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Outline

1. Short advertisement

2. The rest of the talk:

a. One dimensional topological superconductors-
background

b. Phase controlled 1D topological superconductivity
c. Disorder



1. The Quantum Hall effect

2. Topological superconductivity

3. Topological universe on a graphene sheet

4. Topological insulators

5. Topological classification

6. Gapless topological phases

7. Material prediction 

8. States of topological Order

9. Experimental tools

On EDX, CampusIL & Youtube

Search for Topological quantum matter Weizmann online 



1D topological superconductivity – background



One dimensional superconductors are

1. Exciting – localized Majorana zero modes, topological 
protection, non-abelian statistics, topological quantum 
information processing 

2. Based on a straightforward theory

3. Are harder to realize, control and explore than they 
could have been 

Perhaps we have not yet found the best experimental 
set-up…



1D topological superconductors and Majorana zero energy modes 
(Kitaev, Read&Green, Kopnin, Saloma)

BdG Hamiltonian 

A quadratic Hamiltonian!
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1D topological superconductors and Majorana zero energy modes 
(Kitaev, Read&Green, Kopnin, Saloma)

BdG Hamiltonian 

𝐻 = 𝜓! 𝜓
𝐻" Δ
Δ! −𝐻"

𝜓
𝜓!

a matrix with two important properties:
• Even dimensional
• Spectrum is symmetric around zero energy 

⇒ An even number of zero energy states
⇒ Two well separated zero energy modes are protected



• A topologically protected degeneracy of the ground 
state

• Opens up possibilities for topologically protected 
unitary evolution, topological qubits etc. 
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Topological Superconductivity in Nanowires

Quantum wire with                     spin-orbit coupling and Zeeman field:

Lutchyn et al. PRL 2010
Oreg et al. PRL 2010

𝛾 𝛾

𝐻! =
𝑘"#

2𝑚
− 𝜇 + 𝛼𝑘"𝜎$ + 𝐵𝜎%

figure taken from 
Alicea, Rep. Prog. Phys. (2012)

↑↓

𝑘"

𝐸

2𝐵 𝜇

Δ

Requires fine-tuning of 𝜇!



Mourik, V. et al. Science 336, 1003–1007 (2012)
Vaitiekenas, S. et al. Science 367, eaav3392 (2020)



(Aghaee et al., 2022)



Nadj-Perge, S. et al. Science 346, 602–607 (2014)
Feldman, B. E. et al. Nat. Phys. 13, 286–291 (2017)
Ruby, M., et al., Nano Lett. 17, 4473–4477 (2017).

Difficulties:
• Uneasy coexistence of superconductivity and 

magnetic field
• Uneasy coexistence of gating and superconductivity
• Disorder



One dimensional superconductors are

1. Exciting – localized Majorana zero modes, topological 
protection, non-abelian statistics, topological quantum 
information processing 

2. Based on a straightforward theory

3. Are harder to realize, control and explore than they 
could have been 

Perhaps we have not yet found the best experimental 
set-up…



Introducing another knob – the superconducting phase 



1. Introduce a 1D superconducting system

2 DEG

𝐵

Δe!"/$

Δe%!"/$

2 DEG

Δe!"/$

Δe%!"/$

2. Impose periodic boundary conditions ⇒ 𝑘# is well defined. 
Solve the BdG spectrum as a function of 𝑘# .



Energy

parameter

• Focus at 𝑘" = 0 (Kitaev)
• Solve BdG equation

3. Search for single gap-closing points at 𝑘" = 0. These 
are trivial ⟺ topological transition points         (Kitaev)

Spin symmetry must be broken!



1D topological superconductor in a 2D setting
(Pientka, Keselman, Yacoby, Berg, Stern, Halperin) (Hell et al. )
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New knobs to tune – phase difference, Josephson current, 
enclosed magnetic flux 

New features:
• Robust topological phase with no fine-tuning (for 𝜙 ≈ 𝜋)
• Can tune itself the topological phase!

Ingredients:
ü 1D
ü Spin-orbit
ü Superconductivity
ü Magnetic field

𝑊



Phase difference

Zeeman energy * traversal time

Only weak dependence on the chemical potential 
(Spin orbit energy >> Zeeman energy, wide superconductors)

Robust topological phase with no fine-tuning (for 𝜙 ≈ 𝜋)



Hart et al. (2015)

The phase difference at the ground state:

The transition coincides with a 
minimum of the critical current.

