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Double parton scattering effects in kt-factorisation for 4 jet production
The framework: off-shell amplitudes and PDFs

High-Energy-factorisation: original formulation

High-Energy-factorisation (Catani,Ciafaloni,Hautmann, 1991 / Collins,Ellis, 1991)

σh1,h2→qq̄ =

∫
d2k1⊥d2k2⊥

dx1

x1

dx2

x2
Fg (x1, k1⊥)Fg (x2, k2⊥) σ̂gg

(
m2

x1x2s
,

k1⊥
m

,
k2⊥
m

)
where the Fg ’s are the gluon densities, obeying BFKL, BK, CCFM evolution equations.

Non negligible transverse momentum is associated to small-x physics.

Momentum parameterisation:

kµ1 = x1 pµ1 + kµ1⊥ , kµ2 = x2 pµ2 + kµ2⊥ for pi · ki = 0 k2
i = −k2

i ⊥ i = 1, 2
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Double parton scattering effects in kt-factorisation for 4 jet production
The framework: off-shell amplitudes and PDFs

Off-shell amplitudes

Problem: general partonic processes must be described by gauge invariant amplitudes
⇒ ordinary Feynman rules are not enough ! (see van Hameren’s talk)

Off-shell gauge-invariant amplitudes obtained by embedding them into on-shell
processes. For off-shell gluons: represent g∗ as coming from a q̄qg vertex, with the

quarks taken to be on-shell

pA pA ′

pB pB ′

k2

pA pA ′

pB

pB ′

+ +

pA pA ′

pB pB ′

k1

k2

=

pA pA ′

pB pB ′

+ · · ·

Prescriptions: K. Kutak, P. Kotko, A. van Hameren, T. Salwa (2013)

Any legs via recursion relations: P. Kotko (2014), A. van Hameren (2014)

Applications:

 production of forward dijets initiated with gluons : gg∗ → gg
production of forward dijets initiated with quarks : qq̄∗ → gg
Test of TMDs in multi-jet production : p p → n ( = 4 in this talk ) jets

(1)
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Double parton scattering effects in kt-factorisation for 4 jet production
The framework: off-shell amplitudes and PDFs

BCFW recursion for any off-shell parton

ĝ⇤

q̄+

q�

ĝ�2

g+
1

=

1
xg⇤

g
⇥ ĝ�

q̄+

q�

ĝ�2

g+
1

+

� +

ĝ⇤

q̄+

ĝ�2

g+
1

q�

+

+ �

ĝ⇤

q̄+

q�

ĝ�2

g+
1

1

Numerical recursion up to
6-point amplitudes: M.
Bury, A. van Hameren
(2015),

Algorithm for recursion
for any number of legs :
A. van Hameren, M.S.
(2015)

A(g∗, q̄+, q−, g+
1 , g

−
2 ) =

1
κ∗g

[q̄1]3〈2g〉4

[q̄q]〈g |p/2 + k/g |1]〈2|k/g (k/g + p/2) |g ]〈2|k/g |q̄]

+
1
κg

1
(kg + pq̄)2

[gq̄]2〈2q〉3〈2|k/g + p/q̄ |g ]

〈1q〉〈12〉 {(kg + pq̄)2[q̄g ]〈2q〉 − 〈2|k/g + p/q̄ |g ]〈q|k/g |q̄]}

+
〈gq〉3[g1]4

〈q̄q〉[12][g2]〈q|p/1 + p/2|g ]〈g |p/1 + p/2|g ]〈g |k/g + p/2|1]
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Double parton scattering effects in kt-factorisation for 4 jet production
The framework: off-shell amplitudes and PDFs

Our PDFs: the prescription

Survival probability without emissions

Kimber, Martin, Ryskin prescription, ’01 :

Ts (µ2, k2) = exp

(
−
∫ k2

µ2

dk ′2

k ′2
αs (k ′2)

2π

×
∑

a′

∫ 1−∆

0
dz ′Paa′ (z ′)

)
∆ =

µ

µ+ k
, µ = hard scale

F(x , k2, µ2) ∼ ∂λ2
(
Ts (λ2, µ2) x g(x , λ2)

) ∣∣
λ2=k2

K. Kutak, Phys.Rev. D91 (2015) 3, 034021 :

F(x , k2, µ2) = θ(µ2 − k2) Ts (µ2, k2)
x g(x , µ2)

x ghs (x , µ2)
F(x , k2) + θ(k2 − µ2)F(x , k2)
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Double parton scattering effects in kt-factorisation for 4 jet production
The framework: off-shell amplitudes and PDFs

Example: central-forward dijets production

Hybrid factorization, (Deak, Hautmann, Jung, Kutak, ’09):

σh1,h2→qq̄ =

∫
d2k1⊥

dx1

x1

dx2

x2
F(x1, k1⊥, µ) f (x2, µ) σ̂ (x1, x2, k1⊥, µ)

Kutak, Sapeta, ’12:

  14

Di-jets pt spectra 
S.Sapeta. KK ,12

Reasonable agreement.
 
