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But, why care about entanglement in condensed matter physics?

Entanglement can characterize “intrinsic quantum nature” of various
symmetry broken, critical and topological (ground) states.
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e.g. spin liquids

o Universal (logarithmic) violation of area law

» (Gapless/critical bosonic or fermionic systems in 1D (1+1 D CFT)

1 1\ /c —kp kp
Sj")=—(1+—)(—)1nL+--- —e ~—>
2 n/ \6 : : .
(spinless) free fermions or Luttinger
Central charge ¢ liquid ¢ =1 (X2)

> Free fermions in higher dimension d > 1 Gioev & Klich, PRL (2006)

Swingle, PRL (2010); Swingle, PRB (2012) 5/&") ~ 191 + -

Fermi liquids, Weyl fermions in magnetic field, certain non-Fermi liquids,
Bose metals
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o Non-interacting — Correlation matrix approach

o Interacting — Exact diagonalization (ED), density matrix
renormalization (DMRG) & matrix product states (MPS), Quantum
Monte Carlo (QMC), ...

o Path integral and quantum field-theory approach for entanglement

Problem of computing entanglement

Replica field theory '
—

Time-evolution in a complicated
space-time manifold with non-trivial
boundary conditions.

» Conformal field theory (CFT)
Calabrese & Cardy (2004,2009), ..

= 1D gapless fermions and critical systems
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Simpler representation for applying to general quantum many-body
techniques/ approximations (Saddle point, RPA, RG, ..) for
entanglement like for thermodynamic, spectral and transport
properties

New path integral/field theory method

» Bosonic systems -- A. Chakraborty & R. Sensarma, PRL (2021)

» Fermionic systems -- A. Haldar, S. Bera & SB, PRR (2020), S. Moitra
and R. Sensrama, PRB (2020)
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o Second Renyi entropy of subsystem A
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Fermionic Wigner characteristic function ~ xn(§4) = Tr[pDy(§4)]

1
Gaussian factor fN(f T]) — ZN ( )ZLEA(flfﬁmm €Ln1+nl€l)

xn(Ea) = Trlp(ODy (En)] = | D(E, ) expli(S + Spici (£))] VO N
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= All the known expressions for Renyi entropies of non-interacting fermions
Sfl") = 1TlnTrA In[(1—C)"+ C"] Correlation matrix C;; = (c;r(t)ci(t))

A. Haldar, S. Bera & SB, PRR (2020)



Rest of the talk

o Entanglement entropy of correlated metallic states described by
Dynamical mean field theories (DMFT) (local self energy).

Sachdev-Ye-Kitaev  Interacting diffusive metal

(SYK2 NFL and FL P
7. 9 J 5 \ ,: ! .
E® ! /{; Qgé“i?“?%

\

DMFT Metallic state in Hubbard model

(dource: Internet) 0.10]
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T/D
0.04] METAL INSULATOR
0.02] g
N
0.00 ' I ;
: i 0 1 5
DMEFT: Impurity problem Uel 3 Uea

in self-consistent bath
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Second Renyi entropy for interacting fermions

O Interacting fermions H = }};; tl-jcjcj + Dijkl UijlelTC]TCkCl

e=Sk = [ d2(Ea,n2) fuCanadan Ea)an ()

an(€a) = [ DG, c) expli(S + Siick (€4))]

Suice(€a) = 1 | dz ) (6@t +) = Eca,t V@]
¢ Jea
Integrate out the auxiliary fields first

@ _ - ~
=S4 = [ D(Cq,Ca) expliSery[Ca cal]

Two replicas a = 1,2

Sp = [ a2’ Y, €al@)Gatp (N5 — -
¢ ijap



Second Renyi entropy for interacting fermions

Q Interacting fermions H = ZU tij lc] +Zl}kl UuklcTc]Tckcl V()Jri,ﬁ Kick
+ 7
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Self-energy kick
*Can be used for QMC
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SYK Non-Fermi (NFL) and Fermi (FL) liquids Fu & Sachdev, PRB (2016)
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o Fermi quuid add a quadratic term
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Subsystem (second) Renyi entropy in the large N limit
Thermal state, p = e ™PH/Z (Also, for pure state |p) ~ e BH|1),))