First order phase transition between trivial and topological state 
– the system self tunes to the topological regime



𝐻!

=
𝑘"

#
− 𝜕$#

2𝑚
− 𝜇

+ 𝛼 𝑘"𝜎$ + 𝑖𝜕$𝜎" + 𝐵"𝜎"

Setup and Model

𝐻!

=
𝑘"

#
+ 𝑘$#

2𝑚
− 𝜇 + 𝛼 𝑘"𝜎$ − 𝑘$𝜎"

+ 𝐵"𝜎"

Hamiltonian in the normal region:
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We are looking for states within the gap, bound between the 
two superconductors

2 DEG

𝐵

Δe!"/$
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𝑥

𝑦𝑊

Almost the particle in the box problem, except the boundary 
conditions  - Andreev processes

e
e
h



2cos$%
𝐸&
Δ
+ 𝜙 + 2

𝐸&
𝑣'
𝑊 ± 2

𝐵#
𝑣'
𝑊 = 2𝜋𝑛

Narrow junction, i.e.  Δ ≪ ⁄(!
) : 𝐸& = Δcos

𝜙
2
±
𝐵#
𝑣'
𝑊 = Δcos(

𝜙
2
± 𝜙*)

Δe$+,/.

𝑦
Δe+,/.

𝑒↑
ℎ↓

𝑊

phase acquired upon 
Andreev reflection 

phase acquired upon 
traversing the junction

For distinguishing topological from trivial, we need to look at 𝑘#=0

For the ground state energy and energy gap, we need all 𝑘#

Andreev bound state spectrum, Δ ≪ 𝜇:
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Trivial

Topological

Phase Diagram

Insensitive to 𝜇!

𝐸"

𝐸( = Δcos
𝜙
2
±
𝐵&
𝑣)
𝑊

𝑘"=0 bound states:

𝐵!𝑊
𝑣"

𝜙 ± 2
𝐵&
𝑣)
𝑊 = 2𝑛 + 1 𝜋

Gap closing lines (for any 𝑊):

𝐵#=0

State is doubly degenerate!

π/2    π 3 π/2   

2π φ

0 2𝜋 ∅



Majorana end states



Experiments – Nichele - Marcus group (NBI)

Measuring the tunneling density of states
at the end of the junction



(Banerjee et al., 2022)

Improved set-up



Experiments – Yacoby group (Harvard)

Measuring the tunneling density of states 
at the end of the junction



Experiments – Goswami group (Delft)

Measurement of the recovery of the critical current with 
increasing parallel magnetic field



Δ𝑒'() Δ𝑒()Δ*𝑒(+

• SNSNS junction – two phase differences
• Different velocities of the two spin branches in the 

two superconductors

Eliminating the magnetic field altogether   
(Lesser, Oreg, Stern, 2022)
(generalize earlier settings by 
Lesser et al.+the NBI group, 2020-2022)



How do you recognize a 1D topological SC (theoretical level)

Energy

parameter

• Single gap closing signifies a 
topological phase transition

⇒ spin branches must be separated 

Focus on 𝑘" = 0 (Kitaev)



One dimension – two spin branches in each direction. 
Several ways to separate them:
• In real space –

• In momentum space –

• In energy –

Fu                         & Kane
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Oreg & Lutchyn

KitaevNow – in velocities



Start from -
Δ𝑒'() Δ𝑒()

S         N           S

Two gap closings occur at 𝜃 = ±𝜋/2. 

May be separated by the application of a Zeeman 
parallel magnetic field.  (Hell et al., Pientka et al.)

𝐸( = Δcos
𝜙
2
±
𝐵&
𝑣)
𝑊*

Experiments by Ren et al. Fornieri et al., Banergee et al.



Instead of the magnetic field -

Δ𝑒'() Δ𝑒()

S         N           S

add a third superconductor in the middle with Δ′𝑒+, and width 𝑊4. 

• We need a spin dependent 𝑣& .

• For 𝑊, ≫ 𝜉 the junction breaks into two junctions, with a gap 
closing at 𝜙 ± 𝜃 = 𝜋.

