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the SSE simulations we have used T = c/L (in units
with J

1

= 1), reflecting the emergent Lorentz invariance
of the system (i.e., the dynamic exponent z = 1), with
two di↵erent proportionality factors; c = 2 and c = 1/8.
Apart from the di↵erent amplitudes of the correlations,
both data sets exhibit the same decay.

Turning now to the J-Q model, we express the AFM
Heisenberg interaction as a singlet projector, �P

ij

, on
S = 1/2 spins; P

ij

= 1/4 � S
i

· S
j

. To simplify the
notation, we use a bond index b to implicitly refer to
two nearest-neighbor spins hi, ji

b

; P
b

⌘ P
ij

. We also use
an index p to refer to a 2 ⇥ 2 plaquette with sites in
the arrangement ( i j

k l

)
p

and define Q
p

⌘ P
ij

P
kl

+P
ik

P
jl

.
With these definitons the J-Q Hamiltonian is [14]

H = �J
X

b

P
b

�Q
X

p

Q
p

. (5)

We define the coupling ratio g ⌘ J/Q and use the SSE
method to compute the z component of the staggered
magnetization (the AFM order parameter)

m
z

=
1

N

X

r

Sz

r (�1)rx+r
y , (6)

and the two-component dimer (VBS) order parameter,
also defined with the z spin components,

d
↵

=
1

N

X

r

Sz

rS
z

r+↵̂

(�1)r↵ , (7)

where ↵ stands for the x or y lattice direction. We scale
the temperature in units of Q as T = c/L, with c = 2.38
being the estimated critical velocity of excitations [25]
(i.e., the system is in the “cubic” scaling regime [48, 50],
as in the case 1/T = L/2 for the bilayer model in Fig. 1).

Early QMC studies placed the VBS–AFM transition
at g

c

⇡ 0.040 [14–16], while more recent works show a
somewhat larger value, g

c

⇡ 0.045 [18, 25, 26, 30], as
a consequences of significant finite-size corrections. We
now have data for system sizes up to L = 512 and present
the Binder cumulants U

z

and U
d

defined in the standard
way such that U

x

! 1 with increasing system sizes if
there is order of type x and U

x

! 0 otherwise;

U
z

=
5

2
� 5

6

hm4

z

i
hm2

z

i2 , U
d

= 2�
h(d2

x

+ d2
y

)2i
hd2

x

+ d2
y

i2 . (8)

Results for several system sizes are shown in Fig. 2(a).
To improve the g

c

estimate, we analyze crossing points
g = g⇤ where U

z

(g⇤, L) = U
d

(g⇤, L) and also where (for
di↵erent g⇤) U

x

(g⇤, L/2) = U
x

(g⇤, L) with x = z or x = d.
As shown in Fig. 2(b), these crossing points flow to g

c

=
0.04510(2) as L ! 1. The extrapolation is based on a fit
to two power laws for each data set, with a common g

c

.
Unconstrained fits also result in consistent g

c

values. We
have excluded small systems until a statistically sound fit
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FIG. 2. (a) Binder cumulants of the AFM (red points) and
VBS (blue points) order parameters vs the coupling ratio for
system sizes L = 64, 128, 256, and 512. The slopes increase
with L and the L = 512 data are shown with solid symbols.
(b) Inverse-size dependence of interpolated crossing points be-
tween the two cumulants for given L and for the same cumu-
lant on L and L/2 lattices. The curves show fits to two power
laws for each data set with a common gc = g

⇤(L ! 1) value,
resulting in the critical point estimate gc = 0.04510(2).

is obtained, with L � 64 included in the final analysis.
From now on we fix the coupling ratio to g = 0.0451 ⇡ g

c

.
We here examine the correlation function of the Q-

terms in the Hamiltonian, Eq. (5),

C
Q

(r
ij

) = hQ
i

Q
j

i � hQ
i

i2, (9)

which is less noisy than the J-energy correlator. As
shown in Fig. 3(a), the correlations exhibit strong even-
odd oscillations, with amplitude decaying with the dis-
tance. The reason for the oscillating behavior is that the
columnar VBS correlations are also detected by the pla-
quette correlation function C

Q

(r) (for a detailed general
discussion of this, see Ref. [35]). In a columnar state with
x-oriented dimers, C

Q

(0, y) will be small while C
Q

(x, 0)
will have signs (�1)x due to the dimerization. In an
ergodic QMC simulation, C

Q

(x, y) will reflect averaging
over states with x- and y-oriented dimers. The contri-
butions from the VBS order parameter then cancel in
C

Q

(x, 0) for odd x, while C
Q

(x, x) retains the VBS con-
tributions with (�1)x signs. These behaviors are seen in
Fig. 3(a), where the amplitude decay is due to the system
being a critical VBS. Since the system has emergent U(1)
symmetry of the order parameter [14, 16], we should con-
sider C

Q

(r) as averaged over an angle � 2 [0, 2⇡) corre-
sponding to a circular-symmetric distribution P (d

x

, d
y

).
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where ↵ stands for the x or y lattice direction. We scale
the temperature in units of Q as T = c/L, with c = 2.38
being the estimated critical velocity of excitations [25]
(i.e., the system is in the “cubic” scaling regime [48, 50],
as in the case 1/T = L/2 for the bilayer model in Fig. 1).

Early QMC studies placed the VBS–AFM transition
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⇡ 0.040 [14–16], while more recent works show a
somewhat larger value, g
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⇡ 0.045 [18, 25, 26, 30], as
a consequences of significant finite-size corrections. We
now have data for system sizes up to L = 512 and present
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Results for several system sizes are shown in Fig. 2(a).
To improve the g
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x

(g⇤, L/2) = U
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As shown in Fig. 2(b), these crossing points flow to g
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=
0.04510(2) as L ! 1. The extrapolation is based on a fit
to two power laws for each data set, with a common g
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Unconstrained fits also result in consistent g
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values. We
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FIG. 2. (a) Binder cumulants of the AFM (red points) and
VBS (blue points) order parameters vs the coupling ratio for
system sizes L = 64, 128, 256, and 512. The slopes increase
with L and the L = 512 data are shown with solid symbols.
(b) Inverse-size dependence of interpolated crossing points be-
tween the two cumulants for given L and for the same cumu-
lant on L and L/2 lattices. The curves show fits to two power
laws for each data set with a common gc = g

⇤(L ! 1) value,
resulting in the critical point estimate gc = 0.04510(2).
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tance. The reason for the oscillating behavior is that the
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0.04510(2) as L ! 1. The extrapolation is based on a fit
to two power laws for each data set, with a common g

c

.
Unconstrained fits also result in consistent g

c

values. We
have excluded small systems until a statistically sound fit
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FIG. 2. (a) Binder cumulants of the AFM (red points) and
VBS (blue points) order parameters vs the coupling ratio for
system sizes L = 64, 128, 256, and 512. The slopes increase
with L and the L = 512 data are shown with solid symbols.
(b) Inverse-size dependence of interpolated crossing points be-
tween the two cumulants for given L and for the same cumu-
lant on L and L/2 lattices. The curves show fits to two power
laws for each data set with a common gc = g

⇤(L ! 1) value,
resulting in the critical point estimate gc = 0.04510(2).

is obtained, with L � 64 included in the final analysis.
From now on we fix the coupling ratio to g = 0.0451 ⇡ g

c

.
We here examine the correlation function of the Q-

terms in the Hamiltonian, Eq. (5),

C
Q

(r
ij

) = hQ
i

Q
j

i � hQ
i

i2, (9)

which is less noisy than the J-energy correlator. As
shown in Fig. 3(a), the correlations exhibit strong even-
odd oscillations, with amplitude decaying with the dis-
tance. The reason for the oscillating behavior is that the
columnar VBS correlations are also detected by the pla-
quette correlation function C

Q

(r) (for a detailed general
discussion of this, see Ref. [35]). In a columnar state with
x-oriented dimers, C

Q

(0, y) will be small while C
Q

(x, 0)
will have signs (�1)x due to the dimerization. In an
ergodic QMC simulation, C

Q

(x, y) will reflect averaging
over states with x- and y-oriented dimers. The contri-
butions from the VBS order parameter then cancel in
C

Q

(x, 0) for odd x, while C
Q

(x, x) retains the VBS con-
tributions with (�1)x signs. These behaviors are seen in
Fig. 3(a), where the amplitude decay is due to the system
being a critical VBS. Since the system has emergent U(1)
symmetry of the order parameter [14, 16], we should con-
sider C

Q

(r) as averaged over an angle � 2 [0, 2⇡) corre-
sponding to a circular-symmetric distribution P (d

x

, d
y

).

AWS, B. Zhao, CPL 2020

- signals of first-order transitions have been ambiguous
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- a coexistence state should have long-ranged spin and dimer correlations

The J-Qn models have first-order transitions - “pseudo critical” for n=2,3
- discontinuities increase with number of singlet projectors n
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Critical scaling of order parameters? - spin and dimer correlations
Derivatives have less effects from L-dependent contributions
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The paradigmatic example of deconfined quantum criticality is the Neel-VBS phase transition.
The continuum description of this transition is the N = 2 case of the CPN�1 model, which is a
field theory of N complex scalars in 3d coupled to an Abelian gauge field with SU(N)⇥U(1) global
symmetry. Lattice studies and duality arguments suggest the global symmetry of the CP 1 model is
enhanced to SO(5). We perform a conformal bootstrap study of SO(5) invariant fixed points with
one relevant SO(5) singlet operator, which would correspond to two relevant SU(2)⇥U(1) singlets,
i.e. a tricritical point. We find that the bootstrap bounds are saturated by four di↵erent predictions
from the large N computation of monopole operator scaling dimensions, which were recently shown
to be very accurate even for small N . This suggests that the Neel-VBS phase transition is described
by this bootstrap bound, which predicts that the second relevant singlet has dimension ⇡ 2.36.

I. INTRODUCTION

Deconfined quantum critical points (DQCPs) are sec-
ond order phase transitions between one phase with sym-
metry groupH, and a second phase with groupH 0, where
H 0 is not a subgroup of H [1, 2]. These phase transi-
tions go beyond the standard Landau-Ginzburg transi-
tions, such as the Wilson-Fisher fixed points, where H
would be a subgroup of H 0. A striking feature of DQCPs
is that they are described by continuum gauge theories
in 2+1 dimensions whose fields are not associated with
quasiparticles on either side of the transition, i.e. they
are deconfined. Despite many years of work, however, the
existence of the simplest DQCP remains controversial.

The paradigmatic example of a DQCP is the transi-
tion between the Neel and Valence Bond Solid (VBS)
phases of quantum antiferromagnets on a 2d square lat-
tice, where the Neel phase breaks an SU(2) symmetry,
while the VBS phase breaks a di↵erent U(1) symmetry.
In the continuum limit, the Neel-VBS phase transition is
described by the 3d CP 1 model [72] with Lagrangian

L =
2X

i=1

⇥|(rµ � iAµ)�
i|2 + �(|�i|2 � 1)

⇤
, (1)

where �i are complex scalar fields, Aµ is an Abelian gauge
field, and � is a real scalar. The SU(2) symmetry rotates
the �i, while the U(1) symmetry is generated by the cur-
rent ✏µ⌫⇢F ⌫⇢, which is conserved due to the Bianchi iden-
tity [73]. This theory is strongly coupled, so it is hard to
determine if it actually flows to a conformal field theory
(CFT), i.e. if it describes a second order phase transition.

Instead of directly analyzing the continuum theory, lat-
tice methods have been applied to various discrete quan-
tum model that are believed to lie in the same universal-
ity class. These studies have produced a bewildering ar-

�v �t �t3 �t4 �s

Bootstrap 0.630⇤ 1.519 2.598 3.884 2.359
Large N 0.630 1.497 2.552 3.770 –
Lattice 0.630(3) 1.5 – – –

Fuzzy Sphere 0.584 1.454 2.565 3.885 2.845

TABLE I: Comparison of scaling dimensions of the lowest
dimension scalar operators in the singlet (s), vector (v), rank-
2 (t), rank-3 (t3), and rank-4 (t4) of SO(5), as determined
from the bootstrap study here, the large N expansion, the
lattice study that claimed SO(5) symmetry [3], and the recent
weakly first order fuzzy sphere study for a certain value of
their coupling [4]. The asterisk by �v for bootstrap means
we put it in to determine the others.

ray of critical exponents [5–12], while others have claimed
the transition is first order [13–16]. One notable lattice
study suggested that the SU(2)⇥ U(1) symmetry is en-
hanced to SO(5) at the putative critical point [3], which
was later attributed to possible quantum dualities [17].

Most lattice studies so far have tried to find a fixed
point by tuning one parameter, i.e. they assumed that
there was one relevant operator uncharged under SU(2)⇥
U(1) [74] [75]. The SO(5) symmetry enhancement would
then imply there is no relevant SO(5) singlet [76], but this
was also ruled out by the conformal bootstrap [18, 19]
[77]. This led some to propose the theory is described
by a weakly first order phase transition, caused by the
merger and annihilation [20, 21] of the CP 1 model with
a related tricritical model. This scenario received recent
support by the study of a theory with microscopic SO(5)
symmetry using the fuzzy sphere method [4].

In this work, we will instead show evidence that the
Neel-VBS phase transition is a tricritical fixed point,
with two relevant singlets of SU(2) ⇥ U(1), or one rel-
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- This scaling dim is consistent with tri-critical SO(5) point
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The paradigmatic example of deconfined quantum criticality is the Neel-VBS phase transition.
The continuum description of this transition is the N = 2 case of the CPN�1 model, which is a
field theory of N complex scalars in 3d coupled to an Abelian gauge field with SU(N)⇥U(1) global
symmetry. Lattice studies and duality arguments suggest the global symmetry of the CP 1 model is
enhanced to SO(5). We perform a conformal bootstrap study of SO(5) invariant fixed points with
one relevant SO(5) singlet operator, which would correspond to two relevant SU(2)⇥U(1) singlets,
i.e. a tricritical point. We find that the bootstrap bounds are saturated by four di↵erent predictions
from the large N computation of monopole operator scaling dimensions, which were recently shown
to be very accurate even for small N . This suggests that the Neel-VBS phase transition is described
by this bootstrap bound, which predicts that the second relevant singlet has dimension ⇡ 2.36.

I. INTRODUCTION

Deconfined quantum critical points (DQCPs) are sec-
ond order phase transitions between one phase with sym-
metry groupH, and a second phase with groupH 0, where
H 0 is not a subgroup of H [1, 2]. These phase transi-
tions go beyond the standard Landau-Ginzburg transi-
tions, such as the Wilson-Fisher fixed points, where H
would be a subgroup of H 0. A striking feature of DQCPs
is that they are described by continuum gauge theories
in 2+1 dimensions whose fields are not associated with
quasiparticles on either side of the transition, i.e. they
are deconfined. Despite many years of work, however, the
existence of the simplest DQCP remains controversial.

The paradigmatic example of a DQCP is the transi-
tion between the Neel and Valence Bond Solid (VBS)
phases of quantum antiferromagnets on a 2d square lat-
tice, where the Neel phase breaks an SU(2) symmetry,
while the VBS phase breaks a di↵erent U(1) symmetry.
In the continuum limit, the Neel-VBS phase transition is
described by the 3d CP 1 model [72] with Lagrangian

L =
2X

i=1

⇥|(rµ � iAµ)�
i|2 + �(|�i|2 � 1)

⇤
, (1)

where �i are complex scalar fields, Aµ is an Abelian gauge
field, and � is a real scalar. The SU(2) symmetry rotates
the �i, while the U(1) symmetry is generated by the cur-
rent ✏µ⌫⇢F ⌫⇢, which is conserved due to the Bianchi iden-
tity [73]. This theory is strongly coupled, so it is hard to
determine if it actually flows to a conformal field theory
(CFT), i.e. if it describes a second order phase transition.

Instead of directly analyzing the continuum theory, lat-
tice methods have been applied to various discrete quan-
tum model that are believed to lie in the same universal-
ity class. These studies have produced a bewildering ar-

�v �t �t3 �t4 �s

Bootstrap 0.630⇤ 1.519 2.598 3.884 2.359
Large N 0.630 1.497 2.552 3.770 –
Lattice 0.630(3) 1.5 – – –

Fuzzy Sphere 0.584 1.454 2.565 3.885 2.845

TABLE I: Comparison of scaling dimensions of the lowest
dimension scalar operators in the singlet (s), vector (v), rank-
2 (t), rank-3 (t3), and rank-4 (t4) of SO(5), as determined
from the bootstrap study here, the large N expansion, the
lattice study that claimed SO(5) symmetry [3], and the recent
weakly first order fuzzy sphere study for a certain value of
their coupling [4]. The asterisk by �v for bootstrap means
we put it in to determine the others.

ray of critical exponents [5–12], while others have claimed
the transition is first order [13–16]. One notable lattice
study suggested that the SU(2)⇥ U(1) symmetry is en-
hanced to SO(5) at the putative critical point [3], which
was later attributed to possible quantum dualities [17].

Most lattice studies so far have tried to find a fixed
point by tuning one parameter, i.e. they assumed that
there was one relevant operator uncharged under SU(2)⇥
U(1) [74] [75]. The SO(5) symmetry enhancement would
then imply there is no relevant SO(5) singlet [76], but this
was also ruled out by the conformal bootstrap [18, 19]
[77]. This led some to propose the theory is described
by a weakly first order phase transition, caused by the
merger and annihilation [20, 21] of the CP 1 model with
a related tricritical model. This scenario received recent
support by the study of a theory with microscopic SO(5)
symmetry using the fuzzy sphere method [4].

In this work, we will instead show evidence that the
Neel-VBS phase transition is a tricritical fixed point,
with two relevant singlets of SU(2) ⇥ U(1), or one rel-
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agrees with loop model (but somewhat smaller error bars)
Chester & Su, CFT numerical bootstrap, arXiv:2310.08343
- This scaling dim is consistent with tri-critical SO(5) point

Relevant SO(5) singlet
• tuning this operator may 

correspond to going into 
1st-order phase boundary
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Critical scaling of order parameters? - spin and dimer correlations
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The paradigmatic example of deconfined quantum criticality is the Neel-VBS phase transition.
The continuum description of this transition is the N = 2 case of the CPN�1 model, which is a
field theory of N complex scalars in 3d coupled to an Abelian gauge field with SU(N)⇥U(1) global
symmetry. Lattice studies and duality arguments suggest the global symmetry of the CP 1 model is
enhanced to SO(5). We perform a conformal bootstrap study of SO(5) invariant fixed points with
one relevant SO(5) singlet operator, which would correspond to two relevant SU(2)⇥U(1) singlets,
i.e. a tricritical point. We find that the bootstrap bounds are saturated by four di↵erent predictions
from the large N computation of monopole operator scaling dimensions, which were recently shown
to be very accurate even for small N . This suggests that the Neel-VBS phase transition is described
by this bootstrap bound, which predicts that the second relevant singlet has dimension ⇡ 2.36.

I. INTRODUCTION

Deconfined quantum critical points (DQCPs) are sec-
ond order phase transitions between one phase with sym-
metry groupH, and a second phase with groupH 0, where
H 0 is not a subgroup of H [1, 2]. These phase transi-
tions go beyond the standard Landau-Ginzburg transi-
tions, such as the Wilson-Fisher fixed points, where H
would be a subgroup of H 0. A striking feature of DQCPs
is that they are described by continuum gauge theories
in 2+1 dimensions whose fields are not associated with
quasiparticles on either side of the transition, i.e. they
are deconfined. Despite many years of work, however, the
existence of the simplest DQCP remains controversial.

