats, xat1)

- Introduce time at every vertex

-3 (B) = 7 andanars [[[[ ax.dxsaxas,

Go(xity, x3ts) Go(zsts, z1t1) Go(zats, vate) Go(xata, xats)

(—i) (—1)
O(t O(t1 —t O(ts —t
(I)Jrl—r2| (t1 21|r3_r4| (ts —t4)
=V(x1‘tr1 X2t2)

@ Define propagator of Coulomb interaction:

V(xt,x't) = (=) 5(t—¢)

=]
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Feynman diagrams (3)

@ Propagators

: — Z i (%) (X’)e(_isﬁn)(t_t’) for t <t/
V(xt,x't') := (=) 6(t —t) Go(xt,x't') := g

Ir —r/| + Z a ()1 (x)elTEaME) otherwise.

@ Fermion sign: (—1)"
- negative sign of holes contained in propagator

@ Evaluate Feynman diagram: integrate all vertex positions & times
(note: imaginary unit on |Ihs, delta on rhs in time domain)

////d1d2d3d46 t1)

Go(1,3) Go(3,1) V(3,4) Go(4,2) Go(2,4) V(2, 1)
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Feynman diagrams — symmetries (1)

@ Dropping time order constraints introduces many permutations
- In general, each permutation leads to a distinct Goldstone diagram

- Here, only half are distinct due to reflection symmetry

ts3 l3
to = U
1 %)

™ 3] o
to = U
t3 t3
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Feynman diagrams — symmetries (2)

@ Feynman diagrams allow treatment of symmetries in space & time
(left/right symmetries, and time permutation symmetries)

@ Find symmetries graphically or computer aided, given vertices: 1,2,3,4
—- undirected set of Bosonic edges (left/right symmetry of Coulomb)

- directed set of Fermionic edges (particle != hole)

Go(3,1) Go(4,2)
- B = {{1,2}, {3,4}}
= 1),(2,4), (4,2
Go(1,3) Go(2,4) F {(173)7(3: )a( y ),( ) )}
3 V(3,4) 1
1 2 3 4
- e.g. permutation 7 = ( 43 9 1 ) leaves sets B and F invariant:

F(B) = {{4,3}.{2,1}} = B
T(F) ={(4,2),(2,4),(3,1),(1,3)} = F

@ Here, 2 reflection symmetries of order 2 — 4 of all permutations distinct

(called symmetry factor)
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Many-body PT — Summary

@ Recipe for systematic approximation of
-GS energy of fully interacting system

- Yields orbitals and eigenenergies of reference (HF/DFT)
@ Presented here up to second order

— finite order based on HF is also termed Mgaller — Plesset PT
Q@ Pros

- extensive E(N atoms) = N E(atom) in same chemical environment

— quickly convergent for insulators MP3, MP4
@ Cons

- slowly convergent with respect to number of virtual orbitals a
- not variational: no upper bound for energy, forces difficult

— still infinite number of diagrams, n! with growing order n
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Goldstone VS. Feynman diagrams

property Goldstone Feynman
Coulomb lines parallel (horizontal) only topology matters
Moving vertices horizontally only move at will
Contains (in general) 2" contractions n! Goldstone diagrams
Evaluation contract Coulomb tensors integrate complex functions
Symmetries space only (72) space & time
Relativistic treatment Scalar relativistic + SO relativistic propagators
Frequency domain N.A. by Fourier transform
Access to last yes N.A.
interaction

@ Access to last interaction allows Goldstone diagrams to be used
for iterative construction of more complex diagrams
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Application: direct ring Coupled Cluster Doubles

@ Finite order PT not applicable to metals
ring diagrams diverge:

+o0 |

— 00

finite

@ (Macke 1950) a student of Heisenberg found
- sum states then orders: -infinity + infinity - infinity ...

- sum orders then states: finite (and reasonable) result
- called renormalization in QFT

- sum over all ring diagrams called Random Phase Approximation
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drCCD amplitudes (1)

@ 4 case of interaction occur in a ring: .