• For 𝑊- ≪ 𝜉 the middle superconductor hardly affects the gap 
closing at 𝜃 = ±𝜋/2. The coherence length 𝜉 = ./+

0,
. 



The gap closes at cos 𝜃 + tanh
𝑊,

𝜉
cos 𝜙 = 0

Δ𝑒'() Δ𝑒()Δ*𝑒(+

Width of the normal part may shrink ⇒
gap may become close to Δ



𝜃

−𝜃

𝜙

The origin must be within the triangle for topological 
superconductivity

cos 𝜃 + tanh
𝑊,

𝜉
cos 𝜙 = 0



Different Fermi velocities for the two branches

• Band structure
HgTe
TMDs (Ising spin-orbit coupling welcome)
𝑀𝑋# (𝑀 = 𝑊,𝑀𝑜 𝑋 = 𝑆, 𝑆𝑒, 𝑇𝑒)

• Proximity to a second sub-band in a hetero-structure
• Periodic potential in the 𝑥-direction (Lesser et al.). 



Unequal Fermi velocities –
presumption of innocence or presumption of guilt? 

The Rashba bias

Exact for a 1D ring with nearest neighbor hopping only

SOC acts like spin-dependent flux (Meir et al., 1989)



Δ𝑒'() Δ𝑒()

In 2D, nearest neighbor only:

𝐻 𝑘 = −8
!

𝑡! cos 𝑘 ⋅ 𝑎! −8
!,.

𝜆!,.𝜎. sin 𝑘 ⋅ 𝑎!

𝑘& = 0 the problem becomes 1D, with longer range hopping



Hetero-structures

𝐻 =
1/0

#2
0

0
1/0

#2
+ Δ𝐸

+ 
𝛼33 𝛼3#
𝛼3# 𝛼## k4𝜎"

𝐻 =
𝑝#

2𝑚
+ 𝑉 𝑧 + 𝛼 𝑧 𝑘×𝜎 ⋅ 𝑧

𝛼(5 = ∫ 𝑑𝑧𝜒( 𝑧 𝛼 𝑧 𝜒5 𝑧



Periodicity in the 𝑥-direction                (Lesser et al.)



The effect of disorder on the localization of the zero modes

With Arbel Haim (Cal-Tech)



Numerically -

For weak disorder, Majoranas get 
(significantly) better localized.  

In contrast to 1D p-wave superconductors. 

Why –
1. Identify the culprit – large 𝑘 gap
2. The effect of disorder on that gap –
combination of selection rules and pairing 
phases. 



Spectrum of excitations in the topological phase

𝜙 = 0, 𝐵# = 0 𝜙 = 0.57𝜋, 𝐵# = 0.28 𝜙 = 𝜋, 𝐵# = 0.5
(a) (b) (c)
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Smallest gap at the two Fermi momenta



Think about the spectrum as coming from pairing of several 
modes  

Effect of disorder - perturbative calculation:

Localization length - 5(!
6$%%

Δ788,: ≈ Δ: + ∑&;:
%

<&'
𝑒+ =>? 6' !+@&' %

<&'
= A&'

(

|(|



Δ788,: ≈ Δ: + C
&;:

1
𝜏 :&

𝑒+ =>? 6'

• To be affected by a channel, need to be able to scatter into it
• Once scattered into it, the phase of its pairing potential 

matters. 

Particular cases:

• Disorder scattering into the pairing partner – necessarily 
reduces Δ788 (phase difference of 𝜋). 

Δ:𝑐:!𝑐$:! ⇒ Δ: = −Δ$:

• Delocalizes Majorana modes in p-wave superconductors. 



• Different situation for s-wave superconductors
• Selection rule – disorder does not flip spin, so no 

scattering to pairing partner. 
• No phase difference of pairing potentials.

• Disorder enhances localization



In our case, large 𝑘 behaves like s-wave, small 𝑘 behaves like p-
wave

The small 𝑘 determines topology, the 
large 𝑘 determines localization. 

Magnetic impurities couple large-k pairing partners, and delocalize 
the Majorana modes 



Difficulties:
• Uneasy coexistence of superconductivity and 

magnetic field
• Uneasy coexistence of gating and 

superconductivity
• Disorder

Solutions:
• Replace the magnetic field by tuning of 

phases
• Dependence on chemical potential is weak
• Effects of disorder may be weakened

Summary:


