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Quantum  Monte  Carlo  for  fermions

Multidimensional integral
à Monte Carlo

One body problem in external 
field à Polynomial complexity

:   Hubbard-Stratonovich 
                  (or  arbitrary field with 
         predefined dynamics)
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Quantum  Monte  Carlo  for  fermions
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Quantum  Monte  Carlo  for  fermions

Ø  

Ø Long  auto-correlations  times

Ø ….. 
  

Issues
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= �x,y

<latexit sha1_base64="612EwwVLcxPsj4OvIh+r9/oq7BU="></latexit>

L⌧�⌧ = �

<latexit sha1_base64="y6XHqdDN+O/o0ADX6M9fnEsq67c="></latexit>

hsigni =
R
D {�} e�S{�}

R
D {�}

��e�S{�}
�� / e�↵�V



Algorithms for Lattice fermions @ http://alf.physik.uni-wuerzburg.de/
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ĉ
†
x�sV

(ks)
xy ĉy�s
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ĉ
†
x�sV

(ks)
xy ĉy�s

!
+ ↵ks

#)2

+
MIX

k=1

Ẑk
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Potential (sum of perfect squares)

Coupling of fermions  to bosonic fields with predefined dynamics

Kinetic

Ø Block diagonal in flavors,  Nfl 

Ø SU(Ncol) symmetric in colors  Ncol

Ø Arbitrary Bravais lattice  for d=1,2

Ø Model can be specified at minimal programming cost

Ø Fortran 2003 standard

Ø MPI implementation

Ø Global and local moves, Parallel tempering,  Langevin

Ø Projective and finite T  approaches

Ø pyALF: easy access python interface

Ø Predefined models

F. Goth       M. Bercx        J. Hoffmann  
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Frustrated spin systems generically suffer from the negative sign problem inherent in Monte Carlo methods.
Since the severity of this problem is formulation dependent, optimization strategies can be put forward. We
introduce a phase pinning approach in the realm of the auxiliary field quantum Monte Carlo algorithm. If we can
find an antiunitary operator that commutes with the one-body Hamiltonian coupled to the auxiliary field, then the
phase of the action is pinned to 0 and π . For generalized Kitaev models, we can successfully apply this strategy
and observe a remarkable improvement of the average sign. We use this method to study the thermodynamical
and dynamical properties of the Kitaev-Heisenberg model down to temperatures corresponding to half of the
exchange coupling constant. Our dynamical data reveal finite temperature properties of ordered and spin-liquid
phases inherent in this model.

DOI: 10.1103/PhysRevB.104.L081106

Introduction. Local moment formation and spin-orbit en-
tanglement is at the origin of many fascinating states of matter
that are realized in various materials [1]. The family of lay-
ered iridates and α-RuCl3 are Mott insulators where strong
spin-orbit coupling leads to bond selective spin couplings on
an underlying honeycomb lattice [2–4]. This class of mate-
rials is believed to be proximate to the Kitaev spin liquid
characterized by emergent Majorana fermions and Z2 fluxes
[5]. In particular, α-RuCl3 exhibits zigzag spin ordering, but
proximity to the Kitaev spin liquid suggests that high energy
features of this material are described by Majorana fermions
[6,7]. These exotic particles will hence only show up in ther-
modynamical and dynamical properties in an intermediate
temperature range bounded by the ordering temperature and
the coherence scale of the Majorana fermions.

The aim of this Letter is to provide a quantum Monte
Carlo (QMC) algorithm that allows one to study a generalized
Kitaev model in a temperature range that overlaps with the
aforementioned energy scales. For concreteness, we consider

Ĥ =
∑

i, j,α,β

$
α,β
i, j Ŝα

i Ŝβ
j +

∑

i, j

Ji, j Ŝi · Ŝ j . (1)

Here, i, j run over sites of the honeycomb lattice and Ŝα
i is

a spin-1/2 degree of freedom. For i, j defining a nearest-
neighbor δ bond [see Fig. 1(a)] and $

α,β
δ = 2Kδα,βδδ,α , the

first term reduces to the Kitaev model [5]. Although re-
dundant, it is convenient for the simulations to include an
SU(2)-symmetric Heisenberg term with nonfrustrating ex-
change couplings Ji, j .

Hamiltonians of the form in Eq. (1) suffer from the neg-
ative sign problem such that no exact QMC simulations
have been carried out to date. Numerical research for this
class of Hamiltonians has made use of exact diagonalization
[3,8–13], functional renormalization group [14,15], density-

matrix renormalization group [16–18], the thermal pure
quantum state method [10,13], and the tensor network method
[17–20]. The negative sign problem in the QMC approach is
formulation dependent and hence can, in principle, be reduced
so as to reach relevant energy scales. In fact, this can be seen
as an optimization problem over the space of possible path
integral formulations [21,22]. Here, we adopt a symmetry
based strategy, that pins the phase of the action to 0 and π .
We will show that this strategy greatly reduces the severity
of the negative sign problem and that it opens a window of
temperatures where the QMC works efficiently and that is
relevant to experiments.

Phase pinning approach. The auxiliary field QMC
(AFQMC) algorithm [23–25] is based on a Hubbard-
Stratonovich decoupling of the interaction term. After this
step, the partition function can generically be written as

Z =
∫

d&(x, τ )e−S[&(x,τ )], (2)

with

S(&) = S0(&) − log Tr
[
T e−

∫ β

0 dτ
∑

x,y ĉ†
x hx,y (τ )ĉy

]
. (3)

Here, & corresponds to the Hubbard-Stratonovich field, ĉ†
x are

fermion operators, x runs over the single particle states, S0 is a
real bosonic action, and hx,y(τ ) is a & and τ dependent matrix.
The trace over the fermion degrees of freedom is generically
complex such that the phase Im S ∈ [0, 2π ]. The Monte Carlo
importance sampling of the field & is then carried out ac-
cording to weight |e−S(&)| and the average sign corresponds
to the reweighting factor 〈sign〉 =

∫
d&e−S(&)/

∫
d&|e−S(&)|.

Generically, the average sign scales as e−(βV with V the vol-
ume of the system and ( a formulation dependent constant.
Since the errors on the average sign have to be smaller than
the mean value, the computational cost required to resolve
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We compute the rotational anisotropy of the free energy of ↵-RuCl3 in an external magnetic
field. This quantity, known as the magnetotropic susceptibility, k, relates to the second derivative
of the free energy with respect to the angle of rotation. We have used approximation-free, auxiliary-
field quantum Monte Carlo simulations for a realistic model of ↵-RuCl3 and optimized the path
integral to alleviate the negative sign problem. This allows us to reach temperatures down to 30 K
— an energy scale below the dominant Kitaev coupling. We demonstrate that the magnetotropic
susceptibility in this model of ↵-RuCl3 displays unique scaling, k = Tf(B/T ), with distinct scaling
functions f at high and low temperatures. In comparison, for the XXZ Heisenberg model, the scaling
k = Tf(B/T ) breaks down at a temperature scale where the uniform spin susceptibility deviates
from the Curie law (i.e. at the energy scale of the exchange interactions) and never recovers at
low temperatures. Our findings suggest that correlations in ↵-RuCl3 lead to degrees of freedom
that respond isotropically to a magnetic field. One possible interpretation for the apparent scale-
invariance observed in experiments could be fractionalization of the spin degrees of freedom in the
extended Kitaev model.

Introduction.— Quantum spin liquids are believed to
harbor exotic fractionalized excitations that defy the con-
ventional categories of fermions and bosons. The Kitaev
model, originally proposed by Alexei Kitaev in 2006 [1],
has served as a paradigm in this context, o↵ering an ex-
act solution for a quantum spin liquid state on the hon-
eycomb lattice.

↵-RuCl3 has emerged as a leading candidate for realiz-
ing the Kitaev spin liquid [2–4]. Numerous experiments
have probed its thermodynamic and dynamical proper-
ties and have reached the conclusion that there is a dom-
inant Kitaev exchange interaction [5–15]. One intriguing
observation is the emergence of scale-invariance at low
temperatures and in high magnetic fields [16]. The aim
of this Letter is to bridge this experimental observation in
↵-RuCl3 with approximation-free quantum Monte Carlo
(QMC) simulations.

QMC methods allow for the numerical solution of tar-
get models for a given lattice size and temperature with-
out further approximations. Frustrated spin systems,
like Kitaev materials, generically su↵er from the infa-
mous negative sign problem that leads to an exponential
increase in the required computational power as a func-
tion of the volume V of the system and inverse temper-
ature � [17]. Since the severity of this problem depends
on the specific formulations, optimization strategies to
alleviate it can be put forward. Indeed, in our recent
publication [18], we have developed a fermion QMC ap-
proach using the auxiliary-field QMC (AFQMC) algo-
rithm for fermions [19–21] to tackle frustrated spin mod-
els. The generalized Kitaev model, describing materials
such as layered iridates and ↵-RuCl3, benefits from this
approach. It mitigates the severity of the negative sign

problem and enables QMC simulations at temperatures
well below the magnetic exchange scale. This opens up
a window of temperatures relevant to experiments. We
demonstrate that this method reproduces the experimen-
tal magnetotropic susceptibility in ↵-RuCl3 [16].
Minimal models for Kitaev materials.— We consider

first-neighbor, Kitaev K1, and o↵-diagonal symmetric,
�1, couplings, as well as first-neighbor (third-neighbor)
Heisenberg couplings, J1 (J3), on the honeycomb lattice:

Ĥs =
X

i2A,�

h
K1Ŝ

�

i Ŝ
�

i+��
+ �1

⇣
Ŝ↵

i Ŝ
�

i+��
+ Ŝ�

i Ŝ
↵

i+��

⌘i

+
X

i2A,��

J1Ŝi · Ŝi+�� +
X

i2A,�0
�

J3Ŝi · Ŝi+�0
�
. (1)

Here i runs over the A sublattice and i+�� (i+�
0
�
) over

the first (third) neighbors. For the first term (�,↵,�) =
(1, 2, 3) for the X bonds, (�,↵,�) = (2, 3, 1) for the Y
bonds, and (�,↵,�) = (3, 1, 2) for the Z bonds on each
lattice site [see Fig. 1 (a)].

To study the magnetotropic susceptibility of ↵-RuCl3
under high magnetic fields reported in Ref. [16], we add
a Zeeman term to produce the total Hamiltonian

Ĥ = Ĥs � µB

X

i

B · ĝ · Ŝi, (2)

where the direction of the magnetic field in the cu-
bic spin basis corresponds to B||[xyz] (see Fig. 1
(a)). In Kitaev materials such as ↵-RuCl3, the
[111] axis aligns with the c axis, perpendicular to
the honeycomb lattice, whereas the [112̄] and [1̄10]
axes correspond to the in-plane a and b axes, respec-
tively (see Fig. 1(a)). We adopt the parametrization
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al
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etric,

�
1 ,

cou
p
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gs,
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fi
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or)
H
eisenb

erg
cou

p
lin

gs,
J
1
(J
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th
e
h
on

eycom
b
lattice:

Ĥ
s
=

Xi2
A
,� hK

1 Ŝ
�i
Ŝ
�i+

�
�
+
�
1 ⇣

Ŝ
↵i
Ŝ
�i+

�
�
+

Ŝ
�i
Ŝ
↵i+

�
� ⌘i

+
Xi2
A
,�

�

J
1
Ŝ

i ·
Ŝ

i+
�
�
+

Xi2
A
,�

0�

J
3
Ŝ

i ·
Ŝ

i+
�
0� .

(1)
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e
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an
d
i
+
�
�
(
i
+
�
0� )
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th
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=
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,�
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=
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,↵
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)
=
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=
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µ
B

X

i
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·ĝ
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Ŝ
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greatly enhanced the class of sign free model Hamilto-
nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this

category. The first step is to adopt a fermion represen-

tation of the spin-1/2 degree of freedom: Ŝ = 1
2 f̂

†
σ̂f̂

where f̂
†
≡ (f̂ †

↑ , f̂
†
↓) is a two-component fermion with

constraint f̂
†
f̂ = 1. We then consider the Hamiltonian

ĤQMC =
∑

i,j,α,β

|Γα,β
i,j |
2

(

Ŝα
i +

Γα,β
i,j

|Γα,β
i,j |

Ŝβ
j

)2

−
∑

i,j

Ji,j
8

(

(

D̂†
i,j + D̂i,j

)2
+
(

iD̂†
i,j − iD̂i,j

)2
)

+U
∑

i

(

f̂
†
i f̂ i − 1

)2

, (4)

where D̂†
i,j = f̂

†
i f̂ j . It is important to note that

[

(

f̂
†
i f̂ i − 1

)2

, ĤQMC

]

= 0 such that the f̂ -fermion par-

ity (−1)f̂
†

i f̂i is a local conserved quantity and that the
constraint is very efficiently imposed. In the odd par-
ity sector favored by the repulsive Hubbard interaction,

ĤQMC

∣

∣

∣

(−1)f̂
†
i
f̂
i =−1

= Ĥ + C where C is a constant.

The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | #= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
ImS = 0,π.
Case study.— For concreteness, we consider on each

δ-bond, Γα,β
δ = 2Kδα,βδδ,α and Jδ = J in Eq. (1) (see

Fig. 1(a)) to obtain the Kitaev-Heisenberg model:

Ĥ = 2K
∑

i∈A,δ

Ŝδ
i Ŝ

δ
i+δ + J

∑

i∈A,δ

Ŝi · Ŝi+δ. (5)

Here i runs over the A sublattice and i + δ with δ =
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FIG. 1. (a) Spin 1/2 degrees of freedom, Ŝi, on the honey-
comb lattice are subject to Heisenberg JŜi · Ŝi+δ and Kitaev
2KŜδ

i Ŝ
δ
i+δ exchange interactions. Here δ = 1(red), 2(green),

and 3(blue) runs over the there bonds, and a1 and a2 cor-
respond to the lattice vectors. (b) First (solid) and second
(dashed line) Brillouin zones. (c) Average sign 〈sign〉 as a
function of V for various angles ϕ. The figure includes the
ground-state phase diagram with antiferromagnetic (AFM),
Kitaev spin liquid (KSL), zig-zag (ZZ), ferromagnetic (FM),
and stripy (SP) phases, as proposed in Ref. [3]. Here we have
set the temperature to T = 1 in units of A.

(1, 2, 3) over the nearest neighbors. The first term re-
duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =

√
K2 + J2. Henceforth, we use A = 1 as the energy

unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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for theX bonds, (�,↵,�) = (y, z, x) for the Y bonds, and

(�,↵,�) = (z, x, y) for the Z bonds shown in Fig. 1(a).

A. Model parameters in ↵-RuCl3

We here consider the model parameters in Nature

Commun. 8,1152 (2017):
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and

ĝ = (ga, gb, gc) = (2.3, 2.3, 1.3), (3)

where a, b, and c
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are axes of the external magnetic field

relevant to experiments for ↵-RuCl3 shown in Fig. 1(b).
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greatly enhanced the class of sign free model Hamilto-
nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this

category. The first step is to adopt a fermion represen-

tation of the spin-1/2 degree of freedom: Ŝ = 1
2 f̂

†
σ̂f̂

where f̂
†
≡ (f̂ †
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†
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, (4)

where D̂†
i,j = f̂

†
i f̂ j . It is important to note that

[

(

f̂
†
i f̂ i − 1

)2

, ĤQMC

]

= 0 such that the f̂ -fermion par-

ity (−1)f̂
†

i f̂i is a local conserved quantity and that the
constraint is very efficiently imposed. In the odd par-
ity sector favored by the repulsive Hubbard interaction,

ĤQMC

∣

∣

∣

(−1)f̂
†
i
f̂
i =−1

= Ĥ + C where C is a constant.

The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | #= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
ImS = 0,π.
Case study.— For concreteness, we consider on each

δ-bond, Γα,β
δ = 2Kδα,βδδ,α and Jδ = J in Eq. (1) (see

Fig. 1(a)) to obtain the Kitaev-Heisenberg model:

Ĥ = 2K
∑

i∈A,δ

Ŝδ
i Ŝ

δ
i+δ + J

∑

i∈A,δ

Ŝi · Ŝi+δ. (5)

Here i runs over the A sublattice and i + δ with δ =
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respond to the lattice vectors. (b) First (solid) and second
(dashed line) Brillouin zones. (c) Average sign 〈sign〉 as a
function of V for various angles ϕ. The figure includes the
ground-state phase diagram with antiferromagnetic (AFM),
Kitaev spin liquid (KSL), zig-zag (ZZ), ferromagnetic (FM),
and stripy (SP) phases, as proposed in Ref. [3]. Here we have
set the temperature to T = 1 in units of A.

(1, 2, 3) over the nearest neighbors. The first term re-
duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =

√
K2 + J2. Henceforth, we use A = 1 as the energy

unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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greatly enhanced the class of sign free model Hamilto-
nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this
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= Ĥ + C where C is a constant.

The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | #= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
ImS = 0,π.
Case study.— For concreteness, we consider on each

δ-bond, Γα,β
δ = 2Kδα,βδδ,α and Jδ = J in Eq. (1) (see
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function of V for various angles ϕ. The figure includes the
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and stripy (SP) phases, as proposed in Ref. [3]. Here we have
set the temperature to T = 1 in units of A.

(1, 2, 3) over the nearest neighbors. The first term re-
duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =

√
K2 + J2. Henceforth, we use A = 1 as the energy

unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this
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Ŝβ
j

)2

−
∑

i,j

Ji,j
8

(

(

D̂†
i,j + D̂i,j

)2
+
(

iD̂†
i,j − iD̂i,j

)2
)

+U
∑

i

(

f̂
†
i f̂ i − 1

)2

, (4)

where D̂†
i,j = f̂

†
i f̂ j . It is important to note that

[

(

f̂
†
i f̂ i − 1

)2

, ĤQMC
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The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | #= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
ImS = 0,π.
Case study.— For concreteness, we consider on each
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One observes a remarkable improvement of the average
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charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
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the overlap with temperature range where experimental

Magnetotropic coe�cient measurement in generalized Kitaev models

Z
YX

a||[112]

b||[110]

c*||[111]

–

–

(b)

X
Z
YXX YY

(a)

i
a1

a2

FIG. 1. (a) Spin 1/2 degrees of freedom, Ŝi, on the honey-
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A. Model parameters in ↵-RuCl3

We here consider the model parameters in Nature

Commun. 8,1152 (2017):
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and

ĝ = (ga, gb, gc) = (2.3, 2.3, 1.3), (3)

where a, b, and c
⇤
are axes of the external magnetic field

relevant to experiments for ↵-RuCl3 shown in Fig. 1(b).
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II. RESULTS

A. In the absence of the magnetic field B = 0

We measure the spin susceptibility,

��,�(q) =

Z �

0
d⌧hÔ
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greatly enhanced the class of sign free model Hamilto-
nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this

category. The first step is to adopt a fermion represen-

tation of the spin-1/2 degree of freedom: Ŝ = 1
2 f̂

†
σ̂f̂

where f̂
†
≡ (f̂ †

↑ , f̂
†
↓) is a two-component fermion with

constraint f̂
†
f̂ = 1. We then consider the Hamiltonian
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where D̂†
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i f̂ j . It is important to note that
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(
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†
i f̂ i − 1

)2

, ĤQMC

]

= 0 such that the f̂ -fermion par-

ity (−1)f̂
†

i f̂i is a local conserved quantity and that the
constraint is very efficiently imposed. In the odd par-
ity sector favored by the repulsive Hubbard interaction,

ĤQMC
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(−1)f̂
†
i
f̂
i =−1

= Ĥ + C where C is a constant.

The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | #= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
ImS = 0,π.
Case study.— For concreteness, we consider on each

δ-bond, Γα,β
δ = 2Kδα,βδδ,α and Jδ = J in Eq. (1) (see

Fig. 1(a)) to obtain the Kitaev-Heisenberg model:

Ĥ = 2K
∑

i∈A,δ

Ŝδ
i Ŝ

δ
i+δ + J

∑

i∈A,δ

Ŝi · Ŝi+δ. (5)

Here i runs over the A sublattice and i + δ with δ =
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FIG. 1. (a) Spin 1/2 degrees of freedom, Ŝi, on the honey-
comb lattice are subject to Heisenberg JŜi · Ŝi+δ and Kitaev
2KŜδ

i Ŝ
δ
i+δ exchange interactions. Here δ = 1(red), 2(green),

and 3(blue) runs over the there bonds, and a1 and a2 cor-
respond to the lattice vectors. (b) First (solid) and second
(dashed line) Brillouin zones. (c) Average sign 〈sign〉 as a
function of V for various angles ϕ. The figure includes the
ground-state phase diagram with antiferromagnetic (AFM),
Kitaev spin liquid (KSL), zig-zag (ZZ), ferromagnetic (FM),
and stripy (SP) phases, as proposed in Ref. [3]. Here we have
set the temperature to T = 1 in units of A.

(1, 2, 3) over the nearest neighbors. The first term re-
duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =

√
K2 + J2. Henceforth, we use A = 1 as the energy

unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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and stripy (SP) phases, as proposed in Ref. [3]. Here we have
set the temperature to T = 1 in units of A.
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spin symmetry of the Heisenberg model allows for sign
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At any finite values of K this symmetry is reduced to
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tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =
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unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
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ters corresponding to the zig-zag spin ordering observed
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nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this

category. The first step is to adopt a fermion represen-

tation of the spin-1/2 degree of freedom: Ŝ = 1
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†
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where f̂
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≡ (f̂ †
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where D̂†
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, ĤQMC

]

= 0 such that the f̂ -fermion par-

ity (−1)f̂
†

i f̂i is a local conserved quantity and that the
constraint is very efficiently imposed. In the odd par-
ity sector favored by the repulsive Hubbard interaction,
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= Ĥ + C where C is a constant.

The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | #= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
ImS = 0,π.
Case study.— For concreteness, we consider on each

δ-bond, Γα,β
δ = 2Kδα,βδδ,α and Jδ = J in Eq. (1) (see

Fig. 1(a)) to obtain the Kitaev-Heisenberg model:

Ĥ = 2K
∑

i∈A,δ

Ŝδ
i Ŝ

δ
i+δ + J

∑

i∈A,δ

Ŝi · Ŝi+δ. (5)

Here i runs over the A sublattice and i + δ with δ =
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FIG. 1. (a) Spin 1/2 degrees of freedom, Ŝi, on the honey-
comb lattice are subject to Heisenberg JŜi · Ŝi+δ and Kitaev
2KŜδ

i Ŝ
δ
i+δ exchange interactions. Here δ = 1(red), 2(green),

and 3(blue) runs over the there bonds, and a1 and a2 cor-
respond to the lattice vectors. (b) First (solid) and second
(dashed line) Brillouin zones. (c) Average sign 〈sign〉 as a
function of V for various angles ϕ. The figure includes the
ground-state phase diagram with antiferromagnetic (AFM),
Kitaev spin liquid (KSL), zig-zag (ZZ), ferromagnetic (FM),
and stripy (SP) phases, as proposed in Ref. [3]. Here we have
set the temperature to T = 1 in units of A.

(1, 2, 3) over the nearest neighbors. The first term re-
duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =

√
K2 + J2. Henceforth, we use A = 1 as the energy

unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental

J. Chaloupka, G. Jackeli, and G.Khaliullin Phys. Rev. Lett. 105 (2010), 027204.

2

greatly enhanced the class of sign free model Hamilto-
nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this

category. The first step is to adopt a fermion represen-

tation of the spin-1/2 degree of freedom: Ŝ = 1
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the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
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�
i Ŝ
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greatly enhanced the class of sign free model Hamilto-
nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this

category. The first step is to adopt a fermion represen-

tation of the spin-1/2 degree of freedom: Ŝ = 1
2 f̂

†
σ̂f̂

where f̂
†
≡ (f̂ †

↑ , f̂
†
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Ŝβ
j

)2

−
∑

i,j

Ji,j
8

(

(

D̂†
i,j + D̂i,j

)2
+
(

iD̂†
i,j − iD̂i,j

)2
)

+U
∑

i

(

f̂
†
i f̂ i − 1

)2

, (4)

where D̂†
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i f̂ j . It is important to note that
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i f̂ i − 1

)2

, ĤQMC

]

= 0 such that the f̂ -fermion par-

ity (−1)f̂
†

i f̂i is a local conserved quantity and that the
constraint is very efficiently imposed. In the odd par-
ity sector favored by the repulsive Hubbard interaction,

ĤQMC
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†
i
f̂
i =−1

= Ĥ + C where C is a constant.

The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | #= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
ImS = 0,π.
Case study.— For concreteness, we consider on each

δ-bond, Γα,β
δ = 2Kδα,βδδ,α and Jδ = J in Eq. (1) (see

Fig. 1(a)) to obtain the Kitaev-Heisenberg model:

Ĥ = 2K
∑

i∈A,δ

Ŝδ
i Ŝ

δ
i+δ + J

∑

i∈A,δ

Ŝi · Ŝi+δ. (5)

Here i runs over the A sublattice and i + δ with δ =
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FIG. 1. (a) Spin 1/2 degrees of freedom, Ŝi, on the honey-
comb lattice are subject to Heisenberg JŜi · Ŝi+δ and Kitaev
2KŜδ

i Ŝ
δ
i+δ exchange interactions. Here δ = 1(red), 2(green),

and 3(blue) runs over the there bonds, and a1 and a2 cor-
respond to the lattice vectors. (b) First (solid) and second
(dashed line) Brillouin zones. (c) Average sign 〈sign〉 as a
function of V for various angles ϕ. The figure includes the
ground-state phase diagram with antiferromagnetic (AFM),
Kitaev spin liquid (KSL), zig-zag (ZZ), ferromagnetic (FM),
and stripy (SP) phases, as proposed in Ref. [3]. Here we have
set the temperature to T = 1 in units of A.

(1, 2, 3) over the nearest neighbors. The first term re-
duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =

√
K2 + J2. Henceforth, we use A = 1 as the energy

unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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function of V for various angles ϕ. The figure includes the
ground-state phase diagram with antiferromagnetic (AFM),
Kitaev spin liquid (KSL), zig-zag (ZZ), ferromagnetic (FM),
and stripy (SP) phases, as proposed in Ref. [3]. Here we have
set the temperature to T = 1 in units of A.
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spin symmetry of the Heisenberg model allows for sign
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a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =
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unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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FIG. 2. T dependence of inverse uniform spin susceptibilities
1/χ at different values of ϕ/π . The dashed line indicates the Curie’s
law considered here.

results can be interpreted in terms of Majorana fermions,
T ∈ [10, 100] K, is substantial [6,7]. Henceforth, we will con-
sider a V = 32 lattice, which is beyond the accessible lattice
size in exact diagonalization calculations (i.e., V = 24 lattice)
[3,8–13]. As for the Trotter discretization we have used a
range of $τ ∈ [0.01, 0.1] depending upon the temperature.
For this range of $τ the systematic error is contained within
our error bars. Values of βU = 10 were found to be sufficient
to guarantee projection to the odd parity sector.

The ground-state phase diagram as a function of the angle
ϕ presented in Ref. [3] [see Fig. 1(c)] reflects the com-
petition between the isotropic Heisenberg exchange J and
the Kitaev-type bond-directional exchange K , and leads to
antiferromagnetic (AFM), Kitaev spin-liquid (KSL), zigzag,
ferromagnetic (FM), and stripy phases. To study temperature
effects as a function of ϕ, we measure the spin susceptibility,

χα (q) =
∫ β

0
dτ

〈
Ô

α

q (τ )Ô
α

−q(0)
〉
, (6)

where Ô
α

q = 1√
V

∑
r eiq·r(Ŝα

r,A + Ŝα
r,BeiqR). Here, r runs over

the A sublattice (or unit cell) and R = 2/3(a2 − a1/2).
The uniform spin susceptibility reads χ =

1
3

∑
α χα (q = !) and Fig. 2 plots 1/χ for various angles

ϕ down to the lowest accessible temperature. In the absence
of a sign problem at ϕ/π = 0 and 1 we can access arbitrarily
low temperatures. For all values of the angle ϕ, χ shows a
Curie law at high temperatures. The deviation from this law
marks an energy scale that allows for different interpretations.
One possibility is the onset of local spin correlations. In
particular, in the FM case, ϕ/π = 1, where ! corresponds to
the ordering wave vector, χ grows and ultimately diverges
at low temperatures. In contrast, in the AFM case, ϕ/π = 0,
local antiferromagnetic correlations lead to a suppression
of χ with respect the high temperature Curie law. At low
temperatures χ scales to a constant reflecting Goldstone
modes. At angles close to the Kitaev phases, the departure
from the Curie law calls for different interpretations. One
possibility is that frustration effects lower the temperature
scale at which local magnetic correlations develop. Other
interpretations, put forward in Ref. [6], argued in terms of
itinerant Majorana fermions akin to the Kitaev model [5].

We can confirm the above by computing real-space spin-
spin correlations in the zigzag, stripy, and Kitaev phases
at temperature scales where χ departs from the Curie law.
The zigzag phase is characterized by antiferromagnerically

FIG. 3. Real-space spin-spin correlations 〈Ŝ1
r Ŝ1

0〉 (top panel) and
momentum resolved spin susceptibility χ (q) = 1

3

∑
α χα (q) (bottom

panel) in the first (solid) and second (dashed line) Brillouin zones
[see Fig. 1(b)]. (a), (b) ϕ/π = 0.8 (T = 1/2.6); (c), (d) ϕ/π = 1.7
(T = 1/1.9); (e), (f) ϕ/π = 0.5 (T = 1/1.6); and (g), (h) ϕ/π = 1.5
(T = 1/1.6).

ordered, ferromagnetic zigzag rows of spins. This ordering
is apparent in 〈Ŝ1

r Ŝ1
0〉 shown in Fig. 3(a). The stripy phase

is characterized by antiferromagnerically ordered, ferromag-
netic lines of spins. This ordering is apparent in Fig. 3(c).
On the other hand, in the antiferromagnetic [Fig. 3(e)]
and ferromagnetic [Fig. 3(g)] Kitaev phases, real-space spin
correlations are limited to the nearest neighbors. Figure 3
equally plots the momentum resolved spin susceptibility,
χ (q) = 1

3

∑
α χα (q). As apparent, the zigzag [Fig. 3(b)] and

stripy [Fig. 3(d)] phases are characterized by distinct precur-
sors of Bragg peaks. On the other hand, in the Kitaev limit
only broad features are apparent around the ! (!′) point for
the FM (AFM) case.

We now turn our attention to the evolution of the dy-
namical spin structure factor as a function of angle ϕ and
temperature. Such calculations are of experimental relevance
for the modeling of recent inelastic neutron scattering mea-
surements [6,7,41]. This quantity is defined as C(q,ω) =
Im χ (q,ω)/(1 − e−βω ) with

χ (q,ω) = i
3

∑

γ

∫ ∞

0
dt eiωt 〈[Ôγ

q , Ô
γ

−q(−t )
]〉
. (7)

We compute this quantity using the stochastic analytical con-
tinuation method [42] taking into account the the covariance
matrix. In the high temperature limit where we observe a
Curie law of the susceptibility (T > 10), we expect C(q,ω)
to show no momentum dependence, and spectral weight
centered around ω ∼ 0. Data at T = 10 are shown in the
Supplemental Material [36]. At T = 1/1.6, Fig. 4 shows that
the angle dependence of C(q,ω) is pronounced and that the
distinct features of the ordered and disordered phases are
apparent. For the KSL at ϕ/π = 0.5, we see intensity located
along the M1–M3 line as well as around the X point. In
contrast, strong intensity around the ! point is apparent in
the FM case (ϕ/π = 1.5). Similar behavior has been reported
for the Kitaev model [43] below a temperature scale related
the coherence scale of the Majorana fermions [44]. In the
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I. MODEL HAMILTONIAN
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where i, j run over sites of the honeycomb lattice and Ŝ
↵
i

is a spin 1/2 degree of freedom. Here (�,↵,�) = (x, y, z)

for theX bonds, (�,↵,�) = (y, z, x) for the Y bonds, and

(�,↵,�) = (z, x, y) for the Z bonds shown in Fig. 1(a).

A. Model parameters in ↵-RuCl3

We here consider the model parameters in S. M. Winter

et. al,. Nature Commun. 8,1152 (2017):

(J1, J3,K,�) = (�0.5, 0.5,�5.0, 2.5) [meV], (2)

and

ĝ = (ga, gb, gc) = (2.3, 2.3, 1.3), (3)

where a, b, and c
⇤
are axes of the external magnetic field

relevant to experiments for ↵-RuCl3 shown in Fig. 1(b).
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II. RESULTS

A. In the absence of the magnetic field B = 0

We measure the spin susceptibility,

��,�(q) =

Z �

0
d⌧hÔ

�,�

q (⌧)Ô
�

�q(0)i,

(4)
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�
j + Ŝ
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�
j )]

+

X

hi,ji
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The magnetotropic susceptibility is the thermodynamic coefficient associated with the rotational anisotropy
of the free energy in an external magnetic field and is closely related to the magnetic susceptibility. It emerges
naturally in frequency-shift measurements of oscillating mechanical cantilevers, which are becoming an increas-
ingly important tool in the quantitative study of the thermodynamics of modern condensed-matter systems. Here
we discuss the basic properties of the magnetotropic susceptibility as they relate to the experimental aspects
of frequency-shift measurements, as well as to the interpretation of those experiments in terms of the intrinsic
properties of the system under study.

DOI: 10.1103/PhysRevB.108.035111

I. INTRODUCTION

High-Q mechanical oscillators have long been used in the
study of thermodynamic properties of condensed matter sys-
tems. In Refs. [1–8], for example, oscillations of a sample in a
magnetic field are used to study the thermodynamic behavior
of a vortex lattice. Recent advances in lithographic techniques
have expanded the use of high-Q mechanical oscillators in
studying condensed matter systems other than superconduc-
tors, such as spin liquids [9,10], correlated metals [11,12], and
unconventional superconductors [13]. In these experiments,
the physical properties of the sample are inferred from the
shift of the resonance frequency of the cantilever-sample as-
sembly. Qualitative insight into the behavior of the physical
systems in this broader scientific context requires a quantita-
tive interpretation of frequency shifts [10,12,13].

A frequency shift in a mechanical oscillator can be induced
by the oscillating linear motion of a sample in a nonuniform
magnetic field or by the oscillating rotational motion in a
uniform applied magnetic field. Small frequency shifts are
also accompanied by resonance width broadening associated
with relaxation phenomena in the sample coupled to either the
rotational- or linear-oscillating motion of the sample.

In this paper, we focus on the magnetotropic susceptibility
that captures the changes in the free energy of a magnetically
anisotropic sample associated with its rotation in a uniform
magnetic field. The frequency shift of the resonance of the
cantilever-sample assembly in a uniform external magnetic
field is captured entirely by the magnetotropic susceptibility
of the sample. Dynamic magnetotropic susceptibility captures
the relaxation phenomena coupled to the rotation of the sam-
ple in an applied magnetic field.

In Sec. II, we introduce the magnetotropic susceptibil-
ity in a rigorous manner, independent of the measurement

*arkadyshekhter@gmail.com

technique. We define the magnetotropic susceptibility as a
thermodynamic correlation function. After that, we discuss
the dynamic, or frequency-dependent, magnetotropic sus-
ceptibility which encapsulates relaxation phenomena in the
sample induced by its rotation in an applied magnetic field.
Dynamic magnetotropic susceptibility is accessed directly in
the measurements of the width of the resonance of the can-
tilever.

