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S u p e r c o n d u c t i v it y

e-e-

Cooper pair

E l e c t r o n s i n a s u p e r c o n d u c t o r S u p e r c o n d u c t o r ( I m a g e : S c i e n t i f i c A m e r i c a n )

P h o n o n m e d i a t e d C o o p e r - p a i r fo r m a t i o n i n c o n v e n t i o n a l S C

2
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M o d e r n q u a n t u m m a t e r i a l s : S C e m e r g i n g i n v i c i n it y o f n o n - F e r m i l i q u i d
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S u p e r c o n d u c t i v it y

M o d e r n q u a n t u m m a t e r i a l s : S C e m e r g i n g i n v i c i n it y o f n o n - F e r m i l i q u i d

Y . C a o e t . a l P h y s . R e v . L e t t . 1 2 4 , 0 7 6 8 0 1 ( 2 0 2 0 )
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Q u a s i p a r t i c l e s

• N o n - i n t e r a c t i n g s y s t e m : E n e r g y s p e c t r u m k n o w n e x a c t l y

• I n t e r a c t i n g s y s t e m : E f fe c t i v e l o w - e n e r g y d e s c r i p t i o n u s i n g

q u a s i p a r t i c l e s
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Q u a s i p a r t i c l e s

• N o n - i n t e r a c t i n g s y s t e m : E n e r g y s p e c t r u m k n o w n e x a c t l y

• I n t e r a c t i n g s y s t e m : E f fe c t i v e l o w - e n e r g y d e s c r i p t i o n u s i n g

q u a s i p a r t i c l e s

C o m m o n c o n v e n t i o n a l q u a s i p a r t i c l e s
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Q u a s i p a r t i c l e s

F r a c t i o n a l i z e d q u a s i p a r t i c l e s . . .

e-/3e-

e-/3

e-/3
Spinless 
fermion

Anyons

Electron

e-

e-

Spin

Charge

Spin
Majorana

Fractional QHE Spin-charge
separation

Quantum spin 
liquid
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Q u a s i p a r t i c l e s

. . . O r c o m p l e t e b r e a k d o w n o f q u a s i p a r t i c l e s

Electron

e- No quasiparticles!

Non-Fermi liquid

U n c o n v e n t i o n a l t r a n s p o r t p r o p e r t i e s i n c o n t r a s t t o F e r m i l i q u i d

( e g . T - l i n e a r r e s i s t i v it y i n s t r a n g e m e t a l s )
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S u p e r c o n d u c t i v it y f r o m N F L

• E m e r g e n c e o f S C o u t o f n o n - F e r m i l i q u i d ( N F L ) n o t w e l l u n d e r s t o o d

• O n e o f t h e p o p u l a r t h e o r i e s : F e r m i s u r fa c e c o u p l e d t o a c r it i c a l

b o s o n ( φ)

L = ψ†(
∂

∂τ
+ ε)ψ + α|φ|2 + gψ†ψφ

φ c o u l d b e o r d e r p a r a m e t e r f i e l d ( m a g n e t i c f l u c t u a t i o n ) o r e m e r g e n t

e x c it a t i o n ( s p i n l i q u i d )
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S u p e r c o n d u c t i v it y f r o m N F L

• E m e r g e n c e o f S C o u t o f n o n - F e r m i l i q u i d ( N F L ) n o t w e l l u n d e r s t o o d
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∂

∂τ
+ ε)ψ + α|φ|2 + gψ†ψφ

φ c o u l d b e o r d e r p a r a m e t e r f i e l d ( m a g n e t i c f l u c t u a t i o n ) o r e m e r g e n t

e x c it a t i o n ( s p i n l i q u i d )

M . M e t l it s k i e t a l . , P h y s . R e v . B 9 1 , 1 1 5 1 1 1 ( 2 0 1 5 )

S . S . Z h a n g e t a l . , P h y s . R e v . B 1 0 4 , 1 4 4 5 0 9 ( 2 0 2 1 )

D . P i m e n o v a n d A . V . C h u b u k o v , A n n . P h y s . 4 4 7 , 1 6 9 0 4 9 ( 2 0 2 2 ) .
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S u p e r c o n d u c t i v it y f r o m N F L

• E m e r g e n c e o f S C o u t o f n o n - F e r m i l i q u i d ( N F L ) n o t w e l l u n d e r s t o o d
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φ c o u l d b e o r d e r p a r a m e t e r f i e l d ( m a g n e t i c f l u c t u a t i o n ) o r e m e r g e n t

e x c it a t i o n ( s p i n l i q u i d )

M . M e t l it s k i e t a l . , P h y s . R e v . B 9 1 , 1 1 5 1 1 1 ( 2 0 1 5 )

S . S . Z h a n g e t a l . , P h y s . R e v . B 1 0 4 , 1 4 4 5 0 9 ( 2 0 2 1 )

