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Main purpose

Problem

Describe the topological dynamics of minimal homeos/diffeos of T
2

Some motivations

Periodic orbits are very useful in dynamics

Minimal homeos are the“most homogeneous”p.p.-free systems

Dimension 1 is very well understood; dimension ě 3, too difficult

Problem: C r -closing lemma (Very very weak version)

Does �
f P Diff

r pT2q : f minimal
(

have empty interior in Diff
r pT2q, r ě 2?
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Examples

1 Ergodic translations: pα, βq P R
2,

Rα,β : T
2 Q px , yq ÞÑ px ` α, y ` βq,

s.t. mα ` nβ P Z with m,n P Z ùñ m “ n “ 0

2 Time-t of reparametrizations of linear flows: α P RzQ,
ψ P C8pT2,R`q, ΦX : T

2 ˆ R Ñ T
2 induced flow by X :“ ψ ¨ p1, αq.

Φ
t
X is minimal for generic t and is conjugate to a translation iff

Dc P R, Du : T2 Ñ R such that Bxu ` αByu “ φ ´ c
3 [Furstenberg, 1961]: α P RzQ, φ : T1 Ñ R t.q. Eu P C 0pT1,Rq,

u ˝ Rα ´ u “ φ:

f : px , yq ÞÑ px ` α, y ` φpx qq

4 Irrational Dehn twists: α P RzQ, m P Zzt0u

f : px , yq ÞÑ px ` my , y ` αq
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Invariant foliations

Question 1

Does every minimal diffeomorphism on T
2 exhibit an invariant foliation?

Theorem [K.-Koropecki, 2009]

Generic diffeomorphisms in

OpT2q :“ th´1 ˝ Rα ˝ h : h P Diff
8pT2qu

C8

are minimal, uniquely ergodic and have no invariant (top) foliation.

Question 2
What about minimal diffeomorphisms isotopic to Dehn twists?
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Rotation vectors - id isotopy class

T
d
:“ R

d{Zd , π : Rd Ñ T
d quotient map

f P Homeo0pTd q isotopic to identity

f̃ : Rd ý s.t. π ˝ f̃ “ f ˝ π, then φ : Rd ý given by

φ :“ f̃ ´ idRd P C 0pTd ,Rd q

[Poincaré, „1900]: If d “ 1, D!ρ P R s.t.

f̃ n ´ id

n
“

1

n

n´1ÿ

j“0

φ ˝ f j Ñ ρ “

ż

T

φ dµ, @µ P Mpf q

For d ě 2, the rotation set is convex and compact

ρpf̃ q :“

"
ρµpf̃ q :“

ż

Td
φ dµ : µ P Mpf q

*
Ă R

d

Definition: f pseudo-rotation if 7ρpf̃ q “ 1
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Rotation set of minimal homeos

All previous examples in Homeo0pT2q are pseudo-rotations

[Franks, 1995]: f P Homeo0pT2q arbitrary, µ P Mpf q equivalent to
Lesbesgue s.t. ρµpf̃ q P Q

2 ùñ D periodic orbit

So, if f P Homeo0pT2q is minimal, then ρpf̃ q X Q
2 “ H and is either

1 a point (f is pseudo-rotation)

2 or a segment

Counterexample to Franks-Misiurewicz conj. [Avila, 2013]

Df P Diff
8
0 pT2q minimal s.t. ρpf̃ q segment irrational slope
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Main results

Theorem A [K. 2015]

f P Homeo0pT2q is minimal and not a pseudo-rotation, then there exists
f -invariant (pseudo)-foliation.

Theorem B [K.-Le Calvez, w.i.p.]

f P HomeopT2q minimal and isotopic to Dehn twist

ˆ
1 m
0 1

˙
, then f is

topological extension of a minimal circle rotation.

In particular, there
exists f -invariant (pseudo-)foliation.
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Rotational deviations

1 Circle homeomorphisms: If f P Homeo0pT1q and f̃ : R ý lift, then
���f̃ npx q ´ x ´ nρ

��� ď 1, @n P Z, @x P R

2 Furstenberg example: f̃ : px , yq ÞÑ px ` α, y ` φpx qq, ρpf̃ q “ pα, 0q

xf̃ npz q ´ z ´ nρpf̃ q, p1, 0qy “ 0, @z P R
2, @n P Z

sup
n

���xf̃ npz q ´ z ´ nρpf̃ q, p0, 1qy

��� “ 8, @z P R
2

Theorem [Folklore?]

If f is minimal and ρpf̃ q Ă �vα :“ αv ` RvK, then
D invariant pseudo-foliation ðñ uniformly bounded v-deviations i.e.

sup
z ,n

���xf̃ npz q ´ z ´ nρ, vy

��� ă 8
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Birkhoff stable sets at infinity

Suppose that ρpf̃ q Ă t0u ˆ R. We want to study horizontal rotational
deviations

Let’s define Vr̆ :“ tpx , yq P R
2
: ˘x ě ˘ru and

Λ
˘
r :“ cc

˜
č

nPZ
f̃ npV˘

r q,8

¸

Λr̆ ‰ H, for every r .

Λr̆ are“thick” if f exhibits horizontal bounded deviations:
V

`
r 1 Ă Λ

`
r , for some r ă r 1

Λ
˘
r are“just hairs” if f exhibits horizontal unbounded deviations.

[Guelman-Koropecki-Tal, 2014]: If f is area-preserving and

ρpf̃ q “ t0u ˆ ra, bs, then supn,z

���xf̃ npz q ´ z , p1, 0qy

��� ă 8.
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Birkhoff stable sets for minimal homeos?