The paradigmatic example of a DQCP is the transi-
tion between the Neel and Valence Bond Solid (VBS)
phases of quantum antiferromagnets on a 2d square lat-
tice, where the Neel phase breaks an SU(2) symmetry,
while the VBS phase breaks a di↵erent U(1) symmetry.
In the continuum limit, the Neel-VBS phase transition is
described by the 3d CP 1 model [72] with Lagrangian

L =
2X

i=1

⇥|(rµ � iAµ)�
i|2 + �(|�i|2 � 1)

⇤
, (1)

where �i are complex scalar fields, Aµ is an Abelian gauge
field, and � is a real scalar. The SU(2) symmetry rotates
the �i, while the U(1) symmetry is generated by the cur-
rent ✏µ⌫⇢F ⌫⇢, which is conserved due to the Bianchi iden-
tity [73]. This theory is strongly coupled, so it is hard to
determine if it actually flows to a conformal field theory
(CFT), i.e. if it describes a second order phase transition.

Instead of directly analyzing the continuum theory, lat-
tice methods have been applied to various discrete quan-
tum model that are believed to lie in the same universal-
ity class. These studies have produced a bewildering ar-

�v �t �t3 �t4 �s

Bootstrap 0.630⇤ 1.519 2.598 3.884 2.359
Large N 0.630 1.497 2.552 3.770 –
Lattice 0.630(3) 1.5 – – –

Fuzzy Sphere 0.584 1.454 2.565 3.885 2.845

TABLE I: Comparison of scaling dimensions of the lowest
dimension scalar operators in the singlet (s), vector (v), rank-
2 (t), rank-3 (t3), and rank-4 (t4) of SO(5), as determined
from the bootstrap study here, the large N expansion, the
lattice study that claimed SO(5) symmetry [3], and the recent
weakly first order fuzzy sphere study for a certain value of
their coupling [4]. The asterisk by �v for bootstrap means
we put it in to determine the others.

ray of critical exponents [5–12], while others have claimed
the transition is first order [13–16]. One notable lattice
study suggested that the SU(2)⇥ U(1) symmetry is en-
hanced to SO(5) at the putative critical point [3], which
was later attributed to possible quantum dualities [17].

Most lattice studies so far have tried to find a fixed
point by tuning one parameter, i.e. they assumed that
there was one relevant operator uncharged under SU(2)⇥
U(1) [74] [75]. The SO(5) symmetry enhancement would
then imply there is no relevant SO(5) singlet [76], but this
was also ruled out by the conformal bootstrap [18, 19]
[77]. This led some to propose the theory is described
by a weakly first order phase transition, caused by the
merger and annihilation [20, 21] of the CP 1 model with
a related tricritical model. This scenario received recent
support by the study of a theory with microscopic SO(5)
symmetry using the fuzzy sphere method [4].

In this work, we will instead show evidence that the
Neel-VBS phase transition is a tricritical fixed point,
with two relevant singlets of SU(2) ⇥ U(1), or one rel-
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agrees with loop model (but somewhat smaller error bars)
Chester & Su, CFT numerical bootstrap, arXiv:2310.08343
- This scaling dim is consistent with tri-critical SO(5) point

Relevant SO(5) singlet
• tuning this operator may 

correspond to going into 
1st-order phase boundary

Fuzzy sphere: Zhou, Hu, Zhu, He, arXiv:2306.16435
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Very weak
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AFM and VBS orders coexist on phase boundary
- should show critical scaling m ~ 𝜹β in thermodynamic limit
- exponent β that of tri-critical SO(5) point?
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Negative Q6c, tri-critical not accessible with sign-free QMC
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Negative Q6c, tri-critical not accessible with sign-free QMC
- large β, small overall m2 values; system still near-critical
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= 1.96 from CFT bootstrap

Negative Q6c, tri-critical not accessible with sign-free QMC

- Q6 = 0 ~ 0.5 is close enough to extract reliable exponent
- large β, small overall m2 values; system still near-critical
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Fig. 1. Dimer correlation function, Eq. (4), in the crit-
ical Heisenberg bilayer at separation r = (x, 0) with
x = L/2� 1. Results are shown for two different values of
LT . The lines have slope �2�2 = �3.188, corresponding
to the O(3) value of ⌫.

Fig. 1, because of the rapid decay we can access only
rather modest distances, but the results still show a
remarkably good agreement with the expected form
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(r) / r�2�2 starting from r = 4 (L = 10). In
the SSE simulations we have used T = c/L (in units
with J

1

= 1), reflecting the emergent Lorentz invari-
ance of the system (i.e., the dynamic exponent z = 1),
with two different proportionality factors; c = 2 and
1/8. Apart from the different amplitudes of the cor-
relations, both data sets exhibit the same decay.
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with c = 2.38 being the estimated critical velocity of
excitations[25] (i.e., the system is in the “cubic” scaling
regime,[48,50] as in the case 1/T = L/2 for the bilayer
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Fig. 2. (a) Binder cumulants of the AFM (red points) and
VBS (blue points) order parameters vs the coupling ratio
for system sizes L = 64, 128, 256, and 512. The slopes
increase with L and the L = 512 data are shown with
solid symbols. (b) Inverse-size dependence of interpolated
crossing points between the two cumulants for given L and
for the same cumulant on L and L/2 lattices. The curves
show fits to two power laws for each data set with a com-
mon gc = g⇤(L ! 1) value, resulting in the critical point
estimate gc = 0.04510(2).

To improve the g
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points g = g⇤, where U
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where (for different g⇤) U
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extrapolation is based on a fit to two power laws for
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also result in consistent g
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values. We have excluded
small systems until a statistically sound fit is obtained,
with L � 64 included in the final analysis. From now
on we fix the coupling ratio to g = 0.0451 ⇡ g
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the SSE simulations we have used T = c/L (in units
with J
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= 1), reflecting the emergent Lorentz invari-
ance of the system (i.e., the dynamic exponent z = 1),
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1/8. Apart from the different amplitudes of the cor-
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Fig. 2. (a) Binder cumulants of the AFM (red points) and
VBS (blue points) order parameters vs the coupling ratio
for system sizes L = 64, 128, 256, and 512. The slopes
increase with L and the L = 512 data are shown with
solid symbols. (b) Inverse-size dependence of interpolated
crossing points between the two cumulants for given L and
for the same cumulant on L and L/2 lattices. The curves
show fits to two power laws for each data set with a com-
mon gc = g⇤(L ! 1) value, resulting in the critical point
estimate gc = 0.04510(2).
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points g = g⇤, where U
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where (for different g⇤) U

x

(g⇤, L/2) = U
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x = z or x = d. As shown in Fig. 2(b), these cross-
ing points flow to g
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= 0.04510(2) as L ! 1. The
extrapolation is based on a fit to two power laws for
each data set, with a common g
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. Unconstrained fits
also result in consistent g
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values. We have excluded
small systems until a statistically sound fit is obtained,
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Fig. 1, because of the rapid decay we can access only
rather modest distances, but the results still show a
remarkably good agreement with the expected form
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(r) / r�2�2 starting from r = 4 (L = 10). In
the SSE simulations we have used T = c/L (in units
with J

1

= 1), reflecting the emergent Lorentz invari-
ance of the system (i.e., the dynamic exponent z = 1),
with two different proportionality factors; c = 2 and
1/8. Apart from the different amplitudes of the cor-
relations, both data sets exhibit the same decay.
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where ↵ stands for the x or y lattice direction. We
scale the temperature in units of Q as T = c/L,
with c = 2.38 being the estimated critical velocity of
excitations[25] (i.e., the system is in the “cubic” scaling
regime,[48,50] as in the case 1/T = L/2 for the bilayer
model in Fig. 1).
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Fig. 2. (a) Binder cumulants of the AFM (red points) and
VBS (blue points) order parameters vs the coupling ratio
for system sizes L = 64, 128, 256, and 512. The slopes
increase with L and the L = 512 data are shown with
solid symbols. (b) Inverse-size dependence of interpolated
crossing points between the two cumulants for given L and
for the same cumulant on L and L/2 lattices. The curves
show fits to two power laws for each data set with a com-
mon gc = g⇤(L ! 1) value, resulting in the critical point
estimate gc = 0.04510(2).

To improve the g
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points g = g⇤, where U
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(g⇤, L) and also
where (for different g⇤) U
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(g⇤, L/2) = U
x

(g⇤, L) with
x = z or x = d. As shown in Fig. 2(b), these cross-
ing points flow to g
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= 0.04510(2) as L ! 1. The
extrapolation is based on a fit to two power laws for
each data set, with a common g
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. Unconstrained fits
also result in consistent g
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values. We have excluded
small systems until a statistically sound fit is obtained,
with L � 64 included in the final analysis. From now
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Fig. 1. Dimer correlation function, Eq. (4), in the crit-
ical Heisenberg bilayer at separation r = (x, 0) with
x = L/2� 1. Results are shown for two different values of
LT . The lines have slope �2�2 = �3.188, corresponding
to the O(3) value of ⌫.

Fig. 1, because of the rapid decay we can access only
rather modest distances, but the results still show a
remarkably good agreement with the expected form
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2

(r) / r�2�2 starting from r = 4 (L = 10). In
the SSE simulations we have used T = c/L (in units
with J

1

= 1), reflecting the emergent Lorentz invari-
ance of the system (i.e., the dynamic exponent z = 1),
with two different proportionality factors; c = 2 and
1/8. Apart from the different amplitudes of the cor-
relations, both data sets exhibit the same decay.
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with c = 2.38 being the estimated critical velocity of
excitations[25] (i.e., the system is in the “cubic” scaling
regime,[48,50] as in the case 1/T = L/2 for the bilayer
model in Fig. 1).
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Fig. 2. (a) Binder cumulants of the AFM (red points) and
VBS (blue points) order parameters vs the coupling ratio
for system sizes L = 64, 128, 256, and 512. The slopes
increase with L and the L = 512 data are shown with
solid symbols. (b) Inverse-size dependence of interpolated
crossing points between the two cumulants for given L and
for the same cumulant on L and L/2 lattices. The curves
show fits to two power laws for each data set with a com-
mon gc = g⇤(L ! 1) value, resulting in the critical point
estimate gc = 0.04510(2).
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ing points flow to g

c

= 0.04510(2) as L ! 1. The
extrapolation is based on a fit to two power laws for
each data set, with a common g
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values. We have excluded
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Fig. 1. Dimer correlation function, Eq. (4), in the crit-
ical Heisenberg bilayer at separation r = (x, 0) with
x = L/2� 1. Results are shown for two different values of
LT . The lines have slope �2�2 = �3.188, corresponding
to the O(3) value of ⌫.

Fig. 1, because of the rapid decay we can access only
rather modest distances, but the results still show a
remarkably good agreement with the expected form
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(r) / r�2�2 starting from r = 4 (L = 10). In
the SSE simulations we have used T = c/L (in units
with J
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= 1), reflecting the emergent Lorentz invari-
ance of the system (i.e., the dynamic exponent z = 1),
with two different proportionality factors; c = 2 and
1/8. Apart from the different amplitudes of the cor-
relations, both data sets exhibit the same decay.

Turning now to the J–Q model, we express the
AFM Heisenberg interaction as a singlet projector,
�P

ij

, on S = 1/2 spins; P
ij

= 1/4� S
i

· S
j

. To sim-
plify the notation, we use a bond index b to implicitly
refer to two nearest-neighbor spins hi, ji

b

; P
b

⌘ P
ij

.
We also use an index p to refer to a 2 ⇥ 2 plaque-
tte with sites in the arrangement (

i j

k l

)

p

and define
Q

p

⌘ P
ij

P
kl

+P
ik

P
jl

. With these definitions the J–Q
Hamiltonian is[14]

H = �J
X

b

P
b

�Q
X

p

Q
p

. (5)

We define the coupling ratio g ⌘ J/Q and use the SSE
method to compute the z component of the staggered
magnetization (the AFM order parameter)
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and the two-component dimer (VBS) order parame-
ter, also defined with the z spin components,
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where ↵ stands for the x or y lattice direction. We
scale the temperature in units of Q as T = c/L,
with c = 2.38 being the estimated critical velocity of
excitations[25] (i.e., the system is in the “cubic” scaling
regime,[48,50] as in the case 1/T = L/2 for the bilayer
model in Fig. 1).

Early QMC studies placed the VBS–AFM tran-
sition at g

c

⇡ 0.040,[14�16] while more recent works
show a somewhat larger value, g

c

⇡ 0.045,[18,25,26,30]
as a consequence of significant finite-size corrections.
We now have data for system sizes up to L = 512 and
present the Binder cumulants U

z

and U
d

defined in
the standard way such that U
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! 1 with increasing
system sizes if there is order of type x and U
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U
z

=

5

2

� 5

6

hm4

z

i
hm2

z

i2 , U
d

= 2�
h(d2

x

+ d2
y

)

2i
hd2

x

+ d2
y

i2 . (8)

Results for several system sizes are shown in Fig. 2(a).
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Fig. 2. (a) Binder cumulants of the AFM (red points) and
VBS (blue points) order parameters vs the coupling ratio
for system sizes L = 64, 128, 256, and 512. The slopes
increase with L and the L = 512 data are shown with
solid symbols. (b) Inverse-size dependence of interpolated
crossing points between the two cumulants for given L and
for the same cumulant on L and L/2 lattices. The curves
show fits to two power laws for each data set with a com-
mon gc = g⇤(L ! 1) value, resulting in the critical point
estimate gc = 0.04510(2).

To improve the g
c

estimate, we analyze crossing
points g = g⇤, where U

z

(g⇤, L) = U
d

(g⇤, L) and also
where (for different g⇤) U

x

(g⇤, L/2) = U
x

(g⇤, L) with
x = z or x = d. As shown in Fig. 2(b), these cross-
ing points flow to g

c

= 0.04510(2) as L ! 1. The
extrapolation is based on a fit to two power laws for
each data set, with a common g

c

. Unconstrained fits
also result in consistent g

c

values. We have excluded
small systems until a statistically sound fit is obtained,
with L � 64 included in the final analysis. From now
on we fix the coupling ratio to g = 0.0451 ⇡ g

c

.
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Fig. 1. Dimer correlation function, Eq. (4), in the crit-
ical Heisenberg bilayer at separation r = (x, 0) with
x = L/2� 1. Results are shown for two different values of
LT . The lines have slope �2�2 = �3.188, corresponding
to the O(3) value of ⌫.

Fig. 1, because of the rapid decay we can access only
rather modest distances, but the results still show a
remarkably good agreement with the expected form
C

2

(r) / r�2�2 starting from r = 4 (L = 10). In
the SSE simulations we have used T = c/L (in units
with J

1

= 1), reflecting the emergent Lorentz invari-
ance of the system (i.e., the dynamic exponent z = 1),
with two different proportionality factors; c = 2 and
1/8. Apart from the different amplitudes of the cor-
relations, both data sets exhibit the same decay.

Turning now to the J–Q model, we express the
AFM Heisenberg interaction as a singlet projector,
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, on S = 1/2 spins; P
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· S
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. To sim-
plify the notation, we use a bond index b to implicitly
refer to two nearest-neighbor spins hi, ji
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We also use an index p to refer to a 2 ⇥ 2 plaque-
tte with sites in the arrangement (
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and define
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. With these definitions the J–Q
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We define the coupling ratio g ⌘ J/Q and use the SSE
method to compute the z component of the staggered
magnetization (the AFM order parameter)
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where ↵ stands for the x or y lattice direction. We
scale the temperature in units of Q as T = c/L,
with c = 2.38 being the estimated critical velocity of
excitations[25] (i.e., the system is in the “cubic” scaling
regime,[48,50] as in the case 1/T = L/2 for the bilayer
model in Fig. 1).

Early QMC studies placed the VBS–AFM tran-
sition at g

c

⇡ 0.040,[14�16] while more recent works
show a somewhat larger value, g
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⇡ 0.045,[18,25,26,30]
as a consequence of significant finite-size corrections.
We now have data for system sizes up to L = 512 and
present the Binder cumulants U

z

and U
d

defined in
the standard way such that U

x

! 1 with increasing
system sizes if there is order of type x and U

x

! 0

otherwise;

U
z

=

5

2

� 5

6

hm4

z

i
hm2

z

i2 , U
d

= 2�
h(d2

x

+ d2
y

)

2i
hd2

x

+ d2
y

i2 . (8)

Results for several system sizes are shown in Fig. 2(a).

(a)

(b)

0.000 0.005 0.010 0.015
1/L

0.042

0.043

0.044

0.045

0.046

0.047

g
*

Uz (L),  Ud(L)

Ud (L/2),  Ud(L)

Uz (L/2),  Uz(L)

0.03 0.04 0.05 0.06
0.0

0.2

0.4

0.6

0.8

1.0

U
z ,
    U

d

g

Fig. 2. (a) Binder cumulants of the AFM (red points) and
VBS (blue points) order parameters vs the coupling ratio
for system sizes L = 64, 128, 256, and 512. The slopes
increase with L and the L = 512 data are shown with
solid symbols. (b) Inverse-size dependence of interpolated
crossing points between the two cumulants for given L and
for the same cumulant on L and L/2 lattices. The curves
show fits to two power laws for each data set with a com-
mon gc = g⇤(L ! 1) value, resulting in the critical point
estimate gc = 0.04510(2).

To improve the g
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estimate, we analyze crossing
points g = g⇤, where U
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(g⇤, L) = U
d

(g⇤, L) and also
where (for different g⇤) U
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(g⇤, L/2) = U
x

(g⇤, L) with
x = z or x = d. As shown in Fig. 2(b), these cross-
ing points flow to g

c

= 0.04510(2) as L ! 1. The
extrapolation is based on a fit to two power laws for
each data set, with a common g

c

. Unconstrained fits
also result in consistent g

c

values. We have excluded
small systems until a statistically sound fit is obtained,
with L � 64 included in the final analysis. From now
on we fix the coupling ratio to g = 0.0451 ⇡ g

c

.
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Fig. 3. Correlation function, Eq. (9), of the Q terms in
the critical J–Q model (g = 0.0451). In (a) results at
r = (x, 0) and (x, x) are shown for L = 48. In (b) results
at r = (x, 0) are shown only for odd values of x, with blue
points at x = L/2 � 1 for different system sizes L and
red points for fixed L = 256. The lines in (b) have slope
�2�Q = �1.60.

We here examine the correlation function of the
Q-terms in the Hamiltonian (5),

C
Q

(r
ij

) = hQ
i

Q
j

i � hQ
i

i2, (9)

which is less noisy than the J-energy correlator. As
shown in Fig. 3(a), the correlations exhibit strong
even-odd oscillations, with amplitude decaying with
the distance. The reason for the oscillating behav-
ior is that the columnar VBS correlations are also
detected by the plaquette correlation function C

Q

(r)
(for a detailed general discussion of this, see Ref. [35]).
In a columnar state with x-oriented dimers, C

Q

(0, y)
will be small while C

Q

(x, 0) will have signs (�1)

x

due to the dimerization. In an ergodic QMC simula-
tion, C

Q

(x, y) will reflect averaging over states with
x- and y-oriented dimers. The contributions from
the VBS order parameter then cancel in C

Q

(x, 0)
for odd x, while C

Q

(x, x) retains the VBS contribu-
tions with (�1)

x signs. These behaviors are seen in
Fig. 3(a), where the amplitude decay is due to the
system being a critical VBS. Since the system has
emergent U(1) symmetry of the order parameter,[14,16]
we should consider C

Q

(r) as averaged over an angle
� 2 [0, 2⇡) corresponding to a circular-symmetric dis-
tribution P (d

x

, d
y

). The above-mentioned behaviors
of C

Q

(r) along the lines r = (x, 0) and r = (x, x) will
also hold in this case.

In addition to the large contributions to C
Q

(r)
from the VBS order parameter, there should be a uni-
form component reflecting the scaling dimension of the
full Q operator. Since the VBS contributions are ab-

sent at (x, 0) with odd x, examining the correlations
at these distances is a good way to access the uni-
form component. In Fig. 3(a), small rapidly decaying
values are indeed seen, and in Fig. 3(b) the functional
form is analyzed on a log–log plot. We use a large
system, L = 256, with x ⌧ L, as well as x = L/2� 1

for smaller sizes. In both cases we observe the same
algebraic asymptotic decay, and a power-law fit to the
x = L/2 � 1 data for x > 12 gives �

Q

= 0.800(4).
This scaling dimension corresponds to 1/⌫ = 2.200(4),
in good agreement with the previous (less precise) re-
sults for the J–Q[26] and loop[32] models.

