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Levi nondegenerate hypersurfaces in Cn+1.

Let M ⊂ Cn+1 be a real hypersurface, and p ∈ M.

Definitions.

M is Levi nondegenerate at p if the Levi form

Lθp : T 1,0
p M × T 1,0

p M → C

at p is nondegenerate for some (and hence all) contact forms θ.

M is strictly pseudoconvex at p if Lθp is (positive) definite.

Fix p ∈ M. Choose local coordinates (z ,w) ∈ Cn × C such that

p = (0, 0), T 0,1
0 M = {w = 0}, T0M = {Imw = 0}.

Express M in graph form:

Imw = φ(z , z̄ ,Rew), φ(0) = 0, dφ(0) = 0; φ ∈ Cκ.
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The Levi form.

A computation (see Lecture I) shows that the Levi form Lθ0, with
θ = i∂ρ|M , is represented by

L0(a, ā) =
n∑

j ,k=1

∂φ

∂zj z̄k
(0)aj āk , a ∈ T 1,0

0 M ∼= Cn.

Assume: M is Levi nondegenerate at 0; i.e.,

det(φzj z̄k (0))nj ,k=1 6= 0.

A linear change (z ,w) 7→ (Az ,±w), A ∈ GL(Cn), will make

(φzj z̄k (0))nj ,k=1 = I`,

where I` = diagonal matrix D(−1, . . . ,−1,+1, . . . ,+1), with ` ”-1” and
n − ` ”+1” for some 0 ≤ ` ≤ n/2. ` is called signature of M.
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The quadric Qn
` and weights.

A polynomial change (z ,w) 7→ (z ,w − p(z)), with p(z) suitable quadratic
polynomial, yields

Imw = φ(z , z̄ ,Rew) = 〈z , z̄〉` + Owt(3), (1)

where

〈z , ζ〉` := −
∑̀
j=1

zjζj +
n∑

j=`+1

zjζj

and we assign weights wt z = 1, wtw = 2. The quadric Qn
` is the model

Imw = 〈z , z̄〉`.
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Automorphisms of the model Qn
` .

The stability group Aut0(Qn
` ) consists of:

(z ,w) 7→
(

λ(z − aw)U

1− 2izI`a∗ − (r + iaI`a∗)w
,

σλ2w

1− 2izI`a∗ − (r + iaI`a∗)w

)
,

where λ > 0, a ∈ Cn, r ∈ R, σ = ±1, and

U∗I`U = σI`.

Proposition 1

Any biholomorphism Φ(z ,w), with Φ(0) = 0 and preserving the form (1)
of M, factors uniquely as Φ = H ◦ Φ0, with Φ0 ∈ Aut0(Qn

` ) and

H(z ,w) = (z + f (z ,w),w + g(z ,w)),

where
(f (0), df (0), g(0), dg(0), gzjzk (0), Re gw2(0)) = 0. (2)
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Decomposition of power series by type.

Let F (z , z̄ , s) be a formal power series. F is said to be of type (k , l) if

F (rz , tz̄ , s) = rkt lF (z , z̄ , s),

and is then a polynomial in z and z̄ . Any F (z , z̄ , s) can be decomposed
into type as

F (z , z̄ , s) =
∑
k,l≥0

Fkl(z , z̄ , s),

where Fkl(z , z̄ , s) has type (k , l). F (z , z̄ , s) is Hermitian (real) if

Flk(z , z̄ , s) = Fkl(z , z̄ , s).
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The trace operator Tr .

If Fkl(z , z̄ , s) has type (k , l), then it has ”tensor form”

Fkl(z , z̄ , s) = aα1...αk ,β̄1...β̄l
(s)zα1 . . . zαk zβ1 . . . zβl ,

where z = (z1, . . . , zn), αi , βj = 1, . . . , n. We shall write

〈z , z̄〉` = hαβ̄z
αzβ.

The trace of Fkl(z , z̄ , s) is of type (k − 1, l − 1), defined by

Tr Fkl(z , z̄ , s) = bα1...αk−1,β̄1...β̄l−1
zα1 . . . zαk−1zβ1 . . . zβl−1 ,

where

bα1...αk−1,β̄1...β̄l−1
= hγµ̄aα1...αk−1γ,β̄1...β̄l−1µ̄

, hαµ̄hβµ̄ = δαβ.
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Chern-Moser normal form [3].