1 If f is minimal, then ρpf̃ q X Q
2 “ H. Suppose ρpf̃ q Ă tαu ˆ R, with

α R Q

2 If one just defines Λr̆ as before, then Λr̆ “ H, for every r .

3 We are interested in estimating

xf̃ npz q ´ z , p1, 0qy ´ nα,

so we could define

Λ
`
r “

!
z P R

2
: xf̃ npz q, p1, 0qy ´ nα ě r , @n

)

but in such a case Λ
`
r is not dynamically defined
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The Hamiltonian skew-product

Symp0pT2q :“
�
f P Homeo0pT2q : f‹Leb “ Leb

(

ČSymp0pT2q :“ tf̃ : R2 ý lift of f P Symp0pT2qu

Rotation vector of Lebesgue ρL : ČSymp0pT2q Ñ R
2 given by

ρLpf̃ q :“

ż

T2
f̃ ´ id dLeb

is a group homomorphism
ĆHampT2q :“ ker ρL

The following short exact sequence splits:

0 ÝÑ ĆHampT2q ÝÑ ČSymp0pT2q
ρL
ÝÑ R

2 ÝÑ 0

Then, ČSymp0pT2q “ R
2 ˙ ĆHampT2q
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Hamiltonian skew-product

Given f P Symp0pT2q and f̃ P ČSymp0pT2q a lift, let ρ :“ ρLpf̃ q.

Define F : T
2 ˆ R

2 ý by,

F pt , z q :“

´
Rρptq,R´1

t ˝
`
R´1
ρ ˝ f̃

˘
˝ Rtpz q

¯

If f̃ “ id ` φ, then notice

F pt , z q “ pt ` ρ, z ` φpz ` tq ´ ρq,

and hence,
F np0, z q “ pnρ, f̃ npz q ´ nρq, @n, z
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Fibered stable sets at infinity

Suppose ρpf̃ q “ tαu ˆ ra, bs, with α R Q.

Given r P R, Vr̆ :“ tpx , yq P R
2
: ˘x ě ˘r and t P T

2, we define

Λ
˘
r ptq :“ cc

˜
ttu ˆ R

2 X
č

nPZ
F npT2 ˆ V

˘
r q,8

¸
,

and,
Λ

˘
r :“

ď

tPT2

Λ
˘
r ptq Ă T

2 ˆ R
2

is F -invariant!
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Some properties of Λ˘
r

Suppose f is minimal, ρpf̃ q “ tαu ˆ ra, bs and there exists z P R
2 such

that
sup

nPZ

���xf̃ npz q ´ z , p1, 0qy ´ nα
��� “ 8

For every t P T
2, it holds

1 Λ
`
r ptq ‰ H, for any r

2 Λ
`
r ptq Ă Λ

`
r 1ptq, when r ă r 1

3 ď

ră0

Λ
`
r ptq is dense in ttu ˆ R

2

4 Λr̀ ptq X Λ
´
r 1ptq “ H, for any r , r 1.
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Idea of the proof of Thm A

Let us suppose f is minimal and exhibits unbounded horizontal deviations:

1 [K.-Pereira Rodrigues, 2014]: Assuming ρ “ pα, 0q and a ă 0 ă b,
using the fibered stable sets at infinity, one shows f is spreading:

for
every U Ă R

2 open and R, � ą 0, there is N P N such that

f̃ npU q is �-dense in BRpnα, 0q, @n ě N

2 By Lefschetz fixed point thm, a thm of Le Calvez-Yoccoz and another
of Le Roux, if H˘

r :“ tpx , yq P R
2
: ˘y ě ˘ru, then

Ω
˘
r :“ cc

˜
č

nPZ
f̃ npH˘

r q,8

¸
‰ H

3 By (1), Λ˘
r ptq X Ω

˘
r 1ptq “ H and this produces a contradiction
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Minimal homeos isotopic to Dehn tiwsts

f : T2 ý isotopic to

ˆ
1 m
0 1

˙
, f̃ : R2 ý a lift. Then,

f̃ px , yq “
`
x ` my ` φhpx , yq, y ` φv px , yq

˘

We can define a vertical rotation set

ρv pf̃ q :“

"ż

T2
φv dµ : µ P Mpf q

*
Ă R

[Addas-Zanata-Garcia-Tal, 2014]: If f is minimal, then ρpf̃ q “ tαu

with α P RzQ
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The Hamiltonian skew-product (Dehn twist case)

1 Let A :“ T ˆ R and suppose f̂ : A ý a lift of f

2 α :“ ρv ,Lpf̃ q

3 Define F : T ˆ A ý by

F pt , z q :“

´
Rαptq,R´1

t ˝
`
R´1
α ˝ f̂

˘
˝ Rtpz q

¯

4 Again,

F npt , z q “

´
Rn
αptq,R´1

t ˝
`
R´n
α ˝ f̂ n

˘
˝ Rtpz q

¯
, @n

5 Define, for each t P T and each r P R,

Λ
˘
r ptq :“ cc

˜
ttu ˆ A X

č

nPZ
F pT ˆ H

˘
r q,8

¸
,

where Hr̆ :“ tpt , yq P T ˆ R : ˘y ě ˘ru.
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Idea of proof of Thm B

Suppose f is minimal and exhibits unbounded vertical deviations:

1 Then, Λ`
r ptq is non-empty, closed and unbouded

2 Λ
`
r ptq X Λ

´
r 1ptq “ H, for any r , r 1

3 ď

ră0

Λr̀ ptq “ ttu ˆ A

4 For twist maps we know there is no such invariant set

5 A homeomorphism isotopic to Dehn twist may be a non-twist map,
but it is at large scale!
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Thanks!
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