Next we consider the cumulant slopes S
x

⌘
dU

x

/dQ, x = d, z, computed with direct SSE estima-
tors as previously carried out for S

z

with L  160

in Ref. [26]. Here we present the results for L up
to L = 448 (our L = 512 results are too noisy).
The slopes should scale asymptotically as L1/⌫ . In
order to account for the leading correction we also
include a second power-law term with smaller expo-
nent, and exclude small systems until good fits are
obtained. The results are shown in Fig. 4. The in-
set shows the same data sets and fits converted into
1/⌫⇤ ⌘ ln[S(L)/S(L/2)] ln�1

(2), which flows to 1/⌫
as L ! 1. We note that: (i) 1/⌫ = 2.23(2) is
fully consistent with the previous result from smaller
systems,[26] and (ii) the value also agrees with the
above result from the scaling dimension of the Q terms
(with a difference less than 1.5 standard deviations).
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Fig. 4. Critical cumulant slopes vs the system size.
The curves are fits of the L � 64 data to the form
aL1/⌫(1 + bL�!), with 1/⌫ = 2.23(2) (constrained to be
the same for both data sets) and ! = 1.1(1) (for both data
sets, not constrained to be the same). The inset shows
1/⌫⇤ ⌘ ln[S(L)/S(L/2)] ln�1(2) vs 1/L. The purple circle
indicates the extrapolated exponent 1/⌫ = 2.23(2) and the
dashed lines show the values 1/⌫ = 3��Q = 2.200±0.004
determined in Fig. 3.

While the finite-size corrections in 1/⌫ obtained
from the cumulant slopes in Fig. 4 are substantial,
the corrections to the r�2�

Q form of the correlation
function in Fig. 3 are very small. The good agree-
ment of the extracted exponents with the relationship
1/⌫ = 3 � �

Q

should alleviate any concerns of 1/⌫
eventually flowing to the value 3 (= d) expected at a
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Fig. 1. Dimer correlation function, Eq. (4), in the crit-
ical Heisenberg bilayer at separation r = (x, 0) with
x = L/2� 1. Results are shown for two different values of
LT . The lines have slope �2�2 = �3.188, corresponding
to the O(3) value of ⌫.

Fig. 1, because of the rapid decay we can access only
rather modest distances, but the results still show a
remarkably good agreement with the expected form
C

2

(r) / r�2�2 starting from r = 4 (L = 10). In
the SSE simulations we have used T = c/L (in units
with J

1

= 1), reflecting the emergent Lorentz invari-
ance of the system (i.e., the dynamic exponent z = 1),
with two different proportionality factors; c = 2 and
1/8. Apart from the different amplitudes of the cor-
relations, both data sets exhibit the same decay.

Turning now to the J–Q model, we express the
AFM Heisenberg interaction as a singlet projector,
�P

ij

, on S = 1/2 spins; P
ij

= 1/4� S
i

· S
j

. To sim-
plify the notation, we use a bond index b to implicitly
refer to two nearest-neighbor spins hi, ji

b

; P
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.
We also use an index p to refer to a 2 ⇥ 2 plaque-
tte with sites in the arrangement (

i j
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)
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and define
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. With these definitions the J–Q
Hamiltonian is[14]
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We define the coupling ratio g ⌘ J/Q and use the SSE
method to compute the z component of the staggered
magnetization (the AFM order parameter)
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where ↵ stands for the x or y lattice direction. We
scale the temperature in units of Q as T = c/L,
with c = 2.38 being the estimated critical velocity of
excitations[25] (i.e., the system is in the “cubic” scaling
regime,[48,50] as in the case 1/T = L/2 for the bilayer
model in Fig. 1).

Early QMC studies placed the VBS–AFM tran-
sition at g
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⇡ 0.040,[14�16] while more recent works
show a somewhat larger value, g

c

⇡ 0.045,[18,25,26,30]
as a consequence of significant finite-size corrections.
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Results for several system sizes are shown in Fig. 2(a).
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Fig. 2. (a) Binder cumulants of the AFM (red points) and
VBS (blue points) order parameters vs the coupling ratio
for system sizes L = 64, 128, 256, and 512. The slopes
increase with L and the L = 512 data are shown with
solid symbols. (b) Inverse-size dependence of interpolated
crossing points between the two cumulants for given L and
for the same cumulant on L and L/2 lattices. The curves
show fits to two power laws for each data set with a com-
mon gc = g⇤(L ! 1) value, resulting in the critical point
estimate gc = 0.04510(2).

To improve the g
c

estimate, we analyze crossing
points g = g⇤, where U

z

(g⇤, L) = U
d

(g⇤, L) and also
where (for different g⇤) U

x

(g⇤, L/2) = U
x

(g⇤, L) with
x = z or x = d. As shown in Fig. 2(b), these cross-
ing points flow to g

c

= 0.04510(2) as L ! 1. The
extrapolation is based on a fit to two power laws for
each data set, with a common g

c

. Unconstrained fits
also result in consistent g

c

values. We have excluded
small systems until a statistically sound fit is obtained,
with L � 64 included in the final analysis. From now
on we fix the coupling ratio to g = 0.0451 ⇡ g

c

.
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Fig. 3. Correlation function, Eq. (9), of the Q terms in
the critical J–Q model (g = 0.0451). In (a) results at
r = (x, 0) and (x, x) are shown for L = 48. In (b) results
at r = (x, 0) are shown only for odd values of x, with blue
points at x = L/2 � 1 for different system sizes L and
red points for fixed L = 256. The lines in (b) have slope
�2�Q = �1.60.

We here examine the correlation function of the
Q-terms in the Hamiltonian (5),

C
Q

(r
ij

) = hQ
i

Q
j

i � hQ
i

i2, (9)

which is less noisy than the J-energy correlator. As
shown in Fig. 3(a), the correlations exhibit strong
even-odd oscillations, with amplitude decaying with
the distance. The reason for the oscillating behav-
ior is that the columnar VBS correlations are also
detected by the plaquette correlation function C

Q

(r)
(for a detailed general discussion of this, see Ref. [35]).
In a columnar state with x-oriented dimers, C

Q

(0, y)
will be small while C

Q

(x, 0) will have signs (�1)

x

due to the dimerization. In an ergodic QMC simula-
tion, C

Q

(x, y) will reflect averaging over states with
x- and y-oriented dimers. The contributions from
the VBS order parameter then cancel in C

Q

(x, 0)
for odd x, while C

Q

(x, x) retains the VBS contribu-
tions with (�1)

x signs. These behaviors are seen in
Fig. 3(a), where the amplitude decay is due to the
system being a critical VBS. Since the system has
emergent U(1) symmetry of the order parameter,[14,16]
we should consider C

Q

(r) as averaged over an angle
� 2 [0, 2⇡) corresponding to a circular-symmetric dis-
tribution P (d

x

, d
y

). The above-mentioned behaviors
of C

Q

(r) along the lines r = (x, 0) and r = (x, x) will
also hold in this case.

In addition to the large contributions to C
Q

(r)
from the VBS order parameter, there should be a uni-
form component reflecting the scaling dimension of the
full Q operator. Since the VBS contributions are ab-

sent at (x, 0) with odd x, examining the correlations
at these distances is a good way to access the uni-
form component. In Fig. 3(a), small rapidly decaying
values are indeed seen, and in Fig. 3(b) the functional
form is analyzed on a log–log plot. We use a large
system, L = 256, with x ⌧ L, as well as x = L/2� 1

for smaller sizes. In both cases we observe the same
algebraic asymptotic decay, and a power-law fit to the
x = L/2 � 1 data for x > 12 gives �

Q

= 0.800(4).
This scaling dimension corresponds to 1/⌫ = 2.200(4),
in good agreement with the previous (less precise) re-
sults for the J–Q[26] and loop[32] models.

Next we consider the cumulant slopes S
x

⌘
dU

x

/dQ, x = d, z, computed with direct SSE estima-
tors as previously carried out for S

z

with L  160

in Ref. [26]. Here we present the results for L up
to L = 448 (our L = 512 results are too noisy).
The slopes should scale asymptotically as L1/⌫ . In
order to account for the leading correction we also
include a second power-law term with smaller expo-
nent, and exclude small systems until good fits are
obtained. The results are shown in Fig. 4. The in-
set shows the same data sets and fits converted into
1/⌫⇤ ⌘ ln[S(L)/S(L/2)] ln�1

(2), which flows to 1/⌫
as L ! 1. We note that: (i) 1/⌫ = 2.23(2) is
fully consistent with the previous result from smaller
systems,[26] and (ii) the value also agrees with the
above result from the scaling dimension of the Q terms
(with a difference less than 1.5 standard deviations).
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Fig. 4. Critical cumulant slopes vs the system size.
The curves are fits of the L � 64 data to the form
aL1/⌫(1 + bL�!), with 1/⌫ = 2.23(2) (constrained to be
the same for both data sets) and ! = 1.1(1) (for both data
sets, not constrained to be the same). The inset shows
1/⌫⇤ ⌘ ln[S(L)/S(L/2)] ln�1(2) vs 1/L. The purple circle
indicates the extrapolated exponent 1/⌫ = 2.23(2) and the
dashed lines show the values 1/⌫ = 3��Q = 2.200±0.004
determined in Fig. 3.

While the finite-size corrections in 1/⌫ obtained
from the cumulant slopes in Fig. 4 are substantial,
the corrections to the r�2�

Q form of the correlation
function in Fig. 3 are very small. The good agree-
ment of the extracted exponents with the relationship
1/⌫ = 3 � �

Q

should alleviate any concerns of 1/⌫
eventually flowing to the value 3 (= d) expected at a

057502-4

Q-Q correlations (uniform part)
<latexit sha1_base64="Su4NPFXMNKCQNh/MRJbsxaUufzU=">AAACCnicbVDLSsNAFJ34rPUVdelmtAh1U5JS1GWxLly2YB/QxDCZTtqhM0mYmQglZO3GX3HjQhG3foE7/8Zpm4W2HrhwOOde7r3HjxmVyrK+jZXVtfWNzcJWcXtnd2/fPDjsyCgRmLRxxCLR85EkjIakrahipBcLgrjPSNcfN6Z+94EISaPwTk1i4nI0DGlAMVJa8syThtcqi3PoSMqhEwiEUztLxX1adW4IUyjLPLNkVawZ4DKxc1ICOZqe+eUMIpxwEirMkJR924qVmyKhKGYkKzqJJDHCYzQkfU1DxIl009krGTzTygAGkdAVKjhTf0+kiEs54b7u5EiN5KI3Ff/z+okKrtyUhnGiSIjni4KEQRXBaS5wQAXBik00QVhQfSvEI6TzUDq9og7BXnx5mXSqFfuiUmvVSvXrPI4COAanoAxscAnq4BY0QRtg8AiewSt4M56MF+Pd+Ji3rhj5zBH4A+PzBx4hmfI=</latexit>

CQ(r) ⇠
1

r2�



Correlation-length exponent, J-Q2

1

ln(2)
ln

✓
U 0(2L)

U 0(L)

◆
! 1

⌫

We can also calculate correlations
of the relevant J and Q terms in H

30 40 50 100 200 400
L

10
1

10
2

10
3

S
z
 ,

 S
d

S
d

S
z

0 0.005 0.01

1/L

1.6

1.8

2.0

2.2

1
/ν

∗

Mutual consistency between two methods: 𝜈 = 0.455 ± 0.002, 𝛥 = 0.80 ± 0.01 

CHIN. PHYS. LETT. Vol. 37, No. 5 (2020) 057502 Express Letter

2 4 5 6 7 8
x

10-5

10-4

10-3

C
2
(x

)

1/T = 8L

1/T = L/2

3

Fig. 1. Dimer correlation function, Eq. (4), in the crit-
ical Heisenberg bilayer at separation r = (x, 0) with
x = L/2� 1. Results are shown for two different values of
LT . The lines have slope �2�2 = �3.188, corresponding
to the O(3) value of ⌫.

Fig. 1, because of the rapid decay we can access only
rather modest distances, but the results still show a
remarkably good agreement with the expected form
C

2

(r) / r�2�2 starting from r = 4 (L = 10). In
the SSE simulations we have used T = c/L (in units
with J

1

= 1), reflecting the emergent Lorentz invari-
ance of the system (i.e., the dynamic exponent z = 1),
with two different proportionality factors; c = 2 and
1/8. Apart from the different amplitudes of the cor-
relations, both data sets exhibit the same decay.

Turning now to the J–Q model, we express the
AFM Heisenberg interaction as a singlet projector,
�P

ij

, on S = 1/2 spins; P
ij

= 1/4� S
i

· S
j

. To sim-
plify the notation, we use a bond index b to implicitly
refer to two nearest-neighbor spins hi, ji

b

; P
b

⌘ P
ij

.
We also use an index p to refer to a 2 ⇥ 2 plaque-
tte with sites in the arrangement (

i j

k l

)

p

and define
Q

p

⌘ P
ij

P
kl

+P
ik

P
jl

. With these definitions the J–Q
Hamiltonian is[14]

H = �J
X

b

P
b

�Q
X

p

Q
p

. (5)

We define the coupling ratio g ⌘ J/Q and use the SSE
method to compute the z component of the staggered
magnetization (the AFM order parameter)

m
z

=

1

N

X

r

Sz

r(�1)

r
x

+r
y , (6)

and the two-component dimer (VBS) order parame-
ter, also defined with the z spin components,

d
↵

=

1

N

X

r

Sz

rS
z

r+↵̂

(�1)

r
↵ , (7)

where ↵ stands for the x or y lattice direction. We
scale the temperature in units of Q as T = c/L,
with c = 2.38 being the estimated critical velocity of
excitations[25] (i.e., the system is in the “cubic” scaling
regime,[48,50] as in the case 1/T = L/2 for the bilayer
model in Fig. 1).

Early QMC studies placed the VBS–AFM tran-
sition at g

c

⇡ 0.040,[14�16] while more recent works
show a somewhat larger value, g

c

⇡ 0.045,[18,25,26,30]
as a consequence of significant finite-size corrections.
We now have data for system sizes up to L = 512 and
present the Binder cumulants U

z

and U
d

defined in
the standard way such that U

x

! 1 with increasing
system sizes if there is order of type x and U

x

! 0

otherwise;

U
z

=

5
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6

hm4

z

i
hm2

z

i2 , U
d

= 2�
h(d2

x

+ d2
y

)

2i
hd2

x

+ d2
y

i2 . (8)

Results for several system sizes are shown in Fig. 2(a).
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Fig. 2. (a) Binder cumulants of the AFM (red points) and
VBS (blue points) order parameters vs the coupling ratio
for system sizes L = 64, 128, 256, and 512. The slopes
increase with L and the L = 512 data are shown with
solid symbols. (b) Inverse-size dependence of interpolated
crossing points between the two cumulants for given L and
for the same cumulant on L and L/2 lattices. The curves
show fits to two power laws for each data set with a com-
mon gc = g⇤(L ! 1) value, resulting in the critical point
estimate gc = 0.04510(2).

To improve the g
c

estimate, we analyze crossing
points g = g⇤, where U

z

(g⇤, L) = U
d

(g⇤, L) and also
where (for different g⇤) U

x

(g⇤, L/2) = U
x

(g⇤, L) with
x = z or x = d. As shown in Fig. 2(b), these cross-
ing points flow to g

c

= 0.04510(2) as L ! 1. The
extrapolation is based on a fit to two power laws for
each data set, with a common g

c

. Unconstrained fits
also result in consistent g

c

values. We have excluded
small systems until a statistically sound fit is obtained,
with L � 64 included in the final analysis. From now
on we fix the coupling ratio to g = 0.0451 ⇡ g

c

.
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Fig. 3. Correlation function, Eq. (9), of the Q terms in
the critical J–Q model (g = 0.0451). In (a) results at
r = (x, 0) and (x, x) are shown for L = 48. In (b) results
at r = (x, 0) are shown only for odd values of x, with blue
points at x = L/2 � 1 for different system sizes L and
red points for fixed L = 256. The lines in (b) have slope
�2�Q = �1.60.

We here examine the correlation function of the
Q-terms in the Hamiltonian (5),

C
Q

(r
ij

) = hQ
i

Q
j

i � hQ
i

i2, (9)

which is less noisy than the J-energy correlator. As
shown in Fig. 3(a), the correlations exhibit strong
even-odd oscillations, with amplitude decaying with
the distance. The reason for the oscillating behav-
ior is that the columnar VBS correlations are also
detected by the plaquette correlation function C

Q

(r)
(for a detailed general discussion of this, see Ref. [35]).
In a columnar state with x-oriented dimers, C

Q

(0, y)
will be small while C

Q

(x, 0) will have signs (�1)

x

due to the dimerization. In an ergodic QMC simula-
tion, C

Q

(x, y) will reflect averaging over states with
x- and y-oriented dimers. The contributions from
the VBS order parameter then cancel in C

Q

(x, 0)
for odd x, while C

Q

(x, x) retains the VBS contribu-
tions with (�1)

x signs. These behaviors are seen in
Fig. 3(a), where the amplitude decay is due to the
system being a critical VBS. Since the system has
emergent U(1) symmetry of the order parameter,[14,16]
we should consider C

Q

(r) as averaged over an angle
� 2 [0, 2⇡) corresponding to a circular-symmetric dis-
tribution P (d

x

, d
y

). The above-mentioned behaviors
of C

Q

(r) along the lines r = (x, 0) and r = (x, x) will
also hold in this case.

In addition to the large contributions to C
Q

(r)
from the VBS order parameter, there should be a uni-
form component reflecting the scaling dimension of the
full Q operator. Since the VBS contributions are ab-

sent at (x, 0) with odd x, examining the correlations
at these distances is a good way to access the uni-
form component. In Fig. 3(a), small rapidly decaying
values are indeed seen, and in Fig. 3(b) the functional
form is analyzed on a log–log plot. We use a large
system, L = 256, with x ⌧ L, as well as x = L/2� 1

for smaller sizes. In both cases we observe the same
algebraic asymptotic decay, and a power-law fit to the
x = L/2 � 1 data for x > 12 gives �

Q

= 0.800(4).
This scaling dimension corresponds to 1/⌫ = 2.200(4),
in good agreement with the previous (less precise) re-
sults for the J–Q[26] and loop[32] models.

Next we consider the cumulant slopes S
x

⌘
dU

x

/dQ, x = d, z, computed with direct SSE estima-
tors as previously carried out for S

z

with L  160

in Ref. [26]. Here we present the results for L up
to L = 448 (our L = 512 results are too noisy).
The slopes should scale asymptotically as L1/⌫ . In
order to account for the leading correction we also
include a second power-law term with smaller expo-
nent, and exclude small systems until good fits are
obtained. The results are shown in Fig. 4. The in-
set shows the same data sets and fits converted into
1/⌫⇤ ⌘ ln[S(L)/S(L/2)] ln�1

(2), which flows to 1/⌫
as L ! 1. We note that: (i) 1/⌫ = 2.23(2) is
fully consistent with the previous result from smaller
systems,[26] and (ii) the value also agrees with the
above result from the scaling dimension of the Q terms
(with a difference less than 1.5 standard deviations).
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Fig. 4. Critical cumulant slopes vs the system size.
The curves are fits of the L � 64 data to the form
aL1/⌫(1 + bL�!), with 1/⌫ = 2.23(2) (constrained to be
the same for both data sets) and ! = 1.1(1) (for both data
sets, not constrained to be the same). The inset shows
1/⌫⇤ ⌘ ln[S(L)/S(L/2)] ln�1(2) vs 1/L. The purple circle
indicates the extrapolated exponent 1/⌫ = 2.23(2) and the
dashed lines show the values 1/⌫ = 3��Q = 2.200±0.004
determined in Fig. 3.

