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Model: F(x; θ)Data: x Cost: C(F(x; θ))

Optimise: ∇θ C(F(x; θ))Update: θ
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• The first computationally efficient method update parameters of a neural network


• Often solely attributed to the chain rule
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How does backpropagation work?
<latexit sha1_base64="sePIuUzcOLVa2eFP+OEWSgvzMOQ="></latexit>

f(X; ~✓) = �(✓L(�(✓L�1...✓1(X))))
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How does backpropagation work?
• As a neural network function is being computed, intermediate information is 

cleverly stored and reused for gradient computation - dynamic programming



Memory and time



Memory and time
• Neural network with M parameters
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Memory and time
• Neural network with M parameters


• Cost to compute the function in time:


• Cost to compute the function in memory: 

<latexit sha1_base64="ObLPgvU3IGwy6xHWuQxxKRYHNXw=">AAACAXicbVBNS8NAEN34WetX1IvgJViE9lISUfRYFEUPQoV+QRPKZrttl242YXcilFAv/hUvHhTx6r/w5r9x0+agrQ8GHu/NMDPPjzhTYNvfxsLi0vLKam4tv76xubVt7uw2VBhLQusk5KFs+VhRzgStAwNOW5GkOPA5bfrDy9RvPlCpWChqMIqoF+C+YD1GMGipY+67AYaBDJLa7d3VuHhddGFAAZdKHbNgl+0JrHniZKSAMlQ75pfbDUkcUAGEY6Xajh2Bl2AJjHA6zruxohEmQ9ynbU0FDqjykskHY+tIK12rF0pdAqyJ+nsiwYFSo8DXnem9atZLxf+8dgy9cy9hIoqBCjJd1Iu5BaGVxmF1maQE+EgTTCTTt1pkgCUmoEPL6xCc2ZfnSeO47JyW7fuTQuUiiyOHDtAhKiIHnaEKukFVVEcEPaJn9IrejCfjxXg3PqatC0Y2s4f+wPj8AR+nlgU=</latexit>
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• Neural network with M parameters


• Cost to compute the function in time:


• Cost to compute the function in memory: 
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TIME(F (✓))
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Memory and time
• Neural network with M parameters


• Cost to compute the function in time:


• Cost to compute the function in memory: 

<latexit sha1_base64="ObLPgvU3IGwy6xHWuQxxKRYHNXw=">AAACAXicbVBNS8NAEN34WetX1IvgJViE9lISUfRYFEUPQoV+QRPKZrttl242YXcilFAv/hUvHhTx6r/w5r9x0+agrQ8GHu/NMDPPjzhTYNvfxsLi0vLKam4tv76xubVt7uw2VBhLQusk5KFs+VhRzgStAwNOW5GkOPA5bfrDy9RvPlCpWChqMIqoF+C+YD1GMGipY+67AYaBDJLa7d3VuHhddGFAAZdKHbNgl+0JrHniZKSAMlQ75pfbDUkcUAGEY6Xajh2Bl2AJjHA6zruxohEmQ9ynbU0FDqjykskHY+tIK12rF0pdAqyJ+nsiwYFSo8DXnem9atZLxf+8dgy9cy9hIoqBCjJd1Iu5BaGVxmF1maQE+EgTTCTTt1pkgCUmoEPL6xCc2ZfnSeO47JyW7fuTQuUiiyOHDtAhKiIHnaEKukFVVEcEPaJn9IrejCfjxXg3PqatC0Y2s4f+wPj8AR+nlgU=</latexit>

TIME(F (✓))

<latexit sha1_base64="zNId+d9y6i3/Nkk1iI8oiOwReu8=">AAACA3icbVDLSsNAFJ34rPUVdaebYBHaTUlE0WVRFDfFKvYhTSiT6aQdOnkwcyOUUHDjr7hxoYhbf8Kdf+OkzUJbD1w4nHMv997jRpxJMM1vbW5+YXFpObeSX11b39jUt7YbMowFoXUS8lC0XCwpZwGtAwNOW5Gg2Hc5bbqD89RvPlAhWRjcwTCijo97AfMYwaCkjr5r+xj6wk+qF9Xr2/tR8bJoQ58CLpU6esEsm2MYs8TKSAFlqHX0L7sbktinARCOpWxbZgROggUwwukob8eSRpgMcI+2FQ2wT6WTjH8YGQdK6RpeKFQFYIzV3xMJ9qUc+q7qTC+W014q/ue1Y/BOnYQFUQw0IJNFXswNCI00EKPLBCXAh4pgIpi61SB9LDABFVtehWBNvzxLGodl67hs3hwVKmdZHDm0h/ZREVnoBFXQFaqhOiLoET2jV/SmPWkv2rv2MWmd07KZHfQH2ucPfQuWww==</latexit>
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<latexit sha1_base64="biajCe7OTaRdrb9iEX38BDcEgAU="></latexit>

TIME(rF (✓))  !1 TIME(F (✓))
<latexit sha1_base64="w/O/AAFiDkHwheyP15kzULW8fEc="></latexit>

MEMORY(rF (✓))  !2 MEMORY(F (✓))

<latexit sha1_base64="HIUc94Eg+e956wVphPNZngvzdDw=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFgEF6UkpaLLohuXFewFkhAm00k7dGYSZiZCCV258VXcuFDErc/gzrdx2mahrT8MfPznHM6cP0oZVdpxvq2V1bX1jc3SVnl7Z3dv3z447Kgkk5i0ccIS2YuQIowK0tZUM9JLJUE8YqQbjW6m9e4DkYom4l6PUxJwNBA0phhpY4X2iZ9wMkChW4UF1aFPBfTqVdgIQrvi1JyZ4DK4BVRAoVZof/n9BGecCI0ZUspznVQHOZKaYkYmZT9TJEV4hAbEMygQJyrIZ2dM4Jlx+jBOpHlCw5n7eyJHXKkxj0wnR3qoFmtT87+al+n4KsipSDNNBJ4vijMGdQKnmcA+lQRrNjaAsKTmrxAPkURYm+TKJgR38eRl6NRr7kXNuWtUmtdFHCVwDE7BOXDBJWiCW9ACbYDBI3gGr+DNerJerHfrY966YhUzR+CPrM8fBD2W5Q==</latexit>

!1,!2 2 [2, 4]



An example: naive gradient computation
• Neural network: M = 1000 parameters
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An example: naive gradient computation
• Neural network: M = 1000 parameters

<latexit sha1_base64="D/ZdFuXqyYG7WaPbxG7XBDEuesI=">AAACHHicbVDLSgNBEJz1bXxFPXoZDEJyCbs+0IsgiqIHIYLRQDaE2UnHDJmdXWZ6hbDkQ7z4K148KOLFg+DfOHkImljQUFR1090VxFIYdN0vZ2Jyanpmdm4+s7C4tLySXV27MVGiOZR5JCNdCZgBKRSUUaCESqyBhYGE26B90vNv70EbEalr7MRQC9mdEk3BGVqpnt3xQ4YtHabXF5en3fxZ3scWICsU6CF1i65Hf3yfGuCRapgurWdz1uqDjhNvSHJkiFI9++E3Ip6EoJBLZkzVc2OspUyj4BK6GT8xEDPeZndQtVSxEEwt7T/XpVtWadBmpG0ppH3190TKQmM6YWA7e6eaUa8n/udVE2we1FKh4gRB8cGiZiIpRrSXFG0IDRxlxxLGtbC3Ut5imnG0eWZsCN7oy+PkZrvo7RXdq93c0fEwjjmyQTZJnnhknxyRc1IiZcLJA3kiL+TVeXSenTfnfdA64Qxn1skfOJ/fnlSf1w==</latexit>

TIME(F (✓)) = 0.01 seconds
<latexit sha1_base64="QWnoMAYkkvoZSMI6NCnE7G0gf0E=">AAACIXicbVDLSgNBEJz1bXxFPXoZDEK8hF1R9CKIouhBUDAqZEPonXTMkNnZZaZXCEt+xYu/4sWDIt7En3ESI/gqGCiqqpnuilIlLfn+mzcyOjY+MTk1XZiZnZtfKC4uXdokMwKrIlGJuY7AopIaqyRJ4XVqEOJI4VXUOej7V7dorEz0BXVTrMdwo2VLCiAnNYo7YQzUNnF+cXJ62CuHGiIF/KgcUhsJ1tf5Lg98/hUKuUWR6Kbt8Uax5Ff8AfhfEgxJiQ1x1ii+hs1EZDFqEgqsrQV+SvUcDEmhsFcIM4spiA7cYM1RDTHaej64sMfXnNLkrcS4p4kP1O8TOcTWduPIJfur2t9eX/zPq2XU2qnnUqcZoRafH7UyxSnh/bp4UxoUpLqOgDDS7cpFGwwIcqUWXAnB75P/ksuNSrBV8c83S3v7wzqm2ApbZWUWsG22x47ZGasywe7YA3tiz9699+i9eK+f0RFvOLPMfsB7/wD1WaIl</latexit>

TIME(rF (✓)) = 10 seconds



An example: naive gradient computation
• Neural network: M = 1 billion parameters