In Sec. III, we discuss the emergence of the magnetotropic
susceptibility in frequency-shift measurements and how cer-
tain experimental aspects relate to the intrinsic properties of
the sample under study. Finally, in Sec. IV, we consider the
mechanics of the cantilever in the thin-plate approximation.
This section presents a self-contained discussion of the bend-
ing stiffness of the cantilever, which determines the sensitivity
of frequency shift measurements of the magnetotropic suscep-
tibility.

FIG. 1. The sample is rotated in an external magnetic field B
around axis n. The magnetotropic susceptibility kn is the curvature—
the second derivative—of the angular dependence of free energy in
the applied magnetic field. n indicates a slice of rotations by angle θn

around axis n.

2469-9950/2023/108(3)/035111(14) 035111-1 ©2023 American Physical Society
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The Kitaev model1 has directed the search for quantum spin 
liquids toward honeycomb networks of transition-metal ions 
where the exchange interaction is mediated via edge-shared 

octahedra2–11. These systems have spin-anisotropic exchange inter-
actions12–15, and consequently may host a spin liquid ground state. 
The recent discovery of fractionalized excitations in RuCl3 has pro-
vided compelling evidence that the Kitaev model can be studied in 
a real system3,6–8.

Kitaev’s model has only one intrinsic energy scale—the spin- 
anisotropic exchange interaction JK. Therefore, in the pure Kitaev 
model, we should not expect significant changes in its behaviour 
until the temperature is of the order of the exchange-interaction 
energy. In RuCl3, the continuum of excitations observed in Raman 
and neutron scattering experiments survives up to a tempera-
ture scale that is comparable to JK ~ 100 K (refs. 6–8,16). However, it 
is known that the exchange interactions in RuCl3 are not purely 
Kitaev-like. Indeed, all candidate materials ((Na,Li)2IrO3 and RuCl3) 
are prone to antiferromagnetic (AFM) order in the low-field and 
low-temperature part of the phase diagram14,17–19. At temperatures 
and magnetic fields well below the exchange-interaction energy 
scale, these ordered magnetic states are easily suppressed14,16,20–24, 
and recent studies have explored the possibility of a Kitaev-like spin 
liquid at magnetic fields beyond the suppressed AFM state25–27. This 
calls for studies of these systems over a broad range of temperature 
and magnetic field where the underlying Hamiltonian can be stud-
ied directly, in the absence of magnetic order.

We use resonant torsion magnetometry to study the mag-
netic anisotropy of RuCl3

28–30. This technique measures the mag-
netotropic coefficient k = ∂2F/∂θ2, where F is the free energy of  
the sample and θ is the angle of rotation of the magnetic field.  

The magnetotropic coefficient represents a material’s magnetic 
‘rigidity’ with respect to rotation in a magnetic field. It is detected 
as a shift in the natural frequency of a freely suspended cantilever 
on which the sample is mounted30. RuCl3 orders antiferromagneti-
cally below TN ≈ 7 K (ref. 22). However, multiple magnetic transi-
tions were observed in the vicinity of the AFM phase boundary, 
which were shown to be due to additional domains of AB stacking 
or multiple monoclinic domains16,21,22. The high sensitivity of our 
technique to magnetic anisotropy allows us to overcome the pro-
pensity for multiple domains in large samples by measuring ~10–
100-ng crystals of RuCl3 (roughly 105 times smaller than those used 
in other techniques).

We first map out the AFM phase boundary to identify the field 
orientation where the unordered state can be accessed over the 
broadest field range. Fig. 1 shows the magnetic field evolution of 
the magnetotropic coefficient of RuCl3 at 1.3 K. A sharp jump in 
the magnetotropic coefficient identifies the anisotropic bound-
ary of the AFM phase in the magnetic field magnitude, field 
orientation and temperature phase space. This jump, in both mag-
netic field scans (Fig. 1a) and crystal rotation scans (see below), 
is always down upon entry into the ordered state as required for 
thermodynamic coefficients by Le Chatelier’s principle30,31 (see 
Supplementary Section I for more details). Figure 1c shows a sche-
matic mapping of the AFM phase boundary constructed from 
additional data taken at multiple temperatures (Supplementary 
Section VIII). The AFM transition field Bc reaches a minimum of 
≈10 T when the field is applied in the honeycomb plane (θ ≈ 81° in 
Fig. 1). While 10 T is slightly higher than previously reported, the 
T(B) phase boundary has precisely the same qualitative shape as 
reported in the literature at this angle3,4,20,21. As the magnetic field 

Scale-invariant magnetic anisotropy in RuCl3 at 
high magnetic fields
K. A. Modic! !1,2 ✉, Ross D. McDonald! !3, J. P. C. Ruff4, Maja D. Bachmann2,5, You Lai3,6,7, 
Johanna C. Palmstrom5, David Graf! !7, Mun K. Chan! !3, F. F. Balakirev! !3, J. B. Betts3, G. S. Boebinger6,7, 
Marcus Schmidt2, Michael J. Lawler8, D. A. Sokolov! !2, Philip J. W. Moll! !2,9, B. J. Ramshaw! !8 and 
Arkady Shekhter! !7

In RuCl3, inelastic neutron scattering and Raman spectroscopy reveal a continuum of non-spin-wave excitations that persists 
to high temperature, suggesting the presence of a spin liquid state on a honeycomb lattice. In the context of the Kitaev model, 
finite magnetic fields introduce interactions between the elementary excitations, and thus the effects of high magnetic fields 
that are comparable to the spin-exchange energy scale must be explored. Here, we report measurements of the magneto-
tropic coefficient—the thermodynamic coefficient associated with magnetic anisotropy—over a wide range of magnetic fields 
and temperatures. We find that magnetic field and temperature compete to determine the magnetic response in a way that is 
independent of the large intrinsic exchange-interaction energy. This emergent scale-invariant magnetic anisotropy provides 
evidence for a high degree of exchange frustration that favours the formation of a spin liquid state in RuCl3.

NATURE PHYSICS | VOL 17 | FEBRUARY 2021 | 240–244 | www.nature.com/naturephysics240
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Torque  fluctuations 
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FIG. 4. Real-space torque correlations htrt0i for the RuCl3
model (T = 41.4 K and B = 5 T) and the XXZ model with
(J, Jz) = (1,�0.5) (T/|J | = 0.5 and µBB/|J | = 0.1). Here,
the magnetic field is considered in the out-of-plane direction.

tiferromagnetic correlations lead to a suppression of �
with respect to the high-temperature Curie law. At low
temperatures � will scale to a constant value, reflect-
ing the presence of Goldstone modes. As is apparent
from the data in Fig. 3 (b), our numerical results for the
magnetotropic coe�cient confirm the high-temperature
scaling behavior: all curves for T/|J | � 5 collapse when
scaled in this way. The breakdown of the data collapse
k = Tf(B/T ) agrees with the temperature scale where
the deviation from the Curie law behavior is observed
in the susceptibility. Unlike in Fig. 2 for the extended
Kitaev model, where the low temperature data collapses
into a new scaling form, the XXZ model exhibits no such
re-collapse at low temperatures.

Summary and interpretation.— We have investigated
the behavior of the magnetotropic coe�cient, k, in a re-
alistic magnetic model of ↵-RuCl3 in an external mag-
netic field. Employing approximation-free, auxiliary-field
quantum Monte Carlo simulations, we have explored the
rotational anisotropy of the free energy, highlighting the
intricate relationship between temperature T , magnetic
field B, and the unique scaling behavior of k. Our re-
sults show high- and low-temperature scaling behavior,
k = Tf(B/T ), with distinct high- and low-temperature
scaling functions, f . The low-temperature scaling is in
quantitative agreement with the experimental data [21]
(Fig. 2). The high-temperature scaling, which is inacces-
sible to experiments, is generic to all spin systems: when
the thermal energy exceeds the magnetic exchange, spin
systems behave as independent local moments. The low-
temperature scaling, on the other hand, is unique to our
model of ↵-RuCl3 and is not present for the un-frustrated
XXZ model.

The magnetotropic coe�cient relates to the fluctua-
tions of the torque @F

@✓
= µB

P
i t̂i with t̂i = (e⇥B)·ĝ·Ŝi.

A naive explanation for the emergence of scaling at low
temperature would be proximity to a critical point at

which long wave length fluctuations of the torque, t̂i, be-
come critical and dominate the value of k. In Fig. 4 we
plot the real space fluctuations of t̂i both for the model of
RuCl3 at our lowest temperature and for the XXZ model.
While torque fluctuations build up for XXZ model, they
remain very short ranged for RuCl3. As a consequence,
the low-temperature data collapse cannot be understood
within a renormalization group approach in which scal-
ing behavior stems from a low-energy e↵ective theory in
the vicinity of a critical point.

Instead of being the signature of long-ranged critical
torque fluctuations, the observed scaling can be inter-
preted in terms of the absence of such fluctuations beyond
the length scale set by the lattice constant and down to
temperature scales T = 20 K corresponding to a third of
the dominant Kitaev coupling. As a consequence, the ad-
equate model to understand the observed scaling is that
of a renormalized local moment, satisfying k = Tf(B/T ).
Corrections to this model can not be argued away with
e.g. a renormalization group argument, and we under-
stand that the scaling has to be approximate.

This point of view places strong constraints on low ly-
ing excitations of Kitaev materials: torque fluctuations
beyond the lattice scale are strongly suppressed. The ab-
sence of magnetic anisotropy, cannot uniquely define the
nature of the low lying excitations. Nevertheless one ap-
pealing way of understanding the result is through frac-
tionalization. In the supplemental material we show that
one can formulate, for the Kitaev model, a mean-field
theory in which the low lying excitations have no mag-
netic anisotropy and hence vanishing torque fluctuations.
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Low  temperature  magnetic anisotropy   is  that  of  a  renormalized  local  magnetic moment

Emergent  low-lying particles  have small contribution to  magnetic  anisotropy   
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Debye  temperature   ~ 200K          Magnetic  energy  scale   ~ 100K 
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Phases and Exotic Phase Transitions

of a Two-Dimensional Su-Schrie↵er-Heeger Model
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2
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We study a Su-Schrie↵er-Heeger electron-phonon model on a square lattice by means of auxiliary-
field quantum Monte Carlo simulations. The addition of a symmetry-allowed interaction permits
analytical integration over the phonons at the expense of discrete Hubbard-Stratonovich fields with
imaginary-time correlations. Using single-spin-flip updates, we investigate the phase diagram at
the O(4)-symmetric point as a function of hopping t and phonon frequency !0. For t = 0, where
electron hopping is boson-assisted, the model maps onto an unconstrained Z2 gauge theory. A key
quantity is the emergent e↵ective flux per plaquette, which equals ⇡ in the assisted-hopping regime
and vanishes for large t. Phases in the former regime can be understood in terms of instabilities of
emergent Dirac fermions. Our results support a direct and continuous transition between a (⇡, 0)
valence bond solid (VBS) and an antiferromagnetic (AFM) phase with increasing !0. For large t

and small !0, we find finite-temperature signatures of a previously reported (⇡,⇡) VBS ground state
related to a nesting instability. With increasing !0, AFM order again emerges.

I. INTRODUCTION

One of the most fundamental interaction channels in
the solid state is the coupling between lattice vibrations
(phonons) and conduction electrons. In a Fermi liq-
uid with a coherence temperature orders of magnitude
greater than the Debye frequency, electron-phonon cou-
pling leads to a retarded and net attractive interaction.
The Cooper instability of Fermi surfaces promotes super-
conductivity [1, 2]. However, electron-phonon coupling
does not always lead to superconductivity. Notably, in
one-dimension (1D), where 2kF nesting is generic, it trig-
gers a Peierls charge-density-wave (CDW) instability. In
2D systems, nested Fermi surfaces lead to, e.g., (⇡,⇡)
valence bond solid (VBS) or antiferromagnetic (AFM)
order [3, 4].

Here, we investigate if a symmetry-allowed generaliza-
tion of the Su-Schrie↵er-Heeger (SSH) model [5] on a
square lattice can host exotic phases and quantum phase
transitions. This question has previously been answered
a�rmatively for a spinless 1D SSH model, which exhibits
instances of 1D deconfined quantum criticality [6–9].

From the original perspective of electron-phonon cou-
pling, the phonon-mediated modulation of the direct hop-
ping t in the SSH model has to be small [5]. However,
we can take a more general view by also considering the
regime of small (vanishing) t, where electronic hopping is
partially (exclusively) phonon-assisted. Related fermion-
boson models have been put forward to describe the mo-
tion of holes in an antiferromagnetic background [10] [11].
Similar to Ref. [12], our model includes an additional
electronic interaction term (the square of the hopping)
to facilitate integration over the phonons without gener-
ating a sign problem in quantum Monte Carlo (QMC)
simulations. We used an implementation of the finite-
temperature auxiliary-field QMC algorithm [13–16] from
the Alogrithms for Lattice Fermions (ALF) package [17].
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FIG. 1. Phase diagram of Hamiltonian (3) as a function of
electronic hopping t and phonon frequency !0, based on QMC
simulations. It features antiferromagnetic (AFM), valence-
bond solid (VBS), and pseudogap phases. At small t, we ob-
serve the spontaneous generation of a ⇡-flux in each plaquette.
(a) Average flux h�̂ii as a function of t at !0 = 2.0, (b) cor-
relation ratio of the spin susceptibility R�,S at (⇡,⇡) (lilac
scale) and the VBS susceptibility R�,D(⇡,0) at (⇡, 0) (gray
scale). Results in panels (a) and (b) are for L = � = 8. Here,
g̃ =

p
2/kg = 2 and � = 0.5.

The main results are summarized by the very rich
phase diagram in Fig. 1. At t = 0, our model maps
onto an unconstrained Z2 lattice gauge theory [18–20].
In this limit, a ⇡-flux per plaquette and associated Dirac
fermions emerge. Importantly, the t = 0 physics is adi-
abatically connected to a t > 0 region where the flux
remains negative, in which we observe dynamically gen-
erated mass terms corresponding to (⇡, 0) VBS and AFM
phases. The latter are separated by an apparently direct
and continuous phase transition interpreted as a decon-
fined quantum critical point (DQCP) [6, 21]. At large
t, the ⇡-flux vanishes and previous studies [3, 4, 22–24]
suggest the ground state at small !0 to be a (⇡,⇡) VBS
state. At the temperatures considered here, we instead
observe a pseudogap phase of fluctuating dimers.
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ĉ†i,� =
1

2
(�̂i,�,1 � i�̂i,�,2) for i 2 A

<latexit sha1_base64="q9eUY54WMgekbkJb4A23gjdl9+s="></latexit>
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Using quantum Monte Carlo simulations, we study a series of models of fermions coupled to quantum
Ising spins on a square lattice with N flavors of fermions per site for N ¼ 1, 2, and 3. The models have an
extensive number of conserved quantities but are not integrable, and they have rather rich phase diagrams
consisting of several exotic phases and phase transitions that lie beyond the Landau-Ginzburg paradigm.
In particular, one of the prominent phases for N > 1 corresponds to 2N gapless Dirac fermions coupled to
an emergent Z2 gauge field in its deconfined phase. However, unlike a conventional Z2 gauge theory, we
do not impose “Gauss’s Law” by hand; instead, it emerges because of spontaneous symmetry breaking.
Correspondingly, unlike a conventional Z2 gauge theory in two spatial dimensions, our models have a
finite-temperature phase transition associated with the melting of the order parameter that dynamically
imposes the Gauss’s law constraint at zero temperature. By tuning a parameter, the deconfined phase
undergoes a transition into a short-range entangled phase, which corresponds to Néel antiferromagnet or
superconductor for N ¼ 2 and a valence-bond solid for N ¼ 3. Furthermore, for N ¼ 3, the valence-bond
solid further undergoes a transition to a Néel phase consistent with the deconfined quantum critical
phenomenon studied earlier in the context of quantum magnets.

DOI: 10.1103/PhysRevX.6.041049 Subject Areas: Condensed Matter Physics,
Strongly Correlated Materials

I. INTRODUCTION

Ground states of strongly interacting electronic systems
can exhibit an extremely rich variety of phases. One way
to organize our understanding is to classify the zero-
temperature phases by their entanglement structure at
long distances and low energies [1–9]. Gapped phases that
possess a local order parameter are characterized by short-
range entanglement; that is, the reduced density matrix of a
large subsystem A can be understood simply by patching
together density matrices of smaller subsystems Ai whose
union is A [10]. This is no longer true for gapless phases
such as Fermi liquids [11–13] or gapped topological
phases such as a fractional quantum Hall liquid, and such
phases are thus said to possess “long-range entanglement”
[7,8,14].
Experience as well as heuristic arguments suggest that

Hamiltonians whose ground states possess long-range
entanglement are relatively difficult to simulate on a
classical computer. For example, even a phase as ubiqui-
tous and as well understood as a Fermi liquid is rather hard
to simulate numerically because fermions at finite density
with repulsive interactions tend to have an intricate sign

structure in their wave functions, leading to the infamous
Monte Carlo fermion sign problem [15–17]. Similarly,
fractional quantum Hall phases again possess a nontrivial
sign structure to their wave functions [18]; therefore, they are
so far amenable only via techniques such as exact diago-
nalization [19,20] and the density matrix renormalization
group [21], which are restricted to only small two-
dimensional systems because of exponential scaling of
numerical cost with system size. However, long-range
entangled phases exist that do not suffer from the
Monte Carlo sign problem. Two prominent examples are
(1) interacting Dirac fermions with an even number of
flavors [22] and (2) a gapped Z2 topological ordered system
such as a toric code Hamiltonian [14] in a magnetic field
[23]. The absence of a sign problem for the former is related
to the positive fermion determinant, while in the latter
case, the Hamiltonian has nonpositive off-diagonal elements
in a local basis, allowing one to sample the corresponding
Boltzmann weight efficiently [24]. In this paper, we study a
sign-problem-free model that has a ground state with
features of both of the aforementioned long-range entangled
phases together, namely, Dirac fermions coupled to a
fluctuating Z2 gauge field. By tuning parameters in the
Hamiltonian, we also study competition with symmetry-
breaking short-range entangled phases, which leads to novel,
strongly interacting, quantum critical phenomena.
Our Hamiltonian [Eq. (1)] is partially motivated by a

recent study of nematic instability of a Fermi surface [25]
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and velocity fluctuations in Dirac metals [26]. It consists of
N species of fermions on the vertices of a square lattice
interacting with quantum Ising spins that live on the links
of the same square lattice. However, in contrast to the
Hamiltonian in Ref. [25], our Hamiltonian has a local Z2

invariance, which leads to LxLy conserved operators on a
Lx × Ly lattice. Furthermore, we restrict ourselves to half-
filling; thus, at low energies, instead of a Fermi surface, we
obtain either Fermi points or no fermions (e.g., a Mott
insulator). These differences completely alter the phase
diagram of our model compared to Ref. [25].
The phase diagram for various values of N is summa-

rized in Fig. 1. For N > 1, we find that when the kinetic
energy of the aforementioned Ising spins is small compared
to the kinetic energy of the fermions, the ground state
resembles the deconfined phase of the Z2 gauge theory
coupled to 2N Dirac fermions (the N ¼ 1 case is special in
that the deconfined fermions are unstable to infinitesimal
interactions). However, as we will discuss in detail, there
is an important distinction between this phase and the
deconfined phase of a conventional Z2 gauge matter theory
(Refs. [27–29]). Namely, the local Z2 invariance in our
model is an actual symmetry of the Hamiltonian, in
contrast to the so-called “gauge symmetry” in gauge-matter
theories, which just corresponds to redundancy in the
description of the physical states. This is because we do
not project the Hilbert space of our Hamiltonian to gauge-
invariant states; that is, we do not impose Gauss’s law.
Instead, in our model, Gauss’s law in the ground state
emerges because of spontaneous symmetry breaking as the
locally conserved operators order in a certain definite
pattern. One physical significance of this result is that,
in contrast to regular Z2 gauge theory, in our model, equal-
space, unequal-time, non-gauge-invariant correlation func-
tions do not vanish identically. Furthermore, there is a
finite-temperature Ising transition corresponding to the
restoration of the aforementioned symmetry.
As the kinetic energy of the Ising degrees of freedom

is increased, we find that the aforementioned gapless
Dirac deconfined phase enters a symmetry-broken confined
phase. The nature of symmetry breaking depends on the
value of N. For N ¼ 1, it corresponds to a charge density
wave, while for N ¼ 2, because of an enlarged symmetry,
the symmetry-broken phase can correspond to a super-
conductor or a Néel AFM, depending on the sign of the
infinitesimal symmetry-breaking field. The N ¼ 3 case is
even richer. We find that after exiting the deconfined phase,
the model enters a VBS phase, and as the tuning parameter
controlling the kinetic energy of Ising spins is tuned further,
the valence-bond-solid quantum melts and yields a Néel
AFM phase. The phase transition between the VBS and
AFM phase, if second order, corresponds to a deconfined
quantum critical point [30], reported earlier in the context
of quantum magnets [31,32]. Our results are consistent
with a second-order transition.

II. MODEL AND SYMMETRIES

Our model reads

Ĥ ¼
X

hi;ji
Ẑhi;ji

!XN

α¼1

ĉ†i;αĉj;α þ H:c:
"
− Nh

X

hi;ji
X̂hi;ji: ð1Þ

Here, ĉ†i;α creates a fermion of flavor α in a Wannier state
centered around lattice site i of a square lattice, and the sum
runs over bonds of nearest neighbors. Each bond, b ¼ hi; ji,
accommodates a two-level system spanned by the Hilbert

(e)(d)

(a)

(b) (c)

FIG. 1. Schematic zero-temperature phase diagram of the
model in Eq. (1) (a), as well as cartoons (b)–(e) of a selected
number of phases. (a) We observe a Z2 Dirac deconfined phase
(Z2D), a Néel antiferromagnet phase (AFM) [or a superconductor
(SC), depending on the pattern of particle-hole symmetry break-
ing], a charge density wave (CDW) phase, and a valence-bond
solid (VBS). For N ¼ 1, we do not find evidence for a Z2D phase
beyond h ¼ 0, consistent with the arguments in the main text.
The phase transitions from the Z2D to AFM/SC (N ¼ 2) and
VBS (N ¼ 3) are seemingly continuous. At N ¼ 3, we observe a
deconfined quantum critical point (DCQP) between the VBS and
AFM phases. (b)–(e) Cartoons of the corresponding phases.
Circles correspond to fermions, and the color code corresponds
to the flavor index. Circles with two colors represent a pair of
fermions on a site with corresponding flavors. The low-energy
properties of the Z2D phase resemble SUðNÞ fermions propa-
gating freely in space-time and connected by a Z2 gauge string
(b). The symmetry-broken phases correspond to the confined
phases of the model. At N ¼ 3, the AFM phase (e) has the
fundamental (conjugate) representation of SU(3) on sublattice
A (B). The corresponding Young tableaux are included. The VBS
phase (d) corresponds to a pattern of intersite SU(3) singlets.
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We show that, by an appropriate choice of auxiliary fields and exact integration of the phonon degrees of
freedom, it is possible to define a “sign-free” path integral for the so-called Hubbard-Holstein model at half
filling. We use a statistical method, based on an accelerated and efficient Langevin dynamics, for evaluating all
relevant correlation functions of the model. Preliminary calculations at U/t = 4 and U/t = 1, for ω0/t = 1,
indicate a region around U ! g2

ω0
without either antiferromagnetic or charge-density-wave orders that is much

wider compared to previous approximate calculations. The elimination of the sign problem in a model without
explicit particle-hole symmetry may open different perspectives for strongly correlated models, even away from
the purely attractive or particle-hole symmetric cases.
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Introduction. One of the most successful methods to obtain
exact properties of strongly correlated models on a lattice is
certainly the statistical (Monte Carlo) method based on the
evaluation of a corresponding path integral defined in imagi-
nary time. In particular, most successful applications are based
on auxiliary fields σ

j
l introduced for each site j of the model

and imaginary-time slice l of the path integral by means of
the so-called “Hubbard-Stratonovich” transformation (HST)
[1–4]. Since Hirsch’s seminal work in 1985 [5], several mod-
els have been studied, and their phase diagrams have been
solved numerically for a large enough number N of sites, in
very particular cases when the so-called sign problem does not
affect the simulation of the corresponding partition function
Z =

∫
[dσ

j
l ]W ({σ j

l }) that is evaluated by standard statistical
methods, as long as W ({σ j

l }) ! 0. The first example was the
Hubbard model in the square lattice, displaying a trivial phase
diagram for the insulating antiferromagnetic phase that turned
out to be stable as soon as U > 0. More recently the method
was extended to the honeycomb lattice displaying a less trivial
transition at a critical value Uc between a semimetallic and an
antiferromagnetic insulating or superconducting phase [6–9].
Other models are worth mentioning, such as the negative-U
model [10,11], spinless fermions with a repulsive nearest-
neighbor interaction at half filling [12,13], the Anderson
impurity model at half filling [14,15], the Kondo-lattice model
at half filling [16,17], the Holstein model [18], and several
others.

Most of the models so far solved without a sign problem
are characterized by (i) an explicit spin-independent attractive
interaction and/or (ii) a particular particle-hole symmetry of
the electronic degrees of freedom, implying that the corre-
sponding weight W ({σ j

l }) in the path-integral formulation
can be written as the square of a quantity, and is therefore
positive. All these models have been recently classified in
Refs. [19,20]. For instance, in the Hubbard model with U > 0,

the particle-hole transformation

c
†
j↓ → cj↓ (1)

(c†
j↓ → −cj↓) for sites j in the A (B) sublattice of a bipartite

lattice, maps the positive-U model to the negative-U one with
an equal number of spin-up and spin-down electrons, where
c
†
j,σ (cj,σ ) creates (destroys) a fermion with spin σ = ↑,↓ at

a given site j . In such a case the weight factorizes into two
independent and identical contributions for different spins,
thus W ({σ j

l }) ! 0.
The Hubbard-Holstein Hamiltonian is one of the sim-

plest models describing the competition between an attractive
interaction mediated by an optical phonon and the strong
electron repulsion, defined by the Hubbard U , acting when
two electrons of opposite spins occupy the same site. The
Hubbard-Holstein model represents the key model to under-
stand how the retarded interaction mediated by phonons can
circumvent the strong electron-electron repulsion and give
rise to superconductivity. It may be relevant not only to
understand standard electron-phonon superconductivity, but
also high-temperature superconductivity, because the isotope
effect has been clearly detected [21] in cuprates, and the
so-called kinks observed in photoemission experiments [22]
clearly indicate the role of phonons, even in these strongly
correlated materials.

The phase diagram of the model has been studied using
several techniques, such as the Gutzwiller approximation [23],
variational Monte Carlo (VMC) [24,25], dynamical mean-
field theory (DMFT) [26–28], finite-temperature determinant
quantum Monte Carlo (DQMC) [29–31], also in one dimen-
sion (1D) [32], but no unbiased zero-temperature calculation
is known in two dimensions (2D).

In the present Rapid Communication we are able to es-
tablish ground-state benchmark results in the thermodynamic
limit for this model, and some aspects of its zero-temperature

2469-9950/2018/98(20)/201108(5) 201108-1 ©2018 American Physical Society
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Since  A  is positive  definite,  one  can  explicitly    integrate out  the  phonons,  and sample  the   discrete  fields  
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FIG. 14. (a) Local, imaginary time Greens function G(⌧), (b) spin correlation function SS(q, 0) within the first Brillouin zone
at L = 4, � = 1.0, t = 1.0, !0 = 3.0 and �⌧ = 0.02. (c) Correlation function CS(m) and CK(m) as a function of the number
of sweeps m for the same parameters with the exception, that simulations were performed on a single core. “Integrated out”
means we used the algorithm based on the partition function of Eq. (35), “not integrated out” of Eq. (B2) and “Langevin” of
Eq. (B5).

This allows us to formulate the expectation value of a phonon displacement operator as the derivate of the action
with respect to the variable j [67, 68]
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For the expectation value of the product of two phonon fields a similar relation holds
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Appendix D: Additional data

Here we fix the hopping to t = 1.0 and vary the phonon frequency !0. The average flux remains positive in the
considered frequency range with a maximum at around !0 = 2.5 [Fig. 15(a)]. The derivative of the free energy with
respect to the phonon frequency decreases smoothly with increasing frequency [Fig. 15(b)].
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The correlation ratios of the spin and parity susceptibility at the wave vectors M and � respectively, indicate
ordering at high phonon frequencies and a phase transition at an intermediate critical phonon frequency [Fig. 16].
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detect VBS order, that breaks the discrete C4 symmetry
of the square lattice

�̂µ(q) =
1

p
Ns

X

i

eiqi�̂i,µ ,

�̂i,µ = Ŝ�
⇢(i)Ŝ

⇢
�(i+ aµ) ,

(39)

where we used

Ŝ�
⇢(i) = ĉ†i,� ĉi,⇢ �

1

2
��,⇢ . (40)

The vectors aT
x = (1, 0) and aT

y = (0, 1) connect site i to
a nearest neighboring site and µ 2 {x, y}.

We also show the correlation ratio

RS,O = 1�
TrSO(qO +�q)

TrSO(qO)
(41)

with |�q| = 2⇡/L the shortest wave vector on the lat-
tice and the wave vector qO, at which the corresponding
observable O orders. The correlation ratio is a renormal-
ization group invariant quantity and is close to unity/zero
in the ordered/disordered phase. For the susceptibility
the correlation ratio can be defined in an equivalent way.

As a connection to ARPES experiments we calcu-
lated the single-particle spectral function A(k,!) from
the imaginary time Greens function with the stochastic
maximum entropy method [49, 50]

hĉk,�(⌧)ĉ
†
k,�(0)i =

1

⇡

Z
d!

e�⌧!

1 + e��!
A(k,!) . (42)

We also computed the dynamical structure factor for the
spin and the dimer

TrSO(q,!) =
Tr�00

O(q,!)

1� e��!
, (43)

where the imaginary part of the dynamical susceptibility
can be obtained by inverting

TrSO(q, ⌧) =
1

⇡

Z
d!

e�⌧!

1� e��!
Tr�00

O(q,!) (44)

with the maximum entropy method [19].
We also measured observables, that are functions of

phonon variables like the flux operator F̂i. The flux op-
erator is defined as the product over the e↵ective hopping
on the bonds b of an elementary plaquette ⇤i

F̂i =
Y

b2⇤i

⇣
�t+ gX̂b

⌘
. (45)

Here i is one of the four corner sites of a plaquette. Since
we integrated out the phonons, these observables are not
directly accessible. But by introducing a source term
in the action we can measure them (see appendix C for
details).

A. Dynamically generated ⇡-flux

First we measured the flux per elementary plaquette
as defined in Eq. (45) in the t-!0 plane [Fig. 2]. The
interpretation of our model in terms of electron-phonon
system, implies that gX̂b is a small perturbation to the
bare hopping. Hence, in this regime, the flux per plaque-
tte is positive. The ĉ†i,� operators create electron degrees
of freedom and the hopping matrix element leads to a
(⇡,⇡)-nested Fermi surface. In this regime the system
exhibits instabilities with the wave vector M . Possible
orderings are an AFM phase or a (⇡,⇡)-VBS phase as
the model at � = 0 [3, 4, 16–18].
In the opposite assisted hopping limit, t = 0, our

model reduces to an unconstrained Z2 gauge theory, (see
Sec. II C 3). In this limit, the ĉ†i,� operators create a
so-called orthogonal fermion, that carries the quantum
number of the electrons as well as a Z2 charge. Since
the Z2 symmetry is local, the ĉ†i,� excitation does not

propagate in space. In Sec. II C 3, we write ĉ†i,� = ⌧̂zi f̂
†
i,�

where f̂†
i,� carries the quantum numbers of the electron

but no Z2 charge. Owing to Lieb’s theorem the f -electron
is subject to a ⇡-flux and hence dynamically acquires a
Dirac dispersion relation. The data of Fig. 2 confirms
the above. Note that at t = 0,

F̂i =
Y

b2⇤i

gX̂b ⌘

Y

b2⇤i

gq̂b (46)

where q̂b = ⌧̂zi X̂b⌧̂zj for b = (i, j). Hence owing to
Eq. (21) the f -fermion is indeed subject to a ⇡-flux. The
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FIG. 2. Average flux per plaquette 1
Ns

P
ihF̂ii for L = � = 8

in the t-!0-plane.

fact that the f-electron acquires a Dirac dispersion rela-
tion has important consequences for the understanding
of the phase diagram. In particular, we can classify the
ordered states in terms of mass terms that generate a
single particle gap and break discrete or continuous sym-
metries [51]. Of particular importance here are the two
(⇡, 0)-VBS masses and the three antiferromagnetic mass
terms that respectively break the C4 lattice and SU(2)
spin symmetries. More importantly, the Dirac vacuum
allows for topological terms in the action, that play a key
role in the understanding of deconfined quantum critical-
ity [52–54].
Our symmetry arguments are valid only at t = 0. Be-

yond this limit, Q̂i is not a good quantum number such
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ĉ
†
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Anika Götz,1 Martin Hohenadler,1, 2 and Fakher F. Assaad1, 3

1
Institut für Theoretische Physik und Astrophysik,

Universität Würzburg, 97074 Würzburg, Germany
2
Independent Researcher, Josef-Retzer-Str. 7, 81241 Munich, Germany

3
Würzburg-Dresden Cluster of Excellence ct.qmat, Am Hubland, 97074 Würzburg, Germany

(Dated: July 7, 2023)

We study a Su-Schrie↵er-Heeger model of electrons on a square lattice coupled to Einstein phonons
with auxiliary-field quantum Monte Carlo simulations. By adding a symmetry-allowed interaction,
the phonons can be integrated out at the expense of imaginary-time correlations of the discrete
Hubbard-Stratonovich fields. Using single spin-flip updates, we investigate the phase diagram at
the O(4)-symmetric point as a function of hopping t and phonon frequency !0. In the limit t ! 0,
hopping of electrons is assisted by boson absorption or emission and the model maps onto an
unconstrained Z2 gauge theory. A key quantity is the emergent e↵ective flux per plaquette, that
takes the value ⇡ in the assisted hopping limit and vanishes in the opposite large t limit. As a
consequence, the assisted hopping regime can be understood in terms of instabilities of emergent
Dirac fermions. Here, as a function of phonon frequency, our results support a direct and continuous
transition between a (⇡, 0)-valence bond solid (VBS) and antiferromagnetic (AFM) phase. This
provides a first realization of a deconfined quantum criticality in electron-phonon systems. In the
direct hopping, large-t limit, former studies show (⇡,⇡)-VBS emerging from a nesting instability at
low phonon frequencies that gives way to an AFM as a function of frequency.

I. INTRODUCTION

One of the most fundamental interaction channel in the
solid state is the coupling between harmonic lattice vibra-
tions, phonons, and the conduction electrons. In a Fermi
liquid with coherence temperature orders of magnitude
greater than the Debye frequency, the electron-phonon
coupling leads to a net attractive retarded interaction.
Owing to the Cooper instability of Fermi surfaces, this
leads to superconductivity [1, 2]. Superconductivity is
not always the outcome of the electron phonon interac-
tion. In one-dimension, where 2kf nesting of the Fermi
surface is generic, the electron-phonon interaction trig-
gers a Peierls charge density wave instability. In two
dimensions, nested Fermi surfaces lead to (⇡,⇡)-valence
bond solid (VBS) as well as to antiferromagnetic (AFM)
ordering [3, 4]. The question we will ask in this article, is
if symmetry allowed generalizations of the Su-Schrie↵er-
Heeger (SSH) model [5], on a two-dimensional square
lattice can host exotic phases and quantum phase transi-
tions. This question has already been answered positively
in the realm of a spinless one-dimensional SSH model.
Here instances of one-dimensional deconfined quantum
phase transitions [6–8] have been observed [9].