No usage of traditional parton shower

Gluon emissions are unordered in pt 
and udd up to kt = Ip1+p2+.....pnI 

During evolution time incoming gluon becomes off-shell  

Crucial effect of  higher order corrections

p1 p1

p2

p1

p2

p3

kt

kt ktkt
Reasonable agreement with data
No traditional parton showers: the Unintegrated PDF as a parton shower.
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Double parton scattering effects in kt-factorisation for 4 jet production
The framework: off-shell amplitudes and PDFs

Azimuthal angle dependence in 2-jet production

Kutak, ’15 van Hameren, Kotko, Kutak, Sapeta, ’14

Reasonable agreement with data

The Sudakov form factor helps reconciling the discrepancy
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Double parton scattering effects in kt-factorisation for 4 jet production
Test of kt-factorisation for hard 4-jet production

Our framework

AVHLIB (A. van Hameren) : https://bitbucket.org/hameren/avhlib

complete Monte Carlo program for tree-level calculations

any process within the Standard Model

any initial-state partons on-shell or off-shell

employs numerical Dyson-Schwinger recursion to calculate helicity amplitudes

automatic phase space optimization

Flavour scheme: Nf = 5 for the collinear case; Nf = 4 for HEF
Running αs from the MSTW68cl PDF sets
kt-dependent PDFs are always @NLO

Massless quarks approximation Ecm = 7TeV ⇒ mq/q̄ = 0.

Scale µR = µF ≡ µ = HT
2 ≡

1
2
∑

i pi
T , (sum over final state particles)

We don’t take into account correlations in DPS: D(x1, x2, µ) = f (x1, µ) f (x2, µ).

Correlations are important to describe data ( → see Gunnellini’s talk)
There are attempts to go beyond ( → see Golec-Biernat’s and Rinaldi’s talk )
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Double parton scattering effects in kt-factorisation for 4 jet production
Test of kt-factorisation for hard 4-jet production

4-jet production: Single Parton Scattering ( SPS )

i

j

p

p

a

b

c

d

1

We take into account all the ( according to
our conventions ) 20 channels.

Here u and d stand for different quark
flavours in the initial ( final ) state.

We do not introduce K factors,
amplitudes@LO.

∼ 95 % of the total cross section

gg → gggg , gg → uūgg , gg → uūuū , gg → uūdd̄ , ug → uggg ,

ug → ugdd̄ , ug → uūug , gu → uggg , gu → ugdd̄ , gu → uūug ,

uū → gggg , uū → uūgg , uū → ggdd̄ , uū → uūuū , uū → uūdd̄ ,

uu → uugg , uu → uuuū , uu → uudd̄ , ud → udgg , ud → uduū
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Double parton scattering effects in kt-factorisation for 4 jet production
Test of kt-factorisation for hard 4-jet production

4-jet production: Double parton scattering ( DPS )

i

k

j

l

p

p

a

b

c

d

1

σ =
∑

i,j,a,b;k,l,c,d

S
σeff

σ(i , j → a, b)σ(k, l → c, d)

S =

{
1/2 if i j = k l and a b = c d
1 if i j 6= k l or a b 6= c d

σeff = 15mb ,

Experimental data may hint at different values of
σeff ; main conclusions not affected

In our conventions, 9 channels from 2→ 2 SPS events,

#1 = gg → gg , #6 = uū → dd̄

#2 = gg → uū , #7 = uū → gg

#3 = ug → ug , #8 = uu → uu

#4 = gu → ug , #9 = ud → ud

#5 = uū → uū

⇒ 45 channels for the DPS; only 14 contribute to ≥ 95% of the cross section :

#1⊗#1,#1⊗#2,#1⊗#3,#1⊗#4,#1⊗#8,#1⊗#9,#3⊗#3

#3⊗#4,#3⊗#8,#3⊗#9,#4⊗#4,#4⊗#8,#4⊗#9,#9⊗#9 11 / 20



Double parton scattering effects in kt-factorisation for 4 jet production
Test of kt-factorisation for hard 4-jet production