<latexit sha1_base64="RpKMvDcvob0YPm2NSfvhmxIEFX0=">AAACG3icbVDJSgNBEO1xN25Rj14ag5BcwkxwuwiiKHoQIhgNZELo6VSSJj09Q3eNEIb8hxd/xYsHRTwJHvwbO4vg9qDg8V4VVfWCWAqDrvvhTExOTc/Mzs1nFhaXlleyq2vXJko0hwqPZKSrATMghYIKCpRQjTWwMJBwE3SPB/7NLWgjInWFvRjqIWsr0RKcoZUa2ZIfMuzoML06vzjp5+lp3scOICsU6AHddemX7VMDPFJN06eNbM4tukPQv8QbkxwZo9zIvvnNiCchKOSSGVPz3BjrKdMouIR+xk8MxIx3WRtqlioWgqmnw9/6dMsqTdqKtC2FdKh+n0hZaEwvDGzn4FTz2xuI/3m1BFv79VSoOEFQfLSolUiKER0ERZtCA0fZs4RxLeytlHeYZhxtnBkbgvf75b/kulT0doru5Xbu8GgcxxzZIJskTzyyRw7JGSmTCuHkjjyQJ/Ls3DuPzovzOmqdcMYz6+QHnPdPEn+flA==</latexit>

TIME(F (✓)) = 60 seconds



An example: naive gradient computation
• Neural network: M = 1 billion parameters

<latexit sha1_base64="saqOx2P/RL13VpyFcQuE4EtG91k="></latexit>

TIME(rF (✓)) ⇠ 31 years

<latexit sha1_base64="RpKMvDcvob0YPm2NSfvhmxIEFX0=">AAACG3icbVDJSgNBEO1xN25Rj14ag5BcwkxwuwiiKHoQIhgNZELo6VSSJj09Q3eNEIb8hxd/xYsHRTwJHvwbO4vg9qDg8V4VVfWCWAqDrvvhTExOTc/Mzs1nFhaXlleyq2vXJko0hwqPZKSrATMghYIKCpRQjTWwMJBwE3SPB/7NLWgjInWFvRjqIWsr0RKcoZUa2ZIfMuzoML06vzjp5+lp3scOICsU6AHddemX7VMDPFJN06eNbM4tukPQv8QbkxwZo9zIvvnNiCchKOSSGVPz3BjrKdMouIR+xk8MxIx3WRtqlioWgqmnw9/6dMsqTdqKtC2FdKh+n0hZaEwvDGzn4FTz2xuI/3m1BFv79VSoOEFQfLSolUiKER0ERZtCA0fZs4RxLeytlHeYZhxtnBkbgvf75b/kulT0doru5Xbu8GgcxxzZIJskTzyyRw7JGSmTCuHkjjyQJ/Ls3DuPzovzOmqdcMYz6+QHnPdPEn+flA==</latexit>

TIME(F (✓)) = 60 seconds



An example: backpropagation scaling
• Neural network: M = 1 billion parameters

<latexit sha1_base64="RpKMvDcvob0YPm2NSfvhmxIEFX0=">AAACG3icbVDJSgNBEO1xN25Rj14ag5BcwkxwuwiiKHoQIhgNZELo6VSSJj09Q3eNEIb8hxd/xYsHRTwJHvwbO4vg9qDg8V4VVfWCWAqDrvvhTExOTc/Mzs1nFhaXlleyq2vXJko0hwqPZKSrATMghYIKCpRQjTWwMJBwE3SPB/7NLWgjInWFvRjqIWsr0RKcoZUa2ZIfMuzoML06vzjp5+lp3scOICsU6AHddemX7VMDPFJN06eNbM4tukPQv8QbkxwZo9zIvvnNiCchKOSSGVPz3BjrKdMouIR+xk8MxIx3WRtqlioWgqmnw9/6dMsqTdqKtC2FdKh+n0hZaEwvDGzn4FTz2xuI/3m1BFv79VSoOEFQfLSolUiKER0ERZtCA0fZs4RxLeytlHeYZhxtnBkbgvf75b/kulT0doru5Xbu8GgcxxzZIJskTzyyRw7JGSmTCuHkjjyQJ/Ls3DuPzovzOmqdcMYz6+QHnPdPEn+flA==</latexit>

TIME(F (✓)) = 60 seconds
<latexit sha1_base64="7evplAwKp6u4/OfX/N89+OkO4tg=">AAACI3icbVDLSgMxFM34tr6qLt0Ei1A3ZUYsiquiKLoQFNoqdEq5k6Y2NMkMyR2hDP0XN/6KGxeKuHHhv5jWCr4OBA7n3EvuOVEihUXff/MmJqemZ2bn5nMLi0vLK/nVtbqNU8N4jcUyNtcRWC6F5jUUKPl1YjioSPKrqHc09K9uubEi1lXsJ7yp4EaLjmCATmrlD0IF2DUqq56dHw+KoYZIAj0phtjlCNvbNLRC0TL9GgupEjpFbge0lS/4JX8E+pcEY1IgY1y08i9hO2ap4hqZBGsbgZ9gMwODgkk+yIWp5QmwHtzwhqMaFLfNbJRxQLec0qad2LinkY7U7xsZKGv7KnKTw1Ptb28o/uc1UuzsNzOhE5dKs8+POqmkGNNhYbQtDGco+44AM8LdSlkXDDB0teZcCcHvyH9JfacUlEv+5W6hcjiuY45skE1SJAHZIxVySi5IjTByRx7IE3n27r1H78V7/Ryd8MY76+QHvPcPdG6jiw==</latexit>

TIME(rF (✓)) ⇠ 5 minutes



Relative complexity
<latexit sha1_base64="biajCe7OTaRdrb9iEX38BDcEgAU="></latexit>

TIME(rF (✓))  !1 TIME(F (✓))
<latexit sha1_base64="w/O/AAFiDkHwheyP15kzULW8fEc="></latexit>

MEMORY(rF (✓))  !2 MEMORY(F (✓))

<latexit sha1_base64="HIUc94Eg+e956wVphPNZngvzdDw=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFgEF6UkpaLLohuXFewFkhAm00k7dGYSZiZCCV258VXcuFDErc/gzrdx2mahrT8MfPznHM6cP0oZVdpxvq2V1bX1jc3SVnl7Z3dv3z447Kgkk5i0ccIS2YuQIowK0tZUM9JLJUE8YqQbjW6m9e4DkYom4l6PUxJwNBA0phhpY4X2iZ9wMkChW4UF1aFPBfTqVdgIQrvi1JyZ4DK4BVRAoVZof/n9BGecCI0ZUspznVQHOZKaYkYmZT9TJEV4hAbEMygQJyrIZ2dM4Jlx+jBOpHlCw5n7eyJHXKkxj0wnR3qoFmtT87+al+n4KsipSDNNBJ4vijMGdQKnmcA+lQRrNjaAsKTmrxAPkURYm+TKJgR38eRl6NRr7kXNuWtUmtdFHCVwDE7BOXDBJWiCW9ACbYDBI3gGr+DNerJerHfrY966YhUzR+CPrM8fBD2W5Q==</latexit>

!1,!2 2 [2, 4]



Quantum backpropagation?
<latexit sha1_base64="biajCe7OTaRdrb9iEX38BDcEgAU="></latexit>

TIME(rF (✓))  !1 TIME(F (✓))
<latexit sha1_base64="w/O/AAFiDkHwheyP15kzULW8fEc="></latexit>

MEMORY(rF (✓))  !2 MEMORY(F (✓))

<latexit sha1_base64="HIUc94Eg+e956wVphPNZngvzdDw=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFgEF6UkpaLLohuXFewFkhAm00k7dGYSZiZCCV258VXcuFDErc/gzrdx2mahrT8MfPznHM6cP0oZVdpxvq2V1bX1jc3SVnl7Z3dv3z447Kgkk5i0ccIS2YuQIowK0tZUM9JLJUE8YqQbjW6m9e4DkYom4l6PUxJwNBA0phhpY4X2iZ9wMkChW4UF1aFPBfTqVdgIQrvi1JyZ4DK4BVRAoVZof/n9BGecCI0ZUspznVQHOZKaYkYmZT9TJEV4hAbEMygQJyrIZ2dM4Jlx+jBOpHlCw5n7eyJHXKkxj0wnR3qoFmtT87+al+n4KsipSDNNBJ4vijMGdQKnmcA+lQRrNjaAsKTmrxAPkURYm+TKJgR38eRl6NRr7kXNuWtUmtdFHCVwDE7BOXDBJWiCW9ACbYDBI3gGr+DNerJerHfrY966YhUzR+CPrM8fBD2W5Q==</latexit>

!1,!2 2 [2, 4]



Quantum backpropagation?
<latexit sha1_base64="biajCe7OTaRdrb9iEX38BDcEgAU="></latexit>

TIME(rF (✓))  !1 TIME(F (✓))
<latexit sha1_base64="w/O/AAFiDkHwheyP15kzULW8fEc="></latexit>

MEMORY(rF (✓))  !2 MEMORY(F (✓))