While the finite-size corrections in 1/⌫ obtained
from the cumulant slopes in Fig. 4 are substantial,
the corrections to the r�2�

Q form of the correlation
function in Fig. 3 are very small. The good agree-
ment of the extracted exponents with the relationship
1/⌫ = 3 � �

Q

should alleviate any concerns of 1/⌫
eventually flowing to the value 3 (= d) expected at a
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Fig. 1. Dimer correlation function, Eq. (4), in the crit-
ical Heisenberg bilayer at separation r = (x, 0) with
x = L/2� 1. Results are shown for two different values of
LT . The lines have slope �2�2 = �3.188, corresponding
to the O(3) value of ⌫.

Fig. 1, because of the rapid decay we can access only
rather modest distances, but the results still show a
remarkably good agreement with the expected form
C

2

(r) / r�2�2 starting from r = 4 (L = 10). In
the SSE simulations we have used T = c/L (in units
with J

1

= 1), reflecting the emergent Lorentz invari-
ance of the system (i.e., the dynamic exponent z = 1),
with two different proportionality factors; c = 2 and
1/8. Apart from the different amplitudes of the cor-
relations, both data sets exhibit the same decay.

Turning now to the J–Q model, we express the
AFM Heisenberg interaction as a singlet projector,
�P

ij

, on S = 1/2 spins; P
ij

= 1/4� S
i

· S
j

. To sim-
plify the notation, we use a bond index b to implicitly
refer to two nearest-neighbor spins hi, ji

b

; P
b

⌘ P
ij

.
We also use an index p to refer to a 2 ⇥ 2 plaque-
tte with sites in the arrangement (

i j

k l

)

p

and define
Q

p

⌘ P
ij

P
kl

+P
ik

P
jl

. With these definitions the J–Q
Hamiltonian is[14]

H = �J
X

b

P
b

�Q
X

p

Q
p

. (5)

We define the coupling ratio g ⌘ J/Q and use the SSE
method to compute the z component of the staggered
magnetization (the AFM order parameter)

m
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y , (6)

and the two-component dimer (VBS) order parame-
ter, also defined with the z spin components,
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where ↵ stands for the x or y lattice direction. We
scale the temperature in units of Q as T = c/L,
with c = 2.38 being the estimated critical velocity of
excitations[25] (i.e., the system is in the “cubic” scaling
regime,[48,50] as in the case 1/T = L/2 for the bilayer
model in Fig. 1).

Early QMC studies placed the VBS–AFM tran-
sition at g

c

⇡ 0.040,[14�16] while more recent works
show a somewhat larger value, g

c

⇡ 0.045,[18,25,26,30]
as a consequence of significant finite-size corrections.
We now have data for system sizes up to L = 512 and
present the Binder cumulants U

z

and U
d

defined in
the standard way such that U

x

! 1 with increasing
system sizes if there is order of type x and U

x

! 0

otherwise;

U
z

=

5

2

� 5

6

hm4

z

i
hm2

z

i2 , U
d

= 2�
h(d2

x

+ d2
y

)

2i
hd2

x

+ d2
y

i2 . (8)

Results for several system sizes are shown in Fig. 2(a).
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Fig. 2. (a) Binder cumulants of the AFM (red points) and
VBS (blue points) order parameters vs the coupling ratio
for system sizes L = 64, 128, 256, and 512. The slopes
increase with L and the L = 512 data are shown with
solid symbols. (b) Inverse-size dependence of interpolated
crossing points between the two cumulants for given L and
for the same cumulant on L and L/2 lattices. The curves
show fits to two power laws for each data set with a com-
mon gc = g⇤(L ! 1) value, resulting in the critical point
estimate gc = 0.04510(2).

To improve the g
c

estimate, we analyze crossing
points g = g⇤, where U

z

(g⇤, L) = U
d

(g⇤, L) and also
where (for different g⇤) U

x

(g⇤, L/2) = U
x

(g⇤, L) with
x = z or x = d. As shown in Fig. 2(b), these cross-
ing points flow to g

c

= 0.04510(2) as L ! 1. The
extrapolation is based on a fit to two power laws for
each data set, with a common g

c

. Unconstrained fits
also result in consistent g

c

values. We have excluded
small systems until a statistically sound fit is obtained,
with L � 64 included in the final analysis. From now
on we fix the coupling ratio to g = 0.0451 ⇡ g

c

.

057502-3

Binder cumulants slopes
Sandvik & Zhao, Chin. Phys. Lett. 2020

<latexit sha1_base64="9ribax0czTQysVyhR4S60zSm3DE=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4cci004cLoagLlxVsLbZDyaSZNjSTGZKMUEr/wo0LRdz6N+78GzNtBRU9cOFwzr3ce48fc6Y0Qh9WZml5ZXUtu57b2Nza3snv7rVUlEhCmyTikWz7WFHOBG1qpjltx5Li0Of01h9dpP7tPZWKReJGj2PqhXggWMAI1ka6O4Olk+4l5Rr38gVkVytu6bQGkV1ECJVQSspu2XWhY6MZCmCBRi//3u1HJAmp0IRjpToOirU3wVIzwuk0100UjTEZ4QHtGCpwSJU3mV08hUdG6cMgkqaEhjP1+8QEh0qNQ990hlgP1W8vFf/yOokOat6EiTjRVJD5oiDhUEcwfR/2maRE87EhmEhmboVkiCUm2oSUMyF8fQr/J62i7VRs99ot1M8XcWTBATgEx8ABVVAHV6ABmoAAAR7AE3i2lPVovViv89aMtZjZBz9gvX0Ce1iQLA==</latexit>

= 3��

CHIN. PHYS. LETT. Vol. 37, No. 5 (2020) 057502 Express Letter

5 10 20 30 40 60
x

10-4

10-3

r= (x,   0),   x=L/2-1 

r= (x,  0),   L=256 

0 5 10 15 20
-0.04

-0.02

0.00

0.02

0.04
C

Q
(r
)

C
Q
(r
)

 r = (x,  0)

 r= (x,  x) 

(a)

(b)

Fig. 3. Correlation function, Eq. (9), of the Q terms in
the critical J–Q model (g = 0.0451). In (a) results at
r = (x, 0) and (x, x) are shown for L = 48. In (b) results
at r = (x, 0) are shown only for odd values of x, with blue
points at x = L/2 � 1 for different system sizes L and
red points for fixed L = 256. The lines in (b) have slope
�2�Q = �1.60.

We here examine the correlation function of the
Q-terms in the Hamiltonian (5),

C
Q

(r
ij

) = hQ
i

Q
j

i � hQ
i

i2, (9)

which is less noisy than the J-energy correlator. As
shown in Fig. 3(a), the correlations exhibit strong
even-odd oscillations, with amplitude decaying with
the distance. The reason for the oscillating behav-
ior is that the columnar VBS correlations are also
detected by the plaquette correlation function C

Q

(r)
(for a detailed general discussion of this, see Ref. [35]).
In a columnar state with x-oriented dimers, C

Q

(0, y)
will be small while C

Q

(x, 0) will have signs (�1)

x

due to the dimerization. In an ergodic QMC simula-
tion, C

Q

(x, y) will reflect averaging over states with
x- and y-oriented dimers. The contributions from
the VBS order parameter then cancel in C

Q

(x, 0)
for odd x, while C

Q

(x, x) retains the VBS contribu-
tions with (�1)

x signs. These behaviors are seen in
Fig. 3(a), where the amplitude decay is due to the
system being a critical VBS. Since the system has
emergent U(1) symmetry of the order parameter,[14,16]
we should consider C

Q

(r) as averaged over an angle
� 2 [0, 2⇡) corresponding to a circular-symmetric dis-
tribution P (d

x

, d
y

). The above-mentioned behaviors
of C

Q

(r) along the lines r = (x, 0) and r = (x, x) will
also hold in this case.

In addition to the large contributions to C
Q

(r)
from the VBS order parameter, there should be a uni-
form component reflecting the scaling dimension of the
full Q operator. Since the VBS contributions are ab-

sent at (x, 0) with odd x, examining the correlations
at these distances is a good way to access the uni-
form component. In Fig. 3(a), small rapidly decaying
values are indeed seen, and in Fig. 3(b) the functional
form is analyzed on a log–log plot. We use a large
system, L = 256, with x ⌧ L, as well as x = L/2� 1

for smaller sizes. In both cases we observe the same
algebraic asymptotic decay, and a power-law fit to the
x = L/2 � 1 data for x > 12 gives �

Q

= 0.800(4).
This scaling dimension corresponds to 1/⌫ = 2.200(4),
in good agreement with the previous (less precise) re-
sults for the J–Q[26] and loop[32] models.

Next we consider the cumulant slopes S
x

⌘
dU

x

/dQ, x = d, z, computed with direct SSE estima-
tors as previously carried out for S

z

with L  160

in Ref. [26]. Here we present the results for L up
to L = 448 (our L = 512 results are too noisy).
The slopes should scale asymptotically as L1/⌫ . In
order to account for the leading correction we also
include a second power-law term with smaller expo-
nent, and exclude small systems until good fits are
obtained. The results are shown in Fig. 4. The in-
set shows the same data sets and fits converted into
1/⌫⇤ ⌘ ln[S(L)/S(L/2)] ln�1

(2), which flows to 1/⌫
as L ! 1. We note that: (i) 1/⌫ = 2.23(2) is
fully consistent with the previous result from smaller
systems,[26] and (ii) the value also agrees with the
above result from the scaling dimension of the Q terms
(with a difference less than 1.5 standard deviations).
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Fig. 4. Critical cumulant slopes vs the system size.
The curves are fits of the L � 64 data to the form
aL1/⌫(1 + bL�!), with 1/⌫ = 2.23(2) (constrained to be
the same for both data sets) and ! = 1.1(1) (for both data
sets, not constrained to be the same). The inset shows
1/⌫⇤ ⌘ ln[S(L)/S(L/2)] ln�1(2) vs 1/L. The purple circle
indicates the extrapolated exponent 1/⌫ = 2.23(2) and the
dashed lines show the values 1/⌫ = 3��Q = 2.200±0.004
determined in Fig. 3.

While the finite-size corrections in 1/⌫ obtained
from the cumulant slopes in Fig. 4 are substantial,
the corrections to the r�2�

Q form of the correlation
function in Fig. 3 are very small. The good agree-
ment of the extracted exponents with the relationship
1/⌫ = 3 � �

Q

should alleviate any concerns of 1/⌫
eventually flowing to the value 3 (= d) expected at a
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Fig. 1. Dimer correlation function, Eq. (4), in the crit-
ical Heisenberg bilayer at separation r = (x, 0) with
x = L/2� 1. Results are shown for two different values of
LT . The lines have slope �2�2 = �3.188, corresponding
to the O(3) value of ⌫.

Fig. 1, because of the rapid decay we can access only
rather modest distances, but the results still show a
remarkably good agreement with the expected form
C

2

(r) / r�2�2 starting from r = 4 (L = 10). In
the SSE simulations we have used T = c/L (in units
with J

1

= 1), reflecting the emergent Lorentz invari-
ance of the system (i.e., the dynamic exponent z = 1),
with two different proportionality factors; c = 2 and
1/8. Apart from the different amplitudes of the cor-
relations, both data sets exhibit the same decay.

Turning now to the J–Q model, we express the
AFM Heisenberg interaction as a singlet projector,
�P

ij

, on S = 1/2 spins; P
ij

= 1/4� S
i

· S
j

. To sim-
plify the notation, we use a bond index b to implicitly
refer to two nearest-neighbor spins hi, ji

b

; P
b

⌘ P
ij

.
We also use an index p to refer to a 2 ⇥ 2 plaque-
tte with sites in the arrangement (

i j

k l

)

p

and define
Q

p

⌘ P
ij

P
kl

+P
ik

P
jl

. With these definitions the J–Q
Hamiltonian is[14]

H = �J
X

b

P
b

�Q
X

p

Q
p

. (5)

We define the coupling ratio g ⌘ J/Q and use the SSE
method to compute the z component of the staggered
magnetization (the AFM order parameter)

m
z

=

1

N

X

r

Sz

r(�1)

r
x

+r
y , (6)

and the two-component dimer (VBS) order parame-
ter, also defined with the z spin components,

d
↵

=

1

N

X

r

Sz

rS
z

r+↵̂

(�1)

r
↵ , (7)

where ↵ stands for the x or y lattice direction. We
scale the temperature in units of Q as T = c/L,
with c = 2.38 being the estimated critical velocity of
excitations[25] (i.e., the system is in the “cubic” scaling
regime,[48,50] as in the case 1/T = L/2 for the bilayer
model in Fig. 1).

Early QMC studies placed the VBS–AFM tran-
sition at g

c

⇡ 0.040,[14�16] while more recent works
show a somewhat larger value, g

c

⇡ 0.045,[18,25,26,30]
as a consequence of significant finite-size corrections.
We now have data for system sizes up to L = 512 and
present the Binder cumulants U

z

and U
d

defined in
the standard way such that U

x

! 1 with increasing
system sizes if there is order of type x and U

x

! 0

otherwise;
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=
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= 2�
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)
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i2 . (8)

Results for several system sizes are shown in Fig. 2(a).

(a)

(b)

0.000 0.005 0.010 0.015
1/L

0.042

0.043

0.044

0.045

0.046

0.047

g
*

Uz (L),  Ud(L)

Ud (L/2),  Ud(L)

Uz (L/2),  Uz(L)

0.03 0.04 0.05 0.06
0.0

0.2

0.4

0.6

0.8

1.0

U
z ,
    U

d

g

Fig. 2. (a) Binder cumulants of the AFM (red points) and
VBS (blue points) order parameters vs the coupling ratio
for system sizes L = 64, 128, 256, and 512. The slopes
increase with L and the L = 512 data are shown with
solid symbols. (b) Inverse-size dependence of interpolated
crossing points between the two cumulants for given L and
for the same cumulant on L and L/2 lattices. The curves
show fits to two power laws for each data set with a com-
mon gc = g⇤(L ! 1) value, resulting in the critical point
estimate gc = 0.04510(2).

To improve the g
c

estimate, we analyze crossing
points g = g⇤, where U

z

(g⇤, L) = U
d

(g⇤, L) and also
where (for different g⇤) U

x

(g⇤, L/2) = U
x

(g⇤, L) with
x = z or x = d. As shown in Fig. 2(b), these cross-
ing points flow to g

c

= 0.04510(2) as L ! 1. The
extrapolation is based on a fit to two power laws for
each data set, with a common g

c

. Unconstrained fits
also result in consistent g

c

values. We have excluded
small systems until a statistically sound fit is obtained,
with L � 64 included in the final analysis. From now
on we fix the coupling ratio to g = 0.0451 ⇡ g

c

.
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Fig. 3. Correlation function, Eq. (9), of the Q terms in
the critical J–Q model (g = 0.0451). In (a) results at
r = (x, 0) and (x, x) are shown for L = 48. In (b) results
at r = (x, 0) are shown only for odd values of x, with blue
points at x = L/2 � 1 for different system sizes L and
red points for fixed L = 256. The lines in (b) have slope
�2�Q = �1.60.

We here examine the correlation function of the
Q-terms in the Hamiltonian (5),

C
Q

(r
ij

) = hQ
i

Q
j

i � hQ
i

i2, (9)

which is less noisy than the J-energy correlator. As
shown in Fig. 3(a), the correlations exhibit strong
even-odd oscillations, with amplitude decaying with
the distance. The reason for the oscillating behav-
ior is that the columnar VBS correlations are also
detected by the plaquette correlation function C

Q

(r)
(for a detailed general discussion of this, see Ref. [35]).
In a columnar state with x-oriented dimers, C

Q

(0, y)
will be small while C

Q

(x, 0) will have signs (�1)

x

due to the dimerization. In an ergodic QMC simula-
tion, C

Q

(x, y) will reflect averaging over states with
x- and y-oriented dimers. The contributions from
the VBS order parameter then cancel in C

Q

(x, 0)
for odd x, while C

Q

(x, x) retains the VBS contribu-
tions with (�1)

x signs. These behaviors are seen in
Fig. 3(a), where the amplitude decay is due to the
system being a critical VBS. Since the system has
emergent U(1) symmetry of the order parameter,[14,16]
we should consider C

Q

(r) as averaged over an angle
� 2 [0, 2⇡) corresponding to a circular-symmetric dis-
tribution P (d

x

, d
y

). The above-mentioned behaviors
of C

Q

(r) along the lines r = (x, 0) and r = (x, x) will
also hold in this case.

In addition to the large contributions to C
Q

(r)
from the VBS order parameter, there should be a uni-
form component reflecting the scaling dimension of the
full Q operator. Since the VBS contributions are ab-

sent at (x, 0) with odd x, examining the correlations
at these distances is a good way to access the uni-
form component. In Fig. 3(a), small rapidly decaying
values are indeed seen, and in Fig. 3(b) the functional
form is analyzed on a log–log plot. We use a large
system, L = 256, with x ⌧ L, as well as x = L/2� 1

for smaller sizes. In both cases we observe the same
algebraic asymptotic decay, and a power-law fit to the
x = L/2 � 1 data for x > 12 gives �

Q

= 0.800(4).
This scaling dimension corresponds to 1/⌫ = 2.200(4),
in good agreement with the previous (less precise) re-
sults for the J–Q[26] and loop[32] models.

Next we consider the cumulant slopes S
x

⌘
dU

x

/dQ, x = d, z, computed with direct SSE estima-
tors as previously carried out for S

z

with L  160

in Ref. [26]. Here we present the results for L up
to L = 448 (our L = 512 results are too noisy).
The slopes should scale asymptotically as L1/⌫ . In
order to account for the leading correction we also
include a second power-law term with smaller expo-
nent, and exclude small systems until good fits are
obtained. The results are shown in Fig. 4. The in-
set shows the same data sets and fits converted into
1/⌫⇤ ⌘ ln[S(L)/S(L/2)] ln�1

(2), which flows to 1/⌫
as L ! 1. We note that: (i) 1/⌫ = 2.23(2) is
fully consistent with the previous result from smaller
systems,[26] and (ii) the value also agrees with the
above result from the scaling dimension of the Q terms
(with a difference less than 1.5 standard deviations).
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Fig. 4. Critical cumulant slopes vs the system size.
The curves are fits of the L � 64 data to the form
aL1/⌫(1 + bL�!), with 1/⌫ = 2.23(2) (constrained to be
the same for both data sets) and ! = 1.1(1) (for both data
sets, not constrained to be the same). The inset shows
1/⌫⇤ ⌘ ln[S(L)/S(L/2)] ln�1(2) vs 1/L. The purple circle
indicates the extrapolated exponent 1/⌫ = 2.23(2) and the
dashed lines show the values 1/⌫ = 3��Q = 2.200±0.004
determined in Fig. 3.

While the finite-size corrections in 1/⌫ obtained
from the cumulant slopes in Fig. 4 are substantial,
the corrections to the r�2�

Q form of the correlation
function in Fig. 3 are very small. The good agree-
ment of the extracted exponents with the relationship
1/⌫ = 3 � �

Q

should alleviate any concerns of 1/⌫
eventually flowing to the value 3 (= d) expected at a
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- scaling dimension 𝛥 = 0.80 not in the SO(5) CFT spectrum
- A length scale associated with some other criticality (before first-order flow)?