Theorem CM-1

Let M be given by (1). Then, there is a unique formal transformation of
the form

(z ,w) 7→ (z + f (z ,w),w + g(z ,w)),

where f , g satisfy the normalization (2), such that M is given by

Imw = 〈z , z̄〉` + N(z , z̄ ,Rew), (3)

where N(z , z̄ , s) is in Chern-Moser normal form:

Nkl(z , z̄ , s) = 0, min(k, l) ≤ 1;

TrN22(z , z̄ , s) = (Tr)2N32(z , z̄ , s) = (Tr)3N33(z , z̄ , s) = 0.
(4)

Remark. For a given M, the space Aut0(Qn
` ) acts on the space of CM

normal forms by Proposition 1.
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Real-analytic hypersurfaces and geometry.

Theorem CM-2

If M is Cω, then the unique transformation to normal form in Theorem
CM-1 is convergent, i.e., a biholomorphism.

The first set of equations in (4) corresponds to transforming a given
framed, transverse curve (γ, eα) : (−ε, ε)→ T 1,0M into

(γ(t), eα(t)) = ((0, t), ∂/∂zα).

The second set is a system of ODEs (of order 3) for the framed curve.
The initial data consist of a direction for γ at 0, an orthonormal basis
{eα} at 0 for T 1,0

0 M, and a real parameter fixing the parameterization;
these initial conditions are parametrized by Aut0(Qn

` ).

The curves γ that yield solutions to this system of ODEs are called
chains. These are important geometric objects associated with M.
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The CR curvature S = (Sαβ̄νµ̄).

The Levi form provides a first, very rough classification of Levi
nondegenerate hypersurfaces M ⊂ Cn+1 via the signature `. The next
interesting invariant is the CR curvature, defined as follows:

Definition. If M is given at p ∈ M in normal form (3) and (4), then the
CR curvature of M at p is Sαβ̄νµ̄, where N22(z , z̄ , 0) is given in tensor
form:

N22(z , z̄ , 0) = Sαβ̄νµ̄z
αzνzβzµ. (5)

Remarks. Recall that TrN22 = 0 =⇒ Sαβ̄ν
ν := hνµ̄Sαβ̄νµ̄ = 0. For n = 1

(i.e., in C2), this means Sαβ̄νµ̄ = 0, so CR curvature is only interesting

when n ≥ 2. In C2, the interesting invariant is E. Cartan’s ”6th order
tensor”.

For n ≥ 2, M is locally ”spherical” (equivalent to quadric) ⇐⇒
Sαβ̄νµ̄ ≡ 0.
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E. Cartan’s approach
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CR coframes on a CR manifold (hypersurface type).

Let M be a 2n + 1-dimensional CR manifold;

CR bundle T 0,1M, CR-dimM = n.

In an open subset U ⊂ M:

Fix a contact form θ on M; ⇐⇒ θ is real and

θ⊥ = T 1,0M ⊕ T 0,1M.

Add linearly independent 1-forms θ1, . . . , θn such that

(θ, θ1, . . . θn)⊥ = T 0,1M.

Set θᾱ = θα; Convention: α, β, . . . = 1, . . . , n.

(θ, θα, θβ̄) is coframe for M in U; (θ, θα) is called a CR coframe.
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Change of coframe and CTCM coframes.

Any other CR coframe (θ̃, θ̃α) in U ⊂ M must be of the form(
θ̃

θ̃α

)
=

(
u 0
uα uβ

α

)(
θ
θβ

)
.

For a choice of CR coframe (θ, θα),

dθ = ihαβ̄θ
α ∧ θβ̄ + θ ∧ φ0, (6)

where hαβ̄ is the Levi form Lθ(Lα, Lβ) and φ0 a real 1-form, determined
only up to φ0 7→ φ0 + vθ.

Definition. A choice of (θ, θα, θβ̄, φ0) (as above) is called a CTCM
coframe.

CTCM = Cartan-Tanaka-Chern-Moser, [1, 2, 4, 3].
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First prolongation; the bundle of contact forms E → M .

Let E → M be the R+ bundle of contact forms such that the Levi form
hαβ̄ has ` ≤ n/2 negative eigenvalues. For a fixed such θ and x ∈ M,

Ex = {ω = uθ : u ∈ R+}.

By (6), we have

dω = iuhαβ̄θ
α ∧ θβ̄ + ω ∧

(
du

u
+ φ0

)
,

which can be written

dω = igαβ̄ω
α ∧ ωβ̄ + ω ∧ φ, (7)

where gαβ̄ is a constant matrix and (ω, ωα, ωβ̄, φ) is a coframe on E .

Peter Ebenfelt (UCSD) CR Geometry, Mappings into Spheres, and Sums-Of-Squares Lecture IV-VOctober 1, 2015 15 / 24



The bundle of CTCM coframes Y → E → M .