<latexit sha1_base64="HIUc94Eg+e956wVphPNZngvzdDw=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFgEF6UkpaLLohuXFewFkhAm00k7dGYSZiZCCV258VXcuFDErc/gzrdx2mahrT8MfPznHM6cP0oZVdpxvq2V1bX1jc3SVnl7Z3dv3z447Kgkk5i0ccIS2YuQIowK0tZUM9JLJUE8YqQbjW6m9e4DkYom4l6PUxJwNBA0phhpY4X2iZ9wMkChW4UF1aFPBfTqVdgIQrvi1JyZ4DK4BVRAoVZof/n9BGecCI0ZUspznVQHOZKaYkYmZT9TJEV4hAbEMygQJyrIZ2dM4Jlx+jBOpHlCw5n7eyJHXKkxj0wnR3qoFmtT87+al+n4KsipSDNNBJ4vijMGdQKnmcA+lQRrNjaAsKTmrxAPkURYm+TKJgR38eRl6NRr7kXNuWtUmtdFHCVwDE7BOXDBJWiCW9ACbYDBI3gGr+DNerJerHfrY966YhUzR+CPrM8fBD2W5Q==</latexit>

!1,!2 2 [2, 4]

<latexit sha1_base64="te35s55DdY0KazAV10HSwVR1fBg=">AAACInicbVBNSwMxFMzWr1q/qh69BIugl7IrinoQREG8qWBroVtKNn1tQ7PZJXkrlLW/xYt/xYsHRT0J/hjTtYJWBwLDzDxe3gSxFAZd993JTUxOTc/kZwtz8wuLS8XllaqJEs2hwiMZ6VrADEihoIICJdRiDSwMJFwHvZOhf30D2ohIXWE/hkbIOkq0BWdopWbx4HTTxy4g26KH1JdMdSRQPzbiW76l5/T2l+LrLNUsltyym4H+Jd6IlMgIF83iq9+KeBKCQi6ZMXXPjbGRMo2CSxgU/MRAzHiPdaBuqWIhmEaanTigG1Zp0Xak7VNIM/XnRMpCY/phYJMhw64Z94bif149wfZ+IxUqThAU/1rUTiTFiA77oi2hgaPsW8K4FvavlHeZZhxtqwVbgjd+8l9S3S57u2X3cqd0dDyqI0/WyDrZJB7ZI0fkjFyQCuHkjjyQJ/Ls3DuPzovz9hXNOaOZVfILzscn4DSisA==</latexit>

F (✓) = h (✓)|O| (✓)i



Quantum backpropagation?
<latexit sha1_base64="biajCe7OTaRdrb9iEX38BDcEgAU="></latexit>

TIME(rF (✓))  !1 TIME(F (✓))

<latexit sha1_base64="te35s55DdY0KazAV10HSwVR1fBg=">AAACInicbVBNSwMxFMzWr1q/qh69BIugl7IrinoQREG8qWBroVtKNn1tQ7PZJXkrlLW/xYt/xYsHRT0J/hjTtYJWBwLDzDxe3gSxFAZd993JTUxOTc/kZwtz8wuLS8XllaqJEs2hwiMZ6VrADEihoIICJdRiDSwMJFwHvZOhf30D2ohIXWE/hkbIOkq0BWdopWbx4HTTxy4g26KH1JdMdSRQPzbiW76l5/T2l+LrLNUsltyym4H+Jd6IlMgIF83iq9+KeBKCQi6ZMXXPjbGRMo2CSxgU/MRAzHiPdaBuqWIhmEaanTigG1Zp0Xak7VNIM/XnRMpCY/phYJMhw64Z94bif149wfZ+IxUqThAU/1rUTiTFiA77oi2hgaPsW8K4FvavlHeZZhxtqwVbgjd+8l9S3S57u2X3cqd0dDyqI0/WyDrZJB7ZI0fkjFyQCuHkjjyQJ/Ls3DuPzovz9hXNOaOZVfILzscn4DSisA==</latexit>

F (✓) = h (✓)|O| (✓)i

<latexit sha1_base64="uzY7mZpMty+vkD3ueS2241fqNSo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEdlMSUXQjFN24ESvYBzQhTKaTduhkJsxMhBIK/oobF4q49Tvc+TdO2yy09cCFwzn3cu89YcKo0o7zbRWWlldW14rrpY3Nre0de3evpUQqMWliwYTshEgRRjlpaqoZ6SSSoDhkpB0Oryd++5FIRQV/0KOE+DHqcxpRjLSRAvvAEzHpo8CFl/Cu4jHRr9xWq4FddmrOFHCRuDkpgxyNwP7yegKnMeEaM6RU13US7WdIaooZGZe8VJEE4SHqk66hHMVE+dn0/DE8NkoPRkKa4hpO1d8TGYqVGsWh6YyRHqh5byL+53VTHV34GeVJqgnHs0VRyqAWcJIF7FFJsGYjQxCW1NwK8QBJhLVJrGRCcOdfXiStk5p7VnPuT8v1qzyOIjgER6ACXHAO6uAGNEATYJCBZ/AK3qwn68V6tz5mrQUrn9kHf2B9/gBhb5PP</latexit>

!1 = O(log(M))



Simple variational model
<latexit sha1_base64="te35s55DdY0KazAV10HSwVR1fBg=">AAACInicbVBNSwMxFMzWr1q/qh69BIugl7IrinoQREG8qWBroVtKNn1tQ7PZJXkrlLW/xYt/xYsHRT0J/hjTtYJWBwLDzDxe3gSxFAZd993JTUxOTc/kZwtz8wuLS8XllaqJEs2hwiMZ6VrADEihoIICJdRiDSwMJFwHvZOhf30D2ohIXWE/hkbIOkq0BWdopWbx4HTTxy4g26KH1JdMdSRQPzbiW76l5/T2l+LrLNUsltyym4H+Jd6IlMgIF83iq9+KeBKCQi6ZMXXPjbGRMo2CSxgU/MRAzHiPdaBuqWIhmEaanTigG1Zp0Xak7VNIM/XnRMpCY/phYJMhw64Z94bif149wfZ+IxUqThAU/1rUTiTFiA77oi2hgaPsW8K4FvavlHeZZhxtqwVbgjd+8l9S3S57u2X3cqd0dDyqI0/WyDrZJB7ZI0fkjFyQCuHkjjyQJ/Ls3DuPzovz9hXNOaOZVfILzscn4DSisA==</latexit>

F (✓) = h (✓)|O| (✓)i



Simple variational model
<latexit sha1_base64="te35s55DdY0KazAV10HSwVR1fBg=">AAACInicbVBNSwMxFMzWr1q/qh69BIugl7IrinoQREG8qWBroVtKNn1tQ7PZJXkrlLW/xYt/xYsHRT0J/hjTtYJWBwLDzDxe3gSxFAZd993JTUxOTc/kZwtz8wuLS8XllaqJEs2hwiMZ6VrADEihoIICJdRiDSwMJFwHvZOhf30D2ohIXWE/hkbIOkq0BWdopWbx4HTTxy4g26KH1JdMdSRQPzbiW76l5/T2l+LrLNUsltyym4H+Jd6IlMgIF83iq9+KeBKCQi6ZMXXPjbGRMo2CSxgU/MRAzHiPdaBuqWIhmEaanTigG1Zp0Xak7VNIM/XnRMpCY/phYJMhw64Z94bif149wfZ+IxUqThAU/1rUTiTFiA77oi2hgaPsW8K4FvavlHeZZhxtqwVbgjd+8l9S3S57u2X3cqd0dDyqI0/WyDrZJB7ZI0fkjFyQCuHkjjyQJ/Ls3DuPzovz9hXNOaOZVfILzscn4DSisA==</latexit>

F (✓) = h (✓)|O| (✓)i
<latexit sha1_base64="02cyNsWQhwsju/biBfs4BbmzUfc="></latexit>

| (✓)i =
MY

j=1

Uj(✓j)|0i =
MY

j=1

e�i✓jPj |0i



Simple variational model
<latexit sha1_base64="te35s55DdY0KazAV10HSwVR1fBg=">AAACInicbVBNSwMxFMzWr1q/qh69BIugl7IrinoQREG8qWBroVtKNn1tQ7PZJXkrlLW/xYt/xYsHRT0J/hjTtYJWBwLDzDxe3gSxFAZd993JTUxOTc/kZwtz8wuLS8XllaqJEs2hwiMZ6VrADEihoIICJdRiDSwMJFwHvZOhf30D2ohIXWE/hkbIOkq0BWdopWbx4HTTxy4g26KH1JdMdSRQPzbiW76l5/T2l+LrLNUsltyym4H+Jd6IlMgIF83iq9+KeBKCQi6ZMXXPjbGRMo2CSxgU/MRAzHiPdaBuqWIhmEaanTigG1Zp0Xak7VNIM/XnRMpCY/phYJMhw64Z94bif149wfZ+IxUqThAU/1rUTiTFiA77oi2hgaPsW8K4FvavlHeZZhxtqwVbgjd+8l9S3S57u2X3cqd0dDyqI0/WyDrZJB7ZI0fkjFyQCuHkjjyQJ/Ls3DuPzovz9hXNOaOZVfILzscn4DSisA==</latexit>

F (✓) = h (✓)|O| (✓)i
<latexit sha1_base64="02cyNsWQhwsju/biBfs4BbmzUfc="></latexit>

| (✓)i =
MY

j=1

Uj(✓j)|0i =
MY

j=1

e�i✓jPj |0i



Simple variational model
<latexit sha1_base64="te35s55DdY0KazAV10HSwVR1fBg=">AAACInicbVBNSwMxFMzWr1q/qh69BIugl7IrinoQREG8qWBroVtKNn1tQ7PZJXkrlLW/xYt/xYsHRT0J/hjTtYJWBwLDzDxe3gSxFAZd993JTUxOTc/kZwtz8wuLS8XllaqJEs2hwiMZ6VrADEihoIICJdRiDSwMJFwHvZOhf30D2ohIXWE/hkbIOkq0BWdopWbx4HTTxy4g26KH1JdMdSRQPzbiW76l5/T2l+LrLNUsltyym4H+Jd6IlMgIF83iq9+KeBKCQi6ZMXXPjbGRMo2CSxgU/MRAzHiPdaBuqWIhmEaanTigG1Zp0Xak7VNIM/XnRMpCY/phYJMhw64Z94bif149wfZ+IxUqThAU/1rUTiTFiA77oi2hgaPsW8K4FvavlHeZZhxtqwVbgjd+8l9S3S57u2X3cqd0dDyqI0/WyDrZJB7ZI0fkjFyQCuHkjjyQJ/Ls3DuPzovz9hXNOaOZVfILzscn4DSisA==</latexit>

F (✓) = h (✓)|O| (✓)i
<latexit sha1_base64="02cyNsWQhwsju/biBfs4BbmzUfc="></latexit>

| (✓)i =
MY

j=1

Uj(✓j)|0i =
MY

j=1

e�i✓jPj |0i



Simple variational model
<latexit sha1_base64="te35s55DdY0KazAV10HSwVR1fBg=">AAACInicbVBNSwMxFMzWr1q/qh69BIugl7IrinoQREG8qWBroVtKNn1tQ7PZJXkrlLW/xYt/xYsHRT0J/hjTtYJWBwLDzDxe3gSxFAZd993JTUxOTc/kZwtz8wuLS8XllaqJEs2hwiMZ6VrADEihoIICJdRiDSwMJFwHvZOhf30D2ohIXWE/hkbIOkq0BWdopWbx4HTTxy4g26KH1JdMdSRQPzbiW76l5/T2l+LrLNUsltyym4H+Jd6IlMgIF83iq9+KeBKCQi6ZMXXPjbGRMo2CSxgU/MRAzHiPdaBuqWIhmEaanTigG1Zp0Xak7VNIM/XnRMpCY/phYJMhw64Z94bif149wfZ+IxUqThAU/1rUTiTFiA77oi2hgaPsW8K4FvavlHeZZhxtqwVbgjd+8l9S3S57u2X3cqd0dDyqI0/WyDrZJB7ZI0fkjFyQCuHkjjyQJ/Ls3DuPzovz9hXNOaOZVfILzscn4DSisA==</latexit>

F (✓) = h (✓)|O| (✓)i
<latexit sha1_base64="02cyNsWQhwsju/biBfs4BbmzUfc="></latexit>

| (✓)i =
MY

j=1

Uj(✓j)|0i =
MY

j=1

e�i✓jPj |0i

<latexit sha1_base64="NF10/i+Q4xqa30fAwICVXpdJ0wA="></latexit>

@| (✓)i
@✓k

=
MY

j=k+1

e�i✓jPj (�iPk)
kY

l=1

e�i✓lPl |0i



Simple variational model
<latexit sha1_base64="te35s55DdY0KazAV10HSwVR1fBg=">AAACInicbVBNSwMxFMzWr1q/qh69BIugl7IrinoQREG8qWBroVtKNn1tQ7PZJXkrlLW/xYt/xYsHRT0J/hjTtYJWBwLDzDxe3gSxFAZd993JTUxOTc/kZwtz8wuLS8XllaqJEs2hwiMZ6VrADEihoIICJdRiDSwMJFwHvZOhf30D2ohIXWE/hkbIOkq0BWdopWbx4HTTxy4g26KH1JdMdSRQPzbiW76l5/T2l+LrLNUsltyym4H+Jd6IlMgIF83iq9+KeBKCQi6ZMXXPjbGRMo2CSxgU/MRAzHiPdaBuqWIhmEaanTigG1Zp0Xak7VNIM/XnRMpCY/phYJMhw64Z94bif149wfZ+IxUqThAU/1rUTiTFiA77oi2hgaPsW8K4FvavlHeZZhxtqwVbgjd+8l9S3S57u2X3cqd0dDyqI0/WyDrZJB7ZI0fkjFyQCuHkjjyQJ/Ls3DuPzovz9hXNOaOZVfILzscn4DSisA==</latexit>

F (✓) = h (✓)|O| (✓)i
<latexit sha1_base64="02cyNsWQhwsju/biBfs4BbmzUfc="></latexit>

| (✓)i =
MY

j=1

Uj(✓j)|0i =
MY

j=1

e�i✓jPj |0i

<latexit sha1_base64="NF10/i+Q4xqa30fAwICVXpdJ0wA="></latexit>

@| (✓)i
@✓k

=
MY

j=k+1

e�i✓jPj (�iPk)
kY

l=1

e�i✓lPl |0i

<latexit sha1_base64="xz0VFGQC/iid6aLoYFSW5PB2cxM="></latexit>

[F 0(✓)]✓k = �2 Im h (✓)|O @

@✓k
| (✓)i



Naive quantum gradient scaling



Naive quantum gradient scaling
• Unit cost for each parameterised unitary, of which there are M of them



Naive quantum gradient scaling

<latexit sha1_base64="te35s55DdY0KazAV10HSwVR1fBg=">AAACInicbVBNSwMxFMzWr1q/qh69BIugl7IrinoQREG8qWBroVtKNn1tQ7PZJXkrlLW/xYt/xYsHRT0J/hjTtYJWBwLDzDxe3gSxFAZd993JTUxOTc/kZwtz8wuLS8XllaqJEs2hwiMZ6VrADEihoIICJdRiDSwMJFwHvZOhf30D2ohIXWE/hkbIOkq0BWdopWbx4HTTxy4g26KH1JdMdSRQPzbiW76l5/T2l+LrLNUsltyym4H+Jd6IlMgIF83iq9+KeBKCQi6ZMXXPjbGRMo2CSxgU/MRAzHiPdaBuqWIhmEaanTigG1Zp0Xak7VNIM/XnRMpCY/phYJMhw64Z94bif149wfZ+IxUqThAU/1rUTiTFiA77oi2hgaPsW8K4FvavlHeZZhxtqwVbgjd+8l9S3S57u2X3cqd0dDyqI0/WyDrZJB7ZI0fkjFyQCuHkjjyQJ/Ls3DuPzovz9hXNOaOZVfILzscn4DSisA==</latexit>

F (✓) = h (✓)|O| (✓)i

• Unit cost for each parameterised unitary, of which there are M of them



Naive quantum gradient scaling

<latexit sha1_base64="te35s55DdY0KazAV10HSwVR1fBg=">AAACInicbVBNSwMxFMzWr1q/qh69BIugl7IrinoQREG8qWBroVtKNn1tQ7PZJXkrlLW/xYt/xYsHRT0J/hjTtYJWBwLDzDxe3gSxFAZd993JTUxOTc/kZwtz8wuLS8XllaqJEs2hwiMZ6VrADEihoIICJdRiDSwMJFwHvZOhf30D2ohIXWE/hkbIOkq0BWdopWbx4HTTxy4g26KH1JdMdSRQPzbiW76l5/T2l+LrLNUsltyym4H+Jd6IlMgIF83iq9+KeBKCQi6ZMXXPjbGRMo2CSxgU/MRAzHiPdaBuqWIhmEaanTigG1Zp0Xak7VNIM/XnRMpCY/phYJMhw64Z94bif149wfZ+IxUqThAU/1rUTiTFiA77oi2hgaPsW8K4FvavlHeZZhxtqwVbgjd+8l9S3S57u2X3cqd0dDyqI0/WyDrZJB7ZI0fkjFyQCuHkjjyQJ/Ls3DuPzovz9hXNOaOZVfILzscn4DSisA==</latexit>

F (✓) = h (✓)|O| (✓)i

• Unit cost for each parameterised unitary, of which there are M of them

<latexit sha1_base64="02cyNsWQhwsju/biBfs4BbmzUfc="></latexit>

| (✓)i =
MY

j=1

Uj(✓j)|0i =
MY

j=1

e�i✓jPj |0i



Naive quantum gradient scaling

<latexit sha1_base64="te35s55DdY0KazAV10HSwVR1fBg=">AAACInicbVBNSwMxFMzWr1q/qh69BIugl7IrinoQREG8qWBroVtKNn1tQ7PZJXkrlLW/xYt/xYsHRT0J/hjTtYJWBwLDzDxe3gSxFAZd993JTUxOTc/kZwtz8wuLS8XllaqJEs2hwiMZ6VrADEihoIICJdRiDSwMJFwHvZOhf30D2ohIXWE/hkbIOkq0BWdopWbx4HTTxy4g26KH1JdMdSRQPzbiW76l5/T2l+LrLNUsltyym4H+Jd6IlMgIF83iq9+KeBKCQi6ZMXXPjbGRMo2CSxgU/MRAzHiPdaBuqWIhmEaanTigG1Zp0Xak7VNIM/XnRMpCY/phYJMhw64Z94bif149wfZ+IxUqThAU/1rUTiTFiA77oi2hgaPsW8K4FvavlHeZZhxtqwVbgjd+8l9S3S57u2X3cqd0dDyqI0/WyDrZJB7ZI0fkjFyQCuHkjjyQJ/Ls3DuPzovz9hXNOaOZVfILzscn4DSisA==</latexit>

F (✓) = h (✓)|O| (✓)i

• Unit cost for each parameterised unitary, of which there are M of them

<latexit sha1_base64="c3bOZ12tv9gBnJSRMp2EYyF8j4k=">AAACEHicbVA9SwNBEN3z2/gVtbRZDGLSxDtRtBFEUbQQIpgYyMWwt5mYxb29Y3dOCEd+go1/xcZCEVtLO/+Nm49Cow8GHu/NMDMviKUw6Lpfztj4xOTU9MxsZm5+YXEpu7xSMVGiOZR5JCNdDZgBKRSUUaCEaqyBhYGE6+DuuOdf34M2IlJX2ImhHrJbJVqCM7RSI7vphwzbOkyvzi9OuvnTvI9tQFYo0AN6seVDbISM1M12I5tzi24f9C/xhiRHhig1sp9+M+JJCAq5ZMbUPDfGeso0Ci6hm/ETAzHjd+wWapYqFoKpp/2HunTDKk3airQthbSv/pxIWWhMJwxsZ+98M+r1xP+8WoKt/XoqVJwgKD5Y1EokxYj20qFNoYGj7FjCuBb2VsrbTDOONsOMDcEbffkvqWwXvd2ie7mTOzwaxjFD1sg6yROP7JFDckZKpEw4eSBP5IW8Oo/Os/PmvA9ax5zhzCr5BefjG0zMm3o=</latexit>

TIME(F (✓)) = M/✏2

<latexit sha1_base64="02cyNsWQhwsju/biBfs4BbmzUfc="></latexit>

| (✓)i =
MY

j=1

Uj(✓j)|0i =
MY

j=1

e�i✓jPj |0i



Naive quantum gradient scaling

<latexit sha1_base64="te35s55DdY0KazAV10HSwVR1fBg=">AAACInicbVBNSwMxFMzWr1q/qh69BIugl7IrinoQREG8qWBroVtKNn1tQ7PZJXkrlLW/xYt/xYsHRT0J/hjTtYJWBwLDzDxe3gSxFAZd993JTUxOTc/kZwtz8wuLS8XllaqJEs2hwiMZ6VrADEihoIICJdRiDSwMJFwHvZOhf30D2ohIXWE/hkbIOkq0BWdopWbx4HTTxy4g26KH1JdMdSRQPzbiW76l5/T2l+LrLNUsltyym4H+Jd6IlMgIF83iq9+KeBKCQi6ZMXXPjbGRMo2CSxgU/MRAzHiPdaBuqWIhmEaanTigG1Zp0Xak7VNIM/XnRMpCY/phYJMhw64Z94bif149wfZ+IxUqThAU/1rUTiTFiA77oi2hgaPsW8K4FvavlHeZZhxtqwVbgjd+8l9S3S57u2X3cqd0dDyqI0/WyDrZJB7ZI0fkjFyQCuHkjjyQJ/Ls3DuPzovz9hXNOaOZVfILzscn4DSisA==</latexit>

F (✓) = h (✓)|O| (✓)i

• Unit cost for each parameterised unitary, of which there are M of them

<latexit sha1_base64="c3bOZ12tv9gBnJSRMp2EYyF8j4k=">AAACEHicbVA9SwNBEN3z2/gVtbRZDGLSxDtRtBFEUbQQIpgYyMWwt5mYxb29Y3dOCEd+go1/xcZCEVtLO/+Nm49Cow8GHu/NMDMviKUw6Lpfztj4xOTU9MxsZm5+YXEpu7xSMVGiOZR5JCNdDZgBKRSUUaCEaqyBhYGE6+DuuOdf34M2IlJX2ImhHrJbJVqCM7RSI7vphwzbOkyvzi9OuvnTvI9tQFYo0AN6seVDbISM1M12I5tzi24f9C/xhiRHhig1sp9+M+JJCAq5ZMbUPDfGeso0Ci6hm/ETAzHjd+wWapYqFoKpp/2HunTDKk3airQthbSv/pxIWWhMJwxsZ+98M+r1xP+8WoKt/XoqVJwgKD5Y1EokxYj20qFNoYGj7FjCuBb2VsrbTDOONsOMDcEbffkvqWwXvd2ie7mTOzwaxjFD1sg6yROP7JFDckZKpEw4eSBP5IW8Oo/Os/PmvA9ax5zhzCr5BefjG0zMm3o=</latexit>

TIME(F (✓)) = M/✏2

<latexit sha1_base64="02cyNsWQhwsju/biBfs4BbmzUfc="></latexit>

| (✓)i =
MY

j=1

Uj(✓j)|0i =
MY

j=1

e�i✓jPj |0i



Naive quantum gradient scaling

<latexit sha1_base64="te35s55DdY0KazAV10HSwVR1fBg=">AAACInicbVBNSwMxFMzWr1q/qh69BIugl7IrinoQREG8qWBroVtKNn1tQ7PZJXkrlLW/xYt/xYsHRT0J/hjTtYJWBwLDzDxe3gSxFAZd993JTUxOTc/kZwtz8wuLS8XllaqJEs2hwiMZ6VrADEihoIICJdRiDSwMJFwHvZOhf30D2ohIXWE/hkbIOkq0BWdopWbx4HTTxy4g26KH1JdMdSRQPzbiW76l5/T2l+LrLNUsltyym4H+Jd6IlMgIF83iq9+KeBKCQi6ZMXXPjbGRMo2CSxgU/MRAzHiPdaBuqWIhmEaanTigG1Zp0Xak7VNIM/XnRMpCY/phYJMhw64Z94bif149wfZ+IxUqThAU/1rUTiTFiA77oi2hgaPsW8K4FvavlHeZZhxtqwVbgjd+8l9S3S57u2X3cqd0dDyqI0/WyDrZJB7ZI0fkjFyQCuHkjjyQJ/Ls3DuPzovz9hXNOaOZVfILzscn4DSisA==</latexit>

F (✓) = h (✓)|O| (✓)i

• Unit cost for each parameterised unitary, of which there are M of them

<latexit sha1_base64="c3bOZ12tv9gBnJSRMp2EYyF8j4k=">AAACEHicbVA9SwNBEN3z2/gVtbRZDGLSxDtRtBFEUbQQIpgYyMWwt5mYxb29Y3dOCEd+go1/xcZCEVtLO/+Nm49Cow8GHu/NMDMviKUw6Lpfztj4xOTU9MxsZm5+YXEpu7xSMVGiOZR5JCNdDZgBKRSUUaCEaqyBhYGE6+DuuOdf34M2IlJX2ImhHrJbJVqCM7RSI7vphwzbOkyvzi9OuvnTvI9tQFYo0AN6seVDbISM1M12I5tzi24f9C/xhiRHhig1sp9+M+JJCAq5ZMbUPDfGeso0Ci6hm/ETAzHjd+wWapYqFoKpp/2HunTDKk3airQthbSv/pxIWWhMJwxsZ+98M+r1xP+8WoKt/XoqVJwgKD5Y1EokxYj20qFNoYGj7FjCuBb2VsrbTDOONsOMDcEbffkvqWwXvd2ie7mTOzwaxjFD1sg6yROP7JFDckZKpEw4eSBP5IW8Oo/Os/PmvA9ax5zhzCr5BefjG0zMm3o=</latexit>

TIME(F (✓)) = M/✏2

<latexit sha1_base64="02cyNsWQhwsju/biBfs4BbmzUfc="></latexit>

| (✓)i =
MY

j=1

Uj(✓j)|0i =
MY

j=1

e�i✓jPj |0i

<latexit sha1_base64="xz0VFGQC/iid6aLoYFSW5PB2cxM="></latexit>

[F 0(✓)]✓k = �2 Im h (✓)|O @

@✓k
| (✓)i



Naive quantum gradient scaling

<latexit sha1_base64="te35s55DdY0KazAV10HSwVR1fBg=">AAACInicbVBNSwMxFMzWr1q/qh69BIugl7IrinoQREG8qWBroVtKNn1tQ7PZJXkrlLW/xYt/xYsHRT0J/hjTtYJWBwLDzDxe3gSxFAZd993JTUxOTc/kZwtz8wuLS8XllaqJEs2hwiMZ6VrADEihoIICJdRiDSwMJFwHvZOhf30D2ohIXWE/hkbIOkq0BWdopWbx4HTTxy4g26KH1JdMdSRQPzbiW76l5/T2l+LrLNUsltyym4H+Jd6IlMgIF83iq9+KeBKCQi6ZMXXPjbGRMo2CSxgU/MRAzHiPdaBuqWIhmEaanTigG1Zp0Xak7VNIM/XnRMpCY/phYJMhw64Z94bif149wfZ+IxUqThAU/1rUTiTFiA77oi2hgaPsW8K4FvavlHeZZhxtqwVbgjd+8l9S3S57u2X3cqd0dDyqI0/WyDrZJB7ZI0fkjFyQCuHkjjyQJ/Ls3DuPzovz9hXNOaOZVfILzscn4DSisA==</latexit>

F (✓) = h (✓)|O| (✓)i

• Unit cost for each parameterised unitary, of which there are M of them

<latexit sha1_base64="c3bOZ12tv9gBnJSRMp2EYyF8j4k=">AAACEHicbVA9SwNBEN3z2/gVtbRZDGLSxDtRtBFEUbQQIpgYyMWwt5mYxb29Y3dOCEd+go1/xcZCEVtLO/+Nm49Cow8GHu/NMDMviKUw6Lpfztj4xOTU9MxsZm5+YXEpu7xSMVGiOZR5JCNdDZgBKRSUUaCEaqyBhYGE6+DuuOdf34M2IlJX2ImhHrJbJVqCM7RSI7vphwzbOkyvzi9OuvnTvI9tQFYo0AN6seVDbISM1M12I5tzi24f9C/xhiRHhig1sp9+M+JJCAq5ZMbUPDfGeso0Ci6hm/ETAzHjd+wWapYqFoKpp/2HunTDKk3airQthbSv/pxIWWhMJwxsZ+98M+r1xP+8WoKt/XoqVJwgKD5Y1EokxYj20qFNoYGj7FjCuBb2VsrbTDOONsOMDcEbffkvqWwXvd2ie7mTOzwaxjFD1sg6yROP7JFDckZKpEw4eSBP5IW8Oo/Os/PmvA9ax5zhzCr5BefjG0zMm3o=</latexit>

TIME(F (✓)) = M/✏2

<latexit sha1_base64="02cyNsWQhwsju/biBfs4BbmzUfc="></latexit>

| (✓)i =
MY

j=1

Uj(✓j)|0i =
MY

j=1

e�i✓jPj |0i

<latexit sha1_base64="xz0VFGQC/iid6aLoYFSW5PB2cxM="></latexit>

[F 0(✓)]✓k = �2 Im h (✓)|O @

@✓k
| (✓)i

<latexit sha1_base64="NF10/i+Q4xqa30fAwICVXpdJ0wA="></latexit>
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Naive quantum gradient scaling

<latexit sha1_base64="te35s55DdY0KazAV10HSwVR1fBg=">AAACInicbVBNSwMxFMzWr1q/qh69BIugl7IrinoQREG8qWBroVtKNn1tQ7PZJXkrlLW/xYt/xYsHRT0J/hjTtYJWBwLDzDxe3gSxFAZd993JTUxOTc/kZwtz8wuLS8XllaqJEs2hwiMZ6VrADEihoIICJdRiDSwMJFwHvZOhf30D2ohIXWE/hkbIOkq0BWdopWbx4HTTxy4g26KH1JdMdSRQPzbiW76l5/T2l+LrLNUsltyym4H+Jd6IlMgIF83iq9+KeBKCQi6ZMXXPjbGRMo2CSxgU/MRAzHiPdaBuqWIhmEaanTigG1Zp0Xak7VNIM/XnRMpCY/phYJMhw64Z94bif149wfZ+IxUqThAU/1rUTiTFiA77oi2hgaPsW8K4FvavlHeZZhxtqwVbgjd+8l9S3S57u2X3cqd0dDyqI0/WyDrZJB7ZI0fkjFyQCuHkjjyQJ/Ls3DuPzovz9hXNOaOZVfILzscn4DSisA==</latexit>

F (✓) = h (✓)|O| (✓)i

• Unit cost for each parameterised unitary, of which there are M of them

<latexit sha1_base64="c3bOZ12tv9gBnJSRMp2EYyF8j4k=">AAACEHicbVA9SwNBEN3z2/gVtbRZDGLSxDtRtBFEUbQQIpgYyMWwt5mYxb29Y3dOCEd+go1/xcZCEVtLO/+Nm49Cow8GHu/NMDMviKUw6Lpfztj4xOTU9MxsZm5+YXEpu7xSMVGiOZR5JCNdDZgBKRSUUaCEaqyBhYGE6+DuuOdf34M2IlJX2ImhHrJbJVqCM7RSI7vphwzbOkyvzi9OuvnTvI9tQFYo0AN6seVDbISM1M12I5tzi24f9C/xhiRHhig1sp9+M+JJCAq5ZMbUPDfGeso0Ci6hm/ETAzHjd+wWapYqFoKpp/2HunTDKk3airQthbSv/pxIWWhMJwxsZ+98M+r1xP+8WoKt/XoqVJwgKD5Y1EokxYj20qFNoYGj7FjCuBb2VsrbTDOONsOMDcEbffkvqWwXvd2ie7mTOzwaxjFD1sg6yROP7JFDckZKpEw4eSBP5IW8Oo/Os/PmvA9ax5zhzCr5BefjG0zMm3o=</latexit>

TIME(F (✓)) = M/✏2

<latexit sha1_base64="02cyNsWQhwsju/biBfs4BbmzUfc="></latexit>

| (✓)i =
MY

j=1

Uj(✓j)|0i =
MY

j=1

e�i✓jPj |0i

<latexit sha1_base64="xz0VFGQC/iid6aLoYFSW5PB2cxM="></latexit>

[F 0(✓)]✓k = �2 Im h (✓)|O @

@✓k
| (✓)i

<latexit sha1_base64="NF10/i+Q4xqa30fAwICVXpdJ0wA="></latexit>

@| (✓)i
@✓k

=
MY

j=k+1

e�i✓jPj (�iPk)
kY

l=1

e�i✓lPl |0i

<latexit sha1_base64="y6jZse9TArAmj69b93WySdHOwkI="></latexit>

TIME([F 0(✓)]✓k) = M/✏2



Naive quantum gradient scaling

<latexit sha1_base64="te35s55DdY0KazAV10HSwVR1fBg=">AAACInicbVBNSwMxFMzWr1q/qh69BIugl7IrinoQREG8qWBroVtKNn1tQ7PZJXkrlLW/xYt/xYsHRT0J/hjTtYJWBwLDzDxe3gSxFAZd993JTUxOTc/kZwtz8wuLS8XllaqJEs2hwiMZ6VrADEihoIICJdRiDSwMJFwHvZOhf30D2ohIXWE/hkbIOkq0BWdopWbx4HTTxy4g26KH1JdMdSRQPzbiW76l5/T2l+LrLNUsltyym4H+Jd6IlMgIF83iq9+KeBKCQi6ZMXXPjbGRMo2CSxgU/MRAzHiPdaBuqWIhmEaanTigG1Zp0Xak7VNIM/XnRMpCY/phYJMhw64Z94bif149wfZ+IxUqThAU/1rUTiTFiA77oi2hgaPsW8K4FvavlHeZZhxtqwVbgjd+8l9S3S57u2X3cqd0dDyqI0/WyDrZJB7ZI0fkjFyQCuHkjjyQJ/Ls3DuPzovz9hXNOaOZVfILzscn4DSisA==</latexit>

F (✓) = h (✓)|O| (✓)i

• Unit cost for each parameterised unitary, of which there are M of them

<latexit sha1_base64="c3bOZ12tv9gBnJSRMp2EYyF8j4k=">AAACEHicbVA9SwNBEN3z2/gVtbRZDGLSxDtRtBFEUbQQIpgYyMWwt5mYxb29Y3dOCEd+go1/xcZCEVtLO/+Nm49Cow8GHu/NMDMviKUw6Lpfztj4xOTU9MxsZm5+YXEpu7xSMVGiOZR5JCNdDZgBKRSUUaCEaqyBhYGE6+DuuOdf34M2IlJX2ImhHrJbJVqCM7RSI7vphwzbOkyvzi9OuvnTvI9tQFYo0AN6seVDbISM1M12I5tzi24f9C/xhiRHhig1sp9+M+JJCAq5ZMbUPDfGeso0Ci6hm/ETAzHjd+wWapYqFoKpp/2HunTDKk3airQthbSv/pxIWWhMJwxsZ+98M+r1xP+8WoKt/XoqVJwgKD5Y1EokxYj20qFNoYGj7FjCuBb2VsrbTDOONsOMDcEbffkvqWwXvd2ie7mTOzwaxjFD1sg6yROP7JFDckZKpEw4eSBP5IW8Oo/Os/PmvA9ax5zhzCr5BefjG0zMm3o=</latexit>

TIME(F (✓)) = M/✏2

<latexit sha1_base64="02cyNsWQhwsju/biBfs4BbmzUfc="></latexit>

| (✓)i =
MY

j=1

Uj(✓j)|0i =
MY

j=1

e�i✓jPj |0i

<latexit sha1_base64="xz0VFGQC/iid6aLoYFSW5PB2cxM="></latexit>

[F 0(✓)]✓k = �2 Im h (✓)|O @

@✓k
| (✓)i

<latexit sha1_base64="NF10/i+Q4xqa30fAwICVXpdJ0wA="></latexit>

@| (✓)i
@✓k

=
MY
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l=1

e�i✓lPl |0i

<latexit sha1_base64="y6jZse9TArAmj69b93WySdHOwkI="></latexit>

TIME([F 0(✓)]✓k) = M/✏2



Naive quantum gradient scaling
<latexit sha1_base64="HKB0Y4C4zJ/ACFsi0GxWLPN7CHA="></latexit>

TIME(rF (✓)) = M ·M/✏2
<latexit sha1_base64="HLsnMGSTzZcMi4cBN5usHKypWvE=">AAACK3icbVDLSgMxFM34rPVVdekmWIR2U2ZE0Y0giqKLQgVbC51S7qSpDc1khuSOUIb+jxt/xYUufODW/zCtXdTqgcDhnHPJvSeIpTDouu/OzOzc/MJiZim7vLK6tp7b2KyZKNGMV1kkI10PwHApFK+iQMnrseYQBpLfBr2zoX97z7URkbrBfsybIdwp0REM0Eqt3KkfAnZ1mN5clc8LvoJAAr0o+NjlCMXigB7TMvVZO0L6KzkRaeXybskdgf4l3pjkyRiVVu7Zb0csCblCJsGYhufG2ExBo2CSD7J+YngMrAd3vGGpgpCbZjq6dUB3rdKmnUjbp5CO1MmJFEJj+mFgk8N9zbQ3FP/zGgl2jpqpUHGCXLGfjzqJpBjRYXG0LTRnKPuWANPC7kpZFzQwtPVmbQne9Ml/SW2v5B2U3Ov9/MnpuI4M2SY7pEA8ckhOyCWpkCph5IE8kVfy5jw6L86H8/kTnXHGM1vkF5yvb9ydpZk=</latexit>

TIME(rF(✓)) = M · TIME(F(✓))



Naive quantum gradient scaling
<latexit sha1_base64="HKB0Y4C4zJ/ACFsi0GxWLPN7CHA="></latexit>

TIME(rF (✓)) = M ·M/✏2
<latexit sha1_base64="HLsnMGSTzZcMi4cBN5usHKypWvE=">AAACK3icbVDLSgMxFM34rPVVdekmWIR2U2ZE0Y0giqKLQgVbC51S7qSpDc1khuSOUIb+jxt/xYUufODW/zCtXdTqgcDhnHPJvSeIpTDouu/OzOzc/MJiZim7vLK6tp7b2KyZKNGMV1kkI10PwHApFK+iQMnrseYQBpLfBr2zoX97z7URkbrBfsybIdwp0REM0Eqt3KkfAnZ1mN5clc8LvoJAAr0o+NjlCMXigB7TMvVZO0L6KzkRaeXybskdgf4l3pjkyRiVVu7Zb0csCblCJsGYhufG2ExBo2CSD7J+YngMrAd3vGGpgpCbZjq6dUB3rdKmnUjbp5CO1MmJFEJj+mFgk8N9zbQ3FP/zGgl2jpqpUHGCXLGfjzqJpBjRYXG0LTRnKPuWANPC7kpZFzQwtPVmbQne9Ml/SW2v5B2U3Ov9/MnpuI4M2SY7pEA8ckhOyCWpkCph5IE8kVfy5jw6L86H8/kTnXHGM1vkF5yvb9ydpZk=</latexit>

TIME(rF(✓)) = M · TIME(F(✓))

<latexit sha1_base64="v1pcVaUxfFKvg4W3VCFynY85Mek="></latexit>

TIME(rF(✓)) = log(M) · TIME(F(✓))



Quantum backpropagation?
• Parameter shift rule does not yield backprop scaling



Quantum backpropagation?
• Parameter shift rule does not yield backprop scaling



Quantum backpropagation?
• Parameter shift rule does not yield backprop scaling


• SPSA (meant to be dimension independent) will fail 



Quantum backpropagation?
• Parameter shift rule does not yield backprop scaling


• SPSA (meant to be dimension independent) will fail


• All known methods fail (unless special case models are considered)



Is there something more fundamental 
preventing us from achieving 

backpropagation scaling?



<latexit sha1_base64="xz0VFGQC/iid6aLoYFSW5PB2cxM="></latexit>

[F 0(✓)]✓k = �2 Im h (✓)|O @

@✓k
| (✓)i



<latexit sha1_base64="xz0VFGQC/iid6aLoYFSW5PB2cxM="></latexit>

[F 0(✓)]✓k = �2 Im h (✓)|O @

@✓k
| (✓)i

No cloning theorem

Measurement collapse



Connecting the gradient problem to 
a more general open problem



Simplifying gradients
<latexit sha1_base64="te35s55DdY0KazAV10HSwVR1fBg=">AAACInicbVBNSwMxFMzWr1q/qh69BIugl7IrinoQREG8qWBroVtKNn1tQ7PZJXkrlLW/xYt/xYsHRT0J/hjTtYJWBwLDzDxe3gSxFAZd993JTUxOTc/kZwtz8wuLS8XllaqJEs2hwiMZ6VrADEihoIICJdRiDSwMJFwHvZOhf30D2ohIXWE/hkbIOkq0BWdopWbx4HTTxy4g26KH1JdMdSRQPzbiW76l5/T2l+LrLNUsltyym4H+Jd6IlMgIF83iq9+KeBKCQi6ZMXXPjbGRMo2CSxgU/MRAzHiPdaBuqWIhmEaanTigG1Zp0Xak7VNIM/XnRMpCY/phYJMhw64Z94bif149wfZ+IxUqThAU/1rUTiTFiA77oi2hgaPsW8K4FvavlHeZZhxtqwVbgjd+8l9S3S57u2X3cqd0dDyqI0/WyDrZJB7ZI0fkjFyQCuHkjjyQJ/Ls3DuPzovz9hXNOaOZVfILzscn4DSisA==</latexit>

F (✓) = h (✓)|O| (✓)i



Simplifying gradients

<latexit sha1_base64="NF10/i+Q4xqa30fAwICVXpdJ0wA="></latexit>
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<latexit sha1_base64="te35s55DdY0KazAV10HSwVR1fBg=">AAACInicbVBNSwMxFMzWr1q/qh69BIugl7IrinoQREG8qWBroVtKNn1tQ7PZJXkrlLW/xYt/xYsHRT0J/hjTtYJWBwLDzDxe3gSxFAZd993JTUxOTc/kZwtz8wuLS8XllaqJEs2hwiMZ6VrADEihoIICJdRiDSwMJFwHvZOhf30D2ohIXWE/hkbIOkq0BWdopWbx4HTTxy4g26KH1JdMdSRQPzbiW76l5/T2l+LrLNUsltyym4H+Jd6IlMgIF83iq9+KeBKCQi6ZMXXPjbGRMo2CSxgU/MRAzHiPdaBuqWIhmEaanTigG1Zp0Xak7VNIM/XnRMpCY/phYJMhw64Z94bif149wfZ+IxUqThAU/1rUTiTFiA77oi2hgaPsW8K4FvavlHeZZhxtqwVbgjd+8l9S3S57u2X3cqd0dDyqI0/WyDrZJB7ZI0fkjFyQCuHkjjyQJ/Ls3DuPzovz9hXNOaOZVfILzscn4DSisA==</latexit>
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<latexit sha1_base64="te35s55DdY0KazAV10HSwVR1fBg=">AAACInicbVBNSwMxFMzWr1q/qh69BIugl7IrinoQREG8qWBroVtKNn1tQ7PZJXkrlLW/xYt/xYsHRT0J/hjTtYJWBwLDzDxe3gSxFAZd993JTUxOTc/kZwtz8wuLS8XllaqJEs2hwiMZ6VrADEihoIICJdRiDSwMJFwHvZOhf30D2ohIXWE/hkbIOkq0BWdopWbx4HTTxy4g26KH1JdMdSRQPzbiW76l5/T2l+LrLNUsltyym4H+Jd6IlMgIF83iq9+KeBKCQi6ZMXXPjbGRMo2CSxgU/MRAzHiPdaBuqWIhmEaanTigG1Zp0Xak7VNIM/XnRMpCY/phYJMhw64Z94bif149wfZ+IxUqThAU/1rUTiTFiA77oi2hgaPsW8K4FvavlHeZZhxtqwVbgjd+8l9S3S57u2X3cqd0dDyqI0/WyDrZJB7ZI0fkjFyQCuHkjjyQJ/Ls3DuPzovz9hXNOaOZVfILzscn4DSisA==</latexit>

F (✓) = h (✓)|O| (✓)i

<latexit sha1_base64="06s5hhr4jKMrHPaJFVwKFnrPQdw=">AAACHXicbVDLSsNAFJ34tr6qLt0MFsFVSaSiG6HoRkFQwVahCWUyvbVDJ5Mwc1MoIT/ixl9x40IRF27Ev3HaZuHrwMDhnHOZe0+YSGHQdT+dqemZ2bn5hcXS0vLK6lp5faNp4lRzaPBYxvo2ZAakUNBAgRJuEw0sCiXchP2TkX8zAG1ErK5xmEAQsTsluoIztFK7XPMjhj0dZeeANPepPwCe+dgDZDk9oq5VigBTHetfWPGsXa64VXcM+pd4BamQApft8rvfiXkagUIumTEtz00wyJhGwSXkJT81kDDeZ3fQslSxCEyQja/L6Y5VOrQba/sU0rH6fSJjkTHDKLTJ0armtzcS//NaKXYPg0yoJEVQfPJRN5UUYzqqinaEBo5yaAnjWthdKe8xzTjaQku2BO/3yX9Jc6/q7Vfdq1qlflzUsUC2yDbZJR45IHVySi5Jg3ByTx7JM3lxHpwn59V5m0SnnGJmk/yA8/EF7fuhIw==</latexit>

Let ~✓ = 0 and O = I



Simplifying gradients
<latexit sha1_base64="n3aRQMooVcKWtqXkqJXYJ1pnNVk="></latexit>

[F 0(✓)]✓k = �2 Im

2

4h0|

0

@
MY

j=1

e
i✓jPj

1

AO

 
MY

m=k+1

e
�i✓mPm

!
(�iPk)

 
kY

l=1

e
�i✓lPl

!
|0i

3

5 ,

<latexit sha1_base64="06s5hhr4jKMrHPaJFVwKFnrPQdw=">AAACHXicbVDLSsNAFJ34tr6qLt0MFsFVSaSiG6HoRkFQwVahCWUyvbVDJ5Mwc1MoIT/ixl9x40IRF27Ev3HaZuHrwMDhnHOZe0+YSGHQdT+dqemZ2bn5hcXS0vLK6lp5faNp4lRzaPBYxvo2ZAakUNBAgRJuEw0sCiXchP2TkX8zAG1ErK5xmEAQsTsluoIztFK7XPMjhj0dZeeANPepPwCe+dgDZDk9oq5VigBTHetfWPGsXa64VXcM+pd4BamQApft8rvfiXkagUIumTEtz00wyJhGwSXkJT81kDDeZ3fQslSxCEyQja/L6Y5VOrQba/sU0rH6fSJjkTHDKLTJ0armtzcS//NaKXYPg0yoJEVQfPJRN5UUYzqqinaEBo5yaAnjWthdKe8xzTjaQku2BO/3yX9Jc6/q7Vfdq1qlflzUsUC2yDbZJR45IHVySi5Jg3ByTx7JM3lxHpwn59V5m0SnnGJmk/yA8/EF7fuhIw==</latexit>

Let ~✓ = 0 and O = I



Simplifying gradients
<latexit sha1_base64="n3aRQMooVcKWtqXkqJXYJ1pnNVk="></latexit>

[F 0(✓)]✓k = �2 Im

2

4h0|

0

@
MY

j=1

e
i✓jPj

1

AO

 
MY

m=k+1

e
�i✓mPm

!
(�iPk)

 
kY

l=1

e
�i✓lPl

!
|0i

3

5 ,

<latexit sha1_base64="06s5hhr4jKMrHPaJFVwKFnrPQdw=">AAACHXicbVDLSsNAFJ34tr6qLt0MFsFVSaSiG6HoRkFQwVahCWUyvbVDJ5Mwc1MoIT/ixl9x40IRF27Ev3HaZuHrwMDhnHOZe0+YSGHQdT+dqemZ2bn5hcXS0vLK6lp5faNp4lRzaPBYxvo2ZAakUNBAgRJuEw0sCiXchP2TkX8zAG1ErK5xmEAQsTsluoIztFK7XPMjhj0dZeeANPepPwCe+dgDZDk9oq5VigBTHetfWPGsXa64VXcM+pd4BamQApft8rvfiXkagUIumTEtz00wyJhGwSXkJT81kDDeZ3fQslSxCEyQja/L6Y5VOrQba/sU0rH6fSJjkTHDKLTJ0armtzcS//NaKXYPg0yoJEVQfPJRN5UUYzqqinaEBo5yaAnjWthdKe8xzTjaQku2BO/3yX9Jc6/q7Vfdq1qlflzUsUC2yDbZJR45IHVySi5Jg3ByTx7JM3lxHpwn59V5m0SnnGJmk/yA8/EF7fuhIw==</latexit>

Let ~✓ = 0 and O = I

<latexit sha1_base64="5G7ikpcPQExahgPS3QN9GX/de4g="></latexit>

[F 0(✓)]✓k = 2 Re h0|Pk|0i



Simplifying gradients
<latexit sha1_base64="n3aRQMooVcKWtqXkqJXYJ1pnNVk="></latexit>

[F 0(✓)]✓k = �2 Im

2

4h0|

0

@
MY

j=1

e
i✓jPj

1

AO

 
MY

m=k+1

e
�i✓mPm

!
(�iPk)

 
kY

l=1

e
�i✓lPl

!
|0i

3

5 ,

<latexit sha1_base64="06s5hhr4jKMrHPaJFVwKFnrPQdw=">AAACHXicbVDLSsNAFJ34tr6qLt0MFsFVSaSiG6HoRkFQwVahCWUyvbVDJ5Mwc1MoIT/ixl9x40IRF27Ev3HaZuHrwMDhnHOZe0+YSGHQdT+dqemZ2bn5hcXS0vLK6lp5faNp4lRzaPBYxvo2ZAakUNBAgRJuEw0sCiXchP2TkX8zAG1ErK5xmEAQsTsluoIztFK7XPMjhj0dZeeANPepPwCe+dgDZDk9oq5VigBTHetfWPGsXa64VXcM+pd4BamQApft8rvfiXkagUIumTEtz00wyJhGwSXkJT81kDDeZ3fQslSxCEyQja/L6Y5VOrQba/sU0rH6fSJjkTHDKLTJ0armtzcS//NaKXYPg0yoJEVQfPJRN5UUYzqqinaEBo5yaAnjWthdKe8xzTjaQku2BO/3yX9Jc6/q7Vfdq1qlflzUsUC2yDbZJR45IHVySi5Jg3ByTx7JM3lxHpwn59V5m0SnnGJmk/yA8/EF7fuhIw==</latexit>

Let ~✓ = 0 and O = I

<latexit sha1_base64="5G7ikpcPQExahgPS3QN9GX/de4g="></latexit>

[F 0(✓)]✓k = 2 Re h0|Pk|0i

Task: Estimate the above expectation value for all  using as little 
resources as possible

k = 1, . . . , M



Shadow tomography
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Reusing quantum states
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• Partially destructive measurements 
 
 

• Gentle measurements



Can we use shadow tomography 
for gradients?



Yes… and no.
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Shadow tomography
<latexit sha1_base64="v1pcVaUxfFKvg4W3VCFynY85Mek="></latexit>

TIME(rF(✓)) = log(M) · TIME(F(✓))

• Leading techniques require storage of exponentially 
large offline models

<latexit sha1_base64="w/O/AAFiDkHwheyP15kzULW8fEc="></latexit>

MEMORY(rF (✓))  !2 MEMORY(F (✓))
<latexit sha1_base64="wxOVX/RpzTtUFzuPH3zsXzrnTQY=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF48RTAxklzA76U2GzGOdmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KU86M9f1vr7Syura+Ud6sbG3v7O5V9w/aRmWaQosqrnQnJgY4k9CyzHLopBqIiDk8xKObqf/wBNowJe/tOIVIkIFkCaPEOqkbSnjEoRIwIL1qza/7M+BlEhSkhgo0e9WvsK9oJkBayokx3cBPbZQTbRnlMKmEmYGU0BEZQNdRSQSYKJ+dPMEnTunjRGlX0uKZ+nsiJ8KYsYhdpyB2aBa9qfif181schXlTKaZBUnni5KMY6vw9H/cZxqo5WNHCNXM3YrpkGhCrUup4kIIFl9eJu2zenBR9+/Oa43rIo4yOkLH6BQF6BI10C1qohaiSKFn9IrePOu9eO/ex7y15BUzh+gPvM8f/9+REQ==</latexit>
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Recap



• Information reuse in quantum models is not easy and is an inhibitor of true 
backprop scaling

Recap



• Information reuse in quantum models is not easy and is an inhibitor of true 
backprop scaling


• Current gradient methods for quantum backprop do not achieve the desired 
scaling of resources 

Recap
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Closing remarks



• There may be some restricted settings, perhaps where models are not as universal or 
powerful, where backprop scaling is attainable


• Shadow tomography: true computational complexity is still unknown


• Is there a more general computational argument to rule out backprop?


• New models or methods for optimisation? — If QML is to complete with classical ML

Closing remarks