From the point of view of the electron-phonon coupling
the phonon mediated modulation of the direct hopping
t, has to be small [5]. However, we can generalize our
understanding of the SSH model by taking the limit of
direct hopping to zero. This limit can be understood in
terms of assisted hopping in which hopping from site i
to j is possible only by absorbing or emitting a bosonic
mode. Such assisted hopping models have been put for-
ward in the literature to describe the motion of a hole in
an antiferromagnetic background [10] [11]. This reading
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FIG. 1. Phase diagram of Hamiltonian (4) as a function of
fermion hopping t and phonon frequency !0, as suggested by
our QMC simulations carried out at g̃ =

p
2/kg = 2 and � =

0.5. It features antiferromagnetic (AFM), valence-bond solid
(VBS) and pseudogap phases. At small values of t we observe
a spontaneous generation of a ⇡-flux in each plaquette. (a)
Average flux as a function of t at !0 = 2.0 and (b) correlation
ratio of spin susceptibility at (⇡,⇡) and dimer susceptibility
at (⇡, 0). Both (a) and (b) are at L = � = 8.

of the SSH model gives us the liberty to change at will
the ratio of direct, t, to assisted hopping, g, processes.
The main result of the article is summarized in the very

rich phase diagram of Fig. 1 that encompases emergent
Dirac fermions, exotic quantum phase transitions, pseu-
dogap phases as well as unconstrained Z2 lattice gauge
theories [12–14]. The mapping to a Z2 lattice gauge the-
ory is exact in the limit t = 0. In this limit, the electron
creation operator in a Wannier state centered around site
i and with z-component of spin �, ĉ†i,�, acquires a Z2

charge that is locally conserved. To facilitate the under-
standing of the phase diagram it is useful to adopt the

6

detect VBS order, that breaks the discrete C4 symmetry
of the square lattice

�̂µ(q) =
1

p
Ns

X

i

eiqi�̂i,µ ,

�̂i,µ = Ŝ�
⇢(i)Ŝ

⇢
�(i+ aµ) ,

(39)

where we used

Ŝ�
⇢(i) = ĉ†i,� ĉi,⇢ �

1

2
��,⇢ . (40)

The vectors aT
x = (1, 0) and aT

y = (0, 1) connect site i to
a nearest neighboring site and µ 2 {x, y}.

We also show the correlation ratio

RS,O = 1�
TrSO(qO +�q)

TrSO(qO)
(41)

with |�q| = 2⇡/L the shortest wave vector on the lat-
tice and the wave vector qO, at which the corresponding
observable O orders. The correlation ratio is a renormal-
ization group invariant quantity and is close to unity/zero
in the ordered/disordered phase. For the susceptibility
the correlation ratio can be defined in an equivalent way.

As a connection to ARPES experiments we calcu-
lated the single-particle spectral function A(k,!) from
the imaginary time Greens function with the stochastic
maximum entropy method [49, 50]

hĉk,�(⌧)ĉ
†
k,�(0)i =

1

⇡

Z
d!

e�⌧!

1 + e��!
A(k,!) . (42)

We also computed the dynamical structure factor for the
spin and the dimer

TrSO(q,!) =
Tr�00

O(q,!)

1� e��!
, (43)

where the imaginary part of the dynamical susceptibility
can be obtained by inverting

TrSO(q, ⌧) =
1

⇡

Z
d!

e�⌧!

1� e��!
Tr�00

O(q,!) (44)

with the maximum entropy method [19].
We also measured observables, that are functions of

phonon variables like the flux operator F̂i. The flux op-
erator is defined as the product over the e↵ective hopping
on the bonds b of an elementary plaquette ⇤i

F̂i =
Y

b2⇤i

⇣
�t+ gX̂b

⌘
. (45)

Here i is one of the four corner sites of a plaquette. Since
we integrated out the phonons, these observables are not
directly accessible. But by introducing a source term
in the action we can measure them (see appendix C for
details).

A. Dynamically generated ⇡-flux

First we measured the flux per elementary plaquette
as defined in Eq. (45) in the t-!0 plane [Fig. 2]. The
interpretation of our model in terms of electron-phonon
system, implies that gX̂b is a small perturbation to the
bare hopping. Hence, in this regime, the flux per plaque-
tte is positive. The ĉ†i,� operators create electron degrees
of freedom and the hopping matrix element leads to a
(⇡,⇡)-nested Fermi surface. In this regime the system
exhibits instabilities with the wave vector M . Possible
orderings are an AFM phase or a (⇡,⇡)-VBS phase as
the model at � = 0 [3, 4, 16–18].
In the opposite assisted hopping limit, t = 0, our

model reduces to an unconstrained Z2 gauge theory, (see
Sec. II C 3). In this limit, the ĉ†i,� operators create a
so-called orthogonal fermion, that carries the quantum
number of the electrons as well as a Z2 charge. Since
the Z2 symmetry is local, the ĉ†i,� excitation does not

propagate in space. In Sec. II C 3, we write ĉ†i,� = ⌧̂zi f̂
†
i,�

where f̂†
i,� carries the quantum numbers of the electron

but no Z2 charge. Owing to Lieb’s theorem the f -electron
is subject to a ⇡-flux and hence dynamically acquires a
Dirac dispersion relation. The data of Fig. 2 confirms
the above. Note that at t = 0,

F̂i =
Y

b2⇤i

gX̂b ⌘

Y

b2⇤i

gq̂b (46)

where q̂b = ⌧̂zi X̂b⌧̂zj for b = (i, j). Hence owing to
Eq. (21) the f -fermion is indeed subject to a ⇡-flux. The
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FIG. 2. Average flux per plaquette 1
Ns

P
ihF̂ii for L = � = 8

in the t-!0-plane.

fact that the f-electron acquires a Dirac dispersion rela-
tion has important consequences for the understanding
of the phase diagram. In particular, we can classify the
ordered states in terms of mass terms that generate a
single particle gap and break discrete or continuous sym-
metries [51]. Of particular importance here are the two
(⇡, 0)-VBS masses and the three antiferromagnetic mass
terms that respectively break the C4 lattice and SU(2)
spin symmetries. More importantly, the Dirac vacuum
allows for topological terms in the action, that play a key
role in the understanding of deconfined quantum critical-
ity [52–54].
Our symmetry arguments are valid only at t = 0. Be-

yond this limit, Q̂i is not a good quantum number such
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ĉ
†
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We study a Su-Schrie↵er-Heeger model of electrons on a square lattice coupled to Einstein phonons
with auxiliary-field quantum Monte Carlo simulations. By adding a symmetry-allowed interaction,
the phonons can be integrated out at the expense of imaginary-time correlations of the discrete
Hubbard-Stratonovich fields. Using single spin-flip updates, we investigate the phase diagram at
the O(4)-symmetric point as a function of hopping t and phonon frequency !0. In the limit t ! 0,
hopping of electrons is assisted by boson absorption or emission and the model maps onto an
unconstrained Z2 gauge theory. A key quantity is the emergent e↵ective flux per plaquette, that
takes the value ⇡ in the assisted hopping limit and vanishes in the opposite large t limit. As a
consequence, the assisted hopping regime can be understood in terms of instabilities of emergent
Dirac fermions. Here, as a function of phonon frequency, our results support a direct and continuous
transition between a (⇡, 0)-valence bond solid (VBS) and antiferromagnetic (AFM) phase. This
provides a first realization of a deconfined quantum criticality in electron-phonon systems. In the
direct hopping, large-t limit, former studies show (⇡,⇡)-VBS emerging from a nesting instability at
low phonon frequencies that gives way to an AFM as a function of frequency.

I. INTRODUCTION

One of the most fundamental interaction channel in the
solid state is the coupling between harmonic lattice vibra-
tions, phonons, and the conduction electrons. In a Fermi
liquid with coherence temperature orders of magnitude
greater than the Debye frequency, the electron-phonon
coupling leads to a net attractive retarded interaction.
Owing to the Cooper instability of Fermi surfaces, this
leads to superconductivity [1, 2]. Superconductivity is
not always the outcome of the electron phonon interac-
tion. In one-dimension, where 2kf nesting of the Fermi
surface is generic, the electron-phonon interaction trig-
gers a Peierls charge density wave instability. In two
dimensions, nested Fermi surfaces lead to (⇡,⇡)-valence
bond solid (VBS) as well as to antiferromagnetic (AFM)
ordering [3, 4]. The question we will ask in this article, is
if symmetry allowed generalizations of the Su-Schrie↵er-
Heeger (SSH) model [5], on a two-dimensional square
lattice can host exotic phases and quantum phase transi-
tions. This question has already been answered positively
in the realm of a spinless one-dimensional SSH model.
Here instances of one-dimensional deconfined quantum
phase transitions [6–8] have been observed [9].

From the point of view of the electron-phonon coupling
the phonon mediated modulation of the direct hopping
t, has to be small [5]. However, we can generalize our
understanding of the SSH model by taking the limit of
direct hopping to zero. This limit can be understood in
terms of assisted hopping in which hopping from site i
to j is possible only by absorbing or emitting a bosonic
mode. Such assisted hopping models have been put for-
ward in the literature to describe the motion of a hole in
an antiferromagnetic background [10] [11]. This reading
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FIG. 1. Phase diagram of Hamiltonian (4) as a function of
fermion hopping t and phonon frequency !0, as suggested by
our QMC simulations carried out at g̃ =

p
2/kg = 2 and � =

0.5. It features antiferromagnetic (AFM), valence-bond solid
(VBS) and pseudogap phases. At small values of t we observe
a spontaneous generation of a ⇡-flux in each plaquette. (a)
Average flux as a function of t at !0 = 2.0 and (b) correlation
ratio of spin susceptibility at (⇡,⇡) and dimer susceptibility
at (⇡, 0). Both (a) and (b) are at L = � = 8.

of the SSH model gives us the liberty to change at will
the ratio of direct, t, to assisted hopping, g, processes.
The main result of the article is summarized in the very

rich phase diagram of Fig. 1 that encompases emergent
Dirac fermions, exotic quantum phase transitions, pseu-
dogap phases as well as unconstrained Z2 lattice gauge
theories [12–14]. The mapping to a Z2 lattice gauge the-
ory is exact in the limit t = 0. In this limit, the electron
creation operator in a Wannier state centered around site
i and with z-component of spin �, ĉ†i,�, acquires a Z2

charge that is locally conserved. To facilitate the under-
standing of the phase diagram it is useful to adopt the

6

detect VBS order, that breaks the discrete C4 symmetry
of the square lattice

�̂µ(q) =
1

p
Ns

X

i

eiqi�̂i,µ ,

�̂i,µ = Ŝ�
⇢(i)Ŝ

⇢
�(i+ aµ) ,

(39)

where we used

Ŝ�
⇢(i) = ĉ†i,� ĉi,⇢ �

1

2
��,⇢ . (40)

The vectors aT
x = (1, 0) and aT

y = (0, 1) connect site i to
a nearest neighboring site and µ 2 {x, y}.

We also show the correlation ratio

RS,O = 1�
TrSO(qO +�q)

TrSO(qO)
(41)

with |�q| = 2⇡/L the shortest wave vector on the lat-
tice and the wave vector qO, at which the corresponding
observable O orders. The correlation ratio is a renormal-
ization group invariant quantity and is close to unity/zero
in the ordered/disordered phase. For the susceptibility
the correlation ratio can be defined in an equivalent way.

As a connection to ARPES experiments we calcu-
lated the single-particle spectral function A(k,!) from
the imaginary time Greens function with the stochastic
maximum entropy method [49, 50]

hĉk,�(⌧)ĉ
†
k,�(0)i =

1

⇡

Z
d!

e�⌧!

1 + e��!
A(k,!) . (42)

We also computed the dynamical structure factor for the
spin and the dimer

TrSO(q,!) =
Tr�00

O(q,!)

1� e��!
, (43)

where the imaginary part of the dynamical susceptibility
can be obtained by inverting

TrSO(q, ⌧) =
1

⇡

Z
d!

e�⌧!

1� e��!
Tr�00

O(q,!) (44)

with the maximum entropy method [19].
We also measured observables, that are functions of

phonon variables like the flux operator F̂i. The flux op-
erator is defined as the product over the e↵ective hopping
on the bonds b of an elementary plaquette ⇤i

F̂i =
Y

b2⇤i

⇣
�t+ gX̂b

⌘
. (45)

Here i is one of the four corner sites of a plaquette. Since
we integrated out the phonons, these observables are not
directly accessible. But by introducing a source term
in the action we can measure them (see appendix C for
details).

A. Dynamically generated ⇡-flux

First we measured the flux per elementary plaquette
as defined in Eq. (45) in the t-!0 plane [Fig. 2]. The
interpretation of our model in terms of electron-phonon
system, implies that gX̂b is a small perturbation to the
bare hopping. Hence, in this regime, the flux per plaque-
tte is positive. The ĉ†i,� operators create electron degrees
of freedom and the hopping matrix element leads to a
(⇡,⇡)-nested Fermi surface. In this regime the system
exhibits instabilities with the wave vector M . Possible
orderings are an AFM phase or a (⇡,⇡)-VBS phase as
the model at � = 0 [3, 4, 16–18].
In the opposite assisted hopping limit, t = 0, our

model reduces to an unconstrained Z2 gauge theory, (see
Sec. II C 3). In this limit, the ĉ†i,� operators create a
so-called orthogonal fermion, that carries the quantum
number of the electrons as well as a Z2 charge. Since
the Z2 symmetry is local, the ĉ†i,� excitation does not

propagate in space. In Sec. II C 3, we write ĉ†i,� = ⌧̂zi f̂
†
i,�

where f̂†
i,� carries the quantum numbers of the electron

but no Z2 charge. Owing to Lieb’s theorem the f -electron
is subject to a ⇡-flux and hence dynamically acquires a
Dirac dispersion relation. The data of Fig. 2 confirms
the above. Note that at t = 0,

F̂i =
Y

b2⇤i

gX̂b ⌘

Y

b2⇤i

gq̂b (46)

where q̂b = ⌧̂zi X̂b⌧̂zj for b = (i, j). Hence owing to
Eq. (21) the f -fermion is indeed subject to a ⇡-flux. The
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in the t-!0-plane.

fact that the f-electron acquires a Dirac dispersion rela-
tion has important consequences for the understanding
of the phase diagram. In particular, we can classify the
ordered states in terms of mass terms that generate a
single particle gap and break discrete or continuous sym-
metries [51]. Of particular importance here are the two
(⇡, 0)-VBS masses and the three antiferromagnetic mass
terms that respectively break the C4 lattice and SU(2)
spin symmetries. More importantly, the Dirac vacuum
allows for topological terms in the action, that play a key
role in the understanding of deconfined quantum critical-
ity [52–54].
Our symmetry arguments are valid only at t = 0. Be-

yond this limit, Q̂i is not a good quantum number such
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FIG. 6. (Ia)-(Ie) Single-particle spectral function A(k,!), (IIa)-(IIe) dynamical VBS structure factor SD(q,!), (IIIa)-(IIIe)
dynamical spin structure factor SS(q,!), and (IVa)-(IVe) histogram of the VBS order parameter mx and my for di↵erent !0

and t = 0.1, � = L = 14. White dashed lines in panels (IId) and (IIId) are guides to the eye.

gaps observed in the spin and the c-fermion sectors.
Signatures of our theoretical expectations for t = 0.0

are apparent in Fig. 6, obtained for t = 0.1. As for the
case of t = 0 shown in Fig. 2, the spectral function is
essentially independent of k in Figs. 6(Ia)-(Ie). More-
over, the dominant features show very little dependence
on !0, with substantial spectral weight at �sp ' 2.5. In
the VBS phase at !0 = 2.45 [Fig. 6(IIIa)], the dynami-
cal spin structure factor is reminiscent of gapped Dirac
fermions due to the onset of VBS order. The spin gap
can be read o↵ as �s ' 2.5. Since t > 0 violates the local
Z2 symmetry, a spin wave can decay into two c fermions.
The fact that �s < 2�sp reflects vertex corrections ac-
counting for electron-hole binding.

For !0 = 2.45, we have VBS order that breaks the
C4 lattice symmetry. The VBS spectral function in
Fig. 6(IIa) shows a sharp mode at ! = 0 and at the
ordering wave vector q = (⇡, 0) that accounts for the
Bragg peak associated with this order. In Fig. 6(IVa),
we show the histogram of the VBS order parameter
with mµ = �̂µ(qµ)/

p
Ns, µ = x, y, qx = (⇡, 0), and

qy = (0,⇡). [61]. We find four peaks along the x and
y axes, reflecting the four-fold degeneracy of the (⇡, 0)
VBS order parameter.

It is beyond the scope of this work to study the criti-
cal exponents of the purported DQCP. However, DQCPs
have a number of hallmark signatures that can be de-
tected in the dynamical responses. First, at criticality,
the C4 lattice symmetry is enlarged to U(1). This sym-

metry enhancement is captured by SD(q,!) in the form
of a spectrum with a linear mode. Comparing Fig. 6(IIa)
(deep in the VBS phase) to Fig. 6(IId) (close to the
DQCP), we recognize that the Bragg peak evolves to-
wards a spectrum with a linear dispersion relation. The
dashed line in Fig. 6(IId) is a guide to the eye that in-
dicates the velocity of this mode. Equivalently, the his-
tograms of Fig. 6(IVa)-(IVd) reveal that the four-peak
structure evolves to a circle upon approaching the crit-
ical point. Similar phenomena have been observed in
Ref. [62].
Another DQCP hallmark is a single, continuous and

direct transition with emergent Lorentz symmetry. The
corresponding theory has a single velocity. Our data are
consistent with this expectation: at criticality, the U(1)
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We study a Su-Schrie↵er-Heeger model of electrons on a square lattice coupled to Einstein phonons
with auxiliary-field quantum Monte Carlo simulations. By adding a symmetry-allowed interaction,
the phonons can be integrated out at the expense of imaginary-time correlations of the discrete
Hubbard-Stratonovich fields. Using single spin-flip updates, we investigate the phase diagram at
the O(4)-symmetric point as a function of hopping t and phonon frequency !0. In the limit t ! 0,
hopping of electrons is assisted by boson absorption or emission and the model maps onto an
unconstrained Z2 gauge theory. A key quantity is the emergent e↵ective flux per plaquette, that
takes the value ⇡ in the assisted hopping limit and vanishes in the opposite large t limit. As a
consequence, the assisted hopping regime can be understood in terms of instabilities of emergent
Dirac fermions. Here, as a function of phonon frequency, our results support a direct and continuous
transition between a (⇡, 0)-valence bond solid (VBS) and antiferromagnetic (AFM) phase. This
provides a first realization of a deconfined quantum criticality in electron-phonon systems. In the
direct hopping, large-t limit, former studies show (⇡,⇡)-VBS emerging from a nesting instability at
low phonon frequencies that gives way to an AFM as a function of frequency.

I. INTRODUCTION

One of the most fundamental interaction channel in the
solid state is the coupling between harmonic lattice vibra-
tions, phonons, and the conduction electrons. In a Fermi
liquid with coherence temperature orders of magnitude
greater than the Debye frequency, the electron-phonon
coupling leads to a net attractive retarded interaction.
Owing to the Cooper instability of Fermi surfaces, this
leads to superconductivity [1, 2]. Superconductivity is
not always the outcome of the electron phonon interac-
tion. In one-dimension, where 2kf nesting of the Fermi
surface is generic, the electron-phonon interaction trig-
gers a Peierls charge density wave instability. In two
dimensions, nested Fermi surfaces lead to (⇡,⇡)-valence
bond solid (VBS) as well as to antiferromagnetic (AFM)
ordering [3, 4]. The question we will ask in this article, is
if symmetry allowed generalizations of the Su-Schrie↵er-
Heeger (SSH) model [5], on a two-dimensional square
lattice can host exotic phases and quantum phase transi-
tions. This question has already been answered positively
in the realm of a spinless one-dimensional SSH model.
Here instances of one-dimensional deconfined quantum
phase transitions [6–8] have been observed [9].

From the point of view of the electron-phonon coupling
the phonon mediated modulation of the direct hopping
t, has to be small [5]. However, we can generalize our
understanding of the SSH model by taking the limit of
direct hopping to zero. This limit can be understood in
terms of assisted hopping in which hopping from site i
to j is possible only by absorbing or emitting a bosonic
mode. Such assisted hopping models have been put for-
ward in the literature to describe the motion of a hole in
an antiferromagnetic background [10] [11]. This reading
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FIG. 1. Phase diagram of Hamiltonian (4) as a function of
fermion hopping t and phonon frequency !0, as suggested by
our QMC simulations carried out at g̃ =

p
2/kg = 2 and � =

0.5. It features antiferromagnetic (AFM), valence-bond solid
(VBS) and pseudogap phases. At small values of t we observe
a spontaneous generation of a ⇡-flux in each plaquette. (a)
Average flux as a function of t at !0 = 2.0 and (b) correlation
ratio of spin susceptibility at (⇡,⇡) and dimer susceptibility
at (⇡, 0). Both (a) and (b) are at L = � = 8.

of the SSH model gives us the liberty to change at will
the ratio of direct, t, to assisted hopping, g, processes.
The main result of the article is summarized in the very

rich phase diagram of Fig. 1 that encompases emergent
Dirac fermions, exotic quantum phase transitions, pseu-
dogap phases as well as unconstrained Z2 lattice gauge
theories [12–14]. The mapping to a Z2 lattice gauge the-
ory is exact in the limit t = 0. In this limit, the electron
creation operator in a Wannier state centered around site
i and with z-component of spin �, ĉ†i,�, acquires a Z2

charge that is locally conserved. To facilitate the under-
standing of the phase diagram it is useful to adopt the
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FIG. 6. (Ia)-(Ie) Single-particle spectral function A(k,!), (IIa)-(IIe) dynamical VBS structure factor SD(q,!), (IIIa)-(IIIe)
dynamical spin structure factor SS(q,!), and (IVa)-(IVe) histogram of the VBS order parameter mx and my for di↵erent !0

and t = 0.1, � = L = 14. White dashed lines in panels (IId) and (IIId) are guides to the eye.

gaps observed in the spin and the c-fermion sectors.
Signatures of our theoretical expectations for t = 0.0

are apparent in Fig. 6, obtained for t = 0.1. As for the
case of t = 0 shown in Fig. 2, the spectral function is
essentially independent of k in Figs. 6(Ia)-(Ie). More-
over, the dominant features show very little dependence
on !0, with substantial spectral weight at �sp ' 2.5. In
the VBS phase at !0 = 2.45 [Fig. 6(IIIa)], the dynami-
cal spin structure factor is reminiscent of gapped Dirac
fermions due to the onset of VBS order. The spin gap
can be read o↵ as �s ' 2.5. Since t > 0 violates the local
Z2 symmetry, a spin wave can decay into two c fermions.
The fact that �s < 2�sp reflects vertex corrections ac-
counting for electron-hole binding.

For !0 = 2.45, we have VBS order that breaks the
C4 lattice symmetry. The VBS spectral function in
Fig. 6(IIa) shows a sharp mode at ! = 0 and at the
ordering wave vector q = (⇡, 0) that accounts for the
Bragg peak associated with this order. In Fig. 6(IVa),
we show the histogram of the VBS order parameter
with mµ = �̂µ(qµ)/

p
Ns, µ = x, y, qx = (⇡, 0), and

qy = (0,⇡). [61]. We find four peaks along the x and
y axes, reflecting the four-fold degeneracy of the (⇡, 0)
VBS order parameter.

It is beyond the scope of this work to study the criti-
cal exponents of the purported DQCP. However, DQCPs
have a number of hallmark signatures that can be de-
tected in the dynamical responses. First, at criticality,
the C4 lattice symmetry is enlarged to U(1). This sym-

metry enhancement is captured by SD(q,!) in the form
of a spectrum with a linear mode. Comparing Fig. 6(IIa)
(deep in the VBS phase) to Fig. 6(IId) (close to the
DQCP), we recognize that the Bragg peak evolves to-
wards a spectrum with a linear dispersion relation. The
dashed line in Fig. 6(IId) is a guide to the eye that in-
dicates the velocity of this mode. Equivalently, the his-
tograms of Fig. 6(IVa)-(IVd) reveal that the four-peak
structure evolves to a circle upon approaching the crit-
ical point. Similar phenomena have been observed in
Ref. [62].
Another DQCP hallmark is a single, continuous and

direct transition with emergent Lorentz symmetry. The
corresponding theory has a single velocity. Our data are
consistent with this expectation: at criticality, the U(1)
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We study a Su-Schrie↵er-Heeger model of electrons on a square lattice coupled to Einstein phonons
with auxiliary-field quantum Monte Carlo simulations. By adding a symmetry-allowed interaction,
the phonons can be integrated out at the expense of imaginary-time correlations of the discrete
Hubbard-Stratonovich fields. Using single spin-flip updates, we investigate the phase diagram at
the O(4)-symmetric point as a function of hopping t and phonon frequency !0. In the limit t ! 0,
hopping of electrons is assisted by boson absorption or emission and the model maps onto an
unconstrained Z2 gauge theory. A key quantity is the emergent e↵ective flux per plaquette, that
takes the value ⇡ in the assisted hopping limit and vanishes in the opposite large t limit. As a
consequence, the assisted hopping regime can be understood in terms of instabilities of emergent
Dirac fermions. Here, as a function of phonon frequency, our results support a direct and continuous
transition between a (⇡, 0)-valence bond solid (VBS) and antiferromagnetic (AFM) phase. This
provides a first realization of a deconfined quantum criticality in electron-phonon systems. In the
direct hopping, large-t limit, former studies show (⇡,⇡)-VBS emerging from a nesting instability at
low phonon frequencies that gives way to an AFM as a function of frequency.

I. INTRODUCTION

One of the most fundamental interaction channel in the
solid state is the coupling between harmonic lattice vibra-
tions, phonons, and the conduction electrons. In a Fermi
liquid with coherence temperature orders of magnitude
greater than the Debye frequency, the electron-phonon
coupling leads to a net attractive retarded interaction.
Owing to the Cooper instability of Fermi surfaces, this
leads to superconductivity [1, 2]. Superconductivity is
not always the outcome of the electron phonon interac-
tion. In one-dimension, where 2kf nesting of the Fermi
surface is generic, the electron-phonon interaction trig-
gers a Peierls charge density wave instability. In two
dimensions, nested Fermi surfaces lead to (⇡,⇡)-valence
bond solid (VBS) as well as to antiferromagnetic (AFM)
ordering [3, 4]. The question we will ask in this article, is
if symmetry allowed generalizations of the Su-Schrie↵er-
Heeger (SSH) model [5], on a two-dimensional square
lattice can host exotic phases and quantum phase transi-
tions. This question has already been answered positively
in the realm of a spinless one-dimensional SSH model.
Here instances of one-dimensional deconfined quantum
phase transitions [6–8] have been observed [9].

From the point of view of the electron-phonon coupling
the phonon mediated modulation of the direct hopping
t, has to be small [5]. However, we can generalize our
understanding of the SSH model by taking the limit of
direct hopping to zero. This limit can be understood in
terms of assisted hopping in which hopping from site i
to j is possible only by absorbing or emitting a bosonic
mode. Such assisted hopping models have been put for-
ward in the literature to describe the motion of a hole in
an antiferromagnetic background [10] [11]. This reading
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FIG. 1. Phase diagram of Hamiltonian (4) as a function of
fermion hopping t and phonon frequency !0, as suggested by
our QMC simulations carried out at g̃ =

p
2/kg = 2 and � =

0.5. It features antiferromagnetic (AFM), valence-bond solid
(VBS) and pseudogap phases. At small values of t we observe
a spontaneous generation of a ⇡-flux in each plaquette. (a)
Average flux as a function of t at !0 = 2.0 and (b) correlation
ratio of spin susceptibility at (⇡,⇡) and dimer susceptibility
at (⇡, 0). Both (a) and (b) are at L = � = 8.

of the SSH model gives us the liberty to change at will
the ratio of direct, t, to assisted hopping, g, processes.
The main result of the article is summarized in the very

rich phase diagram of Fig. 1 that encompases emergent
Dirac fermions, exotic quantum phase transitions, pseu-
dogap phases as well as unconstrained Z2 lattice gauge
theories [12–14]. The mapping to a Z2 lattice gauge the-
ory is exact in the limit t = 0. In this limit, the electron
creation operator in a Wannier state centered around site
i and with z-component of spin �, ĉ†i,�, acquires a Z2

charge that is locally conserved. To facilitate the under-
standing of the phase diagram it is useful to adopt the
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Dirac fermions. Here, as a function of phonon frequency, our results support a direct and continuous
transition between a (⇡, 0)-valence bond solid (VBS) and antiferromagnetic (AFM) phase. This
provides a first realization of a deconfined quantum criticality in electron-phonon systems. In the
direct hopping, large-t limit, former studies show (⇡,⇡)-VBS emerging from a nesting instability at
low phonon frequencies that gives way to an AFM as a function of frequency.

I. INTRODUCTION

One of the most fundamental interaction channel in the
solid state is the coupling between harmonic lattice vibra-
tions, phonons, and the conduction electrons. In a Fermi
liquid with coherence temperature orders of magnitude
greater than the Debye frequency, the electron-phonon
coupling leads to a net attractive retarded interaction.
Owing to the Cooper instability of Fermi surfaces, this
leads to superconductivity [1, 2]. Superconductivity is
not always the outcome of the electron phonon interac-
tion. In one-dimension, where 2kf nesting of the Fermi
surface is generic, the electron-phonon interaction trig-
gers a Peierls charge density wave instability. In two
dimensions, nested Fermi surfaces lead to (⇡,⇡)-valence
bond solid (VBS) as well as to antiferromagnetic (AFM)
ordering [3, 4]. The question we will ask in this article, is
if symmetry allowed generalizations of the Su-Schrie↵er-
Heeger (SSH) model [5], on a two-dimensional square
lattice can host exotic phases and quantum phase transi-
tions. This question has already been answered positively
in the realm of a spinless one-dimensional SSH model.
Here instances of one-dimensional deconfined quantum
phase transitions [6–8] have been observed [9].

From the point of view of the electron-phonon coupling
the phonon mediated modulation of the direct hopping
t, has to be small [5]. However, we can generalize our
understanding of the SSH model by taking the limit of
direct hopping to zero. This limit can be understood in
terms of assisted hopping in which hopping from site i
to j is possible only by absorbing or emitting a bosonic
mode. Such assisted hopping models have been put for-
ward in the literature to describe the motion of a hole in
an antiferromagnetic background [10] [11]. This reading
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FIG. 1. Phase diagram of Hamiltonian (4) as a function of
fermion hopping t and phonon frequency !0, as suggested by
our QMC simulations carried out at g̃ =

p
2/kg = 2 and � =

0.5. It features antiferromagnetic (AFM), valence-bond solid
(VBS) and pseudogap phases. At small values of t we observe
a spontaneous generation of a ⇡-flux in each plaquette. (a)
Average flux as a function of t at !0 = 2.0 and (b) correlation
ratio of spin susceptibility at (⇡,⇡) and dimer susceptibility
at (⇡, 0). Both (a) and (b) are at L = � = 8.

of the SSH model gives us the liberty to change at will
the ratio of direct, t, to assisted hopping, g, processes.
The main result of the article is summarized in the very

rich phase diagram of Fig. 1 that encompases emergent
Dirac fermions, exotic quantum phase transitions, pseu-
dogap phases as well as unconstrained Z2 lattice gauge
theories [12–14]. The mapping to a Z2 lattice gauge the-
ory is exact in the limit t = 0. In this limit, the electron
creation operator in a Wannier state centered around site
i and with z-component of spin �, ĉ†i,�, acquires a Z2

charge that is locally conserved. To facilitate the under-
standing of the phase diagram it is useful to adopt the

<latexit sha1_base64="Vu84c9z1yYeTB1208g20ALeoco8="></latexit>

k = 2, g = 2,� = 0.5
<latexit sha1_base64="5YIT9o3Q2B4NkfrYgPpYxezuCYA=">AAACLnicbVDJSsRAFOy4G3c9emkcBE9DIm4XQfDiwYOCo0IS5KXzRht7Cd0dZQj5DK/6C36N4EG8+hn2jHNwK2goqt7jVVdeCm5dFL0GI6Nj4xOTU9PhzOzc/MLi0vK51ZVh2GFaaHOZg0XBFXYcdwIvS4Mgc4EX+e1h37+4Q2O5VmeuV2Im4VrxLmfgvJSkOTqgdJ8e06vFVtSOBqB/STwkLTLEydVSMJcWmlUSlWMCrE3iqHRZDcZxJrAJ08piCewWrjHxVIFEm9WDzA1d90pBu9r4pxwdqN83apDW9mTuJyW4G/vb64v/eUnluntZzVVZOVTs61C3EtRp2i+AFtwgc6LnCTDDfVbKbsAAc76mMFV4z7SUoIo6vcMmibM6zbUo+lm0qFtx8+Nj9T3YnveaMPQFxr/r+kvON9vxTnv7dKt1sDescoqskjWyQWKySw7IETkhHcKIJg/kkTwFz8FL8Ba8f42OBMOdFfIDwccnt7Onbg==</latexit>

� = L

Correlation  ratio

7

−7.5

−7

−6.5

−6

−5.5

−5

−4.5

2.2 2.4 2.6 2.8 3 3.2

(a)

〈Φ̂
i
〉

ω0

1.2

1.4

1.6

1.8

2

2.2 2.4 2.6 2.8 3 3.2

(b)

1 N
b

∂
F

∂
ω
0

ω0

L = 4
L = 6
L = 8

L = 10
L = 12
L = 14

FIG. 3. Flux and normalized free-energy derivative with
respect to !0. Here, t = 0.1, � = L. a lot of the figures could
do with larger fonts FA: I agree.

As a function of t, we observe a crossover where the flux
changes sign. To a first approximation, this sign change
does not depend on !0. As we will see below, it marks
the crossover between a regime that can be understood
in terms of the f fermions with a Dirac dispersion and a
regime of c fermions with a nested Fermi surface.

B. Deconfined quantum critical point

We study a cut along the frequency axis at a small but
finite hopping t = 0.1 that explicitly breaks the local Z2

symmetry. Figure 3(a) shows the average flux per pla-
quette as a function of system size and phonon frequency.
The flux stays negative irrespective of !0, corresponding
to the dynamical generation of a ⇡-flux in each plaquette.
The choice � = L in the finite-size scaling is motivated
by the Dirac band structure of the f fermions to be dis-
cussed below. The pronounced change of the flux around
!0 ⇡ 2.7 suggests a the possibility of a phase transition
near this value.

Another observable that carries information about a
possible phase transition is the free energy F . At a fixed
electronic hopping t, its first derivative with respect to
!0 is given by

@F

@!0
= m!0

X

b

hX̂2
b i �

g

2!0

X

b

hK̂bX̂bi . (47)

Figure 3(b) reports results for this quantity as a function
of !0 and for di↵erent L. The data reveal no jumps or
kinks on the scale considered, essentially ruling out a
strongly first-order transition.

In Figs. 4(a)-(c), we present the correlation ratios of
the spin and parity susceptibilities as well as the dimer
equal-time correlation function. The correlation ratio
scales as

R�,O = f
⇣
Lz/�, [!0 � !c

0]L
1/⌫

⌘
, (48)

with the dynamical exponent z and the correlation length
exponent ⌫. Here, we neglect leading corrections to scal-
ing that will cause a meandering of the crossing points
with increasing L. Unless indicated otherwise, we used
� = L when measuring correlation ratios. At the critical

point, the dynamical dimer structure factor in Fig. 5(i)
and the dynamical spin structure factor in Fig. 5 (n) are
consistent with a linear dispersion relation around the
ordering wave vector. This provides support for our as-
sumption of z = 1 and justification for setting � = L in
the finite-size scaling. Furthermore, we note that mass
terms in the Dirac equation do not break Lorentz sym-
metry so that this scaling remains justified even in the
ordered phases.
The spin correlation ratio R�,S at wave vector M

[Fig. 4(a)] reveals long-range AFM order at high phonon
frequencies. Simultaneously, the parity correlation ratio
shows ordering at � = (0, 0). By lowering !0, AFM or-
der disappears but dimer correlations shows a marked in-
crease. The equal-time dimer correlation function within
the first Brillouin zone is dominated by two peaks at
q = (⇡, 0)/(0,⇡) [Fig. 4(d)] and the corresponding corre-
lation ratio at X increases with decreasing !0 [Fig. 4(c)].
The correlation ratios are consistent with a phase tran-

sition from an AFM state at high phonon frequencies to a
(⇡, 0)-VBS state at !c

0 ⇡ 2.7. However, finite-size e↵ects
make a more quantitative analysis di�cult. Regarding
the nature of this phase transition, several possible ex-
planations exist. We cannot exclude a weakly first-order
transition. The data would also be consistent with an in-
termediate coexistence region, especially since the qual-
ity of the results for the dimer correlation ratio is limited
by long autocorrelation times. A third possibility is a di-
rect second-order transition. Because the AFM and VBS
phases break di↵erent symmetries, the such a transition
falls outside the Ginzburg-Landau paradigm. The AFM
phase spontaneously breaks the continuous O(4) symme-
try, whereas the VBS phase breaks the discrete C4 sym-
metry of the square lattice. A direct second-order AFM-
VBS transition is a candidate for a deconfined quantum
critical point [6, 57], which is the interpretation we favor
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As a function of t, we observe a crossover where the flux
changes sign. To a first approximation, this sign change
does not depend on !0. As we will see below, it marks
the crossover between a regime that can be understood
in terms of the f fermions with a Dirac dispersion and a
regime of c fermions with a nested Fermi surface.

B. Deconfined quantum critical point

We study a cut along the frequency axis at a small but
finite hopping t = 0.1 that explicitly breaks the local Z2

symmetry. Figure 3(a) shows the average flux per pla-
quette as a function of system size and phonon frequency.
The flux stays negative irrespective of !0, corresponding
to the dynamical generation of a ⇡-flux in each plaquette.
The choice � = L in the finite-size scaling is motivated
by the Dirac band structure of the f fermions to be dis-
cussed below. The pronounced change of the flux around
!0 ⇡ 2.7 suggests a the possibility of a phase transition
near this value.

Another observable that carries information about a
possible phase transition is the free energy F . At a fixed
electronic hopping t, its first derivative with respect to
!0 is given by
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Figure 3(b) reports results for this quantity as a function
of !0 and for di↵erent L. The data reveal no jumps or
kinks on the scale considered, essentially ruling out a
strongly first-order transition.

In Figs. 4(a)-(c), we present the correlation ratios of
the spin and parity susceptibilities as well as the dimer
equal-time correlation function. The correlation ratio
scales as

R�,O = f
⇣
Lz/�, [!0 � !c

0]L
1/⌫
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, (48)

with the dynamical exponent z and the correlation length
exponent ⌫. Here, we neglect leading corrections to scal-
ing that will cause a meandering of the crossing points
with increasing L. Unless indicated otherwise, we used
� = L when measuring correlation ratios. At the critical

point, the dynamical dimer structure factor in Fig. 5(i)
and the dynamical spin structure factor in Fig. 5 (n) are
consistent with a linear dispersion relation around the
ordering wave vector. This provides support for our as-
sumption of z = 1 and justification for setting � = L in
the finite-size scaling. Furthermore, we note that mass
terms in the Dirac equation do not break Lorentz sym-
metry so that this scaling remains justified even in the
ordered phases.
The spin correlation ratio R�,S at wave vector M

[Fig. 4(a)] reveals long-range AFM order at high phonon
frequencies. Simultaneously, the parity correlation ratio
shows ordering at � = (0, 0). By lowering !0, AFM or-
der disappears but dimer correlations shows a marked in-
crease. The equal-time dimer correlation function within
the first Brillouin zone is dominated by two peaks at
q = (⇡, 0)/(0,⇡) [Fig. 4(d)] and the corresponding corre-
lation ratio at X increases with decreasing !0 [Fig. 4(c)].
The correlation ratios are consistent with a phase tran-

sition from an AFM state at high phonon frequencies to a
(⇡, 0)-VBS state at !c

0 ⇡ 2.7. However, finite-size e↵ects
make a more quantitative analysis di�cult. Regarding
the nature of this phase transition, several possible ex-
planations exist. We cannot exclude a weakly first-order
transition. The data would also be consistent with an in-
termediate coexistence region, especially since the qual-
ity of the results for the dimer correlation ratio is limited
by long autocorrelation times. A third possibility is a di-
rect second-order transition. Because the AFM and VBS
phases break di↵erent symmetries, the such a transition
falls outside the Ginzburg-Landau paradigm. The AFM
phase spontaneously breaks the continuous O(4) symme-
try, whereas the VBS phase breaks the discrete C4 sym-
metry of the square lattice. A direct second-order AFM-
VBS transition is a candidate for a deconfined quantum
critical point [6, 57], which is the interpretation we favor
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As a function of t, we observe a crossover where the flux
changes sign. To a first approximation, this sign change
does not depend on !0. As we will see below, it marks
the crossover between a regime that can be understood
in terms of the f fermions with a Dirac dispersion and a
regime of c fermions with a nested Fermi surface.

B. Deconfined quantum critical point

We study a cut along the frequency axis at a small but
finite hopping t = 0.1 that explicitly breaks the local Z2

symmetry. Figure 3(a) shows the average flux per pla-
quette as a function of system size and phonon frequency.
The flux stays negative irrespective of !0, corresponding
to the dynamical generation of a ⇡-flux in each plaquette.
The choice � = L in the finite-size scaling is motivated
by the Dirac band structure of the f fermions to be dis-
cussed below. The pronounced change of the flux around
!0 ⇡ 2.7 suggests a the possibility of a phase transition
near this value.

Another observable that carries information about a
possible phase transition is the free energy F . At a fixed
electronic hopping t, its first derivative with respect to
!0 is given by

@F

@!0
= m!0

X

b

hX̂2
b i �

g

2!0

X

b

hK̂bX̂bi . (47)

Figure 3(b) reports results for this quantity as a function
of !0 and for di↵erent L. The data reveal no jumps or
kinks on the scale considered, essentially ruling out a
strongly first-order transition.

In Figs. 4(a)-(c), we present the correlation ratios of
the spin and parity susceptibilities as well as the dimer
equal-time correlation function. The correlation ratio
scales as

R�,O = f
⇣
Lz/�, [!0 � !c

0]L
1/⌫

⌘
, (48)

with the dynamical exponent z and the correlation length
exponent ⌫. Here, we neglect leading corrections to scal-
ing that will cause a meandering of the crossing points
with increasing L. Unless indicated otherwise, we used
� = L when measuring correlation ratios. At the critical

point, the dynamical dimer structure factor in Fig. 5(i)
and the dynamical spin structure factor in Fig. 5 (n) are
consistent with a linear dispersion relation around the
ordering wave vector. This provides support for our as-
sumption of z = 1 and justification for setting � = L in
the finite-size scaling. Furthermore, we note that mass
terms in the Dirac equation do not break Lorentz sym-
metry so that this scaling remains justified even in the
ordered phases.
The spin correlation ratio R�,S at wave vector M

[Fig. 4(a)] reveals long-range AFM order at high phonon
frequencies. Simultaneously, the parity correlation ratio
shows ordering at � = (0, 0). By lowering !0, AFM or-
der disappears but dimer correlations shows a marked in-
crease. The equal-time dimer correlation function within
the first Brillouin zone is dominated by two peaks at
q = (⇡, 0)/(0,⇡) [Fig. 4(d)] and the corresponding corre-
lation ratio at X increases with decreasing !0 [Fig. 4(c)].
The correlation ratios are consistent with a phase tran-

sition from an AFM state at high phonon frequencies to a
(⇡, 0)-VBS state at !c

0 ⇡ 2.7. However, finite-size e↵ects
make a more quantitative analysis di�cult. Regarding
the nature of this phase transition, several possible ex-
planations exist. We cannot exclude a weakly first-order
transition. The data would also be consistent with an in-
termediate coexistence region, especially since the qual-
ity of the results for the dimer correlation ratio is limited
by long autocorrelation times. A third possibility is a di-
rect second-order transition. Because the AFM and VBS
phases break di↵erent symmetries, the such a transition
falls outside the Ginzburg-Landau paradigm. The AFM
phase spontaneously breaks the continuous O(4) symme-
try, whereas the VBS phase breaks the discrete C4 sym-
metry of the square lattice. A direct second-order AFM-
VBS transition is a candidate for a deconfined quantum
critical point [6, 57], which is the interpretation we favor
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We study a Su-Schrie↵er-Heeger model of electrons on a square lattice coupled to Einstein phonons
with auxiliary-field quantum Monte Carlo simulations. By adding a symmetry-allowed interaction,
the phonons can be integrated out at the expense of imaginary-time correlations of the discrete
Hubbard-Stratonovich fields. Using single spin-flip updates, we investigate the phase diagram at
the O(4)-symmetric point as a function of hopping t and phonon frequency !0. In the limit t ! 0,
hopping of electrons is assisted by boson absorption or emission and the model maps onto an
unconstrained Z2 gauge theory. A key quantity is the emergent e↵ective flux per plaquette, that
takes the value ⇡ in the assisted hopping limit and vanishes in the opposite large t limit. As a
consequence, the assisted hopping regime can be understood in terms of instabilities of emergent
Dirac fermions. Here, as a function of phonon frequency, our results support a direct and continuous
transition between a (⇡, 0)-valence bond solid (VBS) and antiferromagnetic (AFM) phase. This
provides a first realization of a deconfined quantum criticality in electron-phonon systems. In the
direct hopping, large-t limit, former studies show (⇡,⇡)-VBS emerging from a nesting instability at
low phonon frequencies that gives way to an AFM as a function of frequency.

I. INTRODUCTION

One of the most fundamental interaction channel in the
solid state is the coupling between harmonic lattice vibra-
tions, phonons, and the conduction electrons. In a Fermi
liquid with coherence temperature orders of magnitude
greater than the Debye frequency, the electron-phonon
coupling leads to a net attractive retarded interaction.
Owing to the Cooper instability of Fermi surfaces, this
leads to superconductivity [1, 2]. Superconductivity is
not always the outcome of the electron phonon interac-
tion. In one-dimension, where 2kf nesting of the Fermi
surface is generic, the electron-phonon interaction trig-
gers a Peierls charge density wave instability. In two
dimensions, nested Fermi surfaces lead to (⇡,⇡)-valence
bond solid (VBS) as well as to antiferromagnetic (AFM)
ordering [3, 4]. The question we will ask in this article, is
if symmetry allowed generalizations of the Su-Schrie↵er-
Heeger (SSH) model [5], on a two-dimensional square
lattice can host exotic phases and quantum phase transi-
tions. This question has already been answered positively
in the realm of a spinless one-dimensional SSH model.
Here instances of one-dimensional deconfined quantum
phase transitions [6–8] have been observed [9].

From the point of view of the electron-phonon coupling
the phonon mediated modulation of the direct hopping
t, has to be small [5]. However, we can generalize our
understanding of the SSH model by taking the limit of
direct hopping to zero. This limit can be understood in
terms of assisted hopping in which hopping from site i
to j is possible only by absorbing or emitting a bosonic
mode. Such assisted hopping models have been put for-
ward in the literature to describe the motion of a hole in
an antiferromagnetic background [10] [11]. This reading
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FIG. 1. Phase diagram of Hamiltonian (4) as a function of
fermion hopping t and phonon frequency !0, as suggested by
our QMC simulations carried out at g̃ =

p
2/kg = 2 and � =

0.5. It features antiferromagnetic (AFM), valence-bond solid
(VBS) and pseudogap phases. At small values of t we observe
a spontaneous generation of a ⇡-flux in each plaquette. (a)
Average flux as a function of t at !0 = 2.0 and (b) correlation
ratio of spin susceptibility at (⇡,⇡) and dimer susceptibility
at (⇡, 0). Both (a) and (b) are at L = � = 8.

of the SSH model gives us the liberty to change at will
the ratio of direct, t, to assisted hopping, g, processes.
The main result of the article is summarized in the very

rich phase diagram of Fig. 1 that encompases emergent
Dirac fermions, exotic quantum phase transitions, pseu-
dogap phases as well as unconstrained Z2 lattice gauge
theories [12–14]. The mapping to a Z2 lattice gauge the-
ory is exact in the limit t = 0. In this limit, the electron
creation operator in a Wannier state centered around site
i and with z-component of spin �, ĉ†i,�, acquires a Z2

charge that is locally conserved. To facilitate the under-
standing of the phase diagram it is useful to adopt the
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Spin-Peierls instability of the U(1) Dirac spin liquid
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A complicating factor in the realization and observation of quantum spin liquids in materials is the ubiquitous
presence of other degrees of freedom, in particular lattice distortion modes (phonons). These provide additional
routes for relieving magnetic frustration, thereby possibly destabilizing spin-liquid ground states. In this work, we
focus on triangular-lattice Heisenberg antiferromagnets, where recent numerical evidence suggests the presence
of an extended U(1) Dirac spin liquid phase which is described by compact quantum electrodynamics in 2+1
dimensions (QED3), featuring gapless spinons and monopoles as gauge excitations, and believed to flow to a
strongly-coupled fixed point with conformal symmetry. Using complementary perturbation theory and scaling
arguments, we show that a symmetry-allowed coupling between (classical) finite-wavevector lattice distortions
and monopole operators of the U(1) Dirac spin liquid generally induces a spin-Peierls instability towards a
(confining) 12-site valence-bond solid state. We support our theoretical analysis with state-of-the-art density
matrix renormalization group simulations. Away from the limit of static distortions, we demonstrate that the
phonon energy gap establishes a parameter regime where the spin liquid is expected to be stable, and show that
the monopole-lattice coupling leads to softening of the phonon in analogy to the Kohn anomaly. We discuss the
applicability of our results to similar systems, in particular the Dirac spin liquid on the Kagome lattice.

I. INTRODUCTION

The presence of many competing classical ground states in
frustrated magnets implies that strong quantum fluctuations
may stabilize quantum spin liquids (QSL) as highly exotic
states of quantum matter. These states fall outside Landau’s
paradigm of symmetry-breaking orders, and are instead charac-
terized by a rich entanglement structure and described in terms
of emergent deconfined gauge theories [1–3].

Recent years have witnessed remarkable progress in the the-
oretical description and classification of QSLs, as well as the
experimental identification and characterization of candidate
materials. However, while model spin systems have been stud-
ied using a variety of theoretical and numerical methods, defini-
tive experimental evidence for the realization of a QSL phase
in a material is still outstanding. Materials inevitably include
additional spin-spin interactions, impurities and other sources
of quenched disorder [4–7], as well as the coupling of spins to
additional degrees of freedom, for example lattice distortions.
Given the competing nature of interactions in frustrated mag-
nets [8], these perturbations can have a marked impact [9–11]
on characteristic observable properties of QSLs realized in ac-
tual materials, or even mask such a phase completely, resulting
in possibly complex phase diagrams of multiple competing
orders [12, 13].

A paradigmatic example for the interplay of strong spin
fluctuations and lattice degrees of freedom is given by the spin-
Peierls instability of one-dimensional spin-1/2 chains: While
the canonical antiferromagnetic Heisenberg chain possesses
a gapless disordered ground state with power-law decaying
correlations, an infinitesimally weak coupling to static lattice
deformations leads to a finite dimerization and the concomi-
tant opening of a spin gap [14, 15], since the energy gain of

⇤ These two authors contributed equally to this work.

dimerization of the spin liquid outcompetes the harmonic elas-
tic energy cost. This presupposes that the coupling of lattice
distortion to the dimerization operator (instanton) of the e↵ec-
tive Luttinger-liquid field theory for the S = 1/2 Heisenberg
chain is symmetry-allowed and relevant. Accounting for intrin-
sic quantum dynamics of the lattice degrees of freedom (i.e.
phonons with finite frequency), a finite interaction strength is
required to induce the ordering transition [16, 17].

Turning to two-dimensional frustrated magnets, experiments
show that magnetic phase transitions and the nature of mag-
netic ordering are often correlated with structural distortions
which can act to (partially) relieve magnetic frustration. A
crucial, long-standing question of immense experimental rele-
vance concerns the stability of spin-liquid states against spin-
lattice couplings. While numerical studies have found evidence
for the presence of spin-Peierls-type instabilities in gapless
spin-disordered phases [18, 19], there are only few analytical
results for gapless spin-liquids, which have been mostly fo-
cused on intrinsic nesting instabilities of spinon Fermi surfaces
[20, 21]. It is well understood that frustrated spin-systems may
form valence bond solid (VBS) states via spontaneous symme-
try breaking [22, 23]. However, a destabilization of a stable
spin liquid ground state by dynamically generating lattice dis-
tortions, the true analog to the one-dimensional instability, has
hereto not been investigated.