A B
> Try to approach ground state entanglement by taking kick\% 7T
T—0 after N—< limit ,
—
o Disorder averaged subsystem Renyi entropy V% i

$$) = _In(Tryp?) & Large-N saddle-point action
o Large-N saddle point for Renyi entropy field theory

G=—-(1-p)0,+X) 1 1—p@,+Z+ M1 Gup(t,72) o, =12
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Self—enérgy kick

Need to solve self consistently
Discretize over (7) time and solve self-consistently numerically



Fermi liquid and heavy Fermi liquid (J, t;, #+ 0)
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. Large N, p=1 value approaches zero
as T—0

« ED results for N=8,70 matches
perfectly with N—co limit!

> Finite-N corrections are very small
for entanglement entropy.
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interacting FL

. Large N, p=1 value approaches zero
as T—0

« ED results for N=8,70 matches
perfectly with N—co limit!

> Finite-N corrections are very small
for entanglement entropy.
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Pure SYK model (t;, = 0)
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Pure SYK model (t;, = 0)
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Residual entropy



Pure SYK model (t;, = 0)
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Residual entropy

Quantum entanglement of the SYK NFL ground-state cannot be extracted in
the large-N limit from T — 0 limit.



Entanglement in interacting diffusive metal
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Entanglement in interacting diffusive metal
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« Renyi entropy initially grows like In [,

but then saturates.

> Modified growth law

A. Potter, arxiv (2014)
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Entanglement in interacting diffusive metal

xlx'jcxlc i

-3

xx!ij

+ Z]x l]klcxl x] CxkCxi

x,ij

Inter-dot hopping

Intra-dot hopping

- (d)

interacting FL chain
fit interacting FL chain
non-interacting chain &

fit non-interacting chain

0 5
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but then saturates.

> Modified growth law %% ~
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Hubbard model at half filling and Mott metal-insulator transition
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Hubbard model at half filling and Mott metal-insulator transition
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Single-site Dynamical
mean-field theory
(DMFT)

(dource: Internet)

DMFT: Impurify problem
in self-consistent bath

Georges et al. RMP (1996)



Hubbard model at half filling and Mott metal-insulator transition
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Second Renyi entropy
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Two replicas Second Renyi entropy

@ @ o A-0+—e@

Not possible to extract 5/(12) from action directly unlike
the large-N models.

exp[—S P ()] & [ DG ¢) expl—(Sy + ASkicr)]  A=1

Sticie = [ d7dt’ Y Gig(D)Mag(x, T )eip()
IEA,a,=1,2

1
2
S/(l ) :j dA{Skick)2 (Skick)r = 2 Ma,BGii,a,aﬁ(TO: T(-)l_)
0 1 IEA,0,af

Gi/},a,aﬁ (To» T(-)'-) = _<Trciaa (7) Ciop (T,»A

Need only the local Green’s function

but in the presence of kick of strength 1 Entanglement is extracted as a
‘non-equilibrium work’ done due to

kick perturbation



Entanglement via DMFT in Hubbard model
O0—O0—10O0—1T—0—=0

Space and time (1) translation symmetries broken
Effective non-equilibrium inhomogeneous DMFT Ny

o—lo—o pAol-e

Impurity action for i-th site

B B
S1= = [ dedt’ ) GGk (1)o@ + U [ dr Y mia(@nig(o)
0 0

ocaf a

Q[l(r,r’) =—(0;,—wo(—1")—A(r,7") @M§(T —13)6(’ —D

kick self energy

generalization of IPT impurity solver (CTQMC can be used)

+ |lattice self consistency
— recursive Green’s function method on a space-time lattice
= Calculate Gf ,5(10,73) to obtain ST
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We calculate subsystem Renyi entropy S/(lz)(T)

At finite T, Renyi entropy contains both thermal
and entanglement entropy contributions.
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What do we expect for entanglement of metals (Fermi liquid)?

We calculate subsystem Renyi entropy Sflz)(T)

At finite T, Renyi entropy contains both thermal

and entanglement entropy contributions. How can we disentangle them?