Hard jets

We reproduce all the LO results (only SPS) for p p → n jets , n = 2, 3, 4 published in
BlackHat collaboration, Phys.Rev.Lett. 109 (2012) 042001

S. Badger et al., Phys.Lett. B718 (2013) 965-978

Asymmetric cuts for hard central jets

pT ≥ 80GeV , for leading jet

pT ≥ 60GeV , for non leading jets

|η| ≤ 2.8 , R = 0.4

PDFs set: MSTW2008@68cl

σSPS
coll. =

{
9.9+7.4
−3.9nb ( αs@LO )

6.6+4.4
−2.4nb ( αs@NLO )

σDPS
coll. =

{
9.4+6.0
−3.6 10

−2nb ( αs@LO )
6.7+3.8
−2.3 10

−2nb ( αs@NLO )

σSPS
kt =

{
10.0+6.9

−5.3nb ( αs@LO )
5.8+3.7
−2.1nb ( αs@NLO )

σDPS
kt =

{
5.5+5.4
−2.9 10

−2nb ( αs@LO )
3.1+2.9
−1.6 10

−2nb ( αs@NLO )

ATLAS, Eur.Phys.J. C71 (2011) 1763 : σ = 4.3+1.4
−0.79 ± 0.04± 0.24
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Double parton scattering effects in kt-factorisation for 4 jet production
Test of kt-factorisation for hard 4-jet production

Differential cross section

All 20 channels included

Good agreement with data

DPS effects are manifestly too small for these central hard cuts: this could be
expected.

13 / 20



Double parton scattering effects in kt-factorisation for 4 jet production
Test of kt-factorisation for hard 4-jet production

Prediction for leading jet spectrum

αs@NLO; with αs@LO same shapes obtained

Collinear and kt-factorisation work consistently
DPS negligible for hard cuts, as expected
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Double parton scattering effects in kt-factorisation for 4 jet production
kt- vs. collinear-factorisation in DPS for central 4-jet production

DPS effects in collinear and kt-factorisation

Inspired by Maciula, Szczurek, Phys.Lett. B749 (2015) 57-62
ALPGEN + MSTW2008NLO68cl

We reproduce all of their results modulo Montecarlo integration uncertainty

DPS effects are expected to become significant for lower pT cuts:

35GeV ≤ pT ≤ 100GeV , |η| ≤ 4.7 , R = 0.5

In kt-factorisation DPS is suppressed and does not dominate at low pT 15 / 20



Double parton scattering effects in kt-factorisation for 4 jet production
kt- vs. collinear-factorisation in DPS for central 4-jet production

NLO instability for 2-jet production

NLO corrections to 2-jet production suffer from instability problem when using
symmetric cuts: Frixione, Ridolfi, Nucl.Phys. B507 (1997) 315-333

( jet #2 ) ...back

( jet #1 ) back to...

symmetric pT cuts forbid)

( jet #2 ) ...back

soft radiation

( jet #1 ) back to...

1

2→ 2 scattering processes produce final states in back-to-back configuration
⇒ in collinear factorisation there is no room at all for additional gluon emissions.

#Fact. SPS DPS
collinear 90.2(0.2) 31.2(0.2)

kt 78.0(0.1) 7.94(0.06)

Total cross sections (nb) for SPS and DPS in
collinear vs. kt-factorisation for
35GeV < pT < 100GeV , |η| < 4.7,R = 0.5
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Double parton scattering effects in kt-factorisation for 4 jet production
kt- vs. collinear-factorisation in DPS for central 4-jet production

322 S. Frixione, G. Ridolfi/Nuclear Physics B 507 (1997) 315-333 
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Fig. 4. Inclusive two-jet total cross section for Elf > E~ -ut and E2r > ~T ut -}- A, as  a function of A, for two 
different values of E~ ut. 

that the value of  oh(A)  for A = 0 is finite, as expected for an infrared-safe quantity. 
Observe also, on the other hand, that oh(A)  has an infinite slope in zl = 0. This fact can 
be understood in the following way. We consider the real emission contribution when 
one o f  the emitted partons is quasi-collinear to one of  the initial state partons (at NLO 
in QCD this implies that the two jets are identified with the two other partons). The 
leading collinear singularity of  this contribution is given by 

o.(r)=fd2plrO(Elr_E~Ut)fd2p2rO(E2r_~rut_zl ) 1 
IP l r  + P2T[ 2 q- ~3' (2.8) 

where 8 acts as a collinear cutoff. The integral can be easily computed, and we get 

