CONTINUITY OF ENTROPY MAP FOR NONUNIFORMLY
HYPERBOLIC SYSTEMS

GANG LIAO !, WENXIANG SUN 12 SHIROU WANG !

ABSTRACT. We prove that entropy map is upper semi-continuous for C'! nonuni-
formly hyperbolic systems with domination, while it is not true for C1te
nonuniformly hyperbolic systems in general. This goes a little against a com-
mon intuition that conclusions are parallel between C1+domination gy gtems and
Clte systems.

1. INTRODUCTION

The entropy map of a continuous transformation f on a metric space M is
defined by p — h,(f) on the set M;,, (M) of all f-invariant measures and it is
generally not continuous (see [9]). However, it’s still worth our effort to investigate
the upper semi-continuity of entropy map since, for instance, it implies the existence
of invariant measures of maximal entropy. It has been shown that entropy map is
upper semi-continuous for expansive homeomorphisms of compact metric spaces
[19], and then it’s generalized to entropy expansive maps [3] as well as asymptotic
entropy expansive maps [9]. In 1989 Newhouse [11] proved: (i) for any C'* maps
the entropy map is upper semi-continuous; (ii) for C1*% nonuniformly hyperbolic
diffeomorphisms the entropy map, when restricted on the set of hyperbolic measures
with the same “hyperbolic rate”, is also upper semi-continuous. In the present
paper, we remove the assumption on “hyperbolic rates” in [11] to show that for
C' nonuniformly hyperbolic systems with domination property, the entropy map is
upper semi-continuous.

Definition 1.1. Let M be a compact Riemannian manifold and f : M — M be
a C! diffeomorphism. Given A4, A, 3> ¢ > 0, and for all k € N, we define A}, =
Ak(As, Ays€),k > 1, to be all points € M for which there is a splitting T, M =
E; © Ey with the invariance property (Dy f™)E; = E}., and (D f™)Ey = Ef..,
and satisfying:

(a) ||Df”|Esmx | < efke=Ce=eneelml v e 7, n > 1,

(b) I1Df "k, || < eFemGumnesiml W € Z, n > 1

(c) tan(ang(Efm,, Efn,)) = o—cko—elm|

+oo
A=Ag, Ayse) = |J A is called a Pesin set.
k=1
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Denote by Min,(A) the set of all invariant measures supported on A, i.e.,
€ Miny(A) & p(A) = 1. For an ergodic f—invariant measure v with non-zero
Lyapunov exponents, we could define a Pesin set associated to it in the following
way. Let €2 be the Oseledec basin of v where all Lyapunov exponents exist, by
Oseledec Theorem [14] v(2) = 1. Denote by E® and E“ the direct sum of the
Oseledec splittings with respect to negative and positive Lyapunov exponents. Let
As be the norm of the largest Lyapunov exponent of vectors in £° and A\, be the
smallest one in E* and choose 0 < ¢ < min{A, A, }. Then  is contained in the
Pesin set A = A(\s, Ay;€) in Definition 1.1, ie., v € M;u,(A). Observe that the
splitting T, M = E*(z) ® E*(x) in Definition 1.1 is not necessary to be continuous
with z € A, and the angle between E* and E™ may approach to zero along orbits
in A. This discontinuity leads to an obstacle for the continuity property of entropy
map on M., (A). In the present paper, we make an assumption that there is a
domination between E° and E*, which ensures both continuity of the splittings

and the uniformly bounded angles below between them. To be precise, a splitting
D, 1
T.M = E*(x) ® E*(x), x € A is dominated if ”l)]f‘v||| < 5 for any v € E*(z) and
= fu
u € E¥(x) with |jv]| =1, ||ul]| = 1.
Here is our main theorem in the paper.

Theorem 1.2. Let f be a C' diffeomorphism of a compact manifold M. Let
A = A(Xs, Ays€) be a Pesin set with a dominated splitting Ty M = E*(z) & E"(z),
x € A. Then the entropy map pn— h,(f) is upper semi-continuous on My, (A).