In the manuscript at hand, we consider the U(1) Dirac spin
liquid (DSL) and make use of recent numerical and field-
theoretic advances to investigate its stability against spin-lattice
couplings. The DSL is a paradigmatic example of a QSL char-
acterized by strongly interacting gapless spinons and U(1)
gauge fluctuations which are described (at low energies) by
compact quantum electrodynamics in 2+1 dimensions (QED3).
Initially suggested as a candidate ground state for square-lattice
cuprates [24], the DSL later gained support as describing the
spin-disordered phase of frustrated Heisenberg antiferromag-
nets on kagome [25–29] and triangular lattices [30–33].
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We study a Su-Schrie↵er-Heeger model of electrons on a square lattice coupled to Einstein phonons
with auxiliary-field quantum Monte Carlo simulations. By adding a symmetry-allowed interaction,
the phonons can be integrated out at the expense of imaginary-time correlations of the discrete
Hubbard-Stratonovich fields. Using single spin-flip updates, we investigate the phase diagram at
the O(4)-symmetric point as a function of hopping t and phonon frequency !0. In the limit t ! 0,
hopping of electrons is assisted by boson absorption or emission and the model maps onto an
unconstrained Z2 gauge theory. A key quantity is the emergent e↵ective flux per plaquette, that
takes the value ⇡ in the assisted hopping limit and vanishes in the opposite large t limit. As a
consequence, the assisted hopping regime can be understood in terms of instabilities of emergent
Dirac fermions. Here, as a function of phonon frequency, our results support a direct and continuous
transition between a (⇡, 0)-valence bond solid (VBS) and antiferromagnetic (AFM) phase. This
provides a first realization of a deconfined quantum criticality in electron-phonon systems. In the
direct hopping, large-t limit, former studies show (⇡,⇡)-VBS emerging from a nesting instability at
low phonon frequencies that gives way to an AFM as a function of frequency.

I. INTRODUCTION

One of the most fundamental interaction channel in the
solid state is the coupling between harmonic lattice vibra-
tions, phonons, and the conduction electrons. In a Fermi
liquid with coherence temperature orders of magnitude
greater than the Debye frequency, the electron-phonon
coupling leads to a net attractive retarded interaction.
Owing to the Cooper instability of Fermi surfaces, this
leads to superconductivity [1, 2]. Superconductivity is
not always the outcome of the electron phonon interac-
tion. In one-dimension, where 2kf nesting of the Fermi
surface is generic, the electron-phonon interaction trig-
gers a Peierls charge density wave instability. In two
dimensions, nested Fermi surfaces lead to (⇡,⇡)-valence
bond solid (VBS) as well as to antiferromagnetic (AFM)
ordering [3, 4]. The question we will ask in this article, is
if symmetry allowed generalizations of the Su-Schrie↵er-
Heeger (SSH) model [5], on a two-dimensional square
lattice can host exotic phases and quantum phase transi-
tions. This question has already been answered positively
in the realm of a spinless one-dimensional SSH model.
Here instances of one-dimensional deconfined quantum
phase transitions [6–8] have been observed [9].

From the point of view of the electron-phonon coupling
the phonon mediated modulation of the direct hopping
t, has to be small [5]. However, we can generalize our
understanding of the SSH model by taking the limit of
direct hopping to zero. This limit can be understood in
terms of assisted hopping in which hopping from site i
to j is possible only by absorbing or emitting a bosonic
mode. Such assisted hopping models have been put for-
ward in the literature to describe the motion of a hole in
an antiferromagnetic background [10] [11]. This reading
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FIG. 1. Phase diagram of Hamiltonian (4) as a function of
fermion hopping t and phonon frequency !0, as suggested by
our QMC simulations carried out at g̃ =

p
2/kg = 2 and � =

0.5. It features antiferromagnetic (AFM), valence-bond solid
(VBS) and pseudogap phases. At small values of t we observe
a spontaneous generation of a ⇡-flux in each plaquette. (a)
Average flux as a function of t at !0 = 2.0 and (b) correlation
ratio of spin susceptibility at (⇡,⇡) and dimer susceptibility
at (⇡, 0). Both (a) and (b) are at L = � = 8.

of the SSH model gives us the liberty to change at will
the ratio of direct, t, to assisted hopping, g, processes.
The main result of the article is summarized in the very

rich phase diagram of Fig. 1 that encompases emergent
Dirac fermions, exotic quantum phase transitions, pseu-
dogap phases as well as unconstrained Z2 lattice gauge
theories [12–14]. The mapping to a Z2 lattice gauge the-
ory is exact in the limit t = 0. In this limit, the electron
creation operator in a Wannier state centered around site
i and with z-component of spin �, ĉ†i,�, acquires a Z2

charge that is locally conserved. To facilitate the under-
standing of the phase diagram it is useful to adopt the

<latexit sha1_base64="PY8V0NdPT0XX4j8pe7WWqxJbOZI="></latexit>
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KŜ

�
i Ŝ
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FIG. 1. (a) Spin 1/2 degrees of freedom, Ŝi, on the honey-

comb lattice are subject to J1, J3, K, and � exchange inter-

actions. Here X(blue), Y (green), and Z(red) runs over the

there bonds, and a1 and a2 correspond to the lattice vectors.

(b)Directions of the external magnetic field in spin space rel-

evant to experiments under the external magnetic field.

I. MODEL HAMILTONIAN

Ĥ =

X

hi,ji
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�
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�
j + �(Ŝ
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�
j + Ŝ

↵
i Ŝ

�
j )]

+

X

hi,ji

J1Ŝi · Ŝj +
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J3Ŝi · Ŝj

+ µB

X

i

B · ĝ · Ŝi, (1)

where i, j run over sites of the honeycomb lattice and Ŝ
↵
i

is a spin 1/2 degree of freedom. Here (�,↵,�) = (x, y, z)

for theX bonds, (�,↵,�) = (y, z, x) for the Y bonds, and

(�,↵,�) = (z, x, y) for the Z bonds shown in Fig. 1(a).

A. Model parameters in ↵-RuCl3

We here consider the model parameters in S. M. Winter

et. al,. Nature Commun. 8,1152 (2017):

(J1, J3,K,�) = (�0.5, 0.5,�5.0, 2.5) [meV], (2)

and

ĝ = (ga, gb, gc) = (2.3, 2.3, 1.3), (3)

where a, b, and c
⇤
are axes of the external magnetic field

relevant to experiments for ↵-RuCl3 shown in Fig. 1(b).
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FIG. 2. Temperature dependence of uniform spin suscepti-

bilities � in the absence of the external magnetic field. Here

V = 32 lattice. Solid red line indicates the Curie’s law con-

sidered here.
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r Ŝ
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Here V = 32 lattice.

II. RESULTS

A. In the absence of the magnetic field B = 0

We measure the spin susceptibility,

��,�(q) =

Z �

0
d⌧hÔ

�,�

q (⌧)Ô
�

�q(0)i,

(4)
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work, to study the details of the DQCP. However, the
DQCP phase transition has a number of hallmarks that
can be detected in the dynamical responses. First of
all, at the DQCP the C4 lattice symmetry is enlarged
to U(1). This symmetry enhancement is captured in the
SD(q,!) in the form of a Goldstone mode. Comparing
Figs. 5 (f) and (i) that are respectively deep in the VBS
phase and at the DQCP, we observe that the Bragg peak
evolves towards a Goldstone mode, with linear dispersion
relation. The dashed line in Fig. 5 (i) is a guide to the eye
to pin down the velocity of the mode. Another hallmark
of the DQCP is a single continuous and direct transition
with emergent Lorentz symmetry. As a consequence the
theory should have a single velocity. We see that our data
is consistent with this expectation: at criticality the U(1)
velocity, Fig. 5 (i), compares well to the spin velocity,
Fig. 5 (n). Hence, many of the defining properties of the
DQCP are apparent in the data.

In contrasts to models of DQCP with SU(2) ⇥ C4 or
SU(2) ⇥ U(1) symmetry, our model has an O(4) ⇥ C4

symmetry. In the SDW phase the the symmetry is bro-
ken down to U(1) ⇥ C4. As we will argue below, this
symmetry reduction occurs in two steps. Being a Z2 or-
der parameter, we expect a finite temperature 2D Ising
phase transition of the parity with exponents ⌫ = 1 and
⌘ = 1/4. Using these exponents, we carry out a data col-
lapse of the parity correlation ratio and susceptibility in
Fig. 6. Both quantities show a good agreement with the
given exponents. The data collapse of the correlation
ration yields a critical inverse temperature of �c = 5.6
and of the susceptibility �c = 5.4. Below the finite
temperature Ising transition the symmetry is reduced to
SU(2)⇥SU(2) and the odd or even parity sector is spon-
taneously chosen. Only at T = 0 is the continuous SU(2)
symmetry broken down to U(1).

C. From assisted hopping to phonon modulated
direct hopping

In the previous sections, we considered the small-t
regime of the phase diagram, where it was advantageous
to understand the physics in terms of the f -electron with
underlying Dirac dispersion stemming from the dynami-
cally generated ⇡-flux. We now vary t, the ratio of direct
to phonon assisted hopping, at a fixed phonon frequency
set by !0 = 2.0. As already discussed in section IVA
the flux changes its sign along this direction in the phase
diagram. In Fig. 7(a) we present the flux for di↵erent
lattice sizes as a function of t. The flux varies smoothly
and the change in sign takes place at t ⇡ 0.75. Starting
from large values of t the flux decreases until it reaches
a minimum at t ⇡ 0.2 and then increases slightly again.

Along the direction of the hopping strength the deriva-
tive of the free energy with respect to t is given by the

average kinetic energy

@F

@t
= �

X

b

hK̂bi . (50)

The results for the kinetic energy are shown in Fig. 7(b).
At exactly t = 0, when the model exhibits the local Z2

symmetry, the kinetic energy vanishes due to symmetry
arguments. At this point only phonon mediated hopping
is allowed. At small values of t we can expand the free
energy in t to obtain

F = F0 � t2
Z �

0
d⌧

X

b

hK̂b(⌧)K̂b(0)i0 +O(t3) (51)

where F0 is the free energy at t = 0 and hÔi0

the expectation value of an observable Ô with re-
spect to the t = 0 Hamiltonian. Hence @F

@t =

�2|t|
R �
0 d⌧

P
bhK̂b(⌧)K̂b(0)i0 + O(t2). Since the time

displaced correlation function is positive, @F
@t decreases

linearly with t for small values of t. This is consistent
with the QMC data. @F

@t is a smooth function of t such
that within our resolution and at the considered temper-
ature, � = L, there is no sign of a first order transition.
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The correlation ratios of both the spin and the par-
ity susceptibilities show that at this phonon frequency
no order in the spin sector is present irrespective of the
value of t [Figs. 8(a)-(b)]. In Figs. 9(a)-(c) we present the
dimer correlation function within the first Brillouin zone
along the t-axis. At weak t, when the ⇡-flux is dynami-
cally generated the system is in the (⇡, 0)-VBS phase, as
shown in the preceding section. When the hopping is in-
creased the dominant peaks at (⇡, 0) and equivalent wave
vectors start to decrease and the order melts. At t = 1.0
the correlation function becomes almost flat at the con-
sidered scale. Although the order is melting by increas-
ing t, the single-particle gap remains open, as observed
in the single-particle spectral function in Figs. 9(d)-(f).
The spectral function also adopts the shape of the cosine
band. The width of the band is renormalized with an
e↵ective hopping te↵ = t � g

Nb

P
bhX̂bi due to the cou-

pling to the phonons. At e.g. t = 1.0 and !0 = 2.0 we
measured an e↵ective hopping of te↵ = 2.25 [Fig. 9(f)].
The pseudogap phase at t = 1 corresponds to an O(4)

symmetric finite temperature phase. Furthermore, the
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Along the direction of the hopping strength the deriva-
tive of the free energy with respect to t is given by the

average kinetic energy
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The results for the kinetic energy are shown in Fig. 7(b).
At exactly t = 0, when the model exhibits the local Z2

symmetry, the kinetic energy vanishes due to symmetry
arguments. At this point only phonon mediated hopping
is allowed. At small values of t we can expand the free
energy in t to obtain

F = F0 � t2
Z �
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hK̂b(⌧)K̂b(0)i0 +O(t3) (51)

where F0 is the free energy at t = 0 and hÔi0

the expectation value of an observable Ô with re-
spect to the t = 0 Hamiltonian. Hence @F

@t =

�2|t|
R �
0 d⌧

P
bhK̂b(⌧)K̂b(0)i0 + O(t2). Since the time

displaced correlation function is positive, @F
@t decreases

linearly with t for small values of t. This is consistent
with the QMC data. @F

@t is a smooth function of t such
that within our resolution and at the considered temper-
ature, � = L, there is no sign of a first order transition.
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The correlation ratios of both the spin and the par-
ity susceptibilities show that at this phonon frequency
no order in the spin sector is present irrespective of the
value of t [Figs. 8(a)-(b)]. In Figs. 9(a)-(c) we present the
dimer correlation function within the first Brillouin zone
along the t-axis. At weak t, when the ⇡-flux is dynami-
cally generated the system is in the (⇡, 0)-VBS phase, as
shown in the preceding section. When the hopping is in-
creased the dominant peaks at (⇡, 0) and equivalent wave
vectors start to decrease and the order melts. At t = 1.0
the correlation function becomes almost flat at the con-
sidered scale. Although the order is melting by increas-
ing t, the single-particle gap remains open, as observed
in the single-particle spectral function in Figs. 9(d)-(f).
The spectral function also adopts the shape of the cosine
band. The width of the band is renormalized with an
e↵ective hopping te↵ = t � g

Nb

P
bhX̂bi due to the cou-

pling to the phonons. At e.g. t = 1.0 and !0 = 2.0 we
measured an e↵ective hopping of te↵ = 2.25 [Fig. 9(f)].
The pseudogap phase at t = 1 corresponds to an O(4)

symmetric finite temperature phase. Furthermore, the
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work, to study the details of the DQCP. However, the
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can be detected in the dynamical responses. First of
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cally generated ⇡-flux. We now vary t, the ratio of direct
to phonon assisted hopping, at a fixed phonon frequency
set by !0 = 2.0. As already discussed in section IVA
the flux changes its sign along this direction in the phase
diagram. In Fig. 7(a) we present the flux for di↵erent
lattice sizes as a function of t. The flux varies smoothly
and the change in sign takes place at t ⇡ 0.75. Starting
from large values of t the flux decreases until it reaches
a minimum at t ⇡ 0.2 and then increases slightly again.
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tive of the free energy with respect to t is given by the
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The correlation ratios of both the spin and the par-
ity susceptibilities show that at this phonon frequency
no order in the spin sector is present irrespective of the
value of t [Figs. 8(a)-(b)]. In Figs. 9(a)-(c) we present the
dimer correlation function within the first Brillouin zone
along the t-axis. At weak t, when the ⇡-flux is dynami-
cally generated the system is in the (⇡, 0)-VBS phase, as
shown in the preceding section. When the hopping is in-
creased the dominant peaks at (⇡, 0) and equivalent wave
vectors start to decrease and the order melts. At t = 1.0
the correlation function becomes almost flat at the con-
sidered scale. Although the order is melting by increas-
ing t, the single-particle gap remains open, as observed
in the single-particle spectral function in Figs. 9(d)-(f).
The spectral function also adopts the shape of the cosine
band. The width of the band is renormalized with an
e↵ective hopping te↵ = t � g
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pling to the phonons. At e.g. t = 1.0 and !0 = 2.0 we
measured an e↵ective hopping of te↵ = 2.25 [Fig. 9(f)].
The pseudogap phase at t = 1 corresponds to an O(4)
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FIG. 9. (a)-(c) Equal-time dimer correlation function within the first Brillouin zone at L = � = 10 and (d)-(f) single-particle
spectral function A(k,!) at L = � = 14 both for di↵erent hoppings and !0 = 2.0.
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@t at ! = 4.0 as a function of t at L = �.

symmetry.
Clearly, t = 0 is special point due to the local Z2 sym-

metry. However, at this point, the free energy is not sin-
gular, such that the t = 0 physics will be representative of
aspects of the phase diagram. At t = 0, it is convenient to
adopt the orthogonal fermion parton approach in which
the the c-fermion is written as ĉ†i,� = ⌧̂zi f̂

†
i,� where ⌧̂zi car-

ries the Z2 charge and f̂†
i,� the quantum number of the

electron. While ĉ†i,� is local f̂†
i,� is itinerant and subject

to a ⇡-flux that is dynamically generated by the phonon
degrees of freedom. Hence the small t regime of the SSH
model is described in terms of Dirac fermions. Here we
observe O(4) symmetric phases corresponding to (⇡, 0)-
VBS solids that give way to O(4) broken symmetry states
such as the AFM phase at higher phonon frequencies. As
mentioned above, the AFM is degenerate with the CDW
and SC phases. The reduction of the O(4) symmetry to
SO(4) corresponds to a finite temperature Ising transi-
tion in which the odd (AFM) or even (CDW/SC) parity
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FIG. 12. Correlation ratio of (a) the spin susceptibility at
M , (b) of the parity susceptibility at �, (c) Dimer correlation
function at X and (d) at M as a function of t at !0 = 4.0
and L = �.

sector is spontaneously chosen. At T = 0 the remnant
SU(2) symmetry of the AFM or CDW/SC is reduced to
U(1).

Our results suggest that the phonon frequency driven
transition from the (⇡, 0)-VBS to the AFM/CDW/SC
phase is continuous. The dynamical VBS structure sup-
ports an emergent U(1) symmetry in the sense that it ex-
hibits a linear dispersion at criticality. FA: Anika, would
you have histograms for this? Both the VBS and spin ve-
locities match at the critical point such that our results
are consistent with emergent Lorentz invariance. Finally
the Ising transition temperature vanishes at the critical
point. Hence the data point to an instant of DQCP al-
beit in a model with O(4)⇥C4 symmetry as opposed to
SU(2)⇥U(1) [60] or SU(2)⇥C4 [61]. We note that there
is a body of work that points to the fact that the DQCP
is a weakly first order transition [62, 63]. This does not
impair our results on finite lattices that exhibit signs of
pseudo-criticality.

At small but finite values of t the local Z2 symmetry
is satisfied only on short time scales. The phases that we
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