Conformal field theory (CFT) crossover formula (N — o)

% N,T
1D S = (%) log [n—’;,sinh (n 4

)] + constant

—kp kp
—@ *—>

Vp

(Universal) central charge c, free fermions ¢ = 1 (2X2)

Higher dimension, Widom formula

7TNAT

Sﬁz) (T) = WNF? [(%) log [% sinh( )] + constant | A

VF

Collection of 1D gapless modes (CFTs) _
Swingle, PRL (2010); —

Does the correlated metallic state in Hubbard model (within DMFT)
obey CFT predictions?




2D Hubbard Model

Widom formula

S[EZ) (T) = WN,, [(%) log [Z—; sinh(

TN AT

)] + constant |
VF

1
WNy — —f dAdiklﬁx : ﬁyl
4m 0A, YOAg




2D Hubbard Model

Widom formula
S Igz) (T) = WN,, [(%) log ’Z—; sinh (m::?T)] + constant ]

1
477: an aAk A

N = (20 x 20)

U=40

S(Z)/Ny




2D Hubbard Model

Widom formula
nNAT)] + constant ]

$,7() = Wy () 1og [ sinh (%

0.01

1
WN, = — f dAydAg|fiy - 7Ly
4m 0A, YOAg

N = (20 x 20) N =20x 20
35 . ' ' : - U=0.0 -0~ U=6.0
_ 1.21 ~0- U=20 —CFT
Uz 40 U =40
' 1.1}
= ©
P
\-C;) _——— = = === === = [ 4
== C C L _a====-~"C (
09F ======- e===ZZ--- )
0.8}
0.1 0.15 0.2
T




2D Hubbard Model

Widom formula
nNAT)] + constant |

$,7() = Wy () 1og [ sinh (%

1
WN, = —f A dAy|fiy - T,
4m 0A, JOAg

N =20 x 20
-0 U:0.0.—o- U=6.0

N = (20 x 20)
3.5 ' ' ' ) 1.2} —o U=20 —CFT
U= 40 U= 4.0
' 11}
= ©
~~
\-C;) _——— = = === === = [ 4
== C - _ L _a=m===-T (
0.9F ZZ===::C o--===2--- }
0.8t
—fit .
L : 0.1 0.15 0.2
8 10 T

o 2D DMFT results well fitted by Widom crossover formula

o Central charge consistent with ¢ = 1 (x2)

0.01




Mutual information across Mott transition

Renyi mutual information 1(4,B) = 5/(12) + S,gz) — /(13)3

0.10 A A [
0.08{- \ —
1 Crossover
\
T/D 0.06
0.0a| METAL * INSULATOR
0.02[ 1
| | l :
"0 1 2 ! by 5 '
Ucl = Uc2 08 = 0.16
u/D 2 0.6 i
0.35 . . ; = i
I T —e—ins. to met.
0.3r : : E/ 0.4r  —o—met. to ins. :
st | ¢ U=U,=10
= I I 0.2
Y , :
! A . . Ual |
T OA5F | 9 9.5 10 10.5 11
~ 1 1 U
0.1F : 1
oosf 1| [ Mutual information shows
ob—o " - - hysteresis across Mott metal-
10" Te 2T, 10° 10

T insulator transition
Correlation persistsupto T < W in
the Mott insulator



Summary and outlook

o New path integral and DMFT methods to compute entanglement in large-N
models and strongly correlated systems.

= SYK NFL, Heavy FL, interacting diffusive metal, metallic state in Hubbard
model.

o Metallic state in Hubbard model within local self-energy approximation is
well described by CFT crossover formula.

o Entanglement of correlated
systems in 3D.

o Extensions to CTQMC impurity
solver, cluster DMFT, ..

o Other quantum many-body

approximations for entanglement

- RPA,RG, .. Slbw |
DMFT: Impurity problem Ny

o Entanglement entropy of large-N in self-consistent bath

solvable non-Fermi liquid with critical

Fermi surface.




Summary and outlook

o New path integral and DMFT methods to compute entanglement in large-N
models and strongly correlated systems.