Lack of domination may cause no upper semi-continuity of entropy map for C”
diffeomorphism for any 2 < r < oo by a version of Downarowicz-Newhouse example
[5]. This a little goes against a common intuition that conclusions are usually
parallel between C1+domination gystemg and C1+* systems (see for instance, [1][18]).
Moreover, recall that the upper semi-continuity of entropy map is obtained for C!
diffeomorphisms away from tangencies in [8]. However, due to the nonuniformity
of hyperbolicity of (f, A) in Theorem 1.2, the system (f, A) may be approximated
by ones having homoclinic tangencies of some periodic points whose index different
from dim E*, see for example in section 6.4 of [2], where the closure of the Pesin
set A = M and A supports a hyperbolic SRB measure.

In section 2, we recall some definitions and basic facts about entropy, and give
two lemmas needed to prove Theorem 1.2. In section 3, we will prove Theorem 1.2.
By using a class of C" (2 < r < 00) diffeomorphisms studied in [5] we illustrate in
section 4 that entropy map could be not upper semi-continuous for nonuniformly
hyperbolic systems without domination.

2. PRELIMINARIES

Let M be a compact metric space and f a continuous map on M. Let pu be an
f-invariant probability measure and £ = {By,--- By} a finite partition of M into
measurable sets. The entropy of & with respect to u is

k

H,(&) = =Y u(B;)log u(By).

i=1
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The entropy of f with respect to p and & is given by
1 ny e d n
hlt(fag) :nILH;o EHM(faf ) :lgfﬁH,u(fag )

where £ = \/ f~€. The entropy of f with respect to u is given by

i=0

hu(f) = sgphu(f,ﬁ)

where £ is taken over all finite measurable partitions of M. A partition a =

{Ap, A1, , Ay} is called a compact partition if Ay,---, Ay are disjoint compact

subsets and Ag = M\ |J; <;<,, 4i. It is clear that h,(f) =suph,(f,a) , where a is
- (6%

taken over all finite compact measurable partitions of M.

Let F be a subset of M. A set E C M is called a (n,d)-spanning set of
FCMifVaxeF, 3y e E such that d(fi(z), fi(y)) < 46, 0 < i < n. Denote
7 (F, 9, f) the minimal cardinality of sets which (n,d)-spans F' with respect to f.

Denote r(F, 6, f) = lim sup log rn(F, 9, f) and the topological entropy of f on F
is defined by

htop(fv F) = %E%T(F, 57 f)

In particular, the topological entropy of f on M, hep,(f, M), is denoted by htop( -
For each x € M, n € N, r € R*, denote B, (z,r) = {y € M : d(f'(z), fi(y)) <
r,0 <i<n}, and Byoo(z,r) ={y € M : d(f"(x), f*(y)) < r,n > 0}. When f
is a homeomorphism, one may also define Bi, (z,r) = {y € M : d(fi(z), fi(y)) <
r,—n <i<n}and By (z,7) ={y € M : d(fi(x), fi(y)) < r,i € Z}. Denote

h?oc(x7 T f) = h(f7 B:too(xa T, f))
Further let

1
hioe(z, 7, f) = lim limsup — log vy, (B (z, 7, f), 4, f).
n

6—0 n—+oo
It’s obvious that h} .(z, 7, f) < hiec(z, 7, f).

Lemma 2.1. Let M be a compact Riemannian manifold and f : M — M be a
diffeomorphism preserving a measure p € M, (M). Then

hulF) = 1 £.€) < [ Bl £)dta)
for any measurable partition & with diam(§) < r.

Proof. For any given compact partition o = {Ag, A1, , Ar} let

5o = %min{d(Ai,Aj),l <ij<ki 7éj}.
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For any given m € N, take 6; € (0,0p) such that d(z,y) < d; implies that
n—1
d(f'(x), f'(y)) < do, 0 <i < m. Denote a’},, = \/ f~™a. Then

=0

n

m—1
Ll ()~ T ) (where €= \/ 1)
1=0

1 n my\n
< EHu(amef )fm)
1
= —— Y uB) > ps(A)logus(A)
BE(E™)fm Acatm
1
< — > u(B)logNp(afn) ()
Be(&””)?'/n
where Np(at.) =#{A € o}, : AN B # o}
Note that