Correlations of staggered singlet projectors
[Zhao, Takahashi, Sandvik, PRL 2020] - new improved results
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TheS¼1=2square-latticeJ-Qmodelhostsadeconfinedquantumphasetransitionbetween
antiferromagneticanddimerized(valence-bondsolid)groundstates.Weherestudytwodeformations
ofthismodel—atermprojectingstaggeredsinglets,aswellasamodulationoftheJtermsforming
alternating“staircases”ofstrongandweakcouplings.Thefirstdeformationpreservesalllattice
symmetries.UsingquantumMonteCarlosimulations,weshowthatitneverthelessintroducesasecond
relevantfield,likelybyproducingtopologicaldefects.Theseconddeformationinduceshelicalvalence-
bondorder.Thus,weidentifythedeconfinedquantumcriticalpointasamulticriticalLifshitzpoint—the
endpointofthehelicalphaseandalsotheendpointofalineoffirst-ordertransitions.Thehelical-
antiferromagnetictransitionsformalineofgenericdeconfinedquantum-criticalpoints.Thesefindings
extendthescopeofdeconfinedquantumcriticalityandresolveapreviouslyinconsistentcritical-exponent
boundfromtheconformal-bootstrapmethod.

DOI:10.1103/PhysRevLett.125.257204

Thedeconfinedquantum-criticalpoint(DQCP)isa
paradigmatic“beyondLandau”quantumphasetransition
intwodimensions[1].Buildingonfieldtheoriesfor
quantummagnets[2–6]andstimulatedbyintriguing
numericalsimulations[7,8],theDQCPproposalposits
thatthetransitionbetweenanantiferromagnetic(AFM)
groundstateandavalence-bondsolid(VBS,wheresinglets
condenseongroupsoftwoormorespins)iscontinuous
anddescribedbyspinonscoupledtoaU(1)gaugefield
withouttopologicaldefects.Withthesymmetryofthe
spinonsextendedfromSU(2)toSUðNÞ,theproposed
CPN−1fieldtheorycanbesolvedforN→∞.Inviolation
oftheLandaurules,whichprescribeafirst-ordertransition,
thecriticalexponentsincluding1=Ncorrectionsagree
remarkablywell[9]withsimulations[10,11]oflattice
modelswithAFM-VBStransitionsformoderatelylargeN.
AcontentiousaspectoftheDQCPscenarioisthe

suggestionthatthecontinuoustransitionpersistsdownto
N¼2.Thisconjecture[1,12]foundearlysupportin
quantumMonteCarlo(QMC)simulationsoftheJ-Qmodel,
inwhichtheS¼1=2HeisenbergmodelwithexchangeJon
thesquarelatticeissupplementedbyfour-spin[13]orsix-
spin[14]termsQ,illustratedinFigs.1(a)and1(b),that
inducecorrelatedsingletsandleadtoVBSorderforlarge
Q=J.ManyQMCstudiesoftheseandothervariantsofthe
J-Qmodel[15–26],aswellasrelated3Dclassicalloop
models[27,28],havecharacterizedthesignaturesofthe
DQCP,includinganemergentU(1)symmetryoftheVBS
fluctuations[13,16,19,27].However,anomalousscaling
behaviorshavebeeninterpretedbysomeasprecursorsto

afirst-ordertransition[16,21,29].Attemptstoexplainthe
observationsasaweaklyfirst-order“walking”transition
invokeanonunitaryconformalfieldtheory(CFT)witha
DQCPslightlyoutsidetheaccessiblemodelspace,e.g.,in
dimensionalitydifferentfromtwo[30–35].Inthisscenario,
thetransitionreflectsthepropertiesoftheinaccessiblefixed
pointbuteventually,forlargelattices,flowsawayfromit.No
concretepredictionshavebeenputforward,however,and
concurrentlyfurtherQMCstudieshaveprovidedcompelling
evidenceofacontinuoustransition[36].
Apuzzlingissueisthatthecriticalcorrelation-length

exponentν≈0.45[24,28,36]violatesaboundν>0.51
fromtheCFTbootstrap[37].Wehereidentifyaloopholein
thisboundandalsodiscoverapreviouslyunknownhelical
valence-bond(HVB)phase.Weconsidertwodeforma-
tionsoftheJ-Qmodelanddemonstratethattheyare

(a)(b)(c)(d)

FIG.1.ThemultispincolumnarQinteractionsareproductsof
two(Q2)in(a)orthree(Q3)in(b)singletprojectors.(c)TheZ
perturbationconsistsofallfour-spininteractionsðSi·SjÞðSk·SlÞ
withthesitepairsijandklformingtwostaggeredbonds,as
shown,aswellastheπ=2rotatedcases.(d)Staircaseexchange
patternW,withthickblueandthinblacklinksrepresenting
Jð1$hÞSi·Sj.
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The S ¼ 1=2 square-lattice J-Q model hosts a deconfined quantum phase transition between
antiferromagnetic and dimerized (valence-bond solid) ground states. We here study two deformations
of this model—a term projecting staggered singlets, as well as a modulation of the J terms forming
alternating “staircases” of strong and weak couplings. The first deformation preserves all lattice
symmetries. Using quantum Monte Carlo simulations, we show that it nevertheless introduces a second
relevant field, likely by producing topological defects. The second deformation induces helical valence-
bond order. Thus, we identify the deconfined quantum critical point as a multicritical Lifshitz point—the
end point of the helical phase and also the end point of a line of first-order transitions. The helical-
antiferromagnetic transitions form a line of generic deconfined quantum-critical points. These findings
extend the scope of deconfined quantum criticality and resolve a previously inconsistent critical-exponent
bound from the conformal-bootstrap method.

DOI: 10.1103/PhysRevLett.125.257204

The deconfined quantum-critical point (DQCP) is a
paradigmatic “beyond Landau” quantum phase transition
in two dimensions [1]. Building on field theories for
quantum magnets [2–6] and stimulated by intriguing
numerical simulations [7,8], the DQCP proposal posits
that the transition between an antiferromagnetic (AFM)
ground state and a valence-bond solid (VBS, where singlets
condense on groups of two or more spins) is continuous
and described by spinons coupled to a U(1) gauge field
without topological defects. With the symmetry of the
spinons extended from SU(2) to SUðNÞ, the proposed
CPN−1 field theory can be solved for N → ∞. In violation
of the Landau rules, which prescribe a first-order transition,
the critical exponents including 1=N corrections agree
remarkably well [9] with simulations [10,11] of lattice
models with AFM-VBS transitions for moderately large N.
A contentious aspect of the DQCP scenario is the

suggestion that the continuous transition persists down to
N ¼ 2. This conjecture [1,12] found early support in
quantumMonte Carlo (QMC) simulations of the J-Qmodel,
in which the S ¼ 1=2Heisenberg model with exchange J on
the square lattice is supplemented by four-spin [13] or six-
spin [14] terms Q, illustrated in Figs. 1(a) and 1(b), that
induce correlated singlets and lead to VBS order for large
Q=J. Many QMC studies of these and other variants of the
J-Q model [15–26], as well as related 3D classical loop
models [27,28], have characterized the signatures of the
DQCP, including an emergent U(1) symmetry of the VBS
fluctuations [13,16,19,27]. However, anomalous scaling
behaviors have been interpreted by some as precursors to

a first-order transition [16,21,29]. Attempts to explain the
observations as a weakly first-order “walking” transition
invoke a nonunitary conformal field theory (CFT) with a
DQCP slightly outside the accessible model space, e.g., in
dimensionality different from two [30–35]. In this scenario,
the transition reflects the properties of the inaccessible fixed
point but eventually, for large lattices, flows away from it. No
concrete predictions have been put forward, however, and
concurrently further QMC studies have provided compelling
evidence of a continuous transition [36].
A puzzling issue is that the critical correlation-length

exponent ν ≈ 0.45 [24,28,36] violates a bound ν > 0.51
from the CFT bootstrap [37].We here identify a loophole in
this bound and also discover a previously unknown helical
valence-bond (HVB) phase. We consider two deforma-
tions of the J-Q model and demonstrate that they are

(a) (b) (c) (d)

FIG. 1. The multispin columnar Q interactions are products of
two (Q2) in (a) or three (Q3) in (b) singlet projectors. (c) The Z
perturbation consists of all four-spin interactions ðSi · SjÞðSk · SlÞ
with the site pairs ij and kl forming two staggered bonds, as
shown, as well as the π=2 rotated cases. (d) Staircase exchange
pattern W, with thick blue and thin black links representing
Jð1$ hÞSi · Sj.

PHYSICAL REVIEW LETTERS 125, 257204 (2020)
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Correlations of staggered singlet projectors
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TheS¼1=2square-latticeJ-Qmodelhostsadeconfinedquantumphasetransitionbetween
antiferromagneticanddimerized(valence-bondsolid)groundstates.Weherestudytwodeformations
ofthismodel—atermprojectingstaggeredsinglets,aswellasamodulationoftheJtermsforming
alternating“staircases”ofstrongandweakcouplings.Thefirstdeformationpreservesalllattice
symmetries.UsingquantumMonteCarlosimulations,weshowthatitneverthelessintroducesasecond
relevantfield,likelybyproducingtopologicaldefects.Theseconddeformationinduceshelicalvalence-
bondorder.Thus,weidentifythedeconfinedquantumcriticalpointasamulticriticalLifshitzpoint—the
endpointofthehelicalphaseandalsotheendpointofalineoffirst-ordertransitions.Thehelical-
antiferromagnetictransitionsformalineofgenericdeconfinedquantum-criticalpoints.Thesefindings
extendthescopeofdeconfinedquantumcriticalityandresolveapreviouslyinconsistentcritical-exponent
boundfromtheconformal-bootstrapmethod.

DOI:10.1103/PhysRevLett.125.257204

Thedeconfinedquantum-criticalpoint(DQCP)isa
paradigmatic“beyondLandau”quantumphasetransition
intwodimensions[1].Buildingonfieldtheoriesfor
quantummagnets[2–6]andstimulatedbyintriguing
numericalsimulations[7,8],theDQCPproposalposits
thatthetransitionbetweenanantiferromagnetic(AFM)
groundstateandavalence-bondsolid(VBS,wheresinglets
condenseongroupsoftwoormorespins)iscontinuous
anddescribedbyspinonscoupledtoaU(1)gaugefield
withouttopologicaldefects.Withthesymmetryofthe
spinonsextendedfromSU(2)toSUðNÞ,theproposed
CPN−1fieldtheorycanbesolvedforN→∞.Inviolation
oftheLandaurules,whichprescribeafirst-ordertransition,
thecriticalexponentsincluding1=Ncorrectionsagree
remarkablywell[9]withsimulations[10,11]oflattice
modelswithAFM-VBStransitionsformoderatelylargeN.
AcontentiousaspectoftheDQCPscenarioisthe

suggestionthatthecontinuoustransitionpersistsdownto
N¼2.Thisconjecture[1,12]foundearlysupportin
quantumMonteCarlo(QMC)simulationsoftheJ-Qmodel,
inwhichtheS¼1=2HeisenbergmodelwithexchangeJon
thesquarelatticeissupplementedbyfour-spin[13]orsix-
spin[14]termsQ,illustratedinFigs.1(a)and1(b),that
inducecorrelatedsingletsandleadtoVBSorderforlarge
Q=J.ManyQMCstudiesoftheseandothervariantsofthe
J-Qmodel[15–26],aswellasrelated3Dclassicalloop
models[27,28],havecharacterizedthesignaturesofthe
DQCP,includinganemergentU(1)symmetryoftheVBS
fluctuations[13,16,19,27].However,anomalousscaling
behaviorshavebeeninterpretedbysomeasprecursorsto

afirst-ordertransition[16,21,29].Attemptstoexplainthe
observationsasaweaklyfirst-order“walking”transition
invokeanonunitaryconformalfieldtheory(CFT)witha
DQCPslightlyoutsidetheaccessiblemodelspace,e.g.,in
dimensionalitydifferentfromtwo[30–35].Inthisscenario,
thetransitionreflectsthepropertiesoftheinaccessiblefixed
pointbuteventually,forlargelattices,flowsawayfromit.No
concretepredictionshavebeenputforward,however,and
concurrentlyfurtherQMCstudieshaveprovidedcompelling
evidenceofacontinuoustransition[36].
Apuzzlingissueisthatthecriticalcorrelation-length

exponentν≈0.45[24,28,36]violatesaboundν>0.51
fromtheCFTbootstrap[37].Wehereidentifyaloopholein
thisboundandalsodiscoverapreviouslyunknownhelical
valence-bond(HVB)phase.Weconsidertwodeforma-
tionsoftheJ-Qmodelanddemonstratethattheyare

(a)(b)(c)(d)

FIG.1.ThemultispincolumnarQinteractionsareproductsof
two(Q2)in(a)orthree(Q3)in(b)singletprojectors.(c)TheZ
perturbationconsistsofallfour-spininteractionsðSi·SjÞðSk·SlÞ
withthesitepairsijandklformingtwostaggeredbonds,as
shown,aswellastheπ=2rotatedcases.(d)Staircaseexchange
patternW,withthickblueandthinblacklinksrepresenting
Jð1$hÞSi·Sj.
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The S ¼ 1=2 square-lattice J-Q model hosts a deconfined quantum phase transition between
antiferromagnetic and dimerized (valence-bond solid) ground states. We here study two deformations
of this model—a term projecting staggered singlets, as well as a modulation of the J terms forming
alternating “staircases” of strong and weak couplings. The first deformation preserves all lattice
symmetries. Using quantum Monte Carlo simulations, we show that it nevertheless introduces a second
relevant field, likely by producing topological defects. The second deformation induces helical valence-
bond order. Thus, we identify the deconfined quantum critical point as a multicritical Lifshitz point—the
end point of the helical phase and also the end point of a line of first-order transitions. The helical-
antiferromagnetic transitions form a line of generic deconfined quantum-critical points. These findings
extend the scope of deconfined quantum criticality and resolve a previously inconsistent critical-exponent
bound from the conformal-bootstrap method.
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The deconfined quantum-critical point (DQCP) is a
paradigmatic “beyond Landau” quantum phase transition
in two dimensions [1]. Building on field theories for
quantum magnets [2–6] and stimulated by intriguing
numerical simulations [7,8], the DQCP proposal posits
that the transition between an antiferromagnetic (AFM)
ground state and a valence-bond solid (VBS, where singlets
condense on groups of two or more spins) is continuous
and described by spinons coupled to a U(1) gauge field
without topological defects. With the symmetry of the
spinons extended from SU(2) to SUðNÞ, the proposed
CPN−1 field theory can be solved for N → ∞. In violation
of the Landau rules, which prescribe a first-order transition,
the critical exponents including 1=N corrections agree
remarkably well [9] with simulations [10,11] of lattice
models with AFM-VBS transitions for moderately large N.
A contentious aspect of the DQCP scenario is the

suggestion that the continuous transition persists down to
N ¼ 2. This conjecture [1,12] found early support in
quantumMonte Carlo (QMC) simulations of the J-Qmodel,
in which the S ¼ 1=2Heisenberg model with exchange J on
the square lattice is supplemented by four-spin [13] or six-
spin [14] terms Q, illustrated in Figs. 1(a) and 1(b), that
induce correlated singlets and lead to VBS order for large
Q=J. Many QMC studies of these and other variants of the
J-Q model [15–26], as well as related 3D classical loop
models [27,28], have characterized the signatures of the
DQCP, including an emergent U(1) symmetry of the VBS
fluctuations [13,16,19,27]. However, anomalous scaling
behaviors have been interpreted by some as precursors to

a first-order transition [16,21,29]. Attempts to explain the
observations as a weakly first-order “walking” transition
invoke a nonunitary conformal field theory (CFT) with a
DQCP slightly outside the accessible model space, e.g., in
dimensionality different from two [30–35]. In this scenario,
the transition reflects the properties of the inaccessible fixed
point but eventually, for large lattices, flows away from it. No
concrete predictions have been put forward, however, and
concurrently further QMC studies have provided compelling
evidence of a continuous transition [36].
A puzzling issue is that the critical correlation-length

exponent ν ≈ 0.45 [24,28,36] violates a bound ν > 0.51
from the CFT bootstrap [37].We here identify a loophole in
this bound and also discover a previously unknown helical
valence-bond (HVB) phase. We consider two deforma-
tions of the J-Q model and demonstrate that they are

(a) (b) (c) (d)

FIG. 1. The multispin columnar Q interactions are products of
two (Q2) in (a) or three (Q3) in (b) singlet projectors. (c) The Z
perturbation consists of all four-spin interactions ðSi · SjÞðSk · SlÞ
with the site pairs ij and kl forming two staggered bonds, as
shown, as well as the π=2 rotated cases. (d) Staircase exchange
pattern W, with thick blue and thin black links representing
Jð1$ hÞSi · Sj.
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FIG. 10. Correlation function at distance L/2�1 of the four-
spin operators Q (a), X (b), and Z (c), multiplied by L

2�,
where � is the estimated leading scaling dimension present
in the respective operator.

2

uniform J
b

= J have AFM–VBS transitions at g
c

⇡ 0.0432

[36] and g
c

⇡ 0.400 [14], respectively. The DQCP has been
better characterized in the J-Q

2

model [24, 36], and we use
it to study the relevance of the infinitesimal staggered bond
interactions, Fig. 1(c), and staircase J modulation, Fig. 1(d).
The J-Q

3

model is a more robust VBS for large g [19] and
we use it to study finite staircase modulation. By universality,
our results should apply also to other DQCP systems.

Scaling dimensions.—To characterize the Z and W defor-
mations, we compute corresponding correlation function in
the critical J-Q

2

model. With H
c

= H(g = g
c

) in Eq. (1),
we write the perturbed Hamiltonian as

H = H
c

+ �V, V =

X

a

V (r
a

), (2)

where V (r
a

) is a subset of terms of V in a suitable lattice cell.
Following standard quantum-criticality and RG notation, the
correlation function C

V

(r) = hV (r)V (0)i�hV (0)i2 at � = 0

should decay as C
V

(r) / r�2�

V , where �

V

is the scaling di-
mension of V . We have used a projector QMC method in the
valance-bond basis [39] to calculate C

V

(r), using operator
cells that will be described below for the two different pertur-
bations. Technical details and additional results are presented
in the Supplemental Material [40].

Results for the staggered bonds, V = Z, are shown in
Fig. 2(a). Here a sum of eight local terms with the differ-
ent arrangements of the bond operators defines the symmetric
operator Z(r). The observed power-law decay corresponds
to the scaling dimension �

Z

⇡ 1.39(2), considerably larger
than the dimension �

0

⇡ 0.800(1) of the previously known
primary symmetric scalar operator O

0

[36]. All correlations
are positive and clearly represent the spatially uniform per-
turbation in Eq. (2). While we can not rigorously prove that
Z contains a second primary operator O0

0

, its scaling dimen-
sion matches neither the dimensions �

0

+n (n = 1, 2, . . .) of
the decendants of O

0

nor those of the order parameter opera-
tors O

VBS

and O
AFM

, both of which have dimension ⇡ 0.63

[19, 28] (see also the Supplemental Material [40]). Thus, we
conjecture that a second symmetric primary operator exists.
In the Supplemental Material [40] we provide further results
supporting this conclusion and show examples of other bond-
products that exhibit the conventional scaling dimension �

0

.
It is surprising that an short-range interaction with the same

symmetries as the unperturbed Hamiltonian can introduce a
primary operator not already present in the J-Q model. The
most likely scenario is that Z generates topological defects
(monopoles). The normal Q terms in Figs. 1(a,b) are con-
ducive to the emergent U(1) symmetry that is required within
the DQCP scenario and which can be traced to the irrelevance
of the quadrupled monopoles associated with the microscop-
ically Z

4

symmetric VBS order parameter. However, stag-
gered singlets induced by the Z interaction can counteract
the emergent symmetry, as we recently showed with similar
terms that, when strong enough, render the AFM–VBS tran-
sition clearly first-order [26]. Our present results suggest that
already an infinitesimal Z causes a first-order transition.
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Figure 2. Correlation functions of the perturbing operators, with the
operator cells illustrated as insets. Results are shown at r / L/2
for different L and for r ⌧ L/2 for fixed L. (a) Staggered product
operators [Fig. 1(c)]. The operator Z(r) is a sum of eight terms
as indicated with different colors in the inset. The blue and red
curves are fits to the r = (x, 0) data for L/2 � 8 of the form
aL�2�0

0(1 + cL�!) giving �0
0 = 1.39(2) and ! ⇡ 2.0. (b) Stair-

case J modulation [Fig. 1(d)]. The operator W (r) is defined on a
5 ⇥ 5 site cell with sums of +S

i

· S
j

and �S
i

· S
j

on the blue and
orange links, respectively. The dashed edge links indicate prefac-
tors 1/2 needed for the cell summation in Eq. (2). The correlations
being negative, absolute values are shown. The red line is a fit of
the form aL�2�

W to the r = (x,�x) data for L/2 � 8, giving
�

W

= 1.90(2).