o -(r~ = A ( a ,  a )  + B l o g a  - C • ( a  + a )  log(zl + 8),  (2.9) 

where both A(a, a) and its first derivative with respect to A are regular in A = 0 
for any & including ~ = 0, and C is a positive coefficient. The term B loges is the 
genuine collinear singularity, and it is cancelled by the corresponding singular terms 
in the two-body contribution. For fixed /I =~ 0, one can safely take ~ = 0 in the last 
term. For zl --+ 0 this term vanishes, but its first derivative with respect to A diverges, 
and this is the origin of  the behaviour observed in the full calculation, shown in Fig. 4. 
Alternatively, one could have started with zl = 0, as we did for the distributions shown 
in Fig. 1. In this case, the last term in Eq. (2.9) becomes alog& which vanishes for 

~ 0, although less rapidly than terms linear in & Because of  this extra 8 dependence, 
the zl = 0 case is a reason of  concern [8] when the calculation is performed with 
a technique which requires keeping 8 4= 0, as for example the slicing method. We 
remark that in the subtraction method the introduction of  the non-physical parameter 8 
is avoided, and therefore the zl = 0 case does not require any special care. 

One striking feature of  Fig. 4 is that cr2(zl) is not a monotonically decreasing function 
for increasing zl, as one might expect on the basis of  simple phase-space considerations. 

Figure: Inclusive total cross section for 2-jet
production at HERA for cuts
E1

T > E cut
T , E2

T > E cut
T + ∆ as a function of ∆

Symmetric cuts rule out from integration
final states in which the momentum
imbalance due to the initial state non
vanishing transverse momenta gives to 1 of
the jets a lower than the threshold (i.e. 35
GeV)

#jets ATLAS LO LO + PS NLO

2 620± 1.3+110
−66 ± 24 958(1)+316

−221 559(5) 1193(3)+130
−135

3 43± 0.13+12
−6.2 ± 1.7 93.4(0.1)+50.4

−30.3 39.7(0.9) 54.5(0.5)+2.2
−19.9

4 4.3± 0.04+1.4
−0.79 ± 0.24 9.98(0.01)+7.40

−3.95 3.97(0.08) 5.54(0.12)+0.08
−2.44

Table: ATLAS data vs. theory (nb) @ LHC7 for 2,3,4 jets. Cuts are defined in Eur.Phys.J. C71
(2011) 1763; theoretical predictions from Phys.Rev.Lett. 109 (2012) 042001 17 / 20



Double parton scattering effects in kt-factorisation for 4 jet production
kt- vs. collinear-factorisation in DPS for central 4-jet production

Reconciling kt- and collinear factorisation: asymmetric pT cuts

35GeV ≤ pT ≤ 100GeV , for leading jet

20GeV ≤ pT ≤ 100GeV for non leading jets

|η| ≤ 4.7 , R = 0.5

Opens a wider region of soft final states with respect to the previous choice, so it
should be expected that the DPS contribution increases

Shapes agree qualitatively; DPS dominance tamed, pushed to lower pT
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Double parton scattering effects in kt-factorisation for 4 jet production
Summary and perspectives

Summary and conclusions

We have a complete framework for the evaluation of cross sections from
amplitudes with off-shell quarks and TMD PDFs via KMR procedure obtained
from NLO collinear PDFs

kt-factorisation reproduces well ATLAS data @ 7 TeV for hard central 4-jet
inclusive production. Essential agreement with collinear predictions.

kt-factorisation smears out the DPS contribution to the cross section for less
central jet, pushing the DPS-dominance region to lower pT , but asymmetric cuts
are in order: initial state transverse momentum generates asymmetries in the pT

of final state jet pairs.

Further insight into kt-factorisation prediction will come with progress in NLO
results. Work on this is already in progress...

All the details to be published soon !
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Double parton scattering effects in kt-factorisation for 4 jet production
Summary and perspectives

Summary and conclusions

We have a complete framework for the evaluation of cross sections from
amplitudes with off-shell quarks and TMD PDFs via KMR procedure obtained
from NLO collinear PDFs

kt-factorisation reproduces well ATLAS data @ 7 TeV for hard central 4-jet
inclusive production. Essential agreement with collinear predictions.

kt-factorisation smears out the DPS contribution to the cross section for less
central jet, pushing the DPS-dominance region to lower pT , but asymmetric cuts
are in order.

Further insight into kt-factorisation prediction will come with progress in NLO
results. Work on this is already in progress...

All the details to be published soon !

Thank you for your attention !
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