D . P i m e n o v a n d A . V . C h u b u k o v , A n n . P h y s . 4 4 7 , 1 6 9 0 4 9 ( 2 0 2 2 ) .
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S a c h d e v - Y e - K it a e v ( S Y K ) m o d e l s

• S Y K m o d e l s i n v o l v e a l l - t o - a l l a n d r a n d o m i n t e r a c t i o n s – n o s p a t i a l

s t r u c t u r e

• S i m p l e r m o d e l s fo r N F L w it h s o l v a b i l it y a n d t r a c t a b l e

• C a p t u r e u n i v e r s a l p r o p e r t i e s o f c e r t a i n s t r o n g l y c o r r e l a t e d s y s t e m s

• P r e v i o u s w o r k s o n S C i n s t a b i l it y i n S Y K m o d e l s : n o n - S U ( 2) o r l a t t i c e

o f S Y K i s l a n d s

S . S a c h d e v a n d J . Y e , P h y s . R e v . L e t t . 7 0 , 3 3 3 9 ( 1 9 9 3 )

A . K it a e v , T a l k s a t K I T P

D . C h o w d h u r y , A . G e o r g e s , O . P a r c o l l e t , a n d S . S a c h d e v , R e v . M o d e r n P h y s . 9 4 , 0 3 5 0 0 4 ( 2 0 2 2 )
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S a c h d e v - Y e - K it a e v ( S Y K ) m o d e l s
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A . K it a e v , T a l k s a t K I T P

D . C h o w d h u r y , A . G e o r g e s , O . P a r c o l l e t , a n d S . S a c h d e v , R e v . M o d e r n P h y s . 9 4 , 0 3 5 0 0 4 ( 2 0 2 2 )
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S a c h d e v - Y e - K it a e v ( S Y K ) m o d e l s

• S Y K m o d e l s i n v o l v e a l l - t o - a l l a n d r a n d o m i n t e r a c t i o n s – n o s p a t i a l

s t r u c t u r e

• S i m p l e r m o d e l s fo r N F L w it h s o l v a b i l it y a n d t r a c t a b l e

• C a p t u r e u n i v e r s a l p r o p e r t i e s o f c e r t a i n s t r o n g l y c o r r e l a t e d s y s t e m s

• P r e v i o u s w o r k s o n S C i n s t a b i l it y i n S Y K m o d e l s : n o n - S U ( 2) o r l a t t i c e

o f S Y K i s l a n d s

D . G . J o s h i e t a l . , P h y s . R e v . X 1 0 , 0 2 1 0 3 3 ( 2 0 2 0 )

M . C h r i s t o s e t a l . , P N A S 1 1 9 , e 2 2 0 6 9 2 1 1 1 9 ( 2 0 2 2 )
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S a c h d e v - Y e - K it a e v ( S Y K ) m o d e l s

• S Y K m o d e l s i n v o l v e a l l - t o - a l l a n d r a n d o m i n t e r a c t i o n s – n o s p a t i a l

s t r u c t u r e

• S i m p l e r m o d e l s fo r N F L w it h s o l v a b i l it y a n d t r a c t a b l e

• C a p t u r e u n i v e r s a l p r o p e r t i e s o f c e r t a i n s t r o n g l y c o r r e l a t e d s y s t e m s

• P r e v i o u s w o r k s o n S C i n s t a b i l it y i n S Y K m o d e l s : n o n - S U ( 2) o r l a t t i c e

o f S Y K i s l a n d s

I . R . K l e b a n o v e t a l . , J . H i g h E n e r g y P h y s . 1 1 ( 2 0 2 0 ) 1 6 2

É . L a n t a g n e - H u r t u b i s e e t a l . , P h y s . R e v . B 1 0 4 , L 0 2 0 5 0 9 ( 2 0 2 1 )

Y . W a n g , P h y s . R e v . L e t t . 1 2 4 , 0 1 7 0 0 2 ( 2 0 2 0 )

H . W a n g e t a l . , P h y s . R e v . R e s . 2 , 0 3 3 0 2 5 ( 2 0 2 0 )

A . A . P a t e l e t a l . , P h y s . R e v . L e t t . 1 2 1 , 1 8 7 0 0 1 ( 2 0 1 8 )

D . C h o w d h u r y a n d E . B e r g , P h y s . R e v . R e s . 2 , 0 1 3 3 0 1 ( 2 0 2 0 ) .