Next, we consider the staircase J modulation, V = W .
Even though this deformation breaks lattice symmetries, the
four-fold degenerate columnar VBS state of the J-Q model
retains its Z

4

symmetry (even though H does not), with clock-
like angular fluctuations between neighboring states charac-
terized by a complex order parameter D = |D|ei� (as we ex-
plain and demonstrate further in Supplemental Material [40]).
The unit cell is doubled when h > 0 in Fig. 1(d), but there is
no symmetry implying destruction of the DQCP due to Berry
phase cancelations, unlike systems such as the bilayer SU(N )
model [41]. The W perturbation being irrelevant in the VBS
and AFM phases, it could a priori also be RG irrelevant at the
DQCP, even though it breaks lattice symmetries; in the Sup-
plemental Material [40] we show an example of an irrelevant
perturbation breaking the ⇡/2 lattice rotation symmetry.

Figure 2(b) shows that C
W

defined with a 5 ⇥ 5-site cell
operator gives �

W

= 1.90(2), i.e., the staircase perturbation
is relevant. Thus, the DQCP is unstable, but from the scaling
dimension alone we do not know what fixed point the system
flows to for a finite W perturbation. We will next show that a
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TheS¼1=2square-latticeJ-Qmodelhostsadeconfinedquantumphasetransitionbetween
antiferromagneticanddimerized(valence-bondsolid)groundstates.Weherestudytwodeformations
ofthismodel—atermprojectingstaggeredsinglets,aswellasamodulationoftheJtermsforming
alternating“staircases”ofstrongandweakcouplings.Thefirstdeformationpreservesalllattice
symmetries.UsingquantumMonteCarlosimulations,weshowthatitneverthelessintroducesasecond
relevantfield,likelybyproducingtopologicaldefects.Theseconddeformationinduceshelicalvalence-
bondorder.Thus,weidentifythedeconfinedquantumcriticalpointasamulticriticalLifshitzpoint—the
endpointofthehelicalphaseandalsotheendpointofalineoffirst-ordertransitions.Thehelical-
antiferromagnetictransitionsformalineofgenericdeconfinedquantum-criticalpoints.Thesefindings
extendthescopeofdeconfinedquantumcriticalityandresolveapreviouslyinconsistentcritical-exponent
boundfromtheconformal-bootstrapmethod.

DOI:10.1103/PhysRevLett.125.257204

Thedeconfinedquantum-criticalpoint(DQCP)isa
paradigmatic“beyondLandau”quantumphasetransition
intwodimensions[1].Buildingonfieldtheoriesfor
quantummagnets[2–6]andstimulatedbyintriguing
numericalsimulations[7,8],theDQCPproposalposits
thatthetransitionbetweenanantiferromagnetic(AFM)
groundstateandavalence-bondsolid(VBS,wheresinglets
condenseongroupsoftwoormorespins)iscontinuous
anddescribedbyspinonscoupledtoaU(1)gaugefield
withouttopologicaldefects.Withthesymmetryofthe
spinonsextendedfromSU(2)toSUðNÞ,theproposed
CPN−1fieldtheorycanbesolvedforN→∞.Inviolation
oftheLandaurules,whichprescribeafirst-ordertransition,
thecriticalexponentsincluding1=Ncorrectionsagree
remarkablywell[9]withsimulations[10,11]oflattice
modelswithAFM-VBStransitionsformoderatelylargeN.
AcontentiousaspectoftheDQCPscenarioisthe

suggestionthatthecontinuoustransitionpersistsdownto
N¼2.Thisconjecture[1,12]foundearlysupportin
quantumMonteCarlo(QMC)simulationsoftheJ-Qmodel,
inwhichtheS¼1=2HeisenbergmodelwithexchangeJon
thesquarelatticeissupplementedbyfour-spin[13]orsix-
spin[14]termsQ,illustratedinFigs.1(a)and1(b),that
inducecorrelatedsingletsandleadtoVBSorderforlarge
Q=J.ManyQMCstudiesoftheseandothervariantsofthe
J-Qmodel[15–26],aswellasrelated3Dclassicalloop
models[27,28],havecharacterizedthesignaturesofthe
DQCP,includinganemergentU(1)symmetryoftheVBS
fluctuations[13,16,19,27].However,anomalousscaling
behaviorshavebeeninterpretedbysomeasprecursorsto

afirst-ordertransition[16,21,29].Attemptstoexplainthe
observationsasaweaklyfirst-order“walking”transition
invokeanonunitaryconformalfieldtheory(CFT)witha
DQCPslightlyoutsidetheaccessiblemodelspace,e.g.,in
dimensionalitydifferentfromtwo[30–35].Inthisscenario,
thetransitionreflectsthepropertiesoftheinaccessiblefixed
pointbuteventually,forlargelattices,flowsawayfromit.No
concretepredictionshavebeenputforward,however,and
concurrentlyfurtherQMCstudieshaveprovidedcompelling
evidenceofacontinuoustransition[36].
Apuzzlingissueisthatthecriticalcorrelation-length

exponentν≈0.45[24,28,36]violatesaboundν>0.51
fromtheCFTbootstrap[37].Wehereidentifyaloopholein
thisboundandalsodiscoverapreviouslyunknownhelical
valence-bond(HVB)phase.Weconsidertwodeforma-
tionsoftheJ-Qmodelanddemonstratethattheyare

(a)(b)(c)(d)

FIG.1.ThemultispincolumnarQinteractionsareproductsof
two(Q2)in(a)orthree(Q3)in(b)singletprojectors.(c)TheZ
perturbationconsistsofallfour-spininteractionsðSi·SjÞðSk·SlÞ
withthesitepairsijandklformingtwostaggeredbonds,as
shown,aswellastheπ=2rotatedcases.(d)Staircaseexchange
patternW,withthickblueandthinblacklinksrepresenting
Jð1$hÞSi·Sj.
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The S ¼ 1=2 square-lattice J-Q model hosts a deconfined quantum phase transition between
antiferromagnetic and dimerized (valence-bond solid) ground states. We here study two deformations
of this model—a term projecting staggered singlets, as well as a modulation of the J terms forming
alternating “staircases” of strong and weak couplings. The first deformation preserves all lattice
symmetries. Using quantum Monte Carlo simulations, we show that it nevertheless introduces a second
relevant field, likely by producing topological defects. The second deformation induces helical valence-
bond order. Thus, we identify the deconfined quantum critical point as a multicritical Lifshitz point—the
end point of the helical phase and also the end point of a line of first-order transitions. The helical-
antiferromagnetic transitions form a line of generic deconfined quantum-critical points. These findings
extend the scope of deconfined quantum criticality and resolve a previously inconsistent critical-exponent
bound from the conformal-bootstrap method.

DOI: 10.1103/PhysRevLett.125.257204

The deconfined quantum-critical point (DQCP) is a
paradigmatic “beyond Landau” quantum phase transition
in two dimensions [1]. Building on field theories for
quantum magnets [2–6] and stimulated by intriguing
numerical simulations [7,8], the DQCP proposal posits
that the transition between an antiferromagnetic (AFM)
ground state and a valence-bond solid (VBS, where singlets
condense on groups of two or more spins) is continuous
and described by spinons coupled to a U(1) gauge field
without topological defects. With the symmetry of the
spinons extended from SU(2) to SUðNÞ, the proposed
CPN−1 field theory can be solved for N → ∞. In violation
of the Landau rules, which prescribe a first-order transition,
the critical exponents including 1=N corrections agree
remarkably well [9] with simulations [10,11] of lattice
models with AFM-VBS transitions for moderately large N.
A contentious aspect of the DQCP scenario is the

suggestion that the continuous transition persists down to
N ¼ 2. This conjecture [1,12] found early support in
quantumMonte Carlo (QMC) simulations of the J-Qmodel,
in which the S ¼ 1=2Heisenberg model with exchange J on
the square lattice is supplemented by four-spin [13] or six-
spin [14] terms Q, illustrated in Figs. 1(a) and 1(b), that
induce correlated singlets and lead to VBS order for large
Q=J. Many QMC studies of these and other variants of the
J-Q model [15–26], as well as related 3D classical loop
models [27,28], have characterized the signatures of the
DQCP, including an emergent U(1) symmetry of the VBS
fluctuations [13,16,19,27]. However, anomalous scaling
behaviors have been interpreted by some as precursors to

a first-order transition [16,21,29]. Attempts to explain the
observations as a weakly first-order “walking” transition
invoke a nonunitary conformal field theory (CFT) with a
DQCP slightly outside the accessible model space, e.g., in
dimensionality different from two [30–35]. In this scenario,
the transition reflects the properties of the inaccessible fixed
point but eventually, for large lattices, flows away from it. No
concrete predictions have been put forward, however, and
concurrently further QMC studies have provided compelling
evidence of a continuous transition [36].
A puzzling issue is that the critical correlation-length

exponent ν ≈ 0.45 [24,28,36] violates a bound ν > 0.51
from the CFT bootstrap [37].We here identify a loophole in
this bound and also discover a previously unknown helical
valence-bond (HVB) phase. We consider two deforma-
tions of the J-Q model and demonstrate that they are

(a) (b) (c) (d)

FIG. 1. The multispin columnar Q interactions are products of
two (Q2) in (a) or three (Q3) in (b) singlet projectors. (c) The Z
perturbation consists of all four-spin interactions ðSi · SjÞðSk · SlÞ
with the site pairs ij and kl forming two staggered bonds, as
shown, as well as the π=2 rotated cases. (d) Staircase exchange
pattern W, with thick blue and thin black links representing
Jð1$ hÞSi · Sj.
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FIG. 10. Correlation function at distance L/2�1 of the four-
spin operators Q (a), X (b), and Z (c), multiplied by L

2�,
where � is the estimated leading scaling dimension present
in the respective operator.

2

uniform J
b

= J have AFM–VBS transitions at g
c

⇡ 0.0432

[36] and g
c

⇡ 0.400 [14], respectively. The DQCP has been
better characterized in the J-Q

2

model [24, 36], and we use
it to study the relevance of the infinitesimal staggered bond
interactions, Fig. 1(c), and staircase J modulation, Fig. 1(d).
The J-Q

3

model is a more robust VBS for large g [19] and
we use it to study finite staircase modulation. By universality,
our results should apply also to other DQCP systems.

Scaling dimensions.—To characterize the Z and W defor-
mations, we compute corresponding correlation function in
the critical J-Q

2

model. With H
c

= H(g = g
c

) in Eq. (1),
we write the perturbed Hamiltonian as

H = H
c

+ �V, V =

X

a

V (r
a

), (2)

where V (r
a

) is a subset of terms of V in a suitable lattice cell.
Following standard quantum-criticality and RG notation, the
correlation function C

V

(r) = hV (r)V (0)i�hV (0)i2 at � = 0

should decay as C
V

(r) / r�2�

V , where �

V

is the scaling di-
mension of V . We have used a projector QMC method in the
valance-bond basis [39] to calculate C

V

(r), using operator
cells that will be described below for the two different pertur-
bations. Technical details and additional results are presented
in the Supplemental Material [40].

Results for the staggered bonds, V = Z, are shown in
Fig. 2(a). Here a sum of eight local terms with the differ-
ent arrangements of the bond operators defines the symmetric
operator Z(r). The observed power-law decay corresponds
to the scaling dimension �

Z

⇡ 1.39(2), considerably larger
than the dimension �

0

⇡ 0.800(1) of the previously known
primary symmetric scalar operator O

0

[36]. All correlations
are positive and clearly represent the spatially uniform per-
turbation in Eq. (2). While we can not rigorously prove that
Z contains a second primary operator O0

0

, its scaling dimen-
sion matches neither the dimensions �

0

+n (n = 1, 2, . . .) of
the decendants of O

0

nor those of the order parameter opera-
tors O

VBS

and O
AFM

, both of which have dimension ⇡ 0.63

[19, 28] (see also the Supplemental Material [40]). Thus, we
conjecture that a second symmetric primary operator exists.
In the Supplemental Material [40] we provide further results
supporting this conclusion and show examples of other bond-
products that exhibit the conventional scaling dimension �

0

.
It is surprising that an short-range interaction with the same

symmetries as the unperturbed Hamiltonian can introduce a
primary operator not already present in the J-Q model. The
most likely scenario is that Z generates topological defects
(monopoles). The normal Q terms in Figs. 1(a,b) are con-
ducive to the emergent U(1) symmetry that is required within
the DQCP scenario and which can be traced to the irrelevance
of the quadrupled monopoles associated with the microscop-
ically Z

4

symmetric VBS order parameter. However, stag-
gered singlets induced by the Z interaction can counteract
the emergent symmetry, as we recently showed with similar
terms that, when strong enough, render the AFM–VBS tran-
sition clearly first-order [26]. Our present results suggest that
already an infinitesimal Z causes a first-order transition.
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C
Z(x

)

r=(x,0),  x=L/2
r=(x,x),  x=L/2
r=(x,0),  L=256

6 8 10 2012 16 24
x
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|C
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(r
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r=(x,0),  x=L/2
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r=(x,-x), L=128

(a)

(b)

Figure 2. Correlation functions of the perturbing operators, with the
operator cells illustrated as insets. Results are shown at r / L/2
for different L and for r ⌧ L/2 for fixed L. (a) Staggered product
operators [Fig. 1(c)]. The operator Z(r) is a sum of eight terms
as indicated with different colors in the inset. The blue and red
curves are fits to the r = (x, 0) data for L/2 � 8 of the form
aL�2�0

0(1 + cL�!) giving �0
0 = 1.39(2) and ! ⇡ 2.0. (b) Stair-

case J modulation [Fig. 1(d)]. The operator W (r) is defined on a
5 ⇥ 5 site cell with sums of +S

i

· S
j

and �S
i

· S
j

on the blue and
orange links, respectively. The dashed edge links indicate prefac-
tors 1/2 needed for the cell summation in Eq. (2). The correlations
being negative, absolute values are shown. The red line is a fit of
the form aL�2�

W to the r = (x,�x) data for L/2 � 8, giving
�

W

= 1.90(2).

Next, we consider the staircase J modulation, V = W .
Even though this deformation breaks lattice symmetries, the
four-fold degenerate columnar VBS state of the J-Q model
retains its Z

4

symmetry (even though H does not), with clock-
like angular fluctuations between neighboring states charac-
terized by a complex order parameter D = |D|ei� (as we ex-
plain and demonstrate further in Supplemental Material [40]).
The unit cell is doubled when h > 0 in Fig. 1(d), but there is
no symmetry implying destruction of the DQCP due to Berry
phase cancelations, unlike systems such as the bilayer SU(N )
model [41]. The W perturbation being irrelevant in the VBS
and AFM phases, it could a priori also be RG irrelevant at the
DQCP, even though it breaks lattice symmetries; in the Sup-
plemental Material [40] we show an example of an irrelevant
perturbation breaking the ⇡/2 lattice rotation symmetry.

Figure 2(b) shows that C
W

defined with a 5 ⇥ 5-site cell
operator gives �

W

= 1.90(2), i.e., the staircase perturbation
is relevant. Thus, the DQCP is unstable, but from the scaling
dimension alone we do not know what fixed point the system
flows to for a finite W perturbation. We will next show that a
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The paradigmatic example of deconfined quantum criticality is the Neel-VBS phase transition.
The continuum description of this transition is the N = 2 case of the CPN�1 model, which is a
field theory of N complex scalars in 3d coupled to an Abelian gauge field with SU(N)⇥U(1) global
symmetry. Lattice studies and duality arguments suggest the global symmetry of the CP 1 model is
enhanced to SO(5). We perform a conformal bootstrap study of SO(5) invariant fixed points with
one relevant SO(5) singlet operator, which would correspond to two relevant SU(2)⇥U(1) singlets,
i.e. a tricritical point. We find that the bootstrap bounds are saturated by four di↵erent predictions
from the large N computation of monopole operator scaling dimensions, which were recently shown
to be very accurate even for small N . This suggests that the Neel-VBS phase transition is described
by this bootstrap bound, which predicts that the second relevant singlet has dimension ⇡ 2.36.

I. INTRODUCTION

Deconfined quantum critical points (DQCPs) are sec-
ond order phase transitions between one phase with sym-
metry groupH, and a second phase with groupH 0, where
H 0 is not a subgroup of H [1, 2]. These phase transi-
tions go beyond the standard Landau-Ginzburg transi-
tions, such as the Wilson-Fisher fixed points, where H
would be a subgroup of H 0. A striking feature of DQCPs
is that they are described by continuum gauge theories
in 2+1 dimensions whose fields are not associated with
quasiparticles on either side of the transition, i.e. they
are deconfined. Despite many years of work, however, the
existence of the simplest DQCP remains controversial.

The paradigmatic example of a DQCP is the transi-
tion between the Neel and Valence Bond Solid (VBS)
phases of quantum antiferromagnets on a 2d square lat-
tice, where the Neel phase breaks an SU(2) symmetry,
while the VBS phase breaks a di↵erent U(1) symmetry.
In the continuum limit, the Neel-VBS phase transition is
described by the 3d CP 1 model [72] with Lagrangian

L =
2X

i=1

⇥|(rµ � iAµ)�
i|2 + �(|�i|2 � 1)

⇤
, (1)

where �i are complex scalar fields, Aµ is an Abelian gauge
field, and � is a real scalar. The SU(2) symmetry rotates
the �i, while the U(1) symmetry is generated by the cur-
rent ✏µ⌫⇢F ⌫⇢, which is conserved due to the Bianchi iden-
tity [73]. This theory is strongly coupled, so it is hard to
determine if it actually flows to a conformal field theory
(CFT), i.e. if it describes a second order phase transition.

Instead of directly analyzing the continuum theory, lat-
tice methods have been applied to various discrete quan-
tum model that are believed to lie in the same universal-
ity class. These studies have produced a bewildering ar-

�v �t �t3 �t4 �s

Bootstrap 0.630⇤ 1.519 2.598 3.884 2.359
Large N 0.630 1.497 2.552 3.770 –
Lattice 0.630(3) 1.5 – – –

Fuzzy Sphere 0.584 1.454 2.565 3.885 2.845

TABLE I: Comparison of scaling dimensions of the lowest
dimension scalar operators in the singlet (s), vector (v), rank-
2 (t), rank-3 (t3), and rank-4 (t4) of SO(5), as determined
from the bootstrap study here, the large N expansion, the
lattice study that claimed SO(5) symmetry [3], and the recent
weakly first order fuzzy sphere study for a certain value of
their coupling [4]. The asterisk by �v for bootstrap means
we put it in to determine the others.

ray of critical exponents [5–12], while others have claimed
the transition is first order [13–16]. One notable lattice
study suggested that the SU(2)⇥ U(1) symmetry is en-
hanced to SO(5) at the putative critical point [3], which
was later attributed to possible quantum dualities [17].

Most lattice studies so far have tried to find a fixed
point by tuning one parameter, i.e. they assumed that
there was one relevant operator uncharged under SU(2)⇥
U(1) [74] [75]. The SO(5) symmetry enhancement would
then imply there is no relevant SO(5) singlet [76], but this
was also ruled out by the conformal bootstrap [18, 19]
[77]. This led some to propose the theory is described
by a weakly first order phase transition, caused by the
merger and annihilation [20, 21] of the CP 1 model with
a related tricritical model. This scenario received recent
support by the study of a theory with microscopic SO(5)
symmetry using the fuzzy sphere method [4].