NB<a}LM) S Tn(an(-T7T)7607fm) : 2n S Tmn(an(xaT)aé‘laf) . 2n
for any point x € B, thus by (x)

1 1

—H,(a%m) — —H,((£™)%m

H (@) = (€7 )

m

. 1 mn an s ,(5 s d 1 2

T Y 1B rn (Buater). b1, ) + log
B€(£ "L)f’lil

1
= m/710g7”mn(an($,7’)751,f)du(x)+10g2-

When 7 is large enough, —— L og 7mn (Bmn(,7), 01, f) is less than or equal to hyep(f),
which is a finite number for a diffeomorphism on a compact manifold. Applying
Fatou Lemma we have

hu(f™, @) = by (f™,€™)

= im (SEep) - L)

n—+oo \n

1
m -limsup | — 10g 7mn (Bmn (z,7), 01, f)dp(x) + log 2
n—-+o0o mn

IA

IN

/hm sup —— log Tmn(Bmn (2, 7), 01, f)dp(z) + log 2

n—-+4oo

< m/mdanﬁww%H%Z

for any compact partition « and any m € N. Note that h,(f™, &™) = mh,(f,§),
vm € N. It follows that

hu(f)—-hu(f,ﬁ)ESJ/’umilaT7f)du(w)
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Remark 2.2. The local entropy originates from Bowen [3], where it is used to bound
the difference between metric entropy and the metric entropy with respect to a
partition with small diameter. In [3], the right-hand side of the inequality is

1
lim lim sup — sup logr,, (B (z,r, f), 4, f),
6—0 n—4oo N xeM

which is called the local entropy of f. It’s obvious that this quantity is not smaller

than sup hjee(z, 7, f) and thus / hioe(x,r, f)du(zx). Here/hzoc(xﬂ‘, f)du(z), which
xeM

could be called local entropy of (f, ), is slightly different from the standard local
entropy of f in [3]. This quantity enables us to deal with local entropy in an open
set which has large measure for any invariant measure v near u. The hyperbolicity
assumption of measures v guarantees “uniform hyperbolicity” (average along the
orbit) in large measure sets (see Proposition 3.1) and thus small local entropy of
(f,v). In this way we can control the difference between metric entropy and the
metric entropy with respect to a partition with small diameter for all nearby v in
Proposition 3.5, which is a necessary step to prove Theorem 1.2.

For a continuous map f on a compact metric space M, given v € M, (M)
and a Borel set A, by Birkhoff Ergodic Theorem, the set of points for which the

1 n=1 .
limit of — > xa(f"(z)) exists is measurable and has measure 1.
=0

1
Lemma 2.3. For any given 0 <y <1, 0 <n <1, there exists 0 = 5777 such that
for any v € M;pn, (M), any Borel set A with v(A) > 1 — o, we have

y{m:fA(a:)>1—'y}>1—%n

_ 1 n=l )
where fa(x) = lim — > xa(f*(x)) whenever exists.

n—oon, i=0

Proof. By Birkhoff Ergodic Theorem, /XAdy(a:) = /fA(x)dV(m). Let E = {z:

fA(‘r) >1- 7}7 then
v(4) = /E Fa@)du(z) + /M\E Fa@)dv(z) < v(E) + (1 —7)(1 - v(E)).

Choose o = 27, then v(A4) > 1 — o implies that v(E) > 1 — 1n. O

Remark 2.4. Lemma 2.3 is also true for f=1.

3. PROOF OF THEOREM 1.2

In this section, we prepare several lemmas and propositions and then prove
Theorem 1.2.

Recall that f : M — M is a O diffeomorphism, which has a Pesin set A =
A(Xs, My;€) with a dominated splitting E*(z) @ E¥(z), x € A.

Proposition 3.1. Given p € M, (A) and 0 < n < 1 there exist p >0 and L >0
with the following property. For any v € B,(u) N M n,(A) there exists a measurable
set T with v(T) > 1 —n such that
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lim fZLlogHDf L‘E w(fin m))”< — Ay + 2¢, (1)

G Z Tlog|[Dr*

foranyx € T, where B,(u ) denotes the set of all f-invariant measures with distance
from p less than p.

Be(f- w(x))H < —=As+ 2 (2)

Proof. For an integer n > 1 set

A ={zen: %bgHDf_m‘Eu(I)H <=Xite ¥mznl.

Then A C--- CA; CAS; C---,and u( |J 43) =1. Let

- -1
C_max{ilelgHDf |Eu(w)||a i‘g”DﬂEs(m)H’ 2}

and let 0 < 7 < 1 be given in the condition of the proposition. Take vy <

2logc
1
with 0 < v < 1 and take o = 3 as in Lemma 2.3. Clearly 0 < o < 1. Take N
N
such that u( |J A%) > 1—o0. Let

n=1

1
Ui = {zeh: S1og]|DF ] iyl < = te ),

N
then |J A5 C U%. Since Uy is open, v(Uy) > 1 — o for any v € My, (A)

n=1
_ 1 n=1 )
close enough to p. Denote fys (z) = lim — > xye (f*(z)) whenever exists and
n—oon, i=0

N _ —~ 1
Uy = {xeA:ijav(x) > 1—7}. By LemmaZ3 we get that V(U6)>1—§77.

Following the same procedure for f~! and — log HD fr t N’ and

Es(x)
’ /

1
thus (US,) with v((U§,)) > 1 — P for v € va( ) close to p. Then we get

e

aset T = ﬁjg\,ﬂ(va,) and a constant p > 0 such that v(T) > 1 — n for any
v € B,y(p) N Miny(A).

Let L = 2max {[QNloch [

5 5
For x € T and i € Z*, choose a sequence of integers {n’}

2N’logc]}'

l+1
j=1
(i—1)L=nj, <np<nj_; <---<n} =il
by the following procedure
" {n] ~ N, ni>(i—1)L+N and f"(z) € Uy
J

n; —1, otherwise.
where 1 < j < ¢. Write {n}, - ,n}} as a disjoint union A4; |J B; |J C;, where

A;={ni>(@—-1)L+N, and f(z) € U},
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Bi={ni>(i—1)L+N and f"(z)¢Ug},
Ci={(i—1)L<n}<(i—1)L+N}.

L
It’s obvious that 0 < #C; < N , 0 < fA4; < [N] Thus,

log HDf_L E“(fiL(z))H
E . .
S Zlog }|Df7(njinj+l)|Eu(f”; (z)) ||
j=1
< N(=Xy+¢)-t4; +loge-4B; +loge - 4C;

_ k
By the definition of U, for any k large enough, > #B; < kLv. Therefore,
i=1

?

| =

"1
—-L
;ZIOgHDf |Eu(fiL(z))||

IN

1
E(k[w (=Ay +¢€)+logec- Nk +logc- kL)

11
< (—)\u+5)+§€+§s<—>\u+2€.

Hence,

k

1< 1 .

Jim Zl 18 [IDf 7 oo | < —Mu 26, Vo ET
and we get (1).

Replace f and E%(x) by f~! and E*(x) respectively, we get (2) analogously.

(Il

The following lemma comes from Burns and Wilkinson [4], which uses locally
invariant fake foliations to avoid the assumption of dynamical coherence, a con-
struction that goes back to Hirch, Pugh, and Shub [6]. Given a foliations F and a
point y in domain, we denote F(y) the leaf through y and by F(y, p) we mean the
neighborhood of radius p > 0 around y inside the leaf.

Lemma 3.2. Let f : M — M be a C' diffeomorphism. Assume that A is an f-
mwvariant compact set and the tangent space of which admits f-dominated splitting:
T.(M) = E*(z) ® E*(x),Vx € A . Let angles between f-invariant subbundles E*

and E* are bounded from zero by 0 for every x € A. Then for any 0 < ¢ < Z, 3
p>r1o >0, for any x € A, the neighborhood B(x, p) admits foliations F£ and FY,
such that for any y € B(z,19) and x € {s,u},

(1) almost tangency: leaf Fi(y) is C* and T,F;(y) lies in a cone of width ¢
of E*(x),

(2) local invariance: fF;(y,r0) € Fi,(fy) , f~ Faly,m0) C f}*,lz(f’ly).
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By Lemma 3.2 (1) one can define local product structure on the r-neighborhoods
of every x € A, for a small » > 0, as used in [8].