I . E s t e r l i s e t a l . , P h y s . R e v . B 1 0 3 , 2 3 5 1 2 9 ( 2 0 2 1 )
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R a n d o m m a t r i x B o g o l i u b o v - d e G e n n e s t h e o r y

R a n d o m - m a t r i x w it h a t t r a c t i v e H u b b a r d i n t e r a c t i o n (U < 0)

HtU = − 1√
N

∑
i<j

tij

(
c†iαcjα + c†jαciα

)
+ U

∑
i

c†i↑ci↑c
†
i↓ci↓ − µ

∑
i

c†iαciα

w h e r e tij i s a r e a l r a n d o m n u m b e r w it h tij = 0 a n d t2ij = t2

S U ( 2 ) → U S p ( M ) 7



R a n d o m m a t r i x B o g o l i u b o v - d e G e n n e s t h e o r y
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tij
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S a d d l e - p o i n t e q u a t i o n s

D i s o r d e r a v e r a g e l e a d s t o s i n g l e - s it e a c t i o n g i v i n g s a d d l e - p o i n t

e q u a t i o n s :

GΣ(iω) ≡ 1

iω + µ− Σ(iω)

Σ(iω) = t2G(iω) = t2
[GΣ(−iω)]−1

|Φ(iω)|2 + [GΣ(iω)GΣ(−iω)]−1

∆ = −UT
∑
ω

Φ(iω)

|Φ(iω)|2 + [GΣ(iω)GΣ(−iω)]−1

F (iω) =
Φ(iω)

|Φ(iω)|2 + [GΣ(iω)GΣ(−iω)]−1

Φ(iω) = ∆+ t2F (iω)

T h e s e h a v e t o b e s o l v e d s e l f - c o n s i s t e n t l y
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N o r m a l s t a t e s o l u t i o n

S e t ∆ = F (iω) = 0, w h i c h y i e l d s fo r µ < 2t

G(iω) ≡ G0(iω) =
iω + µ

2t2
− i

s g n (ω)

2t2

√
4t2 + (ω − iµ)2 ,

F e r m i - l i q u i d s o l u t i o n

−3 −2 −1 0 1 2 3
0

0.5

1

1.5

2

ω

A
(ω
)
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S u p e r c o n d u c t i n g s o l u t i o n

L i n e a r i z e d g a p e q u a t i o n g i v e s e q u a t i o n fo r c r it i c a l t e m p e r a t u r e Tc

1 = −UT
∑
ωn

G0(iωn)G0(−iωn)

1− t2G0(iωn)G0(−iωn)

A t s m a l l |ωn|,

t2G0(iωn)G0(−iωn) = 1− 2|ωn|√
4t2 − µ2

+O(ω2
n)

1 0



S u p e r c o n d u c t i n g s o l u t i o n

L i n e a r i z e d g a p e q u a t i o n g i v e s e q u a t i o n fo r c r it i c a l t e m p e r a t u r e Tc

1 = −UT
∑
ωn

G0(iωn)G0(−iωn)

1− t2G0(iωn)G0(−iωn)

A t s m a l l |ωn|,

t2G0(iωn)G0(−iωn) = 1− 2|ωn|√
4t2 − µ2

+O(ω2
n)

S i n g u l a r it y a t ωn = 0 y i e l d s t h e B C S l o g d i v e r g e n c e

⇓

S u p e r c o n d u c t i v it y a t T = 0 fo r i n f i n it e s i m a l n e g a t i v e U

1 0



S C p h a s e

-�� -�� � �� ��
�

����

���

����
-Δ Δ

ω

�
(ω

)

S p e c t r a l f u n c t i o n

A(ω) =
|ω|
2πt2

√
4t2 +∆2 − ω2

√
ω2 −∆2

, ∆ < |ω| <
√

∆2 + 4t2

1 1



R a n d o m t- J -L-U m o d e l

H = HtU +HJ +HL

HtU = − 1√
N

∑
i<j

tij

(
c†iαcjα + c†jαciα

)
+ U

∑
i

c†i↑ci↑c
†
i↓ci↓ − µ

∑
i

c†iαciα

HJ =
1√
N

∑
i<j

Jij ~Si · ~Sj

HL =
1√
N

∑
i<j

Lijc
†
i↑c

†
i↓cj↓cj↑

tij = Jij = Lij = 0, t2ij = t2 , J2
ij = J2

, L2
ij = L2

S U ( 2 ) → U S p ( M )

C . L i , D . G . J o s h i , a n d S . S a c h d e v , P h y s . R e v . B 1 0 3 , 1 1 5 1 4 7 ( 2 0 2 1 )
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R a n d o m t- J -L-U m o d e l
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R a n d o m t- J -L-U m o d e l
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R a n d o m t- J -L-U m o d e l
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R a n d o m t- J -L-U m o d e l
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R a n d o m t- J -L-U m o d e l

1 2



S a d d l e - p o i n t e q u a t i o n s

GΣ(iω) ≡
1

iω + µ− Σ(iω)

Σ(τ, τ ′) = t2G(τ, τ ′)− (J2 + L2)G2(τ, τ ′)G(τ ′, τ)