In this work, we will instead show evidence that the
Neel-VBS phase transition is a tricritical fixed point,
with two relevant singlets of SU(2) ⇥ U(1), or one rel-
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BowenZhao,
1,*

JunTakahashi,
2,†andAndersW.Sandvik

1,2,‡
1
DepartmentofPhysics,BostonUniversity,590CommonwealthAvenue,Boston,Massachusetts02215,USA

2
BeijingNationalLaboratoryforCondensedMatterPhysicsandInstituteofPhysics,

ChineseAcademyofSciences,Beijing100190,China

(Received27May2020;accepted6November2020;published17December2020)

TheS¼1=2square-latticeJ-Qmodelhostsadeconfinedquantumphasetransitionbetween
antiferromagneticanddimerized(valence-bondsolid)groundstates.Weherestudytwodeformations
ofthismodel—atermprojectingstaggeredsinglets,aswellasamodulationoftheJtermsforming
alternating“staircases”ofstrongandweakcouplings.Thefirstdeformationpreservesalllattice
symmetries.UsingquantumMonteCarlosimulations,weshowthatitneverthelessintroducesasecond
relevantfield,likelybyproducingtopologicaldefects.Theseconddeformationinduceshelicalvalence-
bondorder.Thus,weidentifythedeconfinedquantumcriticalpointasamulticriticalLifshitzpoint—the
endpointofthehelicalphaseandalsotheendpointofalineoffirst-ordertransitions.Thehelical-
antiferromagnetictransitionsformalineofgenericdeconfinedquantum-criticalpoints.Thesefindings
extendthescopeofdeconfinedquantumcriticalityandresolveapreviouslyinconsistentcritical-exponent
boundfromtheconformal-bootstrapmethod.

DOI:10.1103/PhysRevLett.125.257204

Thedeconfinedquantum-criticalpoint(DQCP)isa
paradigmatic“beyondLandau”quantumphasetransition
intwodimensions[1].Buildingonfieldtheoriesfor
quantummagnets[2–6]andstimulatedbyintriguing
numericalsimulations[7,8],theDQCPproposalposits
thatthetransitionbetweenanantiferromagnetic(AFM)
groundstateandavalence-bondsolid(VBS,wheresinglets
condenseongroupsoftwoormorespins)iscontinuous
anddescribedbyspinonscoupledtoaU(1)gaugefield
withouttopologicaldefects.Withthesymmetryofthe
spinonsextendedfromSU(2)toSUðNÞ,theproposed
CPN−1fieldtheorycanbesolvedforN→∞.Inviolation
oftheLandaurules,whichprescribeafirst-ordertransition,
thecriticalexponentsincluding1=Ncorrectionsagree
remarkablywell[9]withsimulations[10,11]oflattice
modelswithAFM-VBStransitionsformoderatelylargeN.
AcontentiousaspectoftheDQCPscenarioisthe

suggestionthatthecontinuoustransitionpersistsdownto
N¼2.Thisconjecture[1,12]foundearlysupportin
quantumMonteCarlo(QMC)simulationsoftheJ-Qmodel,
inwhichtheS¼1=2HeisenbergmodelwithexchangeJon
thesquarelatticeissupplementedbyfour-spin[13]orsix-
spin[14]termsQ,illustratedinFigs.1(a)and1(b),that
inducecorrelatedsingletsandleadtoVBSorderforlarge
Q=J.ManyQMCstudiesoftheseandothervariantsofthe
J-Qmodel[15–26],aswellasrelated3Dclassicalloop
models[27,28],havecharacterizedthesignaturesofthe
DQCP,includinganemergentU(1)symmetryoftheVBS
fluctuations[13,16,19,27].However,anomalousscaling
behaviorshavebeeninterpretedbysomeasprecursorsto

afirst-ordertransition[16,21,29].Attemptstoexplainthe
observationsasaweaklyfirst-order“walking”transition
invokeanonunitaryconformalfieldtheory(CFT)witha
DQCPslightlyoutsidetheaccessiblemodelspace,e.g.,in
dimensionalitydifferentfromtwo[30–35].Inthisscenario,
thetransitionreflectsthepropertiesoftheinaccessiblefixed
pointbuteventually,forlargelattices,flowsawayfromit.No
concretepredictionshavebeenputforward,however,and
concurrentlyfurtherQMCstudieshaveprovidedcompelling
evidenceofacontinuoustransition[36].
Apuzzlingissueisthatthecriticalcorrelation-length

exponentν≈0.45[24,28,36]violatesaboundν>0.51
fromtheCFTbootstrap[37].Wehereidentifyaloopholein
thisboundandalsodiscoverapreviouslyunknownhelical
valence-bond(HVB)phase.Weconsidertwodeforma-
tionsoftheJ-Qmodelanddemonstratethattheyare

(a)(b)(c)(d)

FIG.1.ThemultispincolumnarQinteractionsareproductsof
two(Q2)in(a)orthree(Q3)in(b)singletprojectors.(c)TheZ
perturbationconsistsofallfour-spininteractionsðSi·SjÞðSk·SlÞ
withthesitepairsijandklformingtwostaggeredbonds,as
shown,aswellastheπ=2rotatedcases.(d)Staircaseexchange
patternW,withthickblueandthinblacklinksrepresenting
Jð1$hÞSi·Sj.
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The S ¼ 1=2 square-lattice J-Q model hosts a deconfined quantum phase transition between
antiferromagnetic and dimerized (valence-bond solid) ground states. We here study two deformations
of this model—a term projecting staggered singlets, as well as a modulation of the J terms forming
alternating “staircases” of strong and weak couplings. The first deformation preserves all lattice
symmetries. Using quantum Monte Carlo simulations, we show that it nevertheless introduces a second
relevant field, likely by producing topological defects. The second deformation induces helical valence-
bond order. Thus, we identify the deconfined quantum critical point as a multicritical Lifshitz point—the
end point of the helical phase and also the end point of a line of first-order transitions. The helical-
antiferromagnetic transitions form a line of generic deconfined quantum-critical points. These findings
extend the scope of deconfined quantum criticality and resolve a previously inconsistent critical-exponent
bound from the conformal-bootstrap method.

DOI: 10.1103/PhysRevLett.125.257204

The deconfined quantum-critical point (DQCP) is a
paradigmatic “beyond Landau” quantum phase transition
in two dimensions [1]. Building on field theories for
quantum magnets [2–6] and stimulated by intriguing
numerical simulations [7,8], the DQCP proposal posits
that the transition between an antiferromagnetic (AFM)
ground state and a valence-bond solid (VBS, where singlets
condense on groups of two or more spins) is continuous
and described by spinons coupled to a U(1) gauge field
without topological defects. With the symmetry of the
spinons extended from SU(2) to SUðNÞ, the proposed
CPN−1 field theory can be solved for N → ∞. In violation
of the Landau rules, which prescribe a first-order transition,
the critical exponents including 1=N corrections agree
remarkably well [9] with simulations [10,11] of lattice
models with AFM-VBS transitions for moderately large N.
A contentious aspect of the DQCP scenario is the

suggestion that the continuous transition persists down to
N ¼ 2. This conjecture [1,12] found early support in
quantumMonte Carlo (QMC) simulations of the J-Qmodel,
in which the S ¼ 1=2Heisenberg model with exchange J on
the square lattice is supplemented by four-spin [13] or six-
spin [14] terms Q, illustrated in Figs. 1(a) and 1(b), that
induce correlated singlets and lead to VBS order for large
Q=J. Many QMC studies of these and other variants of the
J-Q model [15–26], as well as related 3D classical loop
models [27,28], have characterized the signatures of the
DQCP, including an emergent U(1) symmetry of the VBS
fluctuations [13,16,19,27]. However, anomalous scaling
behaviors have been interpreted by some as precursors to

a first-order transition [16,21,29]. Attempts to explain the
observations as a weakly first-order “walking” transition
invoke a nonunitary conformal field theory (CFT) with a
DQCP slightly outside the accessible model space, e.g., in
dimensionality different from two [30–35]. In this scenario,
the transition reflects the properties of the inaccessible fixed
point but eventually, for large lattices, flows away from it. No
concrete predictions have been put forward, however, and
concurrently further QMC studies have provided compelling
evidence of a continuous transition [36].
A puzzling issue is that the critical correlation-length

exponent ν ≈ 0.45 [24,28,36] violates a bound ν > 0.51
from the CFT bootstrap [37].We here identify a loophole in
this bound and also discover a previously unknown helical
valence-bond (HVB) phase. We consider two deforma-
tions of the J-Q model and demonstrate that they are

(a) (b) (c) (d)

FIG. 1. The multispin columnar Q interactions are products of
two (Q2) in (a) or three (Q3) in (b) singlet projectors. (c) The Z
perturbation consists of all four-spin interactions ðSi · SjÞðSk · SlÞ
with the site pairs ij and kl forming two staggered bonds, as
shown, as well as the π=2 rotated cases. (d) Staircase exchange
pattern W, with thick blue and thin black links representing
Jð1$ hÞSi · Sj.
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FIG. 10. Correlation function at distance L/2�1 of the four-
spin operators Q (a), X (b), and Z (c), multiplied by L

2�,
where � is the estimated leading scaling dimension present
in the respective operator.

2

uniform J
b

= J have AFM–VBS transitions at g
c

⇡ 0.0432

[36] and g
c

⇡ 0.400 [14], respectively. The DQCP has been
better characterized in the J-Q

2

model [24, 36], and we use
it to study the relevance of the infinitesimal staggered bond
interactions, Fig. 1(c), and staircase J modulation, Fig. 1(d).
The J-Q

3

model is a more robust VBS for large g [19] and
we use it to study finite staircase modulation. By universality,
our results should apply also to other DQCP systems.

Scaling dimensions.—To characterize the Z and W defor-
mations, we compute corresponding correlation function in
the critical J-Q

2

model. With H
c

= H(g = g
c

) in Eq. (1),
we write the perturbed Hamiltonian as

H = H
c

+ �V, V =

X

a

V (r
a

), (2)

where V (r
a

) is a subset of terms of V in a suitable lattice cell.
Following standard quantum-criticality and RG notation, the
correlation function C

V

(r) = hV (r)V (0)i�hV (0)i2 at � = 0

should decay as C
V

(r) / r�2�

V , where �

V

is the scaling di-
mension of V . We have used a projector QMC method in the
valance-bond basis [39] to calculate C

V

(r), using operator
cells that will be described below for the two different pertur-
bations. Technical details and additional results are presented
in the Supplemental Material [40].

Results for the staggered bonds, V = Z, are shown in
Fig. 2(a). Here a sum of eight local terms with the differ-
ent arrangements of the bond operators defines the symmetric
operator Z(r). The observed power-law decay corresponds
to the scaling dimension �

Z

⇡ 1.39(2), considerably larger
than the dimension �

0

⇡ 0.800(1) of the previously known
primary symmetric scalar operator O

0

[36]. All correlations
are positive and clearly represent the spatially uniform per-
turbation in Eq. (2). While we can not rigorously prove that
Z contains a second primary operator O0

0

, its scaling dimen-
sion matches neither the dimensions �

0

+n (n = 1, 2, . . .) of
the decendants of O

0

nor those of the order parameter opera-
tors O

VBS

and O
AFM

, both of which have dimension ⇡ 0.63

[19, 28] (see also the Supplemental Material [40]). Thus, we
conjecture that a second symmetric primary operator exists.
In the Supplemental Material [40] we provide further results
supporting this conclusion and show examples of other bond-
products that exhibit the conventional scaling dimension �

0

.
It is surprising that an short-range interaction with the same

symmetries as the unperturbed Hamiltonian can introduce a
primary operator not already present in the J-Q model. The
most likely scenario is that Z generates topological defects
(monopoles). The normal Q terms in Figs. 1(a,b) are con-
ducive to the emergent U(1) symmetry that is required within
the DQCP scenario and which can be traced to the irrelevance
of the quadrupled monopoles associated with the microscop-
ically Z

4

symmetric VBS order parameter. However, stag-
gered singlets induced by the Z interaction can counteract
the emergent symmetry, as we recently showed with similar
terms that, when strong enough, render the AFM–VBS tran-
sition clearly first-order [26]. Our present results suggest that
already an infinitesimal Z causes a first-order transition.
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C
Z(x
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6 8 10 2012 16 24
x
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|C
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(r
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(a)

(b)

Figure 2. Correlation functions of the perturbing operators, with the
operator cells illustrated as insets. Results are shown at r / L/2
for different L and for r ⌧ L/2 for fixed L. (a) Staggered product
operators [Fig. 1(c)]. The operator Z(r) is a sum of eight terms
as indicated with different colors in the inset. The blue and red
curves are fits to the r = (x, 0) data for L/2 � 8 of the form
aL�2�0

0(1 + cL�!) giving �0
0 = 1.39(2) and ! ⇡ 2.0. (b) Stair-

case J modulation [Fig. 1(d)]. The operator W (r) is defined on a
5 ⇥ 5 site cell with sums of +S

i

· S
j

and �S
i

· S
j

on the blue and
orange links, respectively. The dashed edge links indicate prefac-
tors 1/2 needed for the cell summation in Eq. (2). The correlations
being negative, absolute values are shown. The red line is a fit of
the form aL�2�

W to the r = (x,�x) data for L/2 � 8, giving
�

W

= 1.90(2).

Next, we consider the staircase J modulation, V = W .
Even though this deformation breaks lattice symmetries, the
four-fold degenerate columnar VBS state of the J-Q model
retains its Z

4

symmetry (even though H does not), with clock-
like angular fluctuations between neighboring states charac-
terized by a complex order parameter D = |D|ei� (as we ex-
plain and demonstrate further in Supplemental Material [40]).
The unit cell is doubled when h > 0 in Fig. 1(d), but there is
no symmetry implying destruction of the DQCP due to Berry
phase cancelations, unlike systems such as the bilayer SU(N )
model [41]. The W perturbation being irrelevant in the VBS
and AFM phases, it could a priori also be RG irrelevant at the
DQCP, even though it breaks lattice symmetries; in the Sup-
plemental Material [40] we show an example of an irrelevant
perturbation breaking the ⇡/2 lattice rotation symmetry.

Figure 2(b) shows that C
W

defined with a 5 ⇥ 5-site cell
operator gives �

W

= 1.90(2), i.e., the staircase perturbation
is relevant. Thus, the DQCP is unstable, but from the scaling
dimension alone we do not know what fixed point the system
flows to for a finite W perturbation. We will next show that a

All these scaling 
dimensions are
consistent with
the J-Q model
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The paradigmatic example of deconfined quantum criticality is the Neel-VBS phase transition.
The continuum description of this transition is the N = 2 case of the CPN�1 model, which is a
field theory of N complex scalars in 3d coupled to an Abelian gauge field with SU(N)⇥U(1) global
symmetry. Lattice studies and duality arguments suggest the global symmetry of the CP 1 model is
enhanced to SO(5). We perform a conformal bootstrap study of SO(5) invariant fixed points with
one relevant SO(5) singlet operator, which would correspond to two relevant SU(2)⇥U(1) singlets,
i.e. a tricritical point. We find that the bootstrap bounds are saturated by four di↵erent predictions
from the large N computation of monopole operator scaling dimensions, which were recently shown
to be very accurate even for small N . This suggests that the Neel-VBS phase transition is described
by this bootstrap bound, which predicts that the second relevant singlet has dimension ⇡ 2.36.

I. INTRODUCTION

Deconfined quantum critical points (DQCPs) are sec-
ond order phase transitions between one phase with sym-
metry groupH, and a second phase with groupH 0, where
H 0 is not a subgroup of H [1, 2]. These phase transi-
tions go beyond the standard Landau-Ginzburg transi-
tions, such as the Wilson-Fisher fixed points, where H
would be a subgroup of H 0. A striking feature of DQCPs
is that they are described by continuum gauge theories
in 2+1 dimensions whose fields are not associated with
quasiparticles on either side of the transition, i.e. they
are deconfined. Despite many years of work, however, the
existence of the simplest DQCP remains controversial.

The paradigmatic example of a DQCP is the transi-
tion between the Neel and Valence Bond Solid (VBS)
phases of quantum antiferromagnets on a 2d square lat-
tice, where the Neel phase breaks an SU(2) symmetry,
while the VBS phase breaks a di↵erent U(1) symmetry.
In the continuum limit, the Neel-VBS phase transition is
described by the 3d CP 1 model [72] with Lagrangian

L =
2X

i=1

⇥|(rµ � iAµ)�
i|2 + �(|�i|2 � 1)

⇤
, (1)

where �i are complex scalar fields, Aµ is an Abelian gauge
field, and � is a real scalar. The SU(2) symmetry rotates
the �i, while the U(1) symmetry is generated by the cur-
rent ✏µ⌫⇢F ⌫⇢, which is conserved due to the Bianchi iden-
tity [73]. This theory is strongly coupled, so it is hard to
determine if it actually flows to a conformal field theory
(CFT), i.e. if it describes a second order phase transition.

Instead of directly analyzing the continuum theory, lat-
tice methods have been applied to various discrete quan-
tum model that are believed to lie in the same universal-
ity class. These studies have produced a bewildering ar-

�v �t �t3 �t4 �s

Bootstrap 0.630⇤ 1.519 2.598 3.884 2.359
Large N 0.630 1.497 2.552 3.770 –
Lattice 0.630(3) 1.5 – – –

Fuzzy Sphere 0.584 1.454 2.565 3.885 2.845

TABLE I: Comparison of scaling dimensions of the lowest
dimension scalar operators in the singlet (s), vector (v), rank-
2 (t), rank-3 (t3), and rank-4 (t4) of SO(5), as determined
from the bootstrap study here, the large N expansion, the
lattice study that claimed SO(5) symmetry [3], and the recent
weakly first order fuzzy sphere study for a certain value of
their coupling [4]. The asterisk by �v for bootstrap means
we put it in to determine the others.

ray of critical exponents [5–12], while others have claimed
the transition is first order [13–16]. One notable lattice
study suggested that the SU(2)⇥ U(1) symmetry is en-
hanced to SO(5) at the putative critical point [3], which
was later attributed to possible quantum dualities [17].

Most lattice studies so far have tried to find a fixed
point by tuning one parameter, i.e. they assumed that
there was one relevant operator uncharged under SU(2)⇥
U(1) [74] [75]. The SO(5) symmetry enhancement would
then imply there is no relevant SO(5) singlet [76], but this
was also ruled out by the conformal bootstrap [18, 19]
[77]. This led some to propose the theory is described
by a weakly first order phase transition, caused by the
merger and annihilation [20, 21] of the CP 1 model with
a related tricritical model. This scenario received recent
support by the study of a theory with microscopic SO(5)
symmetry using the fuzzy sphere method [4].

In this work, we will instead show evidence that the
Neel-VBS phase transition is a tricritical fixed point,
with two relevant singlets of SU(2) ⇥ U(1), or one rel-
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TheS¼1=2square-latticeJ-Qmodelhostsadeconfinedquantumphasetransitionbetween
antiferromagneticanddimerized(valence-bondsolid)groundstates.Weherestudytwodeformations
ofthismodel—atermprojectingstaggeredsinglets,aswellasamodulationoftheJtermsforming
alternating“staircases”ofstrongandweakcouplings.Thefirstdeformationpreservesalllattice
symmetries.UsingquantumMonteCarlosimulations,weshowthatitneverthelessintroducesasecond
relevantfield,likelybyproducingtopologicaldefects.Theseconddeformationinduceshelicalvalence-
bondorder.Thus,weidentifythedeconfinedquantumcriticalpointasamulticriticalLifshitzpoint—the
endpointofthehelicalphaseandalsotheendpointofalineoffirst-ordertransitions.Thehelical-
antiferromagnetictransitionsformalineofgenericdeconfinedquantum-criticalpoints.Thesefindings
extendthescopeofdeconfinedquantumcriticalityandresolveapreviouslyinconsistentcritical-exponent
boundfromtheconformal-bootstrapmethod.