W Y W g

1
Q@ (Freeman 1977) ring diagrams from drCCD amplitudes

AN
A T

- every way to end up with two particle/hole pairs using only bubbles
(recursive definition)

— build ring from bottom to top, following left/right particle/hole pair
(access to last interaction needed, using Goldstone diagrams)
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drCCD amplitudes (2)

@ 15t case, found in interaction 1 & 2

— Coulomb interaction creates new .
particle/hole pair ‘ 4 ‘ /
~ ALY

- probability amplitudes of finding two pairs
in state a,i and b,j stored in 4 point tensor 1

- amplitudes for t=0
- Coulomb interaction can occur at any time t<0:

a 1

b J
PO A R
0
\/__v t@b_(—i)f dt e e€al bt p—Eil ,—€5t V.ﬁ‘:b—|— w
i = 1] .. -t
—00

b
= ‘/Z? “+ ...
€i+€j_€a—5b+i77

— further cases to come ...
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drCCD ampilitudes (3)

@ 2" case, found in interaction 3 .

~ right particle/hole pair contracted with
interaction, creating new particle/hole pair ‘ 4 ‘ 7
LY

- interaction occurred at any time t<0

— contraction with amplitudes at that time 1
(recursive usage of amplitudes)

a i b J

b=0 \-oy--y--
\/_ _ v ch tacvkb

1o = ...
* -I_Ei—l—e’:‘g _5b+i77

- one more loop, one more hole gives positive Fermion sign

- more cases to come ...
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drCCD amplitudes (4)

@ 3 case, mirrored case of interaction 3

— left particle/hole pair contracted with
interaction, creating new particle/hole pair ‘ 4

3
~ analogous to 2" case 9 .
1

a i b J
BRRAVARY,

ke ych

N S

* €+ € —€q—Ept 1N

- one more loop, one more hole, gives positive Fermion sign

- more cases to come ...
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drCCD ampilitudes (5)

@ 4t case, found in interaction 4
- two different particle/hole pairs merge to one

4
- left pair created at interaction 2 ‘ ‘ 3
right pair created at interaction 1 9

- merging occurs at any time t<0, dotted line 1

- amplitudes needed twice: quadratic contribution

a 1

) b J
t — . . . . . .
kl,db
.V 2_kicd tik Ved Ll

=+

gitej—eq—ep+in

- two more loops, two more holes give positive Fermion sign

— last case
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Random Phase Approximation from drCCD

equations

@ 4 cases summed to drCCD amplitude .
- ininsulators limit n — 0" exists for all states ‘ 4 ‘ . 5
2

(83' +€j —€q —Eb) t%b =

ab acy kb ak pcb acy skl db
Vij + § RV + E Vit + E Vot
kc kc kled

~ quadratic, can only be solved by iteration
- using Shanks transform, 8 iterations sufficient for 6 digits precision
Q@ last interaction, here interaction 5, closes the ring, giving RPA

1 be i
= 5275%‘/;5

- - ijab
- two more loops, two more holes give positive Fermion sign
- amplitudes have left/right symmetry — whole diagram symmetric
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More about drCCD

@ direct ring Coupled Cluster Doubles amplitudes subset of
Coupled Cluster Singles Doubles amplitudes, excluding e.g.

Lo

@ (canonical) CCSD: O(N\P), (canonical) drCCD: O(N°)

— using decomposition of Coulomb matrlx
VE = f] dxdx’ 47 (x)0; () 1= ,|wr< X'}

1
V£~q=/(;(§3 2(G) X (G) =\ i /dxw Je™ G ihy(x)

(i +€j —€a— t“b L+ th}gV”“b
— instead one O(NP®) contraction

— into

- r(G) 2 STt (GHONS(E: & — e — ) 1 = .+ / (‘;f)g o2 (G)xi"(G) +

ck
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Exchange in drCCD

Q@ violations of Pauli principle in rings would be corrected by

exchange: V
b=—1a I b
(_1)(2—|—2) 1 Vz’(z'zbvaig _ (_1)(1+2) 1 Vigbvcfg
2¢€,+€;—€4—E€p 26, +€;—€4— €

@ O(N°) time requires ring structure so no exchange while building
amplitudes

@ however, terminating amplitudes with exchange is for free

1 bysij _ jabysji
T () v o
- _— tjab

- one more loop, two more holes give negative Fermion sign

- termed second order screened exchange (SOSEX)
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Hugenholtz diagrams

@ anti-symmetry of wave function not contained in single
Goldstone/Feynman diagram, only when taking all

@ anti-symmetry can be intrinsically incorporated into any single
diagram using

Q@ called Hugenholtz diagrams
@ however,

- Fermion sign and

- symmetry more difficult to assess
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