G(iω) =
[GΣ(−iω)]−1

|Φ(iω)|2 + [GΣ(iω)GΣ(−iω)]−1

∆ = −UT
∑
ω

Φ(iω)

|Φ(iω)|2 + [GΣ(iω)GΣ(−iω)]−1

F (iω) =
Φ(iω)

|Φ(iω)|2 + [GΣ(iω)GΣ(−iω)]−1

Φ(τ, τ ′) = −UF (τ, τ)δ(τ − τ ′) + t2F (τ, τ ′) + (J2 + L2)F 2(τ, τ ′)F ∗(τ ′, τ)

1 3



N o r m a l s t a t e

t = R c o s θ , J̃ ≡
√
J2 + L2 = R s i n θ , R =

√
t2 + J̃2

Fermi liquid Non-Fermi liquid

0 π/8 π/4 3π/8 π/2
0

0.1

0.2

0.3

θ

T
/|
U
|

Tcoh = t2/J̃ = R c o s θcoh c o t θcoh
1 4



N o r m a l s t a t e : E l e c t r o n s p e c t r a l f u n c t i o n

1 5



N o r m a l s t a t e : S p i n s u s c e p t i b i l it y

L o c a l s p i n - s p i n c o r r e l a t i o n ,

χ(τ) = 〈~S(τ) · ~S(0)〉

F o r t h e S Y K - t y p e c o n fo r m a l s o l u t i o n s ,

χ′′(ω) ∼ T ηs−1Φηs

(
h̄ω

kBT

)

F o r h̄ω � kBT w e h a v e ,

χ′′(ω) ∼ ω T ηs−2

1 6



N o r m a l s t a t e : S p i n s u s c e p t i b i l it y

E f fe c t i v e s p i n e x p o n e n t

SYK exponent

FL exponent

0 π/8 π/4 3π/8 π/2

1

2

θ

η s

χ′′(ω)

ω
∼ T ηs−2 , h̄ω � kBT

1 6



S u p e r c o n d u c t i n g s o l u t i o n

T h e l i n e a r i z e d g a p e q u a t i o n r e m a i n s s a m e a s b e fo r e ,

1 = −UT
∑
ωn

G0(iωn)G0(−iωn)

1− t2G0(iωn)G0(−iωn)

1 7



S u p e r c o n d u c t i n g s o l u t i o n

T h e l i n e a r i z e d g a p e q u a t i o n r e m a i n s s a m e a s b e fo r e ,

1 = −UT
∑
ωn

G0(iωn)G0(−iωn)

1− t2G0(iωn)G0(−iωn)

W e c a n w r it e a q u a d r a t i c e q u a t i o n fo r G0(0):

t2[G0(0)]
2 − (µ− Σin(0))G0 + 1 = 0

T h u s ,

l i m
ω→0

G0(iω)G0(−iω) =
1

t2

1 7



S u p e r c o n d u c t i n g s o l u t i o n

T h e l i n e a r i z e d g a p e q u a t i o n r e m a i n s s a m e a s b e fo r e ,

1 = −UT
∑
ωn

G0(iωn)G0(−iωn)

1− t2G0(iωn)G0(−iωn)

W e c a n w r it e a q u a d r a t i c e q u a t i o n fo r G0(0):

t2[G0(0)]
2 − (µ− Σin(0))G0 + 1 = 0

T h u s ,

l i m
ω→0

G0(iω)G0(−iω) =
1

t2

S o e v e n w h e n J o r L a r e n o n - z e r o S C a t T = 0!
1 7



S C o r d e r p a r a m e t e r

1 8



S C o r d e r p a r a m e t e r

1 8



S C c r it i c a l t e m p e r a t u r e ( Tsc)

1 9



S C g a p

2 0



R a t i o o f S C g a p a n d c r it i c a l t e m p e r a t u r e

2 1



D e p e n d e n c e o n R/|U | a n d d e v i a t i o n f r o m B C S

2 2



D e p e n d e n c e o n R/|U | a n d d e v i a t i o n f r o m B C S

θ . θcoh : ∆0 ∼ A e−νR/|U | , Tsc ∼ B e−νR/|U | ⇒ ∆0/Tsc ∼ c o n s t a n t

2 2



D e p e n d e n c e o n R/|U | a n d d e v i a t i o n f r o m B C S

θ . θcoh : ∆0 ∼ A e−νR/|U | , Tsc ∼ B e−νR/|U | ⇒ ∆0/Tsc ∼ c o n s t a n t

θ & θcoh : ∆0 ∼ [C +R/|U |]−α(θ) , Tsc ∼ [D +R/|U |]−β(θ) ; α , β ≤ 1
2 2



S C s p e c t r a l f u n c t i o n

  

2 3



S C s p e c t r a l f u n c t i o n
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