DOI:10.1103/PhysRevLett.125.257204

Thedeconfinedquantum-criticalpoint(DQCP)isa
paradigmatic“beyondLandau”quantumphasetransition
intwodimensions[1].Buildingonfieldtheoriesfor
quantummagnets[2–6]andstimulatedbyintriguing
numericalsimulations[7,8],theDQCPproposalposits
thatthetransitionbetweenanantiferromagnetic(AFM)
groundstateandavalence-bondsolid(VBS,wheresinglets
condenseongroupsoftwoormorespins)iscontinuous
anddescribedbyspinonscoupledtoaU(1)gaugefield
withouttopologicaldefects.Withthesymmetryofthe
spinonsextendedfromSU(2)toSUðNÞ,theproposed
CPN−1fieldtheorycanbesolvedforN→∞.Inviolation
oftheLandaurules,whichprescribeafirst-ordertransition,
thecriticalexponentsincluding1=Ncorrectionsagree
remarkablywell[9]withsimulations[10,11]oflattice
modelswithAFM-VBStransitionsformoderatelylargeN.
AcontentiousaspectoftheDQCPscenarioisthe

suggestionthatthecontinuoustransitionpersistsdownto
N¼2.Thisconjecture[1,12]foundearlysupportin
quantumMonteCarlo(QMC)simulationsoftheJ-Qmodel,
inwhichtheS¼1=2HeisenbergmodelwithexchangeJon
thesquarelatticeissupplementedbyfour-spin[13]orsix-
spin[14]termsQ,illustratedinFigs.1(a)and1(b),that
inducecorrelatedsingletsandleadtoVBSorderforlarge
Q=J.ManyQMCstudiesoftheseandothervariantsofthe
J-Qmodel[15–26],aswellasrelated3Dclassicalloop
models[27,28],havecharacterizedthesignaturesofthe
DQCP,includinganemergentU(1)symmetryoftheVBS
fluctuations[13,16,19,27].However,anomalousscaling
behaviorshavebeeninterpretedbysomeasprecursorsto

afirst-ordertransition[16,21,29].Attemptstoexplainthe
observationsasaweaklyfirst-order“walking”transition
invokeanonunitaryconformalfieldtheory(CFT)witha
DQCPslightlyoutsidetheaccessiblemodelspace,e.g.,in
dimensionalitydifferentfromtwo[30–35].Inthisscenario,
thetransitionreflectsthepropertiesoftheinaccessiblefixed
pointbuteventually,forlargelattices,flowsawayfromit.No
concretepredictionshavebeenputforward,however,and
concurrentlyfurtherQMCstudieshaveprovidedcompelling
evidenceofacontinuoustransition[36].
Apuzzlingissueisthatthecriticalcorrelation-length

exponentν≈0.45[24,28,36]violatesaboundν>0.51
fromtheCFTbootstrap[37].Wehereidentifyaloopholein
thisboundandalsodiscoverapreviouslyunknownhelical
valence-bond(HVB)phase.Weconsidertwodeforma-
tionsoftheJ-Qmodelanddemonstratethattheyare

(a)(b)(c)(d)

FIG.1.ThemultispincolumnarQinteractionsareproductsof
two(Q2)in(a)orthree(Q3)in(b)singletprojectors.(c)TheZ
perturbationconsistsofallfour-spininteractionsðSi·SjÞðSk·SlÞ
withthesitepairsijandklformingtwostaggeredbonds,as
shown,aswellastheπ=2rotatedcases.(d)Staircaseexchange
patternW,withthickblueandthinblacklinksrepresenting
Jð1$hÞSi·Sj.
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The S ¼ 1=2 square-lattice J-Q model hosts a deconfined quantum phase transition between
antiferromagnetic and dimerized (valence-bond solid) ground states. We here study two deformations
of this model—a term projecting staggered singlets, as well as a modulation of the J terms forming
alternating “staircases” of strong and weak couplings. The first deformation preserves all lattice
symmetries. Using quantum Monte Carlo simulations, we show that it nevertheless introduces a second
relevant field, likely by producing topological defects. The second deformation induces helical valence-
bond order. Thus, we identify the deconfined quantum critical point as a multicritical Lifshitz point—the
end point of the helical phase and also the end point of a line of first-order transitions. The helical-
antiferromagnetic transitions form a line of generic deconfined quantum-critical points. These findings
extend the scope of deconfined quantum criticality and resolve a previously inconsistent critical-exponent
bound from the conformal-bootstrap method.
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The deconfined quantum-critical point (DQCP) is a
paradigmatic “beyond Landau” quantum phase transition
in two dimensions [1]. Building on field theories for
quantum magnets [2–6] and stimulated by intriguing
numerical simulations [7,8], the DQCP proposal posits
that the transition between an antiferromagnetic (AFM)
ground state and a valence-bond solid (VBS, where singlets
condense on groups of two or more spins) is continuous
and described by spinons coupled to a U(1) gauge field
without topological defects. With the symmetry of the
spinons extended from SU(2) to SUðNÞ, the proposed
CPN−1 field theory can be solved for N → ∞. In violation
of the Landau rules, which prescribe a first-order transition,
the critical exponents including 1=N corrections agree
remarkably well [9] with simulations [10,11] of lattice
models with AFM-VBS transitions for moderately large N.
A contentious aspect of the DQCP scenario is the

suggestion that the continuous transition persists down to
N ¼ 2. This conjecture [1,12] found early support in
quantumMonte Carlo (QMC) simulations of the J-Qmodel,
in which the S ¼ 1=2Heisenberg model with exchange J on
the square lattice is supplemented by four-spin [13] or six-
spin [14] terms Q, illustrated in Figs. 1(a) and 1(b), that
induce correlated singlets and lead to VBS order for large
Q=J. Many QMC studies of these and other variants of the
J-Q model [15–26], as well as related 3D classical loop
models [27,28], have characterized the signatures of the
DQCP, including an emergent U(1) symmetry of the VBS
fluctuations [13,16,19,27]. However, anomalous scaling
behaviors have been interpreted by some as precursors to

a first-order transition [16,21,29]. Attempts to explain the
observations as a weakly first-order “walking” transition
invoke a nonunitary conformal field theory (CFT) with a
DQCP slightly outside the accessible model space, e.g., in
dimensionality different from two [30–35]. In this scenario,
the transition reflects the properties of the inaccessible fixed
point but eventually, for large lattices, flows away from it. No
concrete predictions have been put forward, however, and
concurrently further QMC studies have provided compelling
evidence of a continuous transition [36].
A puzzling issue is that the critical correlation-length

exponent ν ≈ 0.45 [24,28,36] violates a bound ν > 0.51
from the CFT bootstrap [37].We here identify a loophole in
this bound and also discover a previously unknown helical
valence-bond (HVB) phase. We consider two deforma-
tions of the J-Q model and demonstrate that they are

(a) (b) (c) (d)

FIG. 1. The multispin columnar Q interactions are products of
two (Q2) in (a) or three (Q3) in (b) singlet projectors. (c) The Z
perturbation consists of all four-spin interactions ðSi · SjÞðSk · SlÞ
with the site pairs ij and kl forming two staggered bonds, as
shown, as well as the π=2 rotated cases. (d) Staircase exchange
pattern W, with thick blue and thin black links representing
Jð1$ hÞSi · Sj.
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FIG. 10. Correlation function at distance L/2�1 of the four-
spin operators Q (a), X (b), and Z (c), multiplied by L

2�,
where � is the estimated leading scaling dimension present
in the respective operator.

2

uniform J
b

= J have AFM–VBS transitions at g
c

⇡ 0.0432

[36] and g
c

⇡ 0.400 [14], respectively. The DQCP has been
better characterized in the J-Q

2

model [24, 36], and we use
it to study the relevance of the infinitesimal staggered bond
interactions, Fig. 1(c), and staircase J modulation, Fig. 1(d).
The J-Q

3

model is a more robust VBS for large g [19] and
we use it to study finite staircase modulation. By universality,
our results should apply also to other DQCP systems.

Scaling dimensions.—To characterize the Z and W defor-
mations, we compute corresponding correlation function in
the critical J-Q

2

model. With H
c

= H(g = g
c

) in Eq. (1),
we write the perturbed Hamiltonian as

H = H
c

+ �V, V =

X

a

V (r
a

), (2)

where V (r
a

) is a subset of terms of V in a suitable lattice cell.
Following standard quantum-criticality and RG notation, the
correlation function C

V

(r) = hV (r)V (0)i�hV (0)i2 at � = 0

should decay as C
V

(r) / r�2�

V , where �

V

is the scaling di-
mension of V . We have used a projector QMC method in the
valance-bond basis [39] to calculate C

V

(r), using operator
cells that will be described below for the two different pertur-
bations. Technical details and additional results are presented
in the Supplemental Material [40].

Results for the staggered bonds, V = Z, are shown in
Fig. 2(a). Here a sum of eight local terms with the differ-
ent arrangements of the bond operators defines the symmetric
operator Z(r). The observed power-law decay corresponds
to the scaling dimension �

Z

⇡ 1.39(2), considerably larger
than the dimension �

0

⇡ 0.800(1) of the previously known
primary symmetric scalar operator O

0

[36]. All correlations
are positive and clearly represent the spatially uniform per-
turbation in Eq. (2). While we can not rigorously prove that
Z contains a second primary operator O0

0

, its scaling dimen-
sion matches neither the dimensions �

0

+n (n = 1, 2, . . .) of
the decendants of O

0

nor those of the order parameter opera-
tors O

VBS

and O
AFM

, both of which have dimension ⇡ 0.63

[19, 28] (see also the Supplemental Material [40]). Thus, we
conjecture that a second symmetric primary operator exists.
In the Supplemental Material [40] we provide further results
supporting this conclusion and show examples of other bond-
products that exhibit the conventional scaling dimension �

0

.
It is surprising that an short-range interaction with the same

symmetries as the unperturbed Hamiltonian can introduce a
primary operator not already present in the J-Q model. The
most likely scenario is that Z generates topological defects
(monopoles). The normal Q terms in Figs. 1(a,b) are con-
ducive to the emergent U(1) symmetry that is required within
the DQCP scenario and which can be traced to the irrelevance
of the quadrupled monopoles associated with the microscop-
ically Z

4

symmetric VBS order parameter. However, stag-
gered singlets induced by the Z interaction can counteract
the emergent symmetry, as we recently showed with similar
terms that, when strong enough, render the AFM–VBS tran-
sition clearly first-order [26]. Our present results suggest that
already an infinitesimal Z causes a first-order transition.
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Figure 2. Correlation functions of the perturbing operators, with the
operator cells illustrated as insets. Results are shown at r / L/2
for different L and for r ⌧ L/2 for fixed L. (a) Staggered product
operators [Fig. 1(c)]. The operator Z(r) is a sum of eight terms
as indicated with different colors in the inset. The blue and red
curves are fits to the r = (x, 0) data for L/2 � 8 of the form
aL�2�0

0(1 + cL�!) giving �0
0 = 1.39(2) and ! ⇡ 2.0. (b) Stair-

case J modulation [Fig. 1(d)]. The operator W (r) is defined on a
5 ⇥ 5 site cell with sums of +S

i

· S
j

and �S
i

· S
j

on the blue and
orange links, respectively. The dashed edge links indicate prefac-
tors 1/2 needed for the cell summation in Eq. (2). The correlations
being negative, absolute values are shown. The red line is a fit of
the form aL�2�

W to the r = (x,�x) data for L/2 � 8, giving
�

W

= 1.90(2).

Next, we consider the staircase J modulation, V = W .
Even though this deformation breaks lattice symmetries, the
four-fold degenerate columnar VBS state of the J-Q model
retains its Z

4

symmetry (even though H does not), with clock-
like angular fluctuations between neighboring states charac-
terized by a complex order parameter D = |D|ei� (as we ex-
plain and demonstrate further in Supplemental Material [40]).
The unit cell is doubled when h > 0 in Fig. 1(d), but there is
no symmetry implying destruction of the DQCP due to Berry
phase cancelations, unlike systems such as the bilayer SU(N )
model [41]. The W perturbation being irrelevant in the VBS
and AFM phases, it could a priori also be RG irrelevant at the
DQCP, even though it breaks lattice symmetries; in the Sup-
plemental Material [40] we show an example of an irrelevant
perturbation breaking the ⇡/2 lattice rotation symmetry.

Figure 2(b) shows that C
W

defined with a 5 ⇥ 5-site cell
operator gives �

W

= 1.90(2), i.e., the staircase perturbation
is relevant. Thus, the DQCP is unstable, but from the scaling
dimension alone we do not know what fixed point the system
flows to for a finite W perturbation. We will next show that a

All these scaling 
dimensions are
consistent with
the J-Q model

But additional
mystery operator
affecting the J-Q
(and loop) model
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The paradigmatic example of deconfined quantum criticality is the Neel-VBS phase transition.
The continuum description of this transition is the N = 2 case of the CPN�1 model, which is a
field theory of N complex scalars in 3d coupled to an Abelian gauge field with SU(N)⇥U(1) global
symmetry. Lattice studies and duality arguments suggest the global symmetry of the CP 1 model is
enhanced to SO(5). We perform a conformal bootstrap study of SO(5) invariant fixed points with
one relevant SO(5) singlet operator, which would correspond to two relevant SU(2)⇥U(1) singlets,
i.e. a tricritical point. We find that the bootstrap bounds are saturated by four di↵erent predictions
from the large N computation of monopole operator scaling dimensions, which were recently shown
to be very accurate even for small N . This suggests that the Neel-VBS phase transition is described
by this bootstrap bound, which predicts that the second relevant singlet has dimension ⇡ 2.36.

I. INTRODUCTION

Deconfined quantum critical points (DQCPs) are sec-
ond order phase transitions between one phase with sym-
metry groupH, and a second phase with groupH 0, where
H 0 is not a subgroup of H [1, 2]. These phase transi-
tions go beyond the standard Landau-Ginzburg transi-
tions, such as the Wilson-Fisher fixed points, where H
would be a subgroup of H 0. A striking feature of DQCPs
is that they are described by continuum gauge theories
in 2+1 dimensions whose fields are not associated with
quasiparticles on either side of the transition, i.e. they
are deconfined. Despite many years of work, however, the
existence of the simplest DQCP remains controversial.

The paradigmatic example of a DQCP is the transi-
tion between the Neel and Valence Bond Solid (VBS)
phases of quantum antiferromagnets on a 2d square lat-
tice, where the Neel phase breaks an SU(2) symmetry,
while the VBS phase breaks a di↵erent U(1) symmetry.
In the continuum limit, the Neel-VBS phase transition is
described by the 3d CP 1 model [72] with Lagrangian

L =
2X

i=1

⇥|(rµ � iAµ)�
i|2 + �(|�i|2 � 1)

⇤
, (1)

where �i are complex scalar fields, Aµ is an Abelian gauge
field, and � is a real scalar. The SU(2) symmetry rotates
the �i, while the U(1) symmetry is generated by the cur-
rent ✏µ⌫⇢F ⌫⇢, which is conserved due to the Bianchi iden-
tity [73]. This theory is strongly coupled, so it is hard to
determine if it actually flows to a conformal field theory
(CFT), i.e. if it describes a second order phase transition.

Instead of directly analyzing the continuum theory, lat-
tice methods have been applied to various discrete quan-
tum model that are believed to lie in the same universal-
ity class. These studies have produced a bewildering ar-

�v �t �t3 �t4 �s

Bootstrap 0.630⇤ 1.519 2.598 3.884 2.359
Large N 0.630 1.497 2.552 3.770 –
Lattice 0.630(3) 1.5 – – –

Fuzzy Sphere 0.584 1.454 2.565 3.885 2.845

TABLE I: Comparison of scaling dimensions of the lowest
dimension scalar operators in the singlet (s), vector (v), rank-
2 (t), rank-3 (t3), and rank-4 (t4) of SO(5), as determined
from the bootstrap study here, the large N expansion, the
lattice study that claimed SO(5) symmetry [3], and the recent
weakly first order fuzzy sphere study for a certain value of
their coupling [4]. The asterisk by �v for bootstrap means
we put it in to determine the others.

ray of critical exponents [5–12], while others have claimed
the transition is first order [13–16]. One notable lattice
study suggested that the SU(2)⇥ U(1) symmetry is en-
hanced to SO(5) at the putative critical point [3], which
was later attributed to possible quantum dualities [17].

Most lattice studies so far have tried to find a fixed
point by tuning one parameter, i.e. they assumed that
there was one relevant operator uncharged under SU(2)⇥
U(1) [74] [75]. The SO(5) symmetry enhancement would
then imply there is no relevant SO(5) singlet [76], but this
was also ruled out by the conformal bootstrap [18, 19]
[77]. This led some to propose the theory is described
by a weakly first order phase transition, caused by the
merger and annihilation [20, 21] of the CP 1 model with
a related tricritical model. This scenario received recent
support by the study of a theory with microscopic SO(5)
symmetry using the fuzzy sphere method [4].

In this work, we will instead show evidence that the
Neel-VBS phase transition is a tricritical fixed point,
with two relevant singlets of SU(2) ⇥ U(1), or one rel-
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FIG. 1. Possible phase diagrams (schematic) containing DQCP transitions between AFM and VBS phases in a space of two
model parameters (g, k). In the original DQCP scenario (a), a single relevant perturbation implies a line of generic DQCPs
(shown in red for small k), which can be expected to terminate at a tri-critical point; the end point of a first-order line (blue, for
larger k). In the simplest scenario of a tri-critical SO(5) DQCP (b), there is no extended critical line and instead a gapless SL
phase opens on the other side of the first-order line. In the more complex scenario (c), advocated here, there is a short generic
DQCP line with SO(5)⇥U(1) symmetry which ends at an SO(5) point on one side and at the first-order line on the other side,
i.e., there are two tri-critical points. The horizontal dashed lines in all cases indicate the smallest k for which sign-free QMC
simulations can be carried out, i.e., only the first-order AFM–VBS transitions can be reached with this method. If the sign-free
regime extends close enough to the DQCP(s), critical flows can still be observed in finite-size scaling.

Hamiltonian, and only crtical-like cross-overs should be
expected. However, a tri-critical SO(5) symmetric uni-
tary CFT has been identified recently, suggesting that, in
fact, the DQCP can be reached if a suitable real Hamil-
tonian can be identified.

and, most recently, variational states based on neural
networks (“machine learning”).

III. OVERVIEW OF RESULTS

IV. ORDER PARAMETERS

In Sec. IVA we first present QMC results for spin and
dimer correlations at distance r = L/2 in lattice of size
up to L = 384 for the J-Q2 model and somewhat smaller
for the J-Q3 and J-Q4 models. The main result here is
that the J-Q2 model undergoes a very weak first-order
transition, which is clearly detectable in the correlation
function only with high-quality data (small error bars)
for large lattices. For increasing n, the J-Qn models host
transitions of increasing first-order character, as seen in
the magnitude of the coexisting AFM and VBS order
parameters.

In Sec. ??, we examine the distance dependence of the
correlation functions and their r derivatives, the latter of
which shows power-law behaviors over longer distances
as was also found in the 3D loop model [? ]. The scaling

dimensions of the two order parameters are the same to
within small statistical errors and also agree with the
(less precise) loop model results.
All the results presented in this section were obtained

with the valence-bond projector QMC algorithm, with
the projection power su�ciently large to give ground
state properties to within statistical error. A conver-
gence test for the long-distance correlation functions is
presented in an Appendix, Sec. ??.

A. Long-distance correlations in J-Qn models

B. Scaling dimension of the order parameters

V. RELEVANT SYMMETRIC OPERATORS

VI. CORRELATION LENGTH AND
CROSS-OVER BEHAVIOR

Appendix A: Quantum Monte Carlo methods

1. Stochastic series expansion

2. Ground state projection with valence bonds
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