The coframe (ω, ωα, ωβ̄, φ) on E is determined up to
ω̃
ω̃α

ω̃β̄

φ̃

 =


1 0 0 0
vα vν

α 0 0

v β̄ 0 vµ̄
β̄ 0

s igγρ̄vν
γv ρ̄ −igγρ̄vµ̄ρ̄vγ 1



ω
ων

ωµ̄

φ

 , (8)

where gαβ̄ = gνµ̄vα
νvβ̄

µ̄.

Let Y → E be the bundle of all CTCM coframes, i.e., the bundle of
all coframes of the form (8).

G = group of all matrices in (8) acts on Y → E .
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Reduction of Y → E → M to a {e}-structure [3].

Theorem CM-2

There exists a uniquely determined coframe

(ω, ωα, ωβ̄, φ, φα, φβ̄, φγ
α, φµ̄

β̄, ψ) (9)

on Y that satisfy structure equations (including (7)). The coframe can
be assembled into a Cartan connection on Y → E → M.

One of the structure equations has the form

dφγ
α = φγ

ν ∧ φνα + Sγ
α
νµ̄ω

ν ∧ ωµ̄ + . . . . (10)

Given a CTCM coframe (θ, θα, θβ̄, φ) ( =⇒ section of Y ), the forms
(9) can be pulled back to M, and Sαβ̄νµ̄ = gγβ̄Sγ

α
νµ̄ yields the CR

curvature tensor on M previously defined.
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Locally ”spherical” CR structures.

Remark. Bianchi identities can be used to show that if

Sαβ̄νµ̄ ≡ 0, on π−1(U) ⊂ Y

for some U ⊂ M, then the coframe (9) on π : Y → M (locally over U)
coincides with (satisfies the same structure equations as) that of the
hyperquadric π : Y0 → Qn

` . According to E. Cartan’s solution to his
”equivalence problem”, it follows that there is a diffeomorphism Y ∼= Y0

(locally). This pushes down to a CR equivalence U ∼= U ′ ⊂ Qn
` .

Thus, Sαβ̄νµ̄ ≡ 0 characterizes the hyperquadric locally.
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S. Webster and N. Tanaka’s approach. Pseudohermitian geometry.
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Pseudohermitian geometry and admissible frames

Fix a contact form θ on M. (M,V = T 0,1M, θ) is called a
pseudohermitian manifold. Let (θ, θα) be a CR coframe. By a change

θα 7→ θα + uαθ,

it follows from (6) that we can achieve

dθ = ihαβ̄θ
α ∧ θβ̄. (11)

A CR coframe (θ, θα) satisfying (11) is called admissible. The forms θα

are determined up to changes

θα 7→ uν
αθν , hαβ̄ = hνµ̄uα

νuβ̄
µ̄.
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The pseudohermitian connection [6, 5].

Theorem ΨH

Given an admissible CR coframe (θ, θα), there are uniquely determined
connection forms ων

β, torsion forms τα = Aαµ̄θ
µ̄ such that

dθ = ihαβ̄θ
α ∧ θβ̄

dθα = θν ∧ ωνα + θ ∧ τα

dhαβ̄ = ωαβ̄ + ωβ̄α.

(12)

The connection forms satisfy

dωα
β = ωα

ν ∧ ωνβ + Rα
β
νµ̄θ

ν ∧ θµ̄ + . . . . (13)

(+ similar equation for the torsion forms.)
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Remarks.

Rαβ̄νµ̄ is called the Tanaka-Webster curvature. Pseudohermitian (but
not a CR) invariant.

M is torsion free (i.e. τα = 0) ⇐⇒ the Reeb vector field is an
infinitesimal CR automorphism.

On a CR manifold M, there is a pseudohermitian structure that is
torsion free ⇐⇒ there is a transverse infinitesimal CR
automorphism; such M are called ”rigid” or ”regular”.

The CR structure on M is in some sense the ”conformal class” of
pseudohermitian structures on M.
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Tanaka-Webster curvature vs. CR curvature

Fix a pseudohermitian structure θ, and let (θ, θα) be an admissible

coframe. Then (θ, θα, θβ̄, φ = 0) is a CTCM coframe. We pull down the
CR curvature Sαβ̄νµ̄ using this CTCM coframe.

Proposition

The CR curvature is the traceless part (Weyl tensor) of the
Tanaka-Webster curvature; i.e.,

Sαβ̄µν̄ = Rαβ̄µν̄ −
Rαβ̄hµν̄ + Rµβ̄hαν̄ + Rαν̄hµβ̄ + Rµν̄hαβ̄

n + 2

+
R(hαβ̄hµν̄ + hαν̄hµβ̄)

(n + 1)(n + 2)
,

where
Rαβ̄ := Rµ

µ
αβ̄ and R := Rµ

µ

are respectively the pseudohermitian Ricci and scalar curvatures of (M, θ).
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C. Fefferman’s approach. Just kidding!

The End
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