For y,z € B(x, p), write [y, 2]s,, = a if F}(y) intersects F(z) at a € B(x, p).
By transversality of (1), the intersection point a is unique whenever it exists. We
could find m € [0,r¢] independent of x such that [y, 2|5, is well defined when-
ever y,z € B(x,r1), and for any y € B(x,r1) there exists y. € F.(z) such that
[Us, Yulu,s = y. Lemma 3.2 implies that the locally invariant foliations F,; are trans-
verse with angles uniformly bounded from below. Therefore, 3 ¢ > 0 independent of
x such that for any y € B(z, ") we have y. € F(x,¢r’) for &r' < ry. Furthermore,
by locally invariance of foliations we get that y € Bis(x,7’) implies that f*1(y.) =
(f*y)«, where recall that Bio(z,7') = {y € M : d(f'y, fiz) <, -2 <i < 2}.

Also note that y,\, = « for y € B(z,r’) implies that y € TN (2, 07", therefore
Ys = Yy = x implies that y = x for y € B(x,r’).

Since there exists domination on the Pesin set A = A(Ag, Ay;e), we could
extend it to the closure of A, then the process above could be done in A. Therefore,
we get v’ independent of = in A such that y € B(z,r’) implies that y = x.

¢ —c
Lemma 3.3 (Pliss[16]). Let a. < ¢y < ¢; and § = ——= . For given real numbers
C1 — Qx
N
a1, -+ yan with > a; < caN and a; > ay for every i, there exists £ > N6 and

i=1
1<ni<ng<---<ng <N, such that

nJ
ZaiSQ(n]’—k% 0<k<n; 1<5<0
i=k+1

By (1) of Proposition 3.1 , for every z € T and every k large enough,

k
)
ZIOg HDf ‘Eu(f'iL(x)) H < (=Ay + 2¢)LE.
i=1
Take a, = inf {log IDfE |gu) I}, €1 = (=Au+2¢)L, c2 = (=Ay + 3¢)L. Apply-

ing Lemma 3.3 it is easy to find an infinite sequence
I<ni<ng<--<mj<
such that

7

Z log HDf_L‘Eu(fiL(m))H < (A +3e)(n; — k)L,
i=k+1

0<k<mnj, j=1,2---.
|Dyf "o
[ Dz f L]

¢
) < 50 llull = ol = 1.

M eL

L
< e~ and ||szLUH <e

Choose " > 0 and ¢ > 0 such that

for d(z,y) <", Z(u
Take r = min {r', 7" ¢ then

f_(nj_k)L]:}Lnij(fnle', KT) C }JkLI(kal', 6(_>\"’+4E)(n-7_k)L€T)
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for 0 <k <nj,j=1,2---.In particular,
f_"fL}'}‘njLz(f”ij,ﬂr) C Fi(x, el uta)nigyy =19

For y € Byoo(x,7), fi(yu) = (f'y)u, Vi € N, thus gy, = f~5(f"ly), €
Fi(x, el ut4)lnipr) i € N. Therefore y, belongs to the intersection of all
FU(x, el ut4) L5 1) over all j which reduces to {x}. Analogously, fory € B_.(z,r),
we get that y; = 2. Thus y € By (z,r) implies that y = .

To conclude, we have obtained the following :

Claim 3.4. For any o > 0 there exist v > 0 and p > 0 satisfying the following
property. For anyv € B,(1t)N\Min,(A), there exists a Borel set T with v(T) > 1—0o
such that:

Bio(z,7) ={z}, Vzxel.

Claim 3.4 says that, fixing a small » > 0, for v close to u, b}, .(z,7, f) =0 on
a set with large v-measure. To estimate the difference between h,(f) and h,(f, &),
by Lemma 2.1 we need to deal with hjc(z, 7, f). One always has that b}, (z,7, f) <
hioe(z, 7, f) but the inverse inequality is generally not true. However, we are going
to show that, hjee(z,r, f) is still small on a set with large measure. Combining

Claim 3.4 with Lemma 2.1 we aim to deduce the following proposition.

Proposition 3.5. Let u € My, (A) and 7 > 0. There exist r > 0 and p > 0 such
that

hu(f) - hu(f7£) <7
for any v € B(u, p) N My (A) and any measurable partition & with diam(§) < r.
Proof. Let Cy = sup{||D. f|| + 1} and C = hyop(f, A). It’s seen that both of them
zEA

are finite. We assume that C' > 0, otherwise the entropy map for f is upper semi-
T

continuous and we complete the proof. Take n = in Lemma 2.3,

20077 2 log Cy
we get o = % < g By Claim 3.4 we get r > 0 and p > 0 with the property that
for any v € B(u, p) there exists a Borel set T'= T'(v) with v(T") > 1 — o such that
hzkoc(xvra f) =0, zeT. (31)
We could assume that 7' is compact by the regularity of measure.

For any 6 > 0, 8 > 0 and z € T, by (3.1) we get m(z) > 0, N(z) > 0 as well

as an open neighborhood V' (z) of x such that Vy € V(z),

)

Tm(z)(B:I:N(:E) (yv ’f'), 1) < eﬁm(a:)

By compactness of T, 3 1, -+ ,xs such that T C U V(a;) := W. Then

1=1,---,s
v(W) > 1 — 0. By Lemma 2.3, (W) > 1— 2, where W = {z : fw(z) > 1 —~}.

PRI

Denote m; = m(z;), N; = N(z;), No = nax {m;, N;} and W' = f=No(W)n w.

Since o < g, we get that v(W’') > 1 —n. For x € W’ take n > 2N, large

enough such that #{0 < i < n : fi(z) € W} > (1 — v)n. We define a sequence
0=ng <ni < -+ < ng_1 < ng =n of integers as follows. Let n; = Ny then
f™(z) € W. Assume that Ny < n; < n has been defined. Now suppose n; < n—Nj.
Since f™i(x) € W, there exists ;; such that " (z) € V(z;,), and then we take

ni11 = min{min{k : k > n; + mi_j,fk(x) € W} n}.
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Suppose n — Ny < n; < n, we take n;11 = n. For different relations between nj_;
and n — Ny, the sequence {n;}*_, has two following cases:

Case a
e ny +my, Nk—1 + Mk—1,5
0= Uun NO = N1 nNo . Nk—1 / n=ng
n— N()
Case b o ny+my, Nk—2 +Mp—2j
Lo S e ] TN e
0=ng No=m o e Nk—_9 / Nk—1 N =Ng
n — NO

Note that for any 6 > 0 and any integer ¢ > 1, any ball with radius § could
be (£,6)-spanned by C§~! points, where Cy = sup{[||D,f||] + 1}. When i = 0,
zEA

fm0(By(z,7)) = By(z,r) could be (No, {)-spanned by xCOYN°~! points, where £ is
the minimal cardinality of sets which (1, g)—span M. When 1 <i <k —2, we have
No < n; <n — Ny, it holds that

fri(@) e Viay), " (Bn(z,r)) C Bin, (f"(2),7),

so f"(By(z,r)) could be (m;,, ¢)-spanned by ¢™ii? points. Since any ball with
m; . —1 . . .
radius g could be (m;;, %)—spanned by C, 7 points, we get that f 1" (B, (x,))

Mi41 =N =My

could be spanned by ¢™”C, it points. Thus f™ (B, (z,r)) could be

- Nip1—n;—m;; —1 .
(nis1 — ni, §)-spanned by b, 9 points.

When ¢+ = k — 1 and for Case a, since ny_1 < n — Ny, just as the dis-
cuss above for 1 < i < k — 2, f™-1(B,(z,7)) could be (n — nj_1, 3)-spanned

n—Mp—1—=Mk—1;—1

by eQm’“—lJﬂCO points. For Case b, since (n — ngp_1) < Ng — 1,
fr#=1(Bp(z,r)) could be (§,n — nj_1)-spanned by xCYN°™2 points.

k=1 5
By Lemma 2.1 of [3], which says that 7, (B, (z,7),0) < [ 7n,yy—n, (f" Bn(z, 1), 5),
=0
we get that
KCYOTme20n  when Case a,
T (B (z,7),0) <

2N
K2CZNOTIME20n - when Case b.

Therefore, for both cases, Vz € W', V8 > 0, r,(By(x,1),8) < s2C2N0T1"e26m for
any n large enough. Thus,

1
lim sup — log 7, (Bn(z,7),9)

n—+oo N

IN

1 2N,
lim (ﬁ log k2 4+ 23 + TO log Cy + v1og Cp)

n—-+oo

= 26+ ylogCy.
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By the choice of v and the arbitrariness of 3, we get that

1
hioe(z, 7, f) = %im lim sup - log 7, (B (x,r),d) < %, Vo e W'

—0 n—4o0

For any measurable partition & with diam(§) < r by Lemma 2.1 it holds that
hAf) = 1) < [ oela,r. i)
and thus
=18 < [ e D@+ [ il i)
!’ M\W/

-
- <

5 =

This completes the proof of Proposition 3.5. O

T T
< Lip.oc<Z
g T CS5 T

We are now turning to the proof of Theorem 1.2.

Proof of Theorem 1.2. For any given u € M;n,(A) we will show that the entropy
map is upper semi-continuous at p. For p and a real 7 > 0, we can choose two
constants 7 > 0, p > 0 as in Proposition 3.5 and a partition £ with diam(¢) < r
and p(0¢) = 0. From Proposition 3.5, we know that

ho(f) = ho(f,8) <7, Vv € B, p) N Miny(A).
Since hy,(f) = sup h,(f,€), we can shrink diam(§) if necessary such that
§

hu(ﬂ f) - hu(f) <
1
Note for a fixed n and a partition £ with u(9¢) = 0, EHy(f, &™) is continuous at

1
w. Thus h,(f,&) = inf —H,(f,£") is upper semi-continuous at p. Shrink p > 0 if
non
necessary, we get

ho (£,8) = hu(f,€) < 7.
Therefore, for v € Min, (A) N B(w, p),
J(f)—h

ho(f) = hu(f) = (h(f) = ho(f,€)) + (A (f, §) = hu(f, §)) + (hu(f,€) = hu(f))
< 74747
< 3,

which shows that the entropy map is upper semi-continuous at p. ([

4. C" (2 < r < o0) DIFFEOMORPHISMS WITHOUT DOMINATION

In this section, by some brief analysis of the techniques in [5] we illustrate the
examples of C" (2 < r < 00) nonuniformly hyperbolic system without domination
for which the entropy map is not upper semi-continuous. For a detail proof, readers
may refer to [5].

We denote C"(M)(2 < r < 4+00) as the set of C" diffeomorphisms on a smooth
surface M. We can choose an open subset 4 C C"(M) such that each f in it
has a hyperbolic basic set A(f) with the same adapted neighborhood U C M
which has persistent homoclinic tangencies, i.e. there exist x,y € A(f) such that
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W#(xz) and W*(y) have tangencies. This is possible according to Proposition 1
in Chapter 6 of [15]. Let fln( f) be the set of periodic hyperbolic points p which
are homoclinic related to A(f) (i.e. W2(A(f)\A(f) and W*(O(p))\O(p) have
nonempty transverse intersections and vice versa) with least period less than or

~ +oo
equal to n, and let H(f) = |J Hn(f). Let 7(f) be the least integer n such that
n=1

H,(f) # 0 and let D,, be the subset of U such that 7(f) = m. For p € H(f), denote

x(p) = ﬁ min{log |A;(p)|,log |Au(p)|}, where [As(p)| < 1 and |A,(p)| > 1 are the

norms of the two eigenvalues of D), f () respectively, and 7(p) the least period of p.
1 w@-1

Let p1, be the periodic measure supported on p, i.e. u(p) = —— > dyi(). For

T™P) =1

an ergodic hyperbolic measure g on M, let x(u) = min{|xs(w)l, |xu()|}, where
Xs(tt), xu(p) are the two Lyapunov exponents of p. In the sequel, by (C7,¢€)-
perturbation we mean that the perturbation is done in the e-neighborhood in C"
topology. By C7" perturbation, we mean (C",¢)-perturbation for any sufficiently
small e. N

Let f € Dy, n > m, for any p € H,(f), we first C"-perturb f to get a homo-
clinic tangency for O(p) (see Lemma 8.4 in [10]). Then according to Proposition 5
and Lemma 3 in [7] by a further C" small perturbation, one can get an interval [
of tangencies between W*(p) and W?*(p). Near this interval we take one more C”
small perturbation g to create a curve J C W*(p, g) with N bumps as in Figure 1.

W (p,g) o

I o"(Dw)
[P gk+T (DN)

FIGURE 1. Creation of small basic sets

This perturbation can be done as follows. Denote I = {a; < z < as,y = 0},
J={a1 <z <ay:y=Acosw(x —c)}. To keep the perturbation to be C"-small,
we only need require that A - w” < €, where € could be arbitrarily small. For any

fixed small € > 0, letA:e(az_a1 ™ N —a1+a2.

r
) w =
TN ’ 6?,2—&17 2
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To create small hyperbolic basic sets, consider a small rectangle Dy close to
I with distance less than 1 and consider the iterations of g"*” (where k denote

the first k iterations near p). In this way, a periodic hyperbolic basic set A(p, N) is
obtained by transversal intersections. It’s an N-horseshoe with topological entropy
log N

. Note that k increases with the increase of NV:
k+T

A- |/\u|k Z 1a |)‘é|k 5 A7

where by a 2 b we mean that a > const - b, and the const is independent of N and

log N
E(N) (a < bis defined similarly). So we get k = % + const and thus

X\p

log N

htop(A(p7N)ag) = :
rlog N
+ const +T
x(p)

For n € N, choose N(n) large enough such that

x(p) 1
(Do, N(). ) > X2 L
By Variational Principle, there exists an ergodic measure v, supported on A(p, N(n))
x(p)
T

such that h, (g) > kT

ble direction in A(p, N) about N times and contracts the stable direction about
1/N times, so x(v,) of any ergodic measure v, on A(p, N(n)) will be close to

% ~ % Moreover, since by iterations of g, A(p, N) spends most of time near

1
— —. By estimating one sees that Dg expands unsta-
n

D, Uy is close to the periodic measure p,. Let N(n) be larger if necessary such that

1 1
xv) _ - and  d(vp, pp) < —
Denote A(p,n) = A(p, N(n)).
To conclude, for any diffeomorphism f € D,,, by any C” small perturbation
and for any positive integer n, we get a diffeomorphism g,, satisfying property S,:
(1) there exists a hyperbolic basic set A(p,n) and an ergodic measure v, on
A(p,n) such that

)

(2) for any ergodic measure pi, on A(p,n), we have

x(p) 1
- — d (pn, < —.
T n an (,u ) n

X(/in) >

Denote Dy, n(n > m) as the subset of D, satisfying property S,. It’s obvious
that property S, is an open property. From above discussion, we see that D,, , is
an open dense subset of D,,. Let

+oo 400

R = U n Dm,na

m=1n=m
then R is a residual subset of Y. For any f € R, any p € ﬁn(f), there exists a

sequence of ergodic measures {v,} such that v, — g, and x(v,) > 2—x(p). By
r
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1

: o x(p)ie)-

But at the same time, h,, (f) — —x(p) while h, (f) = 0, which implies that
r

the entropy map of f € R is not upper semi-continuous at u, on the Pesin set

1
Definition 1.1, {v,,} and p, are supported on a Pesin set A(;X(p),

Al x(p), o x(p)ie).

Note that although for each fixed n, v, is supported on ﬁ(p, n) which is uni-
formly hyperbolic and the angles between E° and E™ is uniformly bounded below

by about const - the angles of the Oseledec splittings for the sequence

(N(n))r—1
Vp, n > 1, may be arbitrary small as n goes to infinity. Therefore there is no
1
domination between E° and E* over A(Q—X(p), 2—x(p); €).
r r
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