= SYK NFL, Heavy FL, interacting diffusive metal, metallic state in Hubbard
model.

o Metallic state in Hubbard model within local self-energy approximation is
well described by CFT crossover formula.

o Entanglement of correlated
systems in 3D.

o Extensions to CTQMC impurity
solver, cluster DMFT, ..

o Other quantum many-body
approximations for entanglement
-- RPA, RG, ..

DMEFT: Impurify problem Ny
o Entanglement entropy of large-N in self-consistent bath
solvable non-Fermi liquid with critical
9 Thank You!

Fermi surface.



Two replicas Second Renyi entropy

@ @ o A-0+—e@

Not possible to extract Sf) from action directly.

exp[—S P ()] & [ DG ¢) expl—(Sy + ASkicr)]  A=1

St = [ dzdt’ Y Gia(D)Mag(x, T )eip()
IEA,a,=1,2

1 (2)
2) _ 5@y Za (A) 1 _ —(S+ASwie
SA - j() d/uskick) ™S = 72 72 D(e,c)e (S ASiar)

<Skick>Zg2) (N — Z Ma,BGiaﬁ,iaa (7-07 T(Si_) _ —(S+ASkick)
A ofo 9HSD (\) = [ D(¢,c)e Skick _ (Su)
A D, ¢ EHA5a) Kk 22 )

1

2 N e (e (o
Gitap(ToT0) = =(Trcioa(T)Cios(7)) 2 (x) Entanglement is extracted as a

Need only the local Green’s function ‘non-equilibrium work’ done due to
but in the presence of kick of strength 1 kick perturbation




1D Hubbard Model

Non interacting, U = 0

—T = 0(2 corr
o T'=0.2,0r—0
——T = 0.5 corr
o T'=0.5,0r =0
——T = 1.0 corr
o T'=1.0,6r—0

o our DMFT is exactfor U = 0

Comparison with QMC, U # 0 Broecker & Trebst, J. Stat. Mec. (2014)

T = 0.2 DMFT
« T =02 QMC
T = 0.5 DMFT
T = 0.5 QMC
——T = 1.0 DMFT
« T=1.0QMC

2 4 6 8 10 12 14

16

Comparison with QMC at intermediate T
is quite good even with single-site DMFT +
IPT approximation!

*DMFT cannot capture low-temperature 1D
physics, charge gap at half filling,
spin-charge separation and Luttinger liquid



1D Hubbard Model

. U=20,N=50 1.5
—o T = 0.05 ' '
| (b)
T=0.1 oc’
" e
—o-T =0.2 7 1 = :-_--_—_::ﬂ’
fit 7 : - Q 1 L - == = 8
-o- U =0.0
3t -o- U=0.5
U=2.0
21 — CFT
1 : : - : 0.5 :
0 5 10 15 20 25 0.05 0.1 0.15
NA T
2D Hubbard Model
N = (20 x 20) N 20 % 20
3.5 . . . co U =00 -0 U =60
U=4.0 1.27 -o- U=20 —CFT
U=4.0
1.1}
S
osp1rzzzii¥Iizaziis
0.8
0.1 0.15 0.2
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o 1D DMFT results well fitted
by CFT crossover formula

o Central charge consistent
with

~
~

c=1

o 2D DMFT results well fitted
by Widom crossover formula

o Central charge consistent
with

~
~

c=1



Measure of entanglement for a pure state |y) Ny

Reduced density matrix of a subsystem p, = Trg(|Y)X{yY]) A

n-th Renyi entropy  ¢(n) _
L=

InTry[p4]

1—n
How do we compute entanglement entropy?

Hard to compute entanglement entropy.

Consider Hubbard model, H = —t Zw(c;raciﬁﬁ + h.c.)+ UY;ning

Nig = 0,1

— — N sites, one electron per site
@ & ©-A-0O @ . exp(N) states in Hilbert space basis
l

Many-body wave function is a complicated object,

) = 2 o P Need ~ exp(N) coefficients Cg,, ,

{nic}

and then calculate ~ Pa = Tre